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Abstract

In many scientific settings there is a need for adaptive experimental design to guide
the process of identifying regions of the search space that contain as many true
positives as possible subject to a low rate of false discoveries (i.e. false alarms).
Such regions of the search space could differ drastically from a predicted set
that minimizes 0/1 error and accurate identification could require very different
sampling strategies. Like active learning for binary classification, this experimental
design cannot be optimally chosen a priori, but rather the data must be taken
sequentially and adaptively. However, unlike classification with 0/1 error, collecting
data adaptively to find a set with high true positive rate and low false discovery
rate (FDR) is not as well understood. In this paper we provide the first provably
sample efficient adaptive algorithm for this problem. Along the way we highlight
connections between classification, combinatorial bandits, and FDR control making
contributions to each.

1 Introduction

As machine learning has become ubiquitous in the biological, chemical, and material sciences, it has
become irresistible to use these techniques not only for making inferences about previously collected
data, but also for guiding the data collection process, closing the loop on inference and data collection
[9,137,139,138L 132} 30]. However, though collecting data randomly or non-adaptively can be inefficient,
ill-informed ways of collecting data adaptively can be catastrophic: a procedure could collect some
data, adopt an incorrect belief, collect more data based on this belief, and leave the practitioner with
insufficient data in the right places to infer anything with confidence.

In a recent high-throughput protein synthesis experiment [32], thousands of short amino acid se-
quences (length less than 60) were evaluated with the goal of identifying and characterizing a subset
of the pool of all possible sequences ( = 108°) containing many sequences that will fold into stable
proteins. That is, given an evaluation budget that is just a minuscule proportion of the total number
of sequences, the researchers sought to make predictions about individual sequences that would
never be evaluated. An initial first round of sequences uniformly sampled from a predefined subset
were synthesized to observe whether each sequence was in the set of sequences that will fold, H,
or in Hy = H{. Treating this as a classification problem, a linear logistic regression classifier was
trained, using these labels and physics based features. Then a set of sequences to test in the next
round were chosen to maximize the probability of folding according to this empirical model - a
procedure repeated twice more. This strategy suffers two flaws. First, selecting a set to maximize
the likelihood of hits given past rounds’ data is effectively using logistic regression to perform
optimization similar to follow-the-leader strategies [13]. While more of the sequences evaluated
may fold, these observations may provide little information about whether sequences that were not
evaluated will fold or not. Second, while it is natural to employ logistic regression or the SVM
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Figure 1: The distribution of a feature that is highly correlated with the fitted logistic model (bottom plot) and
the proportion of sequences that fold (top plot). The distribution of this feature for the sequences drifts right.

to discriminate between binary outcomes (e.g., fold/not-fold), in many scientific applications the
property of interest is incredibly rare and an optimal classifier will just predict a single class e.g.
not fold. This is not only an undesirable inference for prediction, but a useless signal for collecting
data to identify those regions with higher, but still unlikely, probabilities of folding. Consider the
data of [32] reproduced in Figure [} where the proportion of sequences that fold along with their
distributions for a particularly informative feature are shown in each round for two different protein
topologies. In the last column of Figure[I] even though most of the sequences evaluated are likely to
fold, we are sampling in a small part of the overall search space. This limits our overall ability to
identify under-explored regions that could potentially contain many sequences that fold, even though
the logistic model does not achieve its maximum there. On the other hand, in the top plot of Figure|[T}
sequences with topology Sa 35 (shown in blue) so rarely folded that a near-optimal classifier would
predict “not fold” for every sequence.

Instead of using a procedure that seeks to maximize the probability of folding or classifying sequences
as fold or not-fold, a more natural objective is to predict a set of sequences 7 in such a way as to
maximize the true positive rate (TPR) |H1 N w|/|H1| while minimizing the false discovery rate (FDR)
i.e. |[Ho Nx|/|w|. Thatis, 7 is chosen to contain a large number of sequences that fold while the
proportion of false-alarms among those predicted is relatively small. For example, if a set 7 for a3
was found that maximized TPR subject to FDR being less than 9/10 then 7 would be non-empty
with the guarantee that at least one in every 10 suggestions was a true-positive; not ideal, but making
the best of a bad situation. In some settings, such as for topology acvex (shown in orange), training
a classifier to minimize 0/1 loss may be reasonable. Of course, before seeing any data we would
not know whether classification is a good objective so it is far more conservative to optimize for
maximizing the number of discoveries.

Contributions. We propose the first provably sample-efficient adaptive sampling algorithm for
maximizing TPR subject to an FDR constraint. This problem has deep connections to active binary
classification (e.g., active learning) and pure-exploration for combinatorial bandits that are necessary
steps towards motivating our algorithm. We make the following contributions:

1. We improve upon state of the art sample complexity for pool-based active classification in the
agnostic setting providing novel sample complexity bounds that do not depend on the disagreement-
coefficient for sampling with or without replacement. Our bounds are more granular than previous
results as they describe the contribution of a single example to the overall sample complexity.

2. We highlight an important connection between active classification and combinatorial bandits.
Our results follow directly from our improvements to the state of the art in combinatorial bandits,
extending methods to be near-optimal for classes that go beyond matroids where one need not
sample every arm at least once.

3. Our main contribution is the development and analysis of an adaptive sampling algorithm that
minimizes the number of samples to identify the set that maximizes the true positive rate subject
to a false discovery constraint. To the best of our knowledge, this is the first work to demonstrate a
sample complexity for this problem that is provably better than non-adaptive sampling.

