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Abstract

We propose computationally efficient algorithms for online linear optimization
with bandit feedback, in which a player chooses an action vector from a given
(possibly infinite) set A C R? and then suffers a loss that can be expressed
as a linear function in action vectors. Although existing algorithms achieve an
optimal regret bound of O(\/T) for T rounds (ignoring factors of poly(d,logT)),
computationally efficient ways of implementing them have not yet been specified,
in particular when |.4| is not bounded by a polynomial size in d. A standard way to
pursue computational efficiency is to assume that we have an efficient algorithm
referred to as oracle that solves (offline) linear optimization problems over A.
Under this assumption, the computational efficiency of a bandit algorithm can then
be measured in terms of oracle complexity, i.e., the number of oracle calls. Our
contribution is to propose algorithms that offer optimal regret bounds of O(\/T)
as well as low oracle complexity for both non-stochastic settings and stochastic
settings. Our algorithm for non-stochastic settings has an oracle complexity of
O(T) and is the first algorithm that achieves both a regret bound of O(+/T') and

an oracle complexity of O(poly(T')), given only linear optimization oracles. Our
algorithm for stochastic settings calls the oracle only O(poly(d,logT)) times,
which is smaller than the current best oracle complexity of O(T') if T is sufficiently
large.
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1 Introduction

Online linear optimization with bandit feedback, or bandit linear optimization, is an important problem
that has a wide range of applications. In it, a player is given A C R?, referred to as a set of action
vectors, and T, the number of rounds of decision-making. In eachround ¢ € [T] := {1,2,...,T},
the player chooses an action a; € A, and then observes loss KtT ay, where ¢, € R? is an unknown loss
vector that can change over rounds. The bandit linear optimization includes a variety of important
online decision-making problems as special cases. For example, given a graph G = (V, E) and
s,t € V, by setting A C RIZ! to be the set of all characteristic vectors of s-t paths, we can take
into account bandit shortest path or adaptive routing [9]. In this setting, ¢; € RIZ| corresponds to
(unknown) lengths of the edges, and bandit feedback ¢, a; represents the length of a chosen s-t path
a;. In addition to this application, bandit linear optimization includes bandit versions of combinatorial
optimization problems such as minimum spanning tree, minimum cut, and knapsack problem, as well
as continuous optimization problems such as linear programming and semidefinite programming.

The performance of the player is evaluated in terms of regret Rr(a*), defined as Rr(a*) =
Zthl lay — Zthl ¢l a* for a* € A, which represents the difference between the cumulative
loss for decision {a; } of the player and that for an arbitrarily fixed strategy a*. The primary goal in
bandit linear optimization is to achieve small regret for arbitrary a* € A. Some existing algorithms
achieve regret bounds of O(\/T ) as shown in Tables and In contrast, papers [6; 8} [12 21]]
showed that any algorithm will suffer at least Q(\/T) regret in the worst case. Thus, algorithms with
O(\/T )-regret bounds achieve optimal performance w.r.t. dependence on 7.

Algorithms achieving an optimal O(+/T)-regret, however, have computational issues, especially
when the action set A is exponentially large or is an infinite set. For example, well-known LinUCB
methods [1} [16} [29] need to solve quadratic programming over .4, which has time complexity of
Q(]A]) if there are no additional assumptions. The ComBand algorithm [[11]] runs efficiently if
there is an efficient sampling algorithm for .4 (such as k-sets, spanning trees, or bipartite perfect
matchings), but such sampling algorithms are open for many important examples, including s-t
paths. For the special case in which the convex hull of .4 can be expressed by c linear inequalities,
CombExp [13] runs in O(poly(c, d)T')-time. However, c (the size of the linear inequality expression)
can be exponentially large for many examples.

In this study, we aim to develop computationally efficient algorithms that achieve an O(\/T ) regret
bound, under the assumption that we can call a linear optimization oracle. The oracle solves
offline linear optimization problems over A4, i.e, given a loss vector £ € R, the oracle outputs

a* € arg min ¢ " a. This assumption is standard in the context of online optimization [15;23]. Under
acA
it, the computational efficiency of online optimization algorithms is evaluated in terms of oracle

complexity: the number of oracle calls for the linear optimization oracle.

For online linear optimization with full information, in which a player can observe all entries of
¢, € RY after choosing a;, Kalai and Vempala [23]] have proposed algorithms with an O(\/T)-regret
bound and an oracle complexity of O(T"). Using this algorithm, McMahan and Blum [26] and Dani
and Hayes [13] showed that one can achieve O(T'%/?)-regret and O(T'/?)-oracle complexity for
bandit linear optimization. However, it has been an open question as to whether or not we can
achieve O(v/T)-regret and O(poly(T'))-oracle complexity for bandit linear optimization, with only
linear optimization oracles. In this study, we solve this open problem by proposing an algorithm that
achieves O(+/T)-regret as well as O(T)-oracle complexity.

Here, we separately consider here two different settings for bandit linear optimization: a non-
stochastic setting and a stochastic setting. In the non-stochastic setting, we do not assume any
generative models, but /; may be chosen in an adversarial manner, depending on previous actions
ai,...,a;—1. The performance of an algorithm is measured in terms of the expectation of regret
Ry (a*) w.rt. the randomness of the algorithm’s internal randomness and ¢;. In the stochastic setting,
by way of contrast, the loss vectors ¢; are assumed to follow a probability distribution D over R?,
iid. fort=1,...,T.

" In O(-) notation, we ignore factors of polynomials in d and log(T’).



1.1 Our Contribution

In this paper, we present computationally efficient algorithms that achieve O(poly(d)v/T)-regret.
Specifically, we present algorithms with a small oracle complexity, i.e., algorithms that call the oracle
as infrequently as possible. Our contribution is summarized in Tables [T|and

For the non-stochastic setting, we propose an algorithm (Algorithm that achieves O(/d3T log T')-
regret in expectation and has O(poly(d, log T')T)-oracle complexity.

Theorem 1. For the non-stochastic setting, Algorithm[l|satisfies the following conditions:

o The output of the algorithm satisfies E[Rr(a*)] = O(\/d*T logT) for all a* € A.
o The algorithm calls the linear optimization oracle O(poly(d,log T)T) times.

o The computational time, except for that of the oracle, is of O(poly(d,T)).

As shown in Table|l} our Algorithm [ljachieves the smallest oracle complexity among algorithms
with O(v/T)-regret. Noting that GeometricHedge assumes A to be a convex body, we can see that
Algorithmis the first algorithm that is applicable to discrete A and that achieves O (+/T')-regret and

O(poly(T'))-oracle complexity.

Although the first algorithm in Table [1|with O(T%/3)-regret and O(T'/3)-oracle complexity might
look incomparable to our results, algorithms with such bounds can be easily constructed from our
Algorithm In fact, by dividing 7" rounds into 7'/ B blocks of size B > 1 and regarding each block
as an individual round, we obtain the following statement:

Proposition 1. Suppose there exists an algorithm with O(f(T))-regret and O(g(T))-oracle com-
plexity. Then, for arbitrary positive integer B, there exists an algorithm with O(B - f(T/B))-regret
and O(g(T'/ B))-oracle complexity.

