Supplementary Materials for “Double Quantization for
Communication-Efficient Distributed Optimization™

1 Convergence Analysis for AsyLPG

Lemma 1. For a vector v € R, if § = % or 2,['_1“31, we have
as?
E[[Qsp)(v) —v|* < o (1)
Proof. Because the squared Ly norm separates along dimensions and each coordinate of v is independently quantized,
we only need to prove E||Q ;.5 ([v]:) — [v]:]|* < & * foralli € {1, ..., d}. If the scaling factor § = w or %,
it can be verified that [v]; locates in the convex hull of dom(d, ) and Q(s,0)(v) is an unbiased quantlzatlon Then
E||Qsp ([v]:) — [v]i]|> < & according to Lemma 1 in [4]. O

Lemma 2. If Assumptions 1,2, 3 hold, then for the gradient uj +1in Algorithm 1, its variance can be bounded by
E|lu; ™! = Vf(2;)|]? < 2L%(p+1)(A + 2)E [||965+1 A R (AR T P )

where A = m

Proof.

Elu; ™! = Vf (2 )I]?

V(
= E||Qes., 1) (ar) + VF(E) — V(5|2
= E||Qs.., 5 () — ap + ar + V(&%) — V(2|2
= E||Qes., 1) (@) — arl[* + Bllay + VF(7°) — V(a5
< AE||ox| + Ellag + VF(3%) - V(i)

~——

T1 T2

3)

where the third equality holds because d,, = ybo“ < and Q 6., p) () is an unbiased quantization. The final inequality

follows from Lemmal[l] Next we bound T} and T5.

T1 = El|Vfa(Qes, ) (@5i4)) = Vfal(@)]]?
< L?E||Qes, b, (2354) — 3|17

= LBl Q5,00 (@) — 23 | + LBl — ]2 )

< L(p+ 1)E||:L“jj+(i —z°)?

<2+ DBl — o 1? + 2L (u + DE[laf ! — &)1,

where the first inequality adopts the Lipschitz smooth property of f,(z), and the second equality holds because
gty IIm
5y = D(f)

i and Q 5, b, (xSDJ?i)) is an unbiased quantization. The second inequality uses the condition in Step 7 of



Algorithm 1. With similar arguments, we obtain the upper bound of 75 in the following.

Ty = BV fa(Qqs, o) (€)= Vfal@) + V(%) = V()|
< 2E||V fa(Qs, b0 (x5)) = Val@Hi )P + 2BV fa(a5yy) = VIa(@) + V(@) = V(i)
< 2E||V Qo0 (1) = V(@ )IIP + 4BV fo (@5 }) = V fulzi 12
+AE(|V fo(27 ™) = Vfa(#) + V(&%) = Vf (27|
< 2B||Vfu(Qs, b0) (1)) = Via(@h))I” +AB(V fal@y) = Vala ™I + 4[|V fa(z ) — Vfa(@)]?

< 2LBI|Qs, 0 (@) — w3 b P + ALl — a2 + AL%Blaf ! — 22
<AL+ DElfey — o P + 4L (0 + DElaft - 2%

4)
where in the third inequality we adopt E||V f,(ziT!) — V£ (2°) + V(%) — VF(zi™)|]? < E||Vfa (a5t —
V f.(2%)]|%. Itis true because E||z — E[z]||> < E||z||?. The last inequality follows from Step 7 of Algorithm 1.
Putting them together, we obtain Lemma 2] ]

Proof of Theorem 2. Define {1} £ prox,, (z;"" — nVf(z{*")). According to equations (8)-(12) in [2], we
get

B[P(ait])]

1 L 1
< B[Pt + (L et — oI+ (G - o)l — o

s+1 —s+1||2

m t+1 (2 t+1 - %Hmt-&-l — Tyy1 ©
+ (@t = 2L V() —u )
S S S 1 S S L 1 S S
< E[P(xt“) H P VfEIP+ (L - 5 Nzt — 2P+ (5 — o)llagt — )P
n 2 2y
Using Lemma[2} we have
B[Paith)] <E[Pit) + 012 (u+ 1)(A + 2)llagh — o IR+ 0 (e+ (A + 25+ - 2|
) ™)

s+1 s+1

1
+(L- ~ gl =P

L
SOl = a2 + (5

2n

Define R;** £ E {P( STUY ey |t — 25| |2 |, where {¢;}I, is a nonnegative decreasing sequence with c,, = 0,
¢t = cr1(1+ B8) + nL?(p+ 1)(A +2) and 8 = . Therefore,

