A Proof of Lemma 1

The proof proceeds along similar lines as the corresponding proof in [Srikant and Ying, 2019].
However, the results there cannot be directly applied to get the bounds in this paper due to the fact
that we would like to separate out the effects of the ¢, a and 5 from the other problem parameters,
and additionally, the Lyapunov function used here is different.

Recall that -
Zr = Vi + Ayt Ay Uy,

so the stochastic recursions in terms of (U, Z) are
Uk41 = U + € (B(Xi)Ug, + Auo (Xi) Z1 + by (X))
Zi = Zic+ Agd Aoy (Usr = Up) + & (B(Xi)Uk + Auo(Xe) Zi + bo(X0) )
= Zi + € A3y Agy (B(Xi)Uk + Auo(X3) Zi + bu(Xi))
¢ (BOXUk + Auu(X0)Ze + bo( X))

which can be written as a stochastic recursion in terms of @y = (U, Z) as follows

Ori1 = O + ¢ (A(X3) +B(X)) (24)
where
rt _ B(Xk) Auv (ch)
AlXe) = (A;}AWB(Xk) LB An Ay A (Xp) + 0 A(Xy)) P
7 bu (Xk)
b(Xk) =1 7-17 —a . 26
00 = (12,0 £ e, @6)
We first establish a sequence of preliminary lemmas before we present the proof of Lemma 1.
Lemma 2. For any k > 0, the following inequalities hold:
IAX)] <6,
1Al <,
||b(Xk)H < 5bmaxy
b=0,
where § = 2(1 + || A;1 Ayy || + €#=%), A = limy_y00 A(X3), and b = limy_y o0 b(Xp).
Proof. We begin by proving the first inequality:
A <IBX) - [ Auo (X + A5 A BOXR) | + €~ B(Xa)|
A Ay Ao (X)) || + €279 Ay (X
H (Xl + € A (X0 o

<l+1l+4ctc+2P@
:2(c+1+6570‘)

where ¢ = || A} A, || and the last inequality follows from the assumptions. Similarly, one can also
show the remaining inequalities. O

Lemma 3. For ©, and ©y, the following inequalities hold:
|10 — B¢l < 267||O0|| + 26Tbmax
10, — O < 4é7(|©,|| + 4éTbmax
10- — ©42 < 322720, |2 + 52827202,

where € = €%0.
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Proof. Recall that § = 2 (1 + | A Ayl + EBTW), therefore we have € = ¢*J. By applying
Lemma 2, we obtain

[Ok41 — Okl = €| A(Xk)Ok + b(Xk)[| < €([[Ok]] + brmax)- (28)
The result then follows from the steps in the proof of Lemma 3 in [Srikant and Ying, 2019]. O

Lemma 4. For any k > 0, the following inequality holds
[(Ok11 = O1) " P(Ort1 — O1)| < 2%y (O [I* + bFa)-
Proof. The lemma follows directly from (28):
|(Ok+1 = O1) TP(Ok41 — O)| < Ymax | Ors1 — Okl
< Ymasx([|Ok[| + bmax)?
< 28 Ymax([| Ok 1% + brae)-

Lemma 5. For all k > T, the following inequality holds:
= 1
'E [GIP <A@k — Ok - @k)) ek_T,Xk_T]

<106 Ymax (1 + 68) (1 + bmax) (E[||Ok]1*[Ok—r, Xk—r] + (1 + bmax)?)
=i ETE[|| Ok 1°|Ok—r, Xi—r] + 72T

Proof. For ease of notation, we prove the lemma for k = 7, but the proof for any £ > 7 is identical.
‘We consider

E [@:P (AeT _ eia(@ﬂ1 _ @T)> ’ GO,XO}
—E [@IP (Z@T — (A(X,)0, + B(XT))) ‘ 0o, XO] (29)
—E [GIP (21 - A(XT)> 0.6, XO} ~E {@IPE(XT)
We first consider the first term on the RHS of the above equation:

E [@IP (21 - A(XT)) o, eo,Xo}

o, Xo} .