By setting the block size to be B = @(Tl/ 3) and applying Algorithm we can achieve
O(B+\/T/B) = O(T?/3)-regret and O(T/B) = O(T?/3)-oracle complexity, which is equiva-
lent to the the uppermost result in Table|1] Note that Proposition|l|does not lead to an O(\/T )-regret
algorithm given an O(T 2/3)-regret algorithm, conversely, since the block size B must be at least 1.

For the stochastic setting, we propose an algorithm (Algorithm [J) that achieves
O(y/d3T log(dlog T/5))-regret with probability 1 — ¢ and has O(poly(d,logT))-oracle
complexity, where § € (0, 1) is an arbitrary parameter.

Theorem 2. Suppose {; follows a distribution over R?, i.id. fort =1,2,....T. Algorithm then
satisfies the following conditions:

e The output of the algorithm satisfies Ry (a*) = O(\/d3T log(dlog T/$)) for all a* € A,
with probability 1 — 6.

o The algorithm calls the linear optimization oracle O(poly(d,logT)) times.

o The computational time, except for that of the oracle, is of O(poly(d,T)).

A complete description of Algorithm [2and a proof of this theorem are given in Appendix [B] As
shown in Table [2} all existing algorithms that achieve O(v/T)-regret require at least Q(T) oracle
complexity, and our Algorithm is the first with an O(\/T)-regret bound and a sublinear oracle
complexity in 7T'.

In both Algorithms [T and 2l we use the well-known techniques [30] of reduction among linear
optimization, separation, and decomposition over a given convex body. Definitions of these three
problems are given in Section [d] The reduction algorithms enable us to solve separation and
decomposition problems by calling the linear optimization oracle O(poly(d)) times. Using these

2 In this algorithm, A is assumed to be a convex body, and a membership oracle for A is assumed. Because
we can construct a membership oracle from a linear optimization oracle and vice versa by a polynomial-time
reduction [30]], the assumption regarding the oracle is equivalent to ours, modulo polynomial-time reduction.



Table 1: Regret Bound and Oracle Complexity of Non-Stochastic Bandit Linear Optimization

Algorithm || Regret Bound | Oracle Complexity
MYV algorithm [15; 26] with FPL [23] O(T?/3) O(T?/3)
ComBand [11]], GeometricHedge [17], Exp2 [6] | O(T'/?) —
GeometricHedge with Volumetric Spannerl9] O(T'/?) O(T")
Algorithm [1|[This paper] o(T'/?) o(T)

Table 2: Regret Bound and Oracle Complexity for Stochastic Bandit Linear Optimization

Algorithm || Regret Bound | Oracle Complexity
LinRel [7]], LinUCB with ¢5-ball [1;[16;29] || O(T'/?) —

LinUCB with ¢;-ball [16], O(T'/?)

Linear Thompson sampling [2} 4] o(T'/?) o(T)
Algorithm 2[[ This paper] o(T'/?) O(poly(d,logT))

reduction techniques, Algorithms [[|and 2] maintain, respectively, supersets and subsets of the convex

hull of A (=: Conv(A)).

To construct Algorithm [T for the non-stochastic setting, we extend a cutting-plane approach to our
bandit-feedback setting. The cutting-plane approach, a way of reducing oracle complexity, has been
applied only to full-information settings [20], not a bandit-feedback setting. A major difference
between bandit-feedback and full-information settings is that the former needs exploration, i.e.,
chosen actions should be randomized with sufficiently large variance, whereas the latter does not
need it and chooses actions deterministically. In full-information settings, hence, it suffices to focus
on a deterministically chosen action alone. In contrast to this, to deal with the bandit-feedback setting,
the difficulty lies in constructing a distribution of actions with sufficiently large variance, for which
cutting planes can be efficiently computed and the number of them can be bounded.

To this end, we design relevant probability distributions so that the cutting-plane approach works,
which successfully reduces oracle complexity. Specifically, the cutting-plane approach maintains
convex bodies K; that include and approximate Conv(.A), from which we choose candidates for
actions, employing the support of the probability distribution of actions to choose. It is only when
some candidates are invalid, i.e., when some are outside of Conv(.A), that K; is updated with a
cutting plane excluding such an invalid candidate. To bound the number of oracle calls, we design
candidates for actions that satisfy two conditions: the set of candidates has a bounded cardinality, and
each candidate is sufficiently close to the weighted center of ;. Thanks to the first condition, we
can efficiently decide if invalid candidates exist. The second condition is essential for bounding the
number of oracle calls in each update of ;.

Our Algorithm 2] for the stochastic setting is based on the framework of phased elimination of actions,
in which T rounds are divided into phases that are segments of consequent rounds, and, in each
phase, actions are eliminated so that only promising ones are left. Existing works employing this
framework [7} 24} [31]] are computationally inefficient, mainly for the following two reasons: (i) We
need to maintain a set of promising actions that may be an exponentially large combinatorial set, and,
(i1) when choosing actions, we need to solve hard optimization problems, e.g., G-optimal design [24]]
or quadratic programming [7].

Our idea for resolving the first computational issue is to maintain the set of promising actions
as a convex set instead of a subset of actions. The convex set here can be represented with only
O(poly(d) log T') linear inequalities, which implies that operations over it can be conducted effi-
ciently. We resolve the second computational issue by combining barycentric spanners [9] and
the decomposition technique over convex bodies [30], both of which are efficiently computed with
O(poly(d)) oracle calls. We show that, thanks to these techniques, we can estimate the loss vector
with enough accuracy to achieve an O(\/T)—regret bound. The oracle complexity is bounded as
follows: In our algorithm, all a; chosen in each phase are determined at the beginning of the phase,
which means that the oracle complexity depends not on the number of rounds, but on the number
of phases. The number of phases is of O(poly(d) logT') and that of oracle calls in each phase is of
O(poly(d,logT)), which results in overall O(poly(d,log T))-oracle complexity.



2 Related Work

For the full-information setting in which a player can observe ; € R? rather than ¢, a;, Follow

the Perturbed Leader (FPL) by Kalai and Vempara [23] achieves O(+/T')-regret and O(T')-oracle
complexity. This algorithm is used as a subroutine in MV algorithm [15} 26] (see Table [2)).

For a more general problem referred to as online improper learning, in which only an approximate
linear optimization oracle is given, Kakade et al. [22] have proposed the first efficient algorithms
that achieve approximate regret of O(+/T') for the full-feedback setting, and O(72/3) in the bandit-
feedback setting. Recent papers by Garber [18] and Hazan et al. [20] have improved oracle complexity.
Algorithms in [20] achieve oracle complexity of O(T') in the full-feedback setting and O(72/3) in
the bandit feedback setting with the same regret bound as in Kakade et al. [22]. For online improper
learning with bandit feedback, however, constructing an efficient algorithm achieving O(\/T ) poses
difficulties that have yet to be overcome.

In addition to the studies listed in Tables[T]and 2] there exist efficient algorithms for bandit linear
optimization that work under different assumptions. Abernethy et al. [3] proposed a computationally
efficient algorithm achieving O(+/T)-regret under the assumption that A is a convex body and that
a self-concordant barrier [27] for A is given. However, constructing self-concordant barriers is not
always possible with a linear optimization oracle alone, and, hence, this algorithm does not always
work under our assumptions of linear optimization oracle and Assumption |I|given in the next section.