1.1 Pool Based Classification and FDR Control

Here we describe what is known as the pool-based setting for active learning with stochastic labels.
Throughout the following we assume access to a finite set of items [n] = {1, -+ ,n} with an
associated label space {0, 1}. The items can be fixed vectors {x;}"_; € R< but we do not restrict to
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this case. Associated to each ¢ € [n] there is a Bernoulli distribution Ber(7;) with 7; € [0, 1]. We
imagine a setting where in each round a player chooses I; € [n] and observes an i.i.d Y7, ; where
where Y7, ; ~ Ber(ny, ). Borrowing from the multi-armed bandit literature, we may also refer to the
items as arms, and pulling an arm is receiving a sample from its corresponding label distribution.
We will refer to this level of generality as the stochastic noise setting. The case when 7; € {0,1},
i.e. each point ¢ € [n] has a deterministic label Y; ; = n; for all j > 1, will be referred to as the
persistent noise setting. In this setting we can define H; = {i : n; = 1}, Ho = [n] \ H1. This is
a natural setting if the experimental noise is negligible so that performing the same measurement
multiple times gives the same result. A classifier is a decision rule f : [n] — {0, 1} that assigns
each item ¢ € [n] a fixed label. We can identify any such decision rule with the set of items it maps
to 1,i.e. thesetm = {i : ¢ € [n], f(i) = 1}. Instead of considering all possible sets 7 C [n], we
will restrict ourselves to a finite class IT C 2"}, With this interpretation, one can imagine IT being a
combinatorial class, such as the collection of all subsets of [n] of size k, or if we have features, II
could be the sets induced by the set of all linear separators over {x; }.

The classification error, or risk of a classifier is given by the expected number of incorrect labels, i.e.
. 1
R(7) = Picstit((n).vimber(no) (7(0) # Yi) = — (3 _mi+ Y (1= 1)
igm iem

(r) = [mOHol|+ |7 NH1| _ |H1A7|
)= n - n

for any 7 € II. In the case of persistent noise the above reduces to R
where AAB = (AU B) — (AN B) for any sets A, B.

Problem 1:(Classification) Given a hypothesis class IT C 2! identify 7* := argminR(7) by
mwell
requesting as few labels as possible.

As described in the introduction, in many situations we are not interested in finding the lowest risk
classifier, but instead returning 7 € II that contains many discoveries ™ N H; without too many false
alarms m N Hg. Define 1 := >, 1. The false discovery rate (FDR) and true positive rate (TPR)
of a set 7 in the stochastic noise setting are given by
FDR(r):=1- 1 and TPR(n):= 1=
|| Tn)

In the case of persistent noise, FDR(w) = |H‘°7:|w =1- % and TPR(w) = % A

convenient quantity that we can use to reparametrize these quantities is the true positives: T P(7) :=
> iex Mi- Throughout the following we let Il, = {7 € Il : FDR(7) < a}.

Problem 2:(Combinatorial FDR Control) Given an o € (0, 1) and hypothesis class IT C 2["!

identify 7 =  argmax T PR(w) by requesting as few labels as possible.
7nell, FDR(m)<a

In this work we are agnostic about how 7 relates to 11, ala [2,|19]]. For instance we do not assume the
Bayes classifier, argmin g (4 }W,R(B) is contained in II.

2 Related Work

Active Classification. Active learning for binary classification is a mature field (see surveys [35} [24]
and references therein). The major theoretical results of the field can coarsely be partitioned into the
streaming setting [2} 15,19, [25]] and the pool-based setting [18} 23] 131], noting that algorithms for the
former can be used for the latter, [2]], an inspiration for our algorithm, is such an example. These
results rely on different complexity measures known as the splitting index, the teaching dimension,
and (arguably the most popular) the disagreement coefficient.

Computational Considerations. While there have been remarkable efforts to make some of these
methods more computationally efficient [5} [25]], we believe even given infinite computation, many of
these previous works are fundamentally inefficient from a sample complexity perspective. This stems
from the fact that when applied to common combinatorial classes (for example the collection of all
subsets of size k), these algorithms have sample complexities that are off by at least log(n) factors
from the best algorithms for these classes. Consequently, in our work we focus on sample complexity
alone, and leave matters of computational efficiency for future work.
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Other Measures. Given a static dataset, the problem of finding a set or classifier that maximizes
TPR subject to FDR-control in the information retrieval community is also known as finding a
binary classifier that maximizes recall for a given precision level. There is extensive work on the
non-adaptive sample complexity of computing measures related to precision and recall such as AUC,
and F-scores [34, (8] [1]. However, there have been just a few works that consider adaptively collecting
data with the goal of maximizing recall with precision constraints [[33} 4], with the latter work being
the most related. We will discuss it further after the statement of our main result. In [33]], the problem
of adaptively estimating the whole ROC curve for a threshold class is considered under a monotonicity
assumption on the true positives; our algorithm is agnostic to this assumption.

Combinatorial Bandits: The pure-exploration combinatorial bandit game has been studied for the
case of all subsets of [n] of size k known as the Top-K problem [21] 281 29,27, 36, [16], the bases of a
rank-k matroid (for which Top-K is a particular instance) [17,22,[14], and in the general case [[10,[15].
The combinatorial bandit component of our work (see Section[A.T) is closest to [10]. The algorithm
of [[10] uses a disagreement-based algorithm in the spirit of Successive Elimination for bandits [21]],
or the A? for binary classification [2]]. Exploring precisely what log factors are necessary has been an
active area. [15] demonstrates a family of instances in which they show in the worst-case, the sample
complexity must scale with log(|II]). However, there are many classes like best-arm identification
and matroids where sample complexity does not scale with log(|II|) (see references above). Our own
work provides some insight into what log factors are necessary by presenting our results in terms
of VC dimension. In addition, we discuss situtations when a log(n) could potentially be avoided by
appealing to Sauer’s lemma in the supplementary material.