—E [@gp (Z - ZI(XT)) @o‘ @0,X0} +E [(@T — Q)P (51 - A(XT)) o, — @0)] GO,XO}

+E[(0, - 00) P (A- A(X,)) 8] 00, Xo| +E [6] P (A- A(X,)) (O, — €0)| €0, Xo|

(30)
We will now analyze each term on the RHS above. Starting with the first term:
E [@JP (A - A(XT)) @0‘ O, XO} - ‘@JP (!1 - IE[A(XT)\XO]) @0‘
<|le3P|| || (A-Eldxoix0)) o G

Sg'}/max||®0”2

where the final inequality follows from the assumptions on the mixing time 7 and the fact that

<0 =2(1+ || Ay Ayl + €#7%). Next, we bound the second

1 1
AT AL, A AL, + P
term on the RHS of (30):
‘E [(6:—60) P (A-A(x,)) (6, - @0)‘ 09, Xo| ‘
<E[ (6, —00) P (A - (X)) (6: — ©0)]|| 00, X] )
<[ (|A] + [[AX))©5 — O]

Szé'ymaxE[”G)‘r - 6O||2|(_)07 XO]

O0, Xo|

12



where the last inequality follows from Lemma 2. Finally, we bound the third and fourth terms on the
RHS of (30):

E[(©, — 00)T P(A - A(X,))0|00, Xo]

+ ’E[@JP(A — A(X;))(©r — 60)|00, Xo]
<46Ymax || Oo[E[|O7 — O0|[|O0, Xo]
<8E3TYumax||Ool|([|Oo]| + bmax)

SS&ST’)/I]%\X||G)O||2 + 86/5T'ymax||®0HbmaX
(33)
where the first inequality follows from Lemma 2 and the second inequality follows from Lemma 3.

Next we consider the second term on the RHS of (29):

—E[6] Pb(X,)|00, Xo]

—E[0] Pb(X,)|00, Xo] — E[(©: — ©9) " Pb(X)|O0, Xo] (34)

ngmaxH@OH + 7maxbmaxE[H6‘r - @O”'@Oa XO]
Sg')/maxH@OH + 2€7—’7maxbmax(||®0H + bmax)
where the final inequality follows from Lemma 3.

Now, combining (31) - (34), we get

= 1
E[©, P <A®k - Ej(@k+1 - @k)) |©k—r, Xi—r]

<(EYmax + 86T Ymax) [|O0l|® + 26T Ymaxbiax
+ (BE0TYmaxbmax + EYmax + 26T Ymaxbmax) [|O0|
+ 269maxE[[|©7 — O0l|*|©0, Xo]
<(28Vmax + 8E6TVmax + ETYmaxbmax + 4€6T Ymaxbmax ) [ ©o]|?
+ 26T Yimaxbmax + 4€0T Ymaxbmax + EVmax + 26T YmaxDomax
+ 269maxE[[|©7 — O0l|*|©0, Xo]
< (267 max (1 + 48) (1 + binax) ) 901 + e Vmax ((2bmax + 1)* + 40bmax )
+ 207maxE[|© — O0||*|©0, Xo]
< (267 Ymax (1 + 40) (1 + bmax) ) E[[|©- 1|00, Xo]
+ & Ymax ((2bmax + 1) + 40bmax )
+ (Ymax (1 + 68) (1 + bimax) ) E[||©7 — O9]|*|O0, Xo]
< (267 Ymax (1 + 40) (1 + bimax) ) E[[|©- 17|00, Xo]
+ &7 Ymax ((2bmax + 1) + 40bmax )
+ (Ymax (1 + 68) (1 + bmax) ) (326> 72E[||©,]1*|00, Xo] + 3267262,
<108 Ymax (1 + 66) (1 + bimax) E[|| O+ 1*©0, Xo]
+ 10ETYimax (1 + 68) (1 + bpax)®

where the second inequality follows from the fact that 2||6p|| < 1 + ||6o||? and 7 > 1, the fourth
inequality follows from the triangle inequality and the penultimate inequality follows from Lemma

(35)

3. O
Next we lower bound the minimum eigenvalue of the matrix-valued function ¥(-).
[P _ &1&
Lemma 6. Let U(u) = _513'15522 1 & 51i52w,§1 with £1,&,v > 0 and p > 0. Then, the
S1+&2 p&itée Lt

following holds
)\mm<\p(,u/>) > K1 — Kol
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&2

where kK1 = T

and ko is a constant that depends only on &1, &2 and v.