3 Problem Setting

The bandit linear optimization problem is a repeated game described as follows: Before the game
starts, a player is given the number T of rounds and the dimensionality d of the action set A C RY.
Ineachround t = 1,2,...,T, the player chooses a; € A while an environment chooses a loss vector
¢; € R?, and then the player observes a loss ¢, a;. The goal of the player is to achieve a small regret

Ry (a), which is defined for an arbitrary a € A as Rp(a) == Y, 6] ar — Y1, ¢] a.

We assume the action set .4 to be a compact set. Suppose that we have an algorithm for linear
optimization over A for any vector w € R?, which we call linear optimization oracle O 4 : R* — A
that receives an input w € R? and returns a point O 4 (w) € K satisfying w ™ O 4(w) = minge 4w a.
Assumption 1. We assume that there exist positive real numbers L and R such that (a) ||¢;||2 < L for
all t € [T, and (b) ||a]l2 < R for all a € A. In addition, we assume that (c) K := Conv(.A) has a
positive volume, i.e., Vol(K) := f,c 1dz > 0.

The first two assumptions (a) and (b) are standard in bandit linear optimization. If we are given
a linear optimization oracle over A, we can assume (c) without loss of generality. In fact, if A
is included in a subspace with a smaller dimension than d, we can then detect it by calling the
linear optimization oracle polynomial times (see, e.g., Corollary 14.1g in [30])), and we can make K
full-dimensional by ignoring redundant dimensions.

4 Preliminaries

4.1 Linear Optimization, Separation, and Decomposition

We define a linear optimization problem (LP), separation problem (SP), and decomposition problem
(DP) for a compact convex body P C R? as follows:

Problem 1 (linear optimization problem, LP). Given a vector w € R4, find a vector z* € P such that
w'z* = mingepw ' 2.

Problem 2 (separation problem, SP). Given a vector y € R?, decide whether y belong to P or not,
and, in the latter case, find a vector w € R? such that w 'y < mingep w' z.

Problem 3 (decomposition problem, DP). Given a vector x € P, find vertices zg, . .., zq of P and
Aoy« ++5Ag > Osuchthat x = A\gzg + - - - + A\gzg.

Ellipsoid methods provide reductions among these problems, which imply that

LP: solvable <= SP: solvable — DP: solvable.



Theorem 3 (Corollaries 14.1a, 14.1b and 14.1g in [30]). Suppose that P C R< is a polytope of
which each vertex can be expressed by rationals with bit-lengths of at most o, and that each entry of
x,y,w € Q% is also a rational, with bit-length of at most @. Then, the following holds:

(a) If there is an algorithm SEP that solves the separation problem, we can solve the linear opti-
mization problem for w € Q% by calling SEP at most poly(d, ) times.

(b) If there is an algorithm OPT that solves the linear optimization problem, we can solve the
separation problem for y € Q? by calling OPT at most poly(d, ) times.

(¢) If there is an algorithm OPT that solves the linear optimization problem, we can solve the
decomposition problem for x € P by calling OPT at most poly(d, ) times.

Remark 1. For any € > 0 and any real number = € [—1, 1], we can approximate z by a rational
% € Q with a bit-length of at most O(log(1/¢)) so that |z — &| < . Hence, we can assume that ¢
in Theorem [3]is bounded as ¢ = O(log T') by ignoring O(1/T’) errors. This implies that the above
reductions can be computed in O(poly(d,logT)) time.

4.2 Algorithms for Logconcave Distributions

If a probability distribution over convex body P C R has a probability density function (PDF)
p: P — Ry such that log p is a concave function, we refer to it as a logconcave distribution. The
following theorem means that, given the value oracle of a convex function f : P — R, we can
approximately sample a vector in P from a logconcave distribution p(z) o exp(—f(x)).

Theorem 4 (Theorems 2.1 and 2.2 in [25], Lemma 10 in [19]). Let P C R? be a convex body with
non-zero Lubesgue measure, and let f : P — R be a convex function and let p be a logconcave
distribution proportional to exp(—f(x)). Suppose € > 0 and § € (0,1). Then, given access to the
membership oracle of P and the value oracle of f, there is an algorithm that samples approximately
Jrom p such that (i) the total variation distance between the produced distribution and p is at most ¢,
and (ii) after preprocessing for a time of O(d® (log d)°M), each sample can be produced in a time of

O(d*/e* - (log(d/e))7M).

As an implication of this theorem, we can efficiently approximate mean 1 (p) € R? and covariance
matrix Cov(p) € R?*? of distribution p. In fact, from Corollary 5.52 in [32] and standard concentra-
tion of logcancave distribution (see, e.g., Lemma 5.17 in [23]), it takes (nlog(1/6)/e)°") samples
to get a matrix 3 such that (1 — £)Cov(p) < ¥ < (1 4 £)Cov(p) with probability of at least 1 — &
Similarly, we can get i € R? such that [|fi — 14(p)||cov(p)-1 < € from (nlog(1/6)/e)© M samples
Accordingly, we obtain the following corollary:

Corollary 1. Suppose the same assumption as in Theorem[d} There is an algorlthm that outputs

a vector i € RY and a symmetric matrix ¥ € R4 satisfying 3Cov(p) = 3 < 2Cov(p) and
lit — 1(p)llcovp)—1 < € with a probability of at least 1 — 6. The compumtwnal time, the number of

calls for the membership oracle of P, and the value oracle of | are bounded by poly(d, %, log %)

5 Algorithm for Non-stochastic Bandit Linear Optimization

Our algorithm uses the framework of a continuous multiplicative weight update (CMWU) 55 [14; 33]].
A straightforward way of applying CMWU is to maintain probability distributions over K :=
Conv(.A), which, however, requires a large number of oracle calls. In fact, the algorithm by Hazan

and Karnin [19]] for bandit linear optimization over convex bodies calls an oracle O(T ") times. This

1nefﬁc1er1cy is due to that we need to sample from K; the sampling algorithm in Theorem [ requires
O(d*/e*)-oracle complexity.

We reduce oracle complex1ty by means of a cutting-plane approach [20]]. In this approach, we

maintain convex bodies IC ) that include and approximate /C, and we update a distribution over

ICE 7) instead of K. The advantage of this approach is that we can sample from IC,EJ ) without calling

3 A similar argument can be found in Section 6.3 in [10].
* For a vector z € R and a positive semidefinite matrix A € R, denote ||z||4 := VT Az.



an oracle. On the other hand, updating ICEj ) requires oracle calls; therefore, we need to bound the
number of the updates as well as the number of oracle calls in each update. We design a strategy

achieving these as follows: We set candidates of actions Et(j ) - Ing ), from which we choose action.