1+6)™m™—-1
COSnLQ(p+1)(A+2)~% -
< 2L (p+1)(A+2)m
From the definition of R} 1 we obtain
Rt =E[Pif]) + enllaifl — &)
1., . s =5
<B[Pit) + evna 1+ Plieitt — 217+ a1+ Bl - 17
S S 8 1 L 1 S S S S
<E[P@i™) +ellai™ = 2P+ (eon (0 5) +5 = 5ollett —ai I + (2 >|| S a2
t—1
L+ 1A+ Y [l -2t R
d=D(t)
9



Summing over t = 0 to m — 1, we get

m—1 m—1 m—1
S S L 1 S S
Ryt < S R [cm 1+ = +§—2—+nL2(u+1)(A+2)T2}E||xt¢11 st 2
t=0 t=0 t=0 n (10)
m—1
+ Ellﬂffil1 a2
t=0

m—1 t—1 m—1
The inequality holds because tzo Z( ) lesty — a2t P < T tzo |zgt) — 2yt
=0 d=D(t =

Now we derive the bound for 7 to make [Ct+1 (1+ l) +L— i + an(u +1)(A+2)72| < 0. Since ¢; is a decreasing

sequence, we only need to prove the above inequality for cg. Let n = I, where p < 5 is a positive constant. After
calculations, we obtain the following constraint:

8p*mA(p+ 1)(A+2)+20*(u+ 1)(A+2)7* +p < 1. (11)
If (TT) holds, then
m—1 m—1 m—1
S S 1 S S
R < ) R+ (L—go) ) Bl — i (12)
=0 =0 T =
Because "t = 7°, 25! = #*"! and ¢,,, = 0, we have R(z{"") = P(#°) and R(23}') = P(#°*!). Summing

overs =0to S — 1, we get

S—1m—1

L)Y Y ElEf -« P < Pa®) - P@a”). (13)

s=0 t=0

Using the definition of G, (z{ ') £ %[mf“ — Prox,, (y stV f(2ith)) = n(azf+1 — ;7). we obtain Theorem
2. O

2 Analysis for Sparse-AsyLPG

Lemma 3. Define p; = Z?:l i If pr < ||||a‘”:c, then for oy = 2?21 €, we have E||B]|*> > éHatH%. The

o]

lat,i |-t
[ecellr

equality holds if and only if p; =

d 2
Proof Sketch. From the calculation of 3;, we obtain E||3;||? = > % If o < |‘||aa:‘ ‘ll; , then it can be concluded from

2, with equality if and only if p;

i=1

— loe,i|- e O

Mol ~

Lemma 3 and Theorem 5 in [3] that E||3,||* > éHCM

Lemma 4. Suppose o, < 2L Assumptions 1, 2, 3 hold, and for each i € {1,....d}, p; = lovilee - Denote

o]l [lece[]1

I = m + g + 1, where o = ming{; }. Then, for the gradient uf“ in Sparse-AsyLPG, we have
Bllui*" = V(ai)1? < 2020+ DUB|lapd) — a2 + [lef ! - 2)2]. (14)
Proof.

EHu9+1 Vf( 9+1)||2
=E|[Qs,, 5 (B:) + Vf(Z°) = V[ (272

= El|Qs,, 1) (B1) — Bel|? + E||B: + V(&%) — V(x5 n
4(2b il )2 SE[B]]> + El|8: — oul|” + Elloy + V(i) — Vf(z 51|12

[ 2b 75 + HEB® — Elloe|* + Eljay + Vf(2%) = V f (2]



where the second equality holds because Q 5, b) (B:) is an unbiased quantization. The first inequality uses Lemma
and E[B;] = ;. According to T we get

E|lu;™ - VI

(16)

d s s s ~3
< [m + 1}E||ﬁt”2 — El|ayg||* + 4L (p + 1)E||$D-Etl) — PP+ 4L (p + DE[25H — 2|2

From Lemma 3 we obtain

Elju; ™ — Vf(z;)]?

d2 d 2 2 s+1 s+1|2 2 s+1 ~5(12
< [qpmer=e + 5~ Bl + 42 Ge + DBlleh — 2P + 427G+ DBl fa -
<22 1) ey + 4 1Bl R 2k ) [ + L Bl - 2
= 4p(20-1 —1)2 o D(t) t 4p(26-1 —1)2 " o t ’

a7)
where the first inequality uses ||z||; < V/d||z||o for z € R and E||3;||> = oIl when p; = |T|;i‘|'|1*. The final
inequality comes from the upper bound of T7.

Proof sketch of Theorem 3. Substituting (T4) in (6) and following the proof of Theorem 2, we obtain a conver-

gence rate of
2L[P(z°) — P(z")]

p(l=2p)T ~
£Q 2.2 2 2 — d? d
it 8p*m?(n+ V)T +2p*(u+ )7 T + p < 1, where ' = Lot T L O

E[|Gy(zoun)|I* <

(18)

3 Proof of Theorem 4

The following lemma is a widely used technical result in composite optimization, which is called 3-Point-Property.
Lemma 1 in [1]] provides its detailed proofs and extensions.