Proof. The minimum eigenvalue of a 2 X 2 matrix <(CZ Z) is

%(a—&—d— vV (a — d)? 4 4be),

so we have
1 &2 S
din¥0) = 3 (2 + 5 (-0
¢ & 1 2 (0
_ 1 S22 2
£1+§2w£1 (G )+ @) )

In order to obtain a lower bound on Ap,in (¥(1)), we first establish an upper bound on the third term

on the RHS in the above equation. Defining f(u) = u\/(é—f - (% - u))2 + (2£2)?, we have

F0) =+ 2)

&
" _ (VJF %)2 +4£§ f,(.u)2
P = =5 = T ! G7)
WHEPHIE e
[ R {17 M

which implies that

F() < FO)+ f/(0)p + rop®

. 38
:1—(V+£2),u+n2u2 8
&
Substituting the above equation into (36) yields
1 & &1 1 & &2 2 )
)\min v 2* - - - 1-—- -
(0) 25 (2 + G- = 1 (1= o+ Dt )
PSR (39)
“3\5 15 2
=K1 — R2lb
O

We are now ready to prove Lemma 1. For any k£ > 7, we have:
E [W(@k+1) - W(®k)‘®k7ﬂ Xk*T]
=E [20] P(O)+1 — Ok) + (Or+1 — Ok) " P(Op+1 — O1)|Ok—r, X—- ]
=E[20, P(Ok41 — O — €*A04) + (O)11 — O1) " P(Or11 — O1)|Ok—r, Xis—-]
+ 2¢°E[0) PAOL|O)_1, X} _+].
Using the facts that P, and P, are the solutions to their respective Lyapunov equations, we have
E [0 PAOL|Ok—r, Xj—r] < —AminE [||Ok?|O8—r, Xi—r] (40)

where A\, is the smallest eigenvalue of

oo 1 (52 ~6& )
51‘1’52 _5152 El (570‘+ﬁ_2||PUA;U1AvuAuUH) '
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Combining the above equation, Lemma 4 and Lemma 5 with (40), we obtain
EW(Ok+1) — W(O)|Ok—r, Xi—r]
< — 26" AuinE[|Ok 1* Ok -7, Xi—r]
+ € (T eTE[[|Ok[*|Ok—r, Xn—r] + 726T) + 26" Yimax (E[|Ok]|*[On—r, Xp—r] + biax)
<E[| 02Ok —r, X—r] (—26 Aunin + i11€ET + 26%7max)
+€er (2 + 4 (1 + |4y Avu|| + €779)) .

Applying the bound on Ap,;, in Lemma 6, we further get
EW(Or+1) = W(O,)|Ok—r, Xi—r]
SE[||®]€H2|@I€—T7 Xk—T] (_ea(’ﬁl - ’1260675) + rever + 2€27max)
+ et (flo + 4 (1 + [|[ Ay} Auu | + €7792))
<E [||@}€||2|@k,7—, Xk—r] (—6“ (% - I’izéa_ﬁ)) + e%eér (’172 +4 (1 + HA;levu” + Eﬁ_a))
K _
<E (|04 %Oh—r, Xi—s] (—€*(5 = r2e""))
+ 6267—((3 + 2HA;1;1Aqu)(ﬁ2 + 4(1 + ||A;v1[lvu”)) +6+ 4”[1;1;1[1%”)
_ 2 a1 B 28
E [ ©4]210k—r, Xi—r] (=e (5 = 2677 ) + 7,

€

< — (ﬁ — /iQGa_ﬁ) E[W (Ok)] + ¢ 11,

’Ymax 2
(41)

where the second inequality follows from the assumption on €, « and /3, and the third inequality
follows from the fact that e < 1 and o > S.

B The Lyapunov function (7)

The rationale behind the Laypunov function is well known to control theorists, but we present it here
for the interested reader.

e Setting e = 0 in (6) is equivalent to studying the system of ODEs in a slow time-scale where
the fast time-scale dynamics are assumed to converge instantaneously. In this case, for a
fixed u, v can be written as v,, = —A;}Avuu and substituting this expression in (5), the
ODE is purely in terms of . The first term u” P, in (7) is the standard Lyapunov function

used in control theory to study the stability of the resulting ODE for w.

e The second term (v + Ay} Ay u) "p, (v+ Ayl Ayyu) studies the convergence of v to v,
for a fixed u and thus, corresponds to the stability of the fast subsystem.