When some actions among the candidates are invalid, i.e., outside of /C, we then reduce Ing ) by a
cutting plane excluding such an invalid candidate. With this strategy, we need oracle calls to check if

invalid candidates exist. Our algorithm bounds the oracle complexity here by setting éfj ) to have
O(d) elements. Further, we design St(J ) 50 that its elements are sufficiently close to the weighted

center of ICEj ). This plays an important role in bounding the number of updates of Ing ), Indeed, when
a convex body is updated by a cutting plane that excludes a point close to its center, its volume then

decreases by a constant factor less than 1 (see, e.g., [25]). On the other hand, Ing ) always includes /C

with a positive volume; hence, the volume of ic§j ) cannot be smaller than that of /C, which implies
that the number of updates is bounded.

5.1 Algorithm

Our algorithm maintains a convex body IC,gj ) C R? such that IC%O) 2 IC?) 2.+ D ICgsl) =
IC;O) D Kél) D...D ICéSZ) D...D ICFEFST) 2 K = Conv(A), where t corresponds to the round,
j€{0,1,...}isanindex, and s; € {0,1,...,T} will be defined later. It also updates a logconcave
function z; : R4 — R+ ¢ in each round ¢ based on the multiplicative weight update [15;145;/33]]. Before
the first round, z; is initialized to be a constant function z; (z) = 1. Let qt(j ) denote the PDF of a
(4)
t

distribution over ;" that is proportional to the function z, i.e.,

20 itae Kk,
0 ifa e R\ K.

Zt(j) = /IC(j) z¢(x)dz, q,fj)(ac) = (D

Let us denote the mean and the covariance matrix for distribution of qt(j ) by u,(gj ) € R? and Egj ) e
o) a, =¥ =g e [(a—p) (a—p)T]. From Corollary

we can compute estimators ﬂﬁj ) and iﬁj ) of uij ) and zﬁj ), respectively, such that

1 s s . i .
150 <50 <m0, 1l Py, < o

R¥*4 _ respectively: ugj -

with probability of at least 1 — 6t(j ), where ¢ > 0 and (579 ) e (0,1), which will be defined later. Let
BY = 7, ... b)) € R%*4 be a matrix such that B’ BY' T = $U) Define £7) € R? as

. N 1 | . (i 1 .
e =L+ o | i lafu{af - Lo

ie [d]} . 3)

In each round ¢, our algorithm checks if St(j ) is included in /C, and if not, it updates Ing ), as described

in Step 7 of Algorithmlﬂ to exclude an element in Et(j ) \ K. Set Et(j ) is designed so that the following
four conditions are satisfied:

1. The cardinality of St(j ) is bounded as |5t(j )| = O(d). Hence, we can decide if Et(j lcK by
O(poly(d)) oracle calls.
2. Eachy € Et(j) is sufficiently close to /ng), i.e., it satisfies ||y — ugj) ”(2(”)4 < 1/(2e). This

is important to bound the number of oracle calls.

3. The mean of Et(j ) is equal to ﬂgj ). This implies that if y follows a uniform distribution over

&(j), we then have E[{, y] = &Tﬂgj) ~ E:MEJ) = E[(] 2] for z ~ qf(,j)'

4. The covariance matrix 3 of a uniform distribution over Et(j ) satisfies 3 > o(1/d?) - Egj ),

Thanks to this, empirical estimates of ¢; based on Et(j ) will have a sufficiently small variance.

The conditions 1 and 2 are used to bound the oracle complexity, and 3 and 4 are necessary to bound
the regret. Once £ gJ)

is included in /C, our algorithm escapes the loop of updating /C;”’. An integer s;



Algorithm 1 An oracle efficient algorithm for non-stochastic bandit linear optimization

Require: Learning rate > 0, error bound € > 0, time horizon T' € N, R > 0 satisfying
Assumption [T}
1: Set ICgO) = Bo(0,R) = {x € R? | ||z||» < R} and define z; : R? — R.g by 2 (x) = 1.
2: fort=1,2,...,T do
33 forj=0,1,2,...do

4: Compute £ on the basis of () ~ ().
5: Solve SP for P = K and for each y € £
6: if There is a hyperplane w € R? s.t. w 'y < mingex w ' for some y € é}(]) then
7 Update ICgJ) by IC§]+1) = ICgJ) N{zeR¥|wlz >wTy}
8: else

9: Set s, = jand Ky = ICgS"). Break the for loop w.r.t. the index j.
10: end if
11:  end for

12:  Letfi; = ﬂﬁs*) and by; = bgf‘) for i € [n], which are defined in (I) — (3).

13:  Choose i; € [d] and 0, € {1, —1} uniform]y at random.

14:  Solve DPfor P = Kandz = iy + < Teby, to get a decomposition z;q, . ..,z € A and
At0s - - - Aea such that /iy + §tby;, = )\tOfEtO + o 4 Ad T

15:  Play a; = x5 with probablhty Ats (s =0,...,d), and receive loss EtTat.

16:  Set /; by {@) and update z; by 2 1(7) = z(x) exp(—nl/ (x — fir)).

17 Set KO = K0,

18: end for

denotes the number of the updates in the round ¢. We denote & = Et(st), ilt E( ), e = uff”, nd

B, = B(St) We randomly choose x from &; as follows: choose o, € {—1,1} and i; € [d] uniformly
at random and define = = fi; + Ftby;, . If we can play this z, then we can construct a good estimate
of ¢, from the above condition 4, Wthh leads to a small degree of regret. However, z € & does not
always belong to .4, particularly when A is discrete. To address this issue, we solve DP for this =
and P = K to derive a decomposition of z, i.e., compute x4, ..., Ziq € K and Ay, ..., Agg > 0 as
in Step 14. Then, the algorithm plays a; = x; with probability ):;, and obtains feedback of EtT ag.

Based on this feedback, we compute an estimator ¢; of the loss vector ¢; as
gt = 4edUtéT(lti_lbtit. (4)

This is an unbiased estimator of ¢;, i.e., we have E[@t] = & The existence of E ! follows from the

definition of 3 and Assumptlon In fact, from A C IC ) and Assumptlonl IC(J ) has a positive

(4)

volume and ¢,”’ has a positive density over IC(j ), which implies that the covariance matrix 29 ) of

(J ) is positive definite. From this and (2] E ) is positive definite for all ¢ and j. The function z; is

updated by zi11(x) = z(z) exp(— nZT (1: — fit)), where n > 0 is an input parameter standing for
the learning rate, which will be optimized later. Let

0 =1/(T(j +2+ Y11 (si + 1)) (G +3+ X0 1 (56 + 1)), ®)

(4)

) and it;"” satisfying (2) with probability at least 1 — (5§J , we use the algorithm in

To compute 3/
Corollary 1]

Let St = Zthl s¢ denote the number of updates of Ing ). We show the following regret bound.

Theorem 5. Define 1) = % log w\%’fi(%’m. Suppose a; is given by Algorithmwith parameters

_ 1 _ 1 : 1+¢+log T 1 *
€ = f5op and n = 5o min{ AT WA TR ) Y. Then, for all a* € A, we have

E[Rr(a")] < 27eLRd*? max{\/T(1 + ¢ +logT),d(1 + 1 +log T)*} (1 — Sr/2'%).  (6)

‘We note that ¢ in the above theorem satisfies ) < log % if /C includes an {¢.-ball of radius r > 0.
The proof of this theorem is given in Appendix



5.2 Oracle Complexity Analysis

Here, we show that Algorithm []calls the linear optimization oracles only O(poly(d)T’) times.