Multiple Hypothesis Testing. Finally, though this work shares language with the adaptive multiple-
hypothesis testing literature [L1} 26} 40|, the goals are different. In that setting, there is a set of n
hypothesis tests, where the null is that the mean of each distribution is zero and the alternative is
that it is nonzero. [26]] designs a procedure that adaptively allocates samples and uses the Benjamini-
Hochberg procedure on p-values to return an FDR-controlled set. We are not generally interested
in finding which individual arms have means that are above a fixed threshold, but instead, given a
hypothesis class we want to return an FDR controlled set in the hypothesis class with high TPR. This
is the situation in many structured problems in scientific discovery where the set of arms corresponds
to an extremely large set of experiments and we have feature vector associated with each arm. We
can’t run each one but we may have some hope of identifying a region of the search space which
contains many discoveries. In summary, unlike the setting of [26]], IT encodes structure among the
sets, we do not insist each item is sampled, and we are allowing for persistent labels - overall we are
solving a different and novel problem.

3 Pool Based Active Classification

We first establish a pool based active classification algorithm that motivates our development of an
adaptive algorithm for FDR-control. For each i define y; :=2n; — 1 € [-1,1] son; = HT“ By a

simple manipulation of the definition of R(7) above we have

Zm 22771—1 Zm Zui

1€7r 1'671'

so that argminR(7) = argmax ), p;. Define pr := >, ;. If for some i € [n] we map the
mell mell
jth draw of its label Y; ; — 2Y; ; — 1, then IE[2Y1»J — 1] = p; and returning an optimal classifier
in the set is equivalent to returning 7 € II with the largest p.. Algorithm [I] exploits this. The
algorithm maintains a collection of active sets A;, C IT and an active set of items T}, C [n] which is
the symmetric difference of all sets in .A;. To see why we only sample in Ty, if ¢ € Nyeca, 7 then
m and 7/ agree on the label of item 4, and any contribution of arm ¢ is canceled in each difference
fix = [ixr = Hm\ gz — fp\r forall m, 7" € Ay so we should not pay to sample it. In each round sets
7 with lower empirical means that fall outside of the confidence interval of sets with higher empirical
means are removed. There may be some concern that samples from previous rounds are reused. Since
our sampling strategy is uniformly drawing from [r] in each round, but only paying to see a label
if I; € T}, the underlying sampling distribution is still uniform regardless of the round and so the
estimate of fir , — [ir  is unbiased. In practice, since the number of samples that land in T}, follow
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a geometric distribution, instead of using rejection sampling we could instead have drawn a single
sample from a geometric distribution and sampled that many uniformly at random from 7.

Input: &, IT  2["), Confidence bound C'(7’, 7, t, ).
Let Ay =11, 71 = (Urea, 7) — (Nrea, ), k = 1, Ag will be the active sets in round k
fort=1,2,---
ift == 2":
Set 6, = .56 /k*>. For each 7, 7’ let
fint o = fimge = 5 (Xoy R s I € 7'\ )} = 330 Rr, s M{I: € m\ 7'})
Set Apy1 = Ax — {m € Ay : In’ € Agwith [ g, — fin e > C(n', 7,8, 01) }.

Set Tk+1 = (UWEAk+17T> — (mﬂ—e_A,H_lﬂ').
k+—k+1
endif

Stochastic Noise:
If T, = 0, Break. Otherwise, draw I; uniformly at random from [n] and if Iy € T} receive an

associated reward Ry, + = 2Y7, + — 1, Y7, + “ Ber(nr, ).
Persistent Noise:
If T, = 0 ort > n, Break. Otherwise, draw I; uniformly at random from [n] \ {I; : 1 < s < t}
and if I; € T}, receive associated reward Ry, = 2Y7, + — 1, Y1,.+ = n1,.-
Output: 7' € Ay, such that [/, — fir,x > Oforall m € A \ 7'

Algorithm 1: Action Elimination for Active Classification
For any A C 2"l define V(A) as the VC-dimension of a collection of sets .A. Given a family of sets,
1 C 2, define By (k) := {7 € 1 : |7| = k}, Ba(k,n') := {m € 11 : |rA7'| = k}. Also define
the following complexity measures:
Ve =V (B1(I7])) A |r] and Vv := max{V (Ba(|rAx'|, m), V(Ba(|rAx'|, 7))} A | AR]

In general V;, V; »» < V(II). A contribution of our work is the development of confidence intervals
that do not depend on a union bound over the class but instead on local VC dimensions. These are
described carefully in Lemmal [I]in the supplementary materials.

Theorem 1 For each i € [n] let p; € [~1,1] be fixed but unknown and assume {R; ;}32, is an

i.i.d sequence of random variables such that E[R; ;| = p; and R;; € [—1,1]. Define A, =
|t = pi=| /| e AT, and

V7r,7r* 1 N —
= o An] A2 log (nlog(A,f)/d).

Tr

8lrAn' InV, s log(%) = 4nV, .. log(%
Using C(m,7',t,6) = \/ A7 InPre 0g(5)+ L Og(é)foraﬁxedconstantc, with probability

3 3
greater than 1 — 0, in the stochastic noise setting Algorithm|[I| returns . after a number of samples
no more than c 2?21 MaXrcicrAn+ Tn aNd in the persistent noise setting the number of samples
needed is no more than ¢y, min{1l, max em;cxar* Tr }

One always has 1/|7*Ax| < Vi - /|7*Am| < 1 and both bounds are achievable by different classes
II. In addition, in terms of risk Ay = |ur — pr=|/|7AT*| = n|R(7) — R(7*)|/|wAn*|. Since
sampling is done without replacement for persistent noise, there are improved confidence intervals
that one can use in that setting described in Lemma [I]in the supplementary materials. Finally, if we
had sampled non-adaptively, i.e. without rejection sampling, we would have had a sample complexity
of O(TL max;e[n]) MaXr:Iier Ar* Tﬂ')'

Remark: Our rewards could be drawn from arbitrary distributions, not just Bernoulli label distri-
butions. In fact if we allow Ry, ; ~*%% v;, where v; is a distribution supported on [—1, 1] with
E[v;] = p, then Algorithm (1| gives state of the art results for the more general pure exploration
combinatorial bandit problem and furthermore Theorem[I|holds verbatim. Algorithm [I]is similar
to previous action elimination algorithms for combinatorial bandits in the literature, e.g. Algorithm
4 in [10]. However, unlike previous algorithms, we do not insist on sampling each item once, an
unrealistic requirement for classification settings. We discuss this connection further in Section [A.T]
in the supplementary materials and prove Theorem|[I]in this more general setting.
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3.1 Comparison with previous Active Classification results.