Lemma 5. If y;, , is the optimal solution of

1 9
IIl'Il - o 19

where function ¢(y) is convex over a convex set x. Then for any y € x, we have [[I|]

1 S 1 S 1 S
oY)+ =—lly — v II> = d(yiy1) + gllyfﬂ —yl?+ glly — Yl (20)

2n

Proof of Theorem 4. From the update rule of ¥, |, we know that
s : s s 1 512
yt+1Zargmlnh(y)—l—(ut,y—yt)—&—27) ly —y/|I° 2n
Y s

Applying Lemma 5| with ¢(y) = h(y) + (uj,y — y;) and y = z* in (20), we obtain
1 1

SHQ o
2ns 215

=™ —y;

1
h(yiir) +(ui, yio — ) < h(2™) + (ui, 2" —yg) + Hfﬂ*—yfﬂl\Q—TU llyi —uill*. (22)
S

Since f(x) is Lipschitz smooth, we have

L
Ef(2i1) <B(f(@) + (VF(@7), 050 —af) + 5 llofey — 511 )

S S S S S S S S L S S
=E(f(27) +0(u5,y 1 — 97) + 0V (@) = i yir — i) + 3 llais — a311%))



where the first equality uses 7, ; — z] = 6,(y;,; — y;). Therefore,

EP(@}) =B|f(zi1) + h(iy)

[ S S S S S S S S L S S S
<E f(xt) +O0s(ui, i — yi) + 0V (@) —ui, i —yi) + §H$t+1 —x5||* + h($t+1)]

[ S S S S S S S S L S S ~85— S
<E f(xt) +0s(ui, v —yi) +0s(Vf(2F) —ui, i —yi) + §th+1 —zf|]? 4+ (1 - )h(z ) + Osh(y; 1)

[ * S * S S * S S * S 05 S S
SE_esh(ﬂlj )+ Os(ui, _yt>+2ﬁsl|x _ytHQ_QnSHx _yt+1||2_27’8||yt+1_yt|‘2
Ts
S S S S S L S S ~8—
+f($t)+95<vf(xt)_utayt+1_yt>+§||xt+1_xt||2+(1_95)h(x 1)}»

Ty
(24)

where the first inequality uses (23), and the second inequality follows from x5, = 6,y;,; + (1 — 05)Z°"* and the
convexity of h(x). We apply (22) in the third inequality. T3 can be bounded as follows.
ET3 = 95E<Uf, T — y§>

=E(uf,0.a" + (1 —0,)z° " — )

=E(u, 02" + (1= 05)7°7" = Qs, ) (@h))) + B, Qs 0,) (Thsy) — 7F)

= E(V/a(Qs,.0,) (b)) 07" + (1 = 0)F° ™" = Qs, 0,) (Th1))) + E(V fa( Qs 00) (@ 1))s Qo ) (@ D)) — 7F)

L
< E[fa(@l“* +(1=0:)7°7") = [l Qs ) (@D1y)) + Fa(Qs,00) (TDry)) — Falf) + 5”@(@,@)(@)@)) - x§||2}

B[0. (%) + (1= 007 — £(@) + 511Q i) — 21,

IA

(25)
where the convexity and Lipschitz smoothness of f,(z) are adopted in the first inequality. Next we derive the bound of

EHQ((ST,I)T)(xi)(t)) - xf||2 = E||Q(5z,bz)(xSD(t)) - x%(t)”? + E||xf:>(t) - Clf/f||2
< OsuB|lzp ) — 2P + Ellap, — 2l
< (1+20sp)El|lzp ) — @il + 202uBlly; — 271
< (14 20,p)El[a ) — zf]|* + 203 uD.

(26)

where the first equality holds because Q (s, ».,) (a:sb( t)) is an unbiased quantization and the first inequality comes from
Step 7 in Algorithm 3. The second inequality holds because z{ — #°~1 = 6,(y; — #°1). Therefore,

(1+20,p)

L -
ETy < E[0,f(a") + (1 - 0.)f (&™) = f(@}) + 2wy — aill* + 63uLD]. @7)

Now we bound T. Define v§ = Vf, () — Vfo(2571) + Vf(z571).