To implement Algorithm ] the linear optimization oracle is required only in Steps 5 and 14. In Step
5, we need to solve SP to decide if there exists x € 5t(j ) such that z ¢ K. From the definition (3) of
Et(j ), the number of elements in Et(j ) is equal to 2d for each ¢ and j, and, accordingly, the total number
of solutions of SPis 31, dito |8t(j)\ =2d 3] (s; +1) = 2d(T + Sp). The number St can be
bounded as S = O(T). Indeed, from Theorem[3)] if Sz > 21°(1+7) then E[Rr(a*)] < —27eLRT,
which contradicts to Ryp(a*) = Zthl ¢} (a; — a*) > —2LRT. Consequently, the total number
of solutions of SP is O(dT). In Step 14, we solve DP in each round ¢; hence the total number of
solutions of DP is equal to 7'. Because we can solve SP and DP by calling the linear optimization

oracle poly(d, log T') times from Theorem 4] and Remark 1} we can implement Algorithm|[1]so that it
calls the linear optimization oracle O(poly(d,log T)T') times.
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A Regret Analysis of Algorithm 1]

We use the following two lemmas to prove Theorem [3]

Lemma 1. The conditional expectation of l, defined by @), given {; and &, satisfies

Proof. Because Efzo AtsTes = fit + %bm‘t, the expectation of a; given oy, i; satisfies
N Ot
Ela:] = it + @bm-
Hence, we have

E[Utbtita;r] =E [Utbmf (Nt + bm,) ] ~ 1o E[btz, vi,) = 1o dzbtzbl = 2,

where the second equality comes from E[o;] = 0 and 07 = 1, the third equality holds because i;
follows a uniform distribution over [d], and the last equality follows from the definition of {b; }%_;.
From the above equation and definition (@) of ¢;, we have

E[ét] = 4ed2;1 E[Utbtita:]& = gt-

O
Lemma 2. Suppose that a random variable X follows a logconcave distribution and that E[X?] <
1/a? holds for given o > 1. Then, we have
exp(3 — «)
X)1 < —
E[eXp( ) X>1] =1 exp(l . Ct)
Proof. From Lemma 5.7 in [25]], we have
Prob[| X| > i] < exp(—ai + 1)
for all 7 > 1. Hence, we have
Elexp(X)1xs1] = Z Elexp(X)li<x<it1] < Z Prob[i < X <i+ 1]exp(i+ 1)
i=1 i=1
ZProb |X| > ilexp(i+1) < Zexp (1-w)i+2)= _epB-a)
— Pt 1—exp(l —a)
O

To prove Theorem [5] we introduce some notations. In the following, we denote

fi@) =/ (@ — ), fl@) =0 (x — ). (7

Then, we can express z; as

() exp( anl ) ®)

Then, the regret can be bounded by means of Z(TOJ)rl defined in (), as follows:

Lemma 3. Forall a* € Aand~y € (0,1), we have

1
Blfr(a)) < s (E log Z3%), — log Vol(K) + nyLRT — dlog 7) . )

11



Proof. From E[a¢|ji:] = jiz and E[l;|fi] = ¢;, we have

T T T
E Rr(a EZ€ (a—a)=EY { (u—a’)=BEY & (ju—a) Zf
t=1 t=1 t=1
(10)
We consider evaluating the rightmost-hand side, by using Z’Em)-l Define a convex body K by

K := (1—+)a* +~K. Because K is convex and a* € K, we have K C K. Hence, we have K C ICEj)
for all ¢ and j. Then, we have

ElogZ}J)rl fElog/ zry1(z)de >E10g/ zry1(z)de
Kr

= Blog [ 7%ria((L - 7)a” +9a)ds
K
T

:dlog'y+E10g/eXP< UZ (1= fi(a®) + 1 file ))) dz

T
= dlogy —n(1 -~ Eth +Elog/ exp(—y Y fi(x))dz. (1)
t=1

The factor ¢ in the second equality comes from the change of variables = <— (1 — y)a* + . The

last term in (TT)) can be bounded from below by means of z := {’C Tgi € K. Indeed, because f; is an
K

affine function and exp is a convex function, from Jensen’s inequality, we have

Elog/ eXp(—me}(x))dx > Elog/ exp(—ny Y fi(®))dz
=1 t=1

= —mEth +log / ldz = —mEth +log / 1dz > —nyLRT + log Vol(K).

By combining this and (TTJ), we obtain

EZ fi(a*) < Elog Z) | —log VOl(K) + nyLRT — dlog .

From this and (T0), we have (). O

The value E log Z;O_il can be expressed as

(0)

T (0) (St)
Z Z
Elog Zéroll = longo) + g Elog Zt(+0)1 < logZ(O + E (Elog Zt(H) + Elog —— (@ ) (12)
t=1 t ¢ t

7 1)
We can evaluate E log fjtl) and E log Zt o as in Lemmaslandl respectively.

Lemma 4. Under the assumption that @) and n < 239LRd3/2(4+10g ) holds for all t € [T'], we have

79 1
Elog ’:1) < LRen + 2°(edLRn)? + —. (13)
Z,* T

t

Proof. We denote ¢; := qt(‘s‘), which is defined in (T). Let u; € R and &, € R%*9 denote the mean

and the covariance matrix of ¢, respectively. Define f, : R? — R by f(z) = ¢] (2 — ;). From

12



definition (7) of f;, we have fil@) = fi(x) + €] (1 — fiy). From definitions (8) and (T)) of z; and

7!
Z], we can express f+1> as follows:
Z

2 R R C) DR A () ;
_/K dx_/ 7 exp(—nfi(z))de

AR Ko 2
= B exp(nfu(@)) = exp(=nl{ (ue = i) - B exp(=nfi()). (14)
Because exp(z) < 1+ z + 22 holds for z < 1, Eq exp(—nf;(z)) can be bounded as
Tqe
qut exp(—nfi(z)) < mglqt[(l —nfi(x) +n*fi(z)*)1 Cnfu@y<t) T ]Nqu[exp( nﬁ(x))l—nft(xbl]
< E [(1=nfi@) +0’fi@)”)] + B [exp(=nfi@)l_yf s (5

The first term in @) can be, from definition of i, >, and ft, expressed as follows:
~ - A - AT
E [(1-nfi@)+n*fu@)’)] =1-n B (6] (x — pe)] + 0 E [0 (x = pe) (@ = o)y ]
Trq xr~vqy xrr~qy

To bound the second term in (I3)), we use Lemma with X = —nft (x): If x follows ¢, a log-
concave distribution, and if ¢; is fixed, i.e., {¢, oy, i; and a; are fixed, then fi(z) = l;(z — ) =

4edot£ atme (x — p¢) follows a logconcave distribution, because logconcavity is preserved
under linear transformations (see, e.g., [28]). Furthermore, we hav

EI [(nfe(x))?] = n? xljlq (0] (x — pe) (@ — pe) ") = P 0] Suly = (dednt] a;)b);, 357 5051 by,