One Dimensional Thresholds: In the bound of Theorem ] a natural question to ask is whether the
log(n) dependence can be improved. In the case of nested classes, such as thresholds on a line, we
can replace the log(n) with a log log(n) using empirical process theory. This leads to confidence
intervals dependent on log log(n) that can be used in place of C(n’, 7, t,d) in Algorithm (1| (see
sections [C] for the confidence intervals and [A.T] for a longer discussion). Under specific specific
noise models we can give a more interpretable sample complexity. Let & € (0,1], « > 0, z € [0, 1]
for some i € [n — 1] and assume that n; = 1 + w/ﬂz — i/n|® so that u; = hlz —
i/n|*sign(z — i/n) (this would be a reasonable noise model for topology cax in the introduction).
Let IT = {[k] : k¥ < n}. In this case, inspecting the dominating term of Theorem 1] for i € 7*

* . 2 .
we have arg maxrerieran %5% = [i] and takes a value of (%) n=1(z — i/n)=22"1.
Upper bounding the other terms and swumming, the sample complexities can be calculated to be

O(log(n) log(log(n) /) /h?) if a = 0, and O(n?* log(log(n)/§)/h?) if & > 0. These rates match
the minimax lower bound rates given in [12] up to log log factors. Unlike the algorithms given there,
our algorithm works in the agnostic setting, i.e. it is making no assumptions about whether the Bayes
classifier is in the class. In the case of non-adaptive sampling, the sum is replaced with the max times
n yielding n2%*! log(log(n)/§)/h? which is substantially worse than adaptive sampling.

Comparison to previous algorithms: One of the foundational works on active learning is the DHM
algorithm of [19] and the A? algorithm that preceded it [2]]. Similar in spirit to our algorithm, DHM
requests a label only when it is uncertain how 7* would label the current point. In general the
analysis of the DHM algorithm can not characterize the contribution of each arm to the overall sample
complexity leading to sub-optimal sample complexity for combinatorial classes. For example in
the the case when IT = {[i]};,, with i* = arg max;c|,) 41, ignoring logarithmic factors, one can
show for this problem the bound of Theorem 1 of [19] scales like n? max;£;, (i — ,ui_Q) which is

substantially worse than our bound for this problem which scales like >, 2. A 2. Similar arguments
can be made for other combinatorial classes such as all subsets of size k. While we are not particularly
interested in applying algorithms like DHM to this specific problem, we note that the style of its
analysis exposes such a gross inconsistency with past analyses of the best known algorithms that the

approach leaves much to be desired. For more details, please see in the supplementary materials.

4 Combinatorial FDR Control

Algorithm [2| provides an active sampling method for determining 7 € II with FDR(7) < «
and maximal 7'P R, which we denote as 7,. Since TPR(m) = TP(r)/n,), we can ignore the
denominator and so maximizing the T'P R is the same as maximizing T'P. The algorithm proceeds in
epochs. At all times a collection .4;, C II of active sets is maintained along with a collection of FDR-
controlled sets C;, C Aj. In each time step, random indexes I; and J; are sampled from the union
Sk = Urea,\c, 7 and the symmetric difference Tj, = Urea, ™ — Nre.a, T respectively. Associated
random labels Y7, ;, Y7, ; € {0, 1} are then obtained from the underlying label distributions Ber (7, )
and Ber(7;,). At the start of each epoch, any set with a F'DR that is statistically known to be
under « is added to Ci, and any sets whose F'DR are greater than « are removed from Aj in
condition 1. Similar to the active classification algorithm of Figure[I] a set 7 € A;, is removed in
condition 2 if TP (7) is shown to be statistically less than T'P(n’) for some ©’ € Cy, that, crucially,
is FDR controlled. In general there may be many sets 7w € II such that T P(w) > T P(r},) that are
not FDR-controlled. Finally in condition 3, we exploit the positivity of the 7;’s: if 7 C «’ then
deterministically TP(m) < TP(x'), so if 7’ is FDR controlled it can be used to eliminate 7. The
choice of T}, is motivated by active classification: we only need to sample in the symmetric difference.
To determine which sets are FDR-controlled it is important that we sample in the entirety of the union
of all m € Ay \ Cy, not just the symmetric difference of the .4, which motivates the choice of S.
In practical experiments persistent noise is not uncommon and avoids the potential for unbounded
sample complexities that potentially occur when FDR(7) = . Figuredemonstrates a model run
of the algorithm in the case of five sets II = {my,...,75}.