C Experimental Setup Details

Following is a detailed description of reinforcement learning problems/domains we implemented':

1. Mountain Car: In the basic mountain car problem, an underpowered car is positioned in a
valley between two mountains on a one-dimensional track. The aim of the problem is to
drive the car to the top of the mountain on the right-hand side, but the engine power available
is insufficient to simply accelerate and power through to the top. Therefore, a player has
to build up momentum by going back and forth between the two mountains until the car
has sufficient momentum to reach its goal. The state space, action space, cost structure and
initialization details for the mountain car problem are as follows:

e State Space: (Car Position, Car Velocity) € [—1.2,0.6] x [—0.07,0.07].

"We used the OpenAI Gym implementation of these environments, available at https://gym.openai.
com/.
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e Action Space: 0,1 and 2 (denoting left, no and right acceleration respectively).

o Cost Structure: +1 cost incurred for every time step the car has not achieved its goal.
0 cost incurred upon reaching the goal.

o [nitialization/Starting State: 'The car’s position is initialized to a random value in
[—0.6,0.4]. Its velocity is initialized to 0.

2. Inverted Pendulum: In the classic inverted pendulum swing-up problem, a frictionless
pendulum is hinged/pivoted at one end and the aim of the problem is to keep the pendulum
in an upright position (with respect to the pivot) for as long as possible by applying a torque
at the pivot point (sometimes referred to as the joint effort). The state space, action space,
cost structure and initialization details for the inverted pendulum problem are as follows:

e State Space: (cos(f),sin(0),6) € [-1.0,1.0] x [~1.0,1.0] x [-8.0,8.0]. Here,
6 € [—m, m] denotes the angular position of the pendulum with respect to the pivot.

e Action Space: Torque € [—2.0,2.0].
e Cost Structure: The equation associated with the cost function is the following:

—(6? +0.10 + 0.001 x torque?).

o [nitialization/Starting State: The pendulum’s angular position is initialized to a random
value in [—, 7]. Its angular velocity is initialized to a random value € [—1, 1].

D Slope Calculations

D.1 Bounding E[|¢)y|]

We have the following N points: {X; =14,Y; = ||O4i — O¢||} ;. Using the formula for the slope
of the best-fit line passing through these points, we get:

YL X -X)(y-Y)
= SN LXK - X)? @

_ N ) _ N v _
where X = 27\} Xi = = Zf\il X, =M andY = Z:le Also, note that Zf.vzl(Xi - X)?2=

SN (i — Nrty2 = NOVZDVED  Therefore, we have

2

(43)

YmaxC

d— /2{%‘#2;A <E[Y]<d+ 2?"2?. Using these two facts in (43)

Nt1 . . JEESY
|H¢”<zquf%%ﬂ—w+z£wyﬁm—Nf0w%ﬁ;
M= N(N=1)(N +1)

N+1 N4 -
24 (L7 A -+ G ) (2
< o

= NN —1)(N +1)

(N+1)?2  [2K,u2—>
24 4 ’sznzxc _O<,LL1;>

S NN )N+ 1) N

From (22) we know that d — /25222 < E[yj] < d + w/zlfi‘f:. This also implies that

where the second inequality follows from centering the second summation term in the numerator and
. . Nt N_|N£1)
the last inequality follows from the fact that Z}:f I iy Zi:lL 2 <0.
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D.2 Bounding Var(¢y)
Using (42):

SN L(X, %) (@4
241@[2 (Y2 +Y?)

- N(N-1)(N+1)
UE[CN (V2 + 220

- N(N-1)(N+1)

18 (222 1 9)j@g — ©[2+) .
< = i
= (N=1)(N +1) N?

where the first inequality follows from the Cauchy Schwarz inequality, the second inequality follows
from the fact that (a +b)2 < 2a% 4 2b% and SN | (X; — X)2 = 2N | (i — M1)2 = NINZUINED

i=1 2
the third inequality follows from Cauchy Schwarz inequality and the final inequality follows from

(20) - (21) and the fact that (a + b)? < 2a® + 2b°.
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