< 2(4ednLR)%bj; Sy by, = 2(dednLR)* S, @ (byi, b)) < 2°(ednLR)?E; " o 8 = 2°(enLR)*d®,

where the first, second, and third equalities come from the definitions of ft, >, and Et, respectively,
the first inequality follows from the condition ¥, < 2¥, given in (2, and the second inequality
follows from that 33, = S>%__ b;;b;. Hence, under the assumption that 25 (en L R)2d3 (4+log T)?
holds, it follows from Lemma|2|that
; exp(—1 —logT) 1
— 1 < —.
qut[eXp( @y fuyoa] < 1—exp(=3—-1logT) — T
Combining this, (T3], and (I6), we obtain
~ . A1
E exp(—nfi(z)) <14 n%0] S0, + T
r~qgt
From this, (T4), Lemma|[I] and the fact that log(1 + z) < z holds for 2 > 0, we have
AN ) |
Elog Z”l —nEL] (1 — fu) + Elog (1 + 0l Sl + T)

(s¢) =
t

< —nE{ (n—fu) + E [nzgjztét} +
From (2)), we have
6] (e — )] < eell2ll e — fellz < Llpe — futll -1 [15¢]l2 < LRe,

where ||X;||2 stands for the ¢ operator norm, i.e., the largest eigenvalue of 3;, and the last inequality
holds because X, is the covariance matrix of distribution over a region included in B (0, R).
Furthermore, we have

B [T 300)] < (edLR)>S" o Blbi, by, ] = (1edLR)?S ( ng)

1.
= (4edLR)*S; " o (dzt> < 2(4edLR).

By combining the above three inequalities, we obtain (13). O

5> A e B means the Frobenius inner product of matrices A and B, i.e., its value is defined to be the trace of
ATB.
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Lemma 5. Suppose e < 1/(12e). Forallt € [T] and j € {0,1,...,s, — 1}, under the assumption

of (]ZI), we have

(j+1)

ZtT < (1 — 1) . (17
z7’ 2e

Proof. Let (w, b) denote the hyperplane that the algorithm chooses for updating ICij ), which means
that KV = K 1 {z € R | w2 > b}. Then, we have
Z(j""l) flcij)\’cij+1) zt(a)da

t, — :PI‘Ob’LUTJU<b-
A Jew z(a)da z~q§j>[ |

Because (w, b) satisfies w ' < b for some = € Et(j), there exists ¢ € [d] and o € {1, —1} such that
T Nt
w (ng) + @bg)) <b.
Combining the above equality and inequality, we obtain

76+
70

~(7 g i
2 P [ue <™ (3 + 07|

= Prob [wT (a: — u@) <w' (,&,gj) — ,ugj) + ibg))} .
e de

The value w " (ﬂgj) —u,(gj) —&-ﬁbg)) can be bounded as
T (o0 _ @) T SG) ) L@
T (5~ + )| < Nl (162 = i lsgo-s + oD s )

1 1 HU’HE@
< ||w||2§1) <€+ 4€> < \/§||w||25]) <€+ 4€> < e
where the first inequality comes from the Cauchy—Schwarz inequality, the second inequality follows
from (2)) and that v = Z?:l bg)bg)‘r’ the third inequality follows from £/ = 259 in (), and
the last inequality comes from the assumption of ¢ < 1/(12e). From the above two inequations, we
have

(J+1) T _ () 1
12 s g () LY
th quEJ) Hng;J) 2e
, T ()
When z follows {7, y := %ﬁ”}) follows a distribution with mean 0 and variance 1, because
= J

w !z has mean w and variance wTE,Ej )u}. Moreover, the PDF of y is a logconcave function,
because logconcavity is preserved under linear transformations [28]]. Because we have Probly <
0] > 1/e from Lemma 5.4 in [23]] and Prob[—1/(2e) < y < 0] < 1/(2e) from Lemma 5.5 in [23]],

we have Probly < —1/(2¢)] > 1/(2e). O

Tugj)

Combining (T2) and Lemmas [4] and [5] under the assumption that (Z) holds for all ¢ € [T] and
j€{0,1,...,s¢}, we have

T
(0) (0) 5 2 1 1
ElogZ;;, <logZ," +T (LRen + 2°(edLRn)” + T) + t; s¢log <1 — 26)

< log 2" + LRTen + 2T (edLRn)? +1~ T, (18)

where we denote St = Z?:l s¢ and the second inequality follows from log (1 — 2%) < % Define
8 := Prob] there exists ¢ € [T] and j < s; such that (2) does not hold ]. From definition (3)) of 5,5] ),
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we have & < Y Y% < Y0, TR = 2 Because (I8) holds with probability at least

1 — 4, and it always holds that Ry(a*) < 2LRT, from Lemma we have
o)

1-6 1
E[Rr(a*)] < R <25T(edLR)2n + = <10g L 1 1—dlogy— ST) + LRT (s + v)) + 20 LRT

n Vol(K) 5

1 1 70 Sr
<1 2°T(edLR)*n+ = | log —~— +1—dlogy— =— | + LRT (¢ +~) | + LR,

- 7 Vol(K) 10
(0)
where the second inequality comes from 0 < § < % We denote ¢ := élog%m =
% log W\%’iw. By settinge =y = ﬁ we obtain
1 S
E[Rr(a®)] <2 <25T(edLR)277 + " (d(5 + Y +logT) — 13) + 2LR> .

In addition, by setting ) = 5}~ min {1 [itetloeT 24d3/2(1iw+10g ) }, we obtain

E[Rr(a")] < 2"e LRd>/? max{\/T(l + 9 +1logT),d(1+v + logT)z} <1 _ 251T0> 7

which means that (6)) holds. O

B Algorithm for Stochastic Bandit Linear Optimization

In this section, we present an algorithm for stochastic bandit linear optimization, where we assume
that £, follows a distribution D over R%, i.i.d. fort = 1,2,...,T. We denote /* = E [¢] € R? and
¢~D

ft :Zt —g*

B.1 Preliminary: Barycentric Spanner

Definition 1. Let S € R? be a subset whose linear span is R% andlet C > 1. Aset X =
{z1,...,2q4} C S is a C-barycentric spanner for S if every x € S may be expressed as a linear
combination of elements of X using coefficients in [—C, C].

Theorem 6 (Proposition 2.4. in [9]). Suppose P C R? is a compact set not contained in any proper
linear subspace. Given an algorithm OPT for LP, for any C' > 1 we may compute a C-barycentric
spanner for P in polynomial time, using O(d? log(d)) calls to OPT. Its span is equal to R%.

B.2 Algorithm

Our algorithm is summarized in Algorithm [2| In the algorithm, a parameter 6 > O controls the
probability of achieving a small regret. The rounds are divided into K = O(log T') phases, so that
the k-th phase consists of ©(2") rounds for each k € {1,..., K}.