Recall that I1,, is the subset of II that is FDR-controlled so that 7}, = arg max,em, TP(rm). The
following gives a sample complexity result for the number of rounds before the algorithm terminates.
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Input: Confidence bounds C (m, t,6), Co(m, 7', t,5)
Ay C II will be the set of active sets in round k. Ci, C II is the set of FDR-controlled policies in round k.
A1 =11, C1 =0, S1 = Upenm, Th = Uwenﬂ— — ﬂﬂ,enﬂ',k =1.
fort=1,2,---
ift = 2%:
Let 83 = .255 /K>
For each set m € Ay, and each pair 7', m € Ay, update the estimates:
FDR(7) :=1— 23, Y1, .s1{l; € 7}

TP(x') —TP(r) =2 (X!, V). A{Js e 7'\r} = X!, V). [ 1{J, € 7\7'})
Set Ciy1 = Cr U {m € A\ Cx : FDR(w) + Ci(m,t,6k)/|7| < a}
Set A1 = Ayg
Remove any 7 from A+ and Cg41 such that one of the conditions is true:
1. FDR(n) — Cy(m,t,6)/|7] >
2. 3’ € Chyr with TP(n') = TP(x) > Ca(m, 7', t,6;) and add 7 to a set R
Remove any 7 from Ay41 and C41 such that:
3. 37’ € Ck+1 U R, such that w C 7.
Set Sk+1 1= UWEAk+1\Ck+1 ™ and T = UWEAk-H T ﬂWEAkH g
k+—Ek+1
endif

Stochastic Noise:
if | Ax| = 1, Break. Otherwise:
Sample I; ~ Unif([n]). If I; € Sk, then receive a label Y7, ¢+ ~ Ber(nz,).
Sample J; ~ Unif([n]). If J; € Ty, then receive a label Y, , ~ Ber(n.,).
Persistent Noise:
If | Ax| = 1 ort > n, Break. Otherwise:
Sample I; ~ [n]\{Is : 1 < s < t}. If I; € S, then receive a label Y7, : = ny,.
Sample J; ~ [n]\{Js : 1 < s < t}. If J; € Ty, then receive alabel Y, , = ns,.

Return max:ec,, , TP(m)

Algorithm 2: Active FDR control in persistent and bounded noise settings.

Theorem 2 Assume that for each i < n there is an associated n; € [0, 1] and {Y; ;}32, is an i.i.d.
sequence of random variables such thatY; j ~ Ber(n;). Forany m € Il define A o = |FDR(m)—
and Ay = |TP(r;) — TP(W)|/|7TA7T*| = [TP(r; \m) = TP(r\ 7TZi)l/

Vv e V,

FDR _ Y= A2 rp _ _Vmmy

st =k A ~log (nlog(A2)/0) . 1" = R o (nlog(3;2)/5)
In addition define TfDR = min{sZPE max{sI" s FDR} min el sEPEY and

nCn’
I = min{max{s”, sEP"}, min e, sEPEY. Using Cy(m,t,6) = w +
wCn'’

AnVy, log( )

and Cy = C for C defined in Theorem fora ﬁxed constant c, with probability at least
1 — 0, in the stochastic noise setting Algorithm 2| returns 7, after a number of samples no more than

n

E max TFPR ¢ E max e
mell

7r€H e ] aitETAT]
1=

FDR—Control T PR—FElimination

and in the persistent noise  setting returns T, after no more than

n : FDR
¢y ., min {1 (maxﬂen ien Lx + maXrer, iexAx® Tﬂ ) }

Though this result is complicated, each term is understood by considering each way a set can be
removed and the time at which an arm ¢ will stop being sampled. We now unpack underbraced terms.

Sample Complexity of FDR-Control In any round where there exists a set 7 € Ay, \ C with arm
i € m,i.e. mis not yet FDR controlled, there is the potential for sampling ¢ € Sy. A set 7 only leaves
Ay, if 7) it is shown to not be FDR controlled (condition 1 of the algorithm), i7) because an FDR
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TP(my\r3) — TP(m5\ma) > C1(m, 7', th,, O,) controlled Algorithm terminates
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Figure 2: Example run of Algorithm showing the evolution of sampling regions Sy, (blue stripes), T}, (pink
stripes) and FDR controlled sets C}, (orange fill) at each time k.

controlled set eliminates it on the basis of TP (condition 2), or 4i%) it is contained in an FDR controlled
set (condition 3). These three cases reflect the three arguments of the min in the defined quantity
TEDE respectively. Taking the maximum over all sets containing an arm i and summing over all 7
gives the total FDR-control term. This is a large savings relative to naive non-adaptive algorithms that
sample until every set 7 in IT was FDR controlled which would take O(n max, g sZ P%) samples.

Sample Complexity of TPR-Elimination An FDR-controlled set 7w € 11, is only removed from Cy,
when eliminated by an FDR-controlled set with higher TP or if it is removed because it is contained
in an FDR-controlled set. In general we can upper bound the former time by the samples needed for
7, to eliminate 7 once we know 7, is FDR controlled - this gives rise to max e, iexaAr* TrP,
Note that sets are removed in a procedure mimicking active classification and so the active gains
there apply to this setting as well. A naive passive algorithm that continues to sample until both the
FDR of every set is determined, and 7, has higher TP than every other FDR-controlled set gives a
significantly worse sample complexity of O(n max{max e, sZ %, max,gm, sZ7'}).
Comparison with [4]. Similar to our proposed algorithm, [4] samples in the union of all active sets
and maintains statistics on the empirical FDR of each set, along the way removing sets that are not
FDR-controlled or have lower TPR than an FDR-controlled set. However, they fail to sample in the
symmetric difference, missing an important link between FDR-control and active classification. They
also only consider the case of persistent noise. Their proven sample complexity results are no better
than those achieved by the passive algorithm that samples each item uniformly, which is precisely the
sample complexity described at the end of the previous paragraph.

One Dimensional Thresholds Consider a stylized modeling of the topology S35 from the introduc-
tion in the persistent noise setting where IT = {[t] : t < n}, n; ~ Ber(81{i < z}) with 5 < .5, and
z € [n] is assumed to be small, i.e., we assume that there is only a small region in which positive labels
can be found and the Bayes classifier is just to predict O for all points. Assuming o > 1 — 3, one can
show the sample complexity of Algorithm satisfies O((1—a)2(log(n/(1—a))+(14+8)z/(1-a)))
while any naive non-adaptive sampling strategy will take at least O(n) samples.