ETy = 0, E(Vf(x]) —ui,yi 1 —yi) = OENVf(2]) —vf, yivy — i) +0B(0) —ui, iy — i) - (28)

T5 T6




T5 295E<Vf(95f) - Uf7yf+1 - y§>

05 > TLO s s
<3 BIVS @) = ol + T Bl - vl
0 . L s
<o BIIVfa(a?) - Va@ I + Bl - v
05[’2 s ~5— TLG s (29)
SQTLEH%*ZE 1||2 E||yt+1 yt||2
0312 s s TLH
:27-LEHyt -z 1||2 EHyt-H yt||2
02LD  TLO, s s112
< or TEHyt-H*ytH )
where in the first inequality we use Young’s inequality. The second equality follows from z§ — 7571 = 0, (yf — 7°71).
Moreover,
To = OB} — i,y — ¥7)
] TLHS s s (30)
—u|* + = Bllyg — il

- 2 L
From the definition of u; and v, we have

El[v; — uf|?

= ElQs., »(a0) = Vfalaf) + Vul@ 1)

= El[Qs0,. 0 (VIa Qo0 (8h() = VIal@ ) = Vfa Qo) (whi0)) + Val@ )]
+ E|V£a(Qs,.6,) (Thr) = Valz)I

d s o , .
< mEva"(Q(érbr)(xD(t))) — Vfa(x 1)||2 + Evaﬂ(Q(ém,bI)(ID(t))) _ vfa(frt)||2
dL? s ~s—1(]2 2 s s112
< gt - Bl an (@hw) = I 4+ LElIQe. 00 (b)) — 2
dL? 2 s s12 dr? s ~s—1(12
= {m +1L }EHQ(%,bm)(CUD(t)) —zi||” + mEH% -z
dL? s 3 % s s
< {m + 2L2:|E‘|Q(5a_,bz)(‘rD(t)) - xD(t)||2 + {m + 2L2i|E||ID(t) — l‘tHZ
dLQQE s s
t o bl = il
sz 2 s ~s—1112 dL2 2 s s112 dL29§D
< {m + 2L }QSNEH«’ﬂD(t) - H + {m + 2L }EH‘TD(t) _$t|| + m
dL? s s 2dL? s as— dLQHED
< [m + 2L2} (1 + 2050 El |}y — 2511 + [m + 4L2]9SuE||xt [ T o1)e
d 2d dL?0?>D
2 s 512 312 S
(3D

where the second equality holds because Qs,,, ») (o) is an unbiased quantlzatlon and the first inequality uses Lemma

In the fourth and final inequality, we adopt :z: — 2571 = 0,(y; — ¥°~1). The fifth inequality follows from Step 7 of
Algorithm 3. Putting them together, we obtain

. o LO,(1+20,0) d . .o LD@? d
ET, STLGSEHytJrl ~— Y H2 + 2 [(2571 — 1)2 +2 E|‘xD(t) - thQ + 207 2(21,,1 — 1)2 + 1]
0*LDur  2d
* 27 [(Qb_l —1)2 + 4]'
(32)



Substituting (32) and in (24), we get

EP(z;,,) <E [(1 —0,)P(E*Y) + 0,P(2") +

ils

(||:1: =il = ll=* = yiall?)

LD6? d 9'LDpu 2d
62 LD s 1 s 4
FOHLE S [2(2%1 12 " } T {(217*1 2 " }
(1+20,0)L . LO,(1 + 20,p) d . .
+ s lzhey — z3||? 4+ TLOuly e — il + o ; {(217*1 —1)2 + 2} lhy — ot I&

T7

, , 0 , ,
+ g llein = I = gl =il |

Ty
(33)
m—1 t—1 m—1
Let 0, = 2 where o > 1,since Y. Y |[a5,, — 25| <7 > |[|lzf,, — «f|[% it can be verified that
=0 d=D(t) =0
m—1 m—1
(Tr +T5) <€ Z Iyt — vi || (34)
t=0 t=0
where & = 7292[(1+295u)L i (1+2025Tu)05L((2b7#71)2 n 2)} ULG Denote A — 2“71)2 42if
e H0sA) gt —( +6.0)
T < \/< (1726.1)0s ) (12+29w> 20575 , then £ < 0. Suppose the above constraint holds, we have
m—1 m—1
. 05 63LDA 9:LDA
EP(af) < 3 B[(1-0)P@ )40, P+ o (o | Pl i 1y [2)+ 0L D 5224 222220
par Pt 21, 4t T
(35
m—1
Using 7° = .- Z r{,,, we obtain
~S * s— * O'L92 % QBLDA GfLDAu
E|P(i*)~P(a")] < E[(1-0.) (P(@ )= P(a")+ 5= (lys—a" [P~ Ilys, a1 +03nL D+ ==+ ==—=E .
(36)
Dividing both sides of li by 62, summing over s = 1 to S, and using the definition y§ = y2, " and that 8 <3 o
when 0, = SJ%, we have
~0 *
B[P() — P(x*)} - 4[P(:v ) — Pz )} 20L||3° — 2*[|2  8(A(L+ p)/7 + p)LDlog(S + 2) -
- (S +2)? m(S + 2)? (S+2)2 '
O
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