When the k-th phase begins, the algorithm maintains an action set Py. This action set is initialized by
Py = Conv(A) and is defined recursively by (20) (thus P; 2 Py O - -+ 2 Px). Py, is designed so
that the value of £* " x is smaller for all z € P} as k gets larger (see Lemma . At the beginning
of the k-th phase, the algorithm computes a 2-barycentric spanner Xy, = {xg1, ..., Trq} of Pr. We
can construct a good estimate of ¢* if each element of X can be chosen as an action. However,
elements in X, do not always belong to A, especially when A is discrete. To address this issue, our
algorithm decomposes each xy; into the points x;q, - - ., Txiq € A with weight A\g0, .- -, Agig > 0
so that Ag;0 + - - + Agig = 1 and A\gioZwio + - - - + A\kidThid = Tki. Then, it plays Thij» Tkij x )\kij
times, for each j = 0,1, ..., d. We denote the action played at the ¢-th round by a;. The algorithm
computes an empirical estimate 0}, of £*, based on the feedback obtained in k-th phase, as defined in

We note that Vol(P);) > 0 holds for all k, which implies that we can apply the algorithm in Theorem@
to Py, and that V}, is invertible. In fact, we have Vol(P;) > 0 from Assumption and we can show
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Algorithm 2 An oracle efficient algorithm for stochastic bandit linear optimization

Require: Action set A C RY, positive real numbers L and R satisfying Assumption 5 €(0,1).
1: SetPy = CODV(.A) and t17170 =0.
2: fork=1,2,...,K do
3:  Let Xy = {zk1,...,2xq} C Pj be a 2-barycentric spanner for Py.
Set G = 22902 log (241,

4
5: fori=1,...,ddo
6.

Solve DP for P = Conv(A) and = = xy; to get a decomposition Z;g, . . . , Tkia € A and
Aki0s - - - 5 Akid Such that T; = AkioTrio + -+ + AkidThid-
7: for j =0,...,ddo
8: Set Thij = [ChAkijly thije1 = trij + Thij-
o: Choose action a; = x;; exactly Ty;; times, from the (¢x;; + 1)-th round to the (¢4, j11)-
th round.
10: end for
11: Set tk7,;+170 = tki d+1-
12:  end for R
13:  Calculate empirical estimate ¢; of £* by
d d d d tkij+1
Vi = Z ZTkijxkijxll—ij, b=V ! Z Z Z (6] i) This- (19)
i=1 j=0 i=1 j=0 t=tj;;+1

14:  Solve LP for P = P and w = Ek to find a vector 2}, € arg min llrx
zEPy,
15:  Update Py, by
Pryr = {x € Py | £] (x — a}) < LR27F}. (20)

16: end for

Vol(Py,) > 0 by induction in k, from the definition (20). The linear span of a barycentric spanner
Xr = {%k1,...,2ka} coincides with that of Py (see, e.g., [9]), which is equal to R4, because
Vol(Py) > 0. Hence, we have Vi, > (i Z?zl Zj:o /\k.ij:ckijzzij = Ck Z?zl xkzkaZ > O, which
means that Vj, is nonsingular.

Algorithm [2] satisfies the following regret bound:

Theorem 7. Suppose that {; follows an i.i.d. distribution fort = 1,...,T with T > 2, and that
{a;}L_, is given by Algorithm With probability at least 1 — 6, the regret is bounded as follows:

max Ry (a) < 212LR\/d3Tlog (dl(;gT) Q1)
ac

The proof of this theorem is given in Appendix [C]

B.3 Oracle Complexity Analysis

Step 3 in Algorithm [2] requires constructing a 2-barycentric spanner. From Theorem [6] we can
construct it by calling an algorithm that solves LP for P = P}, O(poly(d)) times. Theorem 3] (a)
and Remark 1]imply that we can solve LP by solving SP O(poly(d, log T")) times. SP for P = P,
can be solved by the following procedure:

1. Decide if y € Py or not, and, in the latter case, output a vector w € R such that wTy <
mingep, w' 2. From Theorem [3| (b), this can be done by calling the LP oracle for A
O(poly(d)) times. In the former case, i.e., if y € P, go to the next step.

2. Forj=1,....k—1,if (] (y — 2}) > LR277, output {;. If (] (y — =) < LR277 for all
j=1,...,k—1,it means thaty € Py.
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This procedure calls the LP oracle for O(poly(d,logT)) times and runs in O(poly(d, K)) =
O(poly(d,logT)) times. Hence, we have an efficient implementation of Step 3 that calls the LP
oracle for A O(poly(d, log T')) times. Similarly, Steps 6 and 14 in Algorithm 2]can be executed by
calling the LP oracle for A O(poly(d,log T')) times. The other steps are free from access to the oracle
and can be efficiently implemented. Because the number K of iterations w.r.t. k is bounded as in (32)),
the number of oracle calls for solving LP over A is of O(poly(d,log T)K) = O(poly(d,logT)).

C Regret Analysis of Algorithm 2|
In the proof of Theorem[7] we may assume that
T > 2d¢ = 22d% log (4;) . (22)

Indeed, if T' < 2d(, then we see Rr(a) < 2LRT < 2LR+/2d(;T, which means that (ZT)) holds.
To prove the above theorem, we start with analyzing the error of the estimators 0}, defined by (19):

Lemma 6. With probability at least 1 — 6, for all k € {1,2,...} and x € Py, we have

(0 — ) Tz| <27'7FLR. (23)
Proof. Because Xy = {xy1,...,Trq} is a 2-barycentric spanner for Py, for all x € Py, there exists
avector w = (wy,...,wq)" € [~2,2]% such that & = wyzp; + - - + WaTpg. By means of this w,

(0, — €*) Tz can be expressed as

d  trig+1

d
(Ek—ﬁ*)Tx: ZZ Z E :ckz]:v,wV LT Zwsxks

i=1 j=0t=tg;; +1

d d Tkij+1
E E E gt—g .’L']”]xk” g WsTks

i=1 j=0t=tg;; +1

U

thi,j+1

- szz Z (& i) Ty Vi ks, (24)

where the first equality comes from the definition (T9) of {1, the second equality comes from

d i
Z?:l > j=0 Zik t;jﬁl ka%] = ZZ L ZJ o Tkka,]x,mv 1 = I, and the last equality
comes from & = ¢, — £*. We give a uniform bound for this value by the following claim: with

probability at least 1 — 4, it holds forall k = 1,2,...and s = 1,...,d that

thi,j+1
LR
ZZ > (€ mni)ay Vi e < (25)

i=1 j=0t=tg;;+1

Because the expectation of ; = £, — £* is equal to 0, and because ||&:||2 < ||4¢]|2 + ||€*||2 < 2L and
|zxijll2 < R hold from Assumption {&] x1;;} are independent random variables with mean 0 and
absolute value at most 2L R. Hence, from Hoeffding’s inequality, it holds with probability at least
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)

tri,j+1

ZZ Z gt xk:zg xkljv Tks

i=1 j=0t=tg;;+1

thi,j+1

d d
2dk(k+1)
< 2LR 810g (H—> Z Z xkijvkilxks)Z

i=1 j=0t=tg;; +1

thi,j+1
2 1
=2LR 81og(dk(§—|_)>mZSVk_l ZZ Z ﬂvmjx,“j Vi xks

i=1 j=0 t=tp;;+1

2dk(k + 1
- 2LR\/8 log (M) x] Vi g (26)