Implementation. For simple classes II such as thresholds or axis aligned rectangles, our algorithm
can be made computationally efficient. But for more complex classes there may be a wide gap
between theory and practice, just as in classification [35} [19]. However, the algorithm motivates
two key ideas - sample in the union of potentially good sets to learn which are FDR controlled, and
sample in the symmetric difference to eliminate sets. The latter insight was originally made by A2 in
the case of classification and has justified heuristics such as uncertainty sampling [35]. Developing
analogous heuristics for the former case of FDR-control is an exciting avenue of future work.
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A Proofs

A.1 Connections to Combinatorial Bandits

A closely related problem to classification is the pure-exploration combinatorial bandit problem. As
above we have access to a set of arms [n], and associated to each arm is an unknown distribution
v;. Welet {R;, j };";1 be a sequence of random variables where R; ; ~ v; is the jth draw from v;
satisfying E[R; ;] = p; € [—1, 1]. In the persistent noise setting we assume that v; is a point mass at
1; € [—1,1]. Given a collection of sets IT C 2[", for each 7 € II we define i :== >, p; the sum
of means in 7.

Problem 3: (Combinatorial Bandits) Given a hypothesis class II C 20" identify 7* =
argmaxy,, by requesting as few labels as possible.
mell
The combinatorial bandit extends many problems considered in the multi-armed bandit literature. For
example if IT = {{¢} : ¢ € [n]} then this is equivalent to the best-arm identification problem.

As discussed in Section [C] returning to the classification setting for a moment: for each ¢ define

wi=2n,—1€[-1,1son = 12’“. By a simple manipulation of the definition of R(7) above we

have
R(m) = %Zﬂz“#%i@%‘—l) = %Zﬂz“F%ZM
i=1 i=1

1ET e

so that argmin  R(m) = argmax ) . ;. Hence, if for some i € [n] we map the jth draw of its
mell well

label Y; ; — 2Y; ; — 1 then the ]E[QYM — 1] = p; and returning an optimal classifier in the set is

equivalent to returning a subset 7 with the largest fi,.

The connection between FDR control and combinatorial bandits is more direct: we are seeking to
find 7 € II with maximum 7, subject to FDR-constraints. This already highlights a key difference
between classification and FDR-control. In one we choose to sample to maximize 7, subject to FDR
constraints where each 7; € [0, 1], whereas in classification we are trying to maximize p, where
each p; € [—1,1]. A major consequence of this difference is that 1, < 7,» whenever = C 7', but
such a condition does not hold for fi,, ttr.

Motivating the sample complexity: As mentioned above, the general combinatorial bandit problem
is considered in [10]. There they present an algorithm with sample complexity,

- 11 . N
cgmg A Az 8 (max(1B(ran"|, =), |B(rAr|,7))5 )

This complexity parameter is difficult to interpret directly so we compare it to one more familiar
in statistical learning - the VC dimension. To see how this sample complexity relates to ours in
Theorem note that log, |B(k,7*)| < log, () < klogy(n). Thus by the Sauer-Shelah lemma,
V(B(r,m*)) < logs(|B(r,7*)]) < min{V(B(r,7*)),r}logy(n) where < hides a constant. The
proof of Lemma [T|below effectively combines these two facts along with a union bound over all sets
in B(r,7*).

It’s natural to ask whether the log(n) on the right can be dropped. In specific examples,like nested
classes, tools from empirical process theory (see Theorem 13.7 in [6]) imply that it can be improved
to a loglog(n). We give such an example where the log(n) is not necessary in Appendix [C] for the
case of one-dimensional thresholds.

A.2 Confidence Bounds for Combinatorial Bandits

In this section, we build confidence intervals useful in our general combinatorial bandit setup
discussed in the previous section. The union bounds presented are motivated by those in [10]. The
constants used in the case without replacement are motivated by Corollary 3.6 in [3].

Lemma 1 Assume that for each arm i < n there is an associated distribution v; with support [—1,1],
mean ji; and variance o? < 1. Assume access to the observations (I1,yr,) -+, (It,y1,) in two
different but related settings, let s < t,

12



aas 1. Stochastic Noise I; ~ Unif([n]) and yr, ~ vr,.
445 2. Persistent Noise I, € [n] are drawn without replacement, yr, = py., s <n
a6 Let[ix = 7% Zle ys1{Is € 7}. Then

447 1. With probability greater than 1 — § for all m € 11

4pi|w|nVy log(%) + 4nl€tvﬂ' log (%)

lix — x| < Ci(m,1,0) 1= (1)

t 3t
448 2. Fix «' € I1. With probability greater than 1 — ¢ forallt > 0 and © € 11
~ ~ 8pi|m AT |nV, . log( %
Hr\m — Hr\n’ — (/’Lﬂ"\w - /’(‘77\7!'/) < 02(7.[-) 77,7 i, 6) ::\/ . nt Og( 5) 2)
n
4thVﬂ’§; log( 5 ) (3)
449 where p;, ky = 1 in the stochastic case and in the persistent case
_ t(t—1)
oy = 1-&=L t<n/2 Kt:g+ =it t<n/2
1-L  ¢t>n/2 3 (=t-D=t) 4> /9

(t+1)n

450 Note that by negative associativity the confidence bounds that hold in the case of sampling with
451 replacement also hold when sampling without replacement.

452 Proof: Define the complexity measures
Bi(k)={m e A:|n| =k}, Ba(k,7") ={r € A: |rA7'| = k}.

453 Firstly note that for any 7 € 11

2
N n
var(fiz) = o var (y11{I € 7})

2

n 1
=~ Emnm e - (LY
n
iem\n’
n? (1 9 9 2|m|n
< — | - : : < —
=T (n ZZEW(‘% MG s

454 Thus by Bernstein’s inequality and a union bound,

. (HW €T — | > ¢2|w|nlog<n31<|w|>/a> . 2nlog<nBl<w|>/5>> -y an(ﬂ)

T 3T

mell

< ZBl(k)an(k) <6
k=1
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455

456

457

458
459

461

462

463
464

For the second assertion, firstly note that for any 7, 7', [ix — fix/ = [iy\x/ — Hn\~ and so
var(jiz — fin')

= var(fim\x = fix\x)

— var(fip ) + var(fign 1)

2 2
_ %Var (11{L e 7\ 7'}) + %var (i1{l € 7\ 7'}
2 2
n2
= | Ebit{h en\ '} - Z pi | +ERF{L €'\ Z i
l€7r\7'r 7,€7r/\7'r
n? (1 2 2 1 2 2
< |z , 2y |~ , ,
< (n}Z (F +ud)+ o 3, (0F +ad)
i€m\ 7’ i€T/\ T
4|7 A’ |n
< =7
- T
Let b, = max{|Ba(|rAx’|, )|, |B2(|rAx’|, 7")|) }
. . 8|mAx’|log(nbs/d)  2nlog(bx/0)
P(3 II : ’ — ’— ’ — ’
( e |Mﬂ' \7m — Ma\x Ha\m — Ha\m | > \/ T + 3T
<
Z nb
mell
< Z > 1{|rAr| = k}—
k=1mell
:zn:21{|ﬁm'|:k} 0
= nmax{|Ba(|rA7’|, )|, |B2(|rAx’|, 7")|}
= ]
< |rAr'| =
<2 2 Himt | = B sy

n

<4

IN
(™
S|

k=1
Now by the Sauer-Shelah Lemma for any k&

log(Bi1(k)) < V(Bi(k))log(en/V (Bi(k)))-

where V(+) denotes the VC-dimension. At the same time, | B (k)| < |[{m € IL : |x| = k}| < nk.
Hence

log(n|Bi(k)|/0) < min{V(By(k))log(en/V (B1(k))) +log(n/d), (k + 1) log(n/d)}
< 4min{V(B;(k)), k}log(en/d)
Similarly for any k&,
log(Ba(k, 7)) < V(Ba(k, ') loglen/V(Ba(k, ')
and [{m € I : |[rAn*| = k}| = (}) < n*. In particular,
log(n|Bz(k,")|/6) < min{V (Ba(k,n"))log(en/V (Bs(k,n"))) + log(n/d), (k + 1) log(n/d)}
< 4min{V(Ba(k,7")), k}log(en/d)
So using identical logic
log(nbr /) < log(n max{|By(|wAn’|, 7). | Bo(|wAn’|, 7')])}/0)
< max{log(n|By(|rAn’|, m)[ /6), log(n| Bo (I Ax’|, ") [)/6) }
< 4dmin{max{V (Bz(|7A7’|, 7)), V(Ba(|rA7'|, 7))}, |t An’|} log(en/))

Finally, in the case of without replacement, we can use the confidence intervals from Theorem 3.6 of
[3] and the result follows. O

14



465

466
467
468
469
470
471
472

473

474
475

476

477
478

479
480
481
482
483

484
485
486
487
488
489
490

491

492

494
495

497
498

499

500

501

502
503
504
505
506

A.3 Comparison to the Disagreement Coefficient

One of the foundational works on active learning is the DHM algorithm of [[19] and the A2 algorithm
that preceded it [2]. In their setting a set of points, z1, zs, - - - are streamed to a learner who chooses
whether to label a point or not. Similar in spirit to our algorithm, DHM determines whether it is
certain or not about how 7* would label the current point, and if not, would request the label. Thus,
DHM only requests the labels of any point that it is uncertain about given all the information up to
that time. A key quantity arising in the sample complexity of DHM (and many previous works on
active classification) has been that of the disagreement coefficient of the set 7*: 0 = 0(e, 7*) :=
|z:xemAn™ well and |7 An™ | <r|
SUPy>n(e4v) { r

excess error of the set 7 returned by an active learning algorithm. After being streamed m points,
DHM returns a classifier with error at most O(v + V (IT) log(m /&) /m + /V (I1)v log(m/3) /m)

after labeling O (9 (ym + V(1) log?(m) + log (M))) samples (provided € < v—the realistic

} where v = P(n*(z) # y) and € is a bound on the

s
setting in the non-realizable noisy case). Ignoring log factors, this roughly says that a classifier with
error at most v + € is returned after 0V (IT)v max{e !, ve~2} requested labels.

In general the analysis of the DHM algorithm can not characterize the contribution of each arm to

the overall sample complexity leading to sub-optimal sample complexity for combinatorial classes.

Consider the case when IT = {m;}}'_;, with m; = {i}, and 7* = {i*} where 7" = argmax, ., p;. If

we take y; € [—1/2,1/2] for all ¢ then i - ﬁ <v< % + i and for best-arm we necessarily have
1

€ = minjz;+ + (p1;« — p15). One can show for this problem 6§ = 4= and so the bound of Theorem

1 of [19] scales like fdv max{e~!,ve=2} = -2 max{e ', ve 2} ~ €2 = n? max;z;, A;” for
A; = pg+ — g, which is substantially worse than our bound for this problem which scales like
Do, A7 2, describing the contribution from each individual item. Similar arguments can be made
for other combinatorial classes such as all subsets of size k. We emphasize that it is not that we are
particularly interested in applying algorithms like DHM to this specific problem, but that it exposes
such a gross inconsistency with the best known algorithms that its application in general should be
questioned.

A.4 Proof of Theorem [Tl

Since Active Classification is a specific case of the more general combinatorial bandit problem as
described in we focus on the more general case throughout the following. Algorithm |1fis
repeated in this more general case below - all that changes are the reward distributions are more
general than just Bernoulli distributions.

Proof: Throughout the following, let Ay := fize\x — fir\7+. Define

€= ) {En.k — i) — Gim. — )| < Clrmar, t0,50))

keN el
where we recall C(m,,m, tg,0r) = C(mw, 7y, tg,0r). By Lemma [I| we have that P(£) > 1 —
Y peq 0k > 1 — & so assume & holds in what follows.
First we show 7, € Ay for all k. Assume 7, € Aj. Then for any 7 € A;, we have

g
Haveo b = Hr\zk < Bave, — Hroz + O, T, e, 01)

S C(%7 71—*7 tkv 6/6)
which implies that 7, € Ag1. The result follows by the fact that 7, € Ay.

Now we bound the number of samples taken with high probability. For an arm 7 to be sampled at
time ¢, there must be at least two policies 7, 7’ € A; such that i € 7A7’. Since we just showed that
T, € Ay for all ¢, it follows that min {k : fix \x 4 — fim\x, & > C (s, 7, t, ) } is an upper bound
on the number of rounds before 7 is removed from II;. Since p,, > p, for all m € II, for each
7 € II there exists a random first round K, when

ﬁfr*\ﬂ',Kﬂ - ﬂw\ﬂ*,Kﬂ Z C(Tr*)ﬂ-atKwa(SKﬂ)-
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508

509
510

511
512

514
515

Input: §, Confidence bound C'(7’, 7, ¢, §).
Let Ay = II,Th = (Urca,m) — (Nrea, 7)., k = 1, Ai will be the active sets in round &
fort=1,2,---
ift ==2":
Set &, = .56 /k>. Let tj, = 2F. For each 7, 7’ let
fint o = fimge = 5 (Xoy Bro s H{Is € '\ w} = 330, Ry, s 1{I; € w\ 7'})
Set Ap+1 = Ar — {71' € Ay : Ir' e Ajwith ﬁ,\-@k — ﬁﬂ—,k > C(ﬂ'l,ﬂ,tk,5k)},

Set Tk+1 = (UweAk+1ﬂ') — (ﬂweAk+17F).
k+—k+1
endif

Stochastic Noise:
If T, = 0, Break. Otherwise, draw I; uniformly at random from [n] and if I; € T} receive an

associated reward Ry, ¢ “ KIy-
Persistent Noise:
If T, = 0 or t > n, Break. Otherwise, draw I; uniformly at random from [n] \ {I, : 1 < s < ¢}
and if I; € T} receive associated reward Ry, + = pr;,.
Output: 7' € Ay, such that fi,  — fir,s > Oforallm € Ay \ 7’

Algorithm 3: Action Elimination for Combinatorial Bandits

But for every 7 € I and k € N we have

&
Hrx N7k — Br\m. k > Aﬂ' - C(T(*, T, t, 5k)

so define
kr :=min{k : A;/2 > C(m., 7, tg, Ok) }-

Also define ky,,x = max, k, and note that k. is finite and deterministic since C'(7y, 7, tk, Ji ) is
decreasing in k. Now we have that

Sp={i€n]:Irell:iemAmr K, >k}

Mon

{ien]:Imell:iecmAnk, >k}
.Sk

Thus, we trivially have 1{I; € S;} < 1{I; € s;} where the right hand side is a deterministic
function. Furthermore, whether or not I are drawn uniformly at random from [n] (with replacement)
or uniformly at random from [n] \ {¢ : I, = 4,1 < s < ¢} (without replacement for persistent noise),
the I, indices are negatively associated random variables [20]. Consequently, standard multiplicative
Chernoff bounds apply:

Emax 123 kmax
Sk
p(Y Y wnesyzaend ol
k=1 s=tp_1+1 k=1
Kmax 123 kmax |Sk;|
<SP, Y HLesy 24y b -
k=1 s=tr_1+1 k=1

kmax

k=1
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3log(1/6) 3log(1/6)
ka?x tk%’ ZkTaxt ‘5k|

k= n

st6 Taking r = max { } we have with probability at least 1 — § that

kmax Kmax kmax

Z Z 1{I; € Sk} < max< 3log(1/48), ,|3log(1/) Zt Jsk Jth Isi]

k=1 s=tr_1+1
9, |51~c\
< 5 g(1/0) + E th

517 where the last inequality follows by the arithmetic-geometric mean inequality. Now

Zt Isi] Zt Z 1{3Inr e ll:iec mAm ke >k}

k=1 1=1

—ZZ 1{3r el :ic mAnm ke > k}

k=1 1i=1
22221{3wenziemm,2kﬂ >2M
i=1 k=1

2k,r+1
< E max
TrEH TETLAT n

518 Now, using the specific confidence interval Co (7', 7, t, Ox) from

2" < 2min{t € N: Ay /2 < Co(me, m,t, 8108, 1)}

|m* A nlog (A7?)
Scanﬂm1< A2 —|—A— log — 5

< oV |7 A7r| log (nlog( ))

A2 ]

nVi nlog <£;2)
[ A \ A2 6

519 where the second to last line follows from
|7* Al 1 1 [|7*An| 2| A
+ < —+1 )| < —

A2 T AL T AL\ A, A2

520 since A, < |m.Am|. But for the persistent noise case we have k, < log,(n) which implies for any ¢,
okm+1
< 2. The result now follows. U

521 MaXgpelliien,Anr

s22. B Proof of Theorem 2

523 Proof: Step 1: Correctness Let t;, = 2k Let £ be the event that, for each k and for each 7 € II,
]ﬁﬁ%(w) — FDR(r)| < C1(my,n, i, 0/ |

524 and

(TP(x*\ ) — TP(x \ 7%)) — (TP(x* \ 7) — TP(x \ )| < Ca(r*, 7, ts, Ok)-

525 By Lemma|I]and a union bound,

2
P(£°) < 228% <4

E>1
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526

527

528

529
530

531

533
534
535
536
537
538

539

540

541

542
543

544

545

546
547
548
549
550
551

First we argue that 77* is never eliminated on event £. Note that since FDR(7*) < «

— £
FDR(n*) — a < FDR(7*) — o+ Cy (m, ty., 81) /||
< Ol(ﬂ-a tka 6k)/|ﬂ-