J

The value z} V, "2y is bounded as z,V, 'ays < ¢, . Indeed, we have
d d

T T
Vi = E Tijwijmksj = Ck § )\ksjmksjmksj
=0 =0
d
T T T
=Cp | TrsTps + E Miosj (Thsj — Thos) (Thsj — Ths) = CkTrsThs,
7=0

where the first inequality comes from the definition (I9) of V}, the second inequality comes from
Thsj = [CeMisj] > CuMrsj (Step 8 of Algorlthm , and the equality comes from that A\gg9 + - -+ +
Aksd = 1 and that \psoTks0 + -+ - + AksdThsd = Tks. Lhis inequality indicates

0 S (Vk_lxks)—rafk - Ckxksl’gs)(vk_lxks) = x;—svk_lxks(l - Ckm;—svk_lxks)’
from which we have z] V, 'z, < ¢t

Plugging this bound on z ksV x5 into (26) and the deﬁmtlon of ;. (Step 4 of Algorlthm show

that the inequality (23) holds with probability at least 1 — THRTD +1) for each £ and s. Hence, we have

K d
Prob[ (23) does not hold for some k and s | < Z Z Prob[ (23)) does not hold for & and s |
k=1s=1

K d 6
S;;dk(mn =9

which means that, with probability at least 1 — §, (23) holds for all k¥ and s. Combining this, (24),
and |ws| < 2 for all s € [d], we obtain (23). O

Lemma 7. Fix a* € arg min ¢* " a. With probability at least 1 — 6, for all k, we have
acA

a* € Py, and 0*Tx — 0*Ta* < 22°FLR forall x € Py. (27)
Proof. From Lemma@ we can assume that (23) holds for all k and = € Py. Under this assumption,
we show (27) by induction in k. We can confirm that (27) holds for k£ = 1. Indeed, a* € P; follows

from A C Py, and £* T2 —0*Ta* < ||0*|]2||z —a*||2 < 2LR follows from ||¢* |y < Land ||z|]s < R
for € P;. Suppose that (27) holds for k = s. Then, Py 1, defined by (20), contains a* because

(la* <0 Ta*+ 27" LR<¢*Tar + 27" * LR < 0] 2* + 27°LR,

where the first and the third inequalities come from (23) and the second inequality comes from
0 Ta* = minge4{€*"a} = mingep, {¢* Tz} < £*T 2. Furthermore, for all x € P, 1, we have

T <ile+2'LR<ilar+3.2°'LR<{la*+3-2°'LR<¢*Ta* +27°*LR,

18



where the first and the fourth inequalities come from (23), the second inequality comes from the

definition (20) of Py 1, and the third inequality comes from a* € P, and % € arg min ¢/ . Hence,
z€Ps
({27) holds for k = s + 1. By induction in k, (Z7) is proven to hold for all positive integers k. [

From this lemma and the definition of a; in Algorithm we can bound 3755110 L 4% T (g, — a*) as

t=tg,1,0+1
follows:
tk41,1,0 d d d d
Z gitk—r(at - a Z Z Tkz] xklj Z Z (k)\kijﬁ*—r(xkij — a*) + QLR)
t=tp,1,0+1 i=1 j=0 i=1 j=0

(Gol™ T (xhi — a*) + 2LR(d + 1)) < dLR(2*7*¢, +2(d + 1)),

Il
_M&

s
I
-

(28)

where the first inequality follows from T;; = [(xAkij] (Step 8 of Algorithm and [0*T (zpi; —
a*)| < 2LR, the second inequality follows from Zj:o AkijZkij = Tk; and Z;l:o Akij = 1, and the
last inequality follows from Lemmal[7]

Let T}, denote the number of rounds in the k-th phase, i.e.,

d d
Te=2 D Thij =trt110 —tr10: (29)

i=1 j=0

From the definition of T};; = [(xAkij] (Step 8 of Algorithm' we have (i Akij < Thij < CpAgij+1.
Combining this and the condition that Z j—0 Mkij = 1, we obtain

dCx < Ty, < dC +d(d+1). (30)

Let K be the index of phases such that the K-th phase includes 7'-th round, i.e., K is the number

such that Y1 T < T < yK j—1 Lk- Note that K > 2 follows from the assumption From (30)
and the definition of (j, (Step 4 in Algorithm[2), we have

T>Tg_1>dCx_1 =22Kd3log (QdK((SKD> > (2K+3)2d3 log <2dK(5K+1)> ’

2
where the last inequality follows from 2 log (%) = log (%) > log (%) .

This inequality implies the bound on 2% and K, as follows:

1 /T\? 2K (K +1)\\ 2
*ex () ((55) o

1
K< 5 logy T — 3. (32)
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By means of these inequalities, we can bound the value Zthl 2T (a; — a*), for the output a; of
Algorithm and a* € arg min /* T a:

acA
T K tk+1,1,0
ZE*T(at_a*)SZ Z g*T(at_a*)
t=1 k=1t=tp 1,0+1
K
<dLRY (2*7%¢. +2(d + 1)) (from (28))
k=1
X 2dk(k + 1)
= dLRZ (2’““1512 log (5) +2K(d + 1)> (Step 4 in Algo.]2)
k=1
<dLR (2K+12d2 log <2dK(6K+1)> + 2K (d + 1)>
T 2K (K +1)\\ 2
<dLR (2%&2 <d3 log <d(6+))> + 2K (d + 1)) (from (B1))
9 d(log, T')*
<dLR|[2%/dT log — )T (d+1)log, T (from (32))
<dLR (210\/dTlog (dk;gT> +(d+1)log, T) . (33)

By combining this and the following lemma, we obtain an upper bound on the regret Ry (a) =
T
pr ¢/ (a; — a).

Lemma 8. Let a* € arg min ¢* " a. With probability at least 1 — 6, it holds for all a € A that
acA

T
Rr(a) < ZE*T(at —a*) +8LRy/dT log (2;) (34)
t=1

Proof. We show (34) by proving the following two inequalities:

T T 2
Zf;rat — ZE*Tat < LR,/8Tlog (5>, (35)
t=1 t=1
T T / 2d
Ta* = 0la < LRy[8dT lo <) 36
; ; La< g\ (36)

Denote X, := >_;_, (¢t —€*) T a;. Because { X, }T_, is a martingale such that | X1 — X.| < 2LR,
from Azuma’s inequality, with probability 1 — $, we have X7 < LR, /8T log (%), which means
that (33) holds. Similarly, from Hoeffding’s inequality, we have

< L, JdT 1o (?) 37
2

with probability at least 1 — g. Under this condition, we have

T ) 2d T 2d
- Ta < — *Ta+ L T1 =)< - Ta* + L T1 =
;Zta_ t;ﬂ a+ LRy/|d og((s)_ ;z a* + LRy /8d 0g(5>,

where the first inequality follows from (37) and ||a||2 < R, and the second inequality follows from
a* € arg min £* " a. Hence, we have (36) for all a € A with probability at least 1 — g. Because each

T

D -

t=1

acA
of (33) and (36) holds with probability 1 — ¢, both (33) and (36) hold with probability 1 — &. Then,
by taking the sum of each side of (33) and (36)), we obtain (34). O
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By combining (33), Lemma []and (22), we obtain

Rr(a) < 211LR\/d3Tlog <dk;gT)

with probability at least 1 — 2. Replacing ¢ with §/2, we obtain (2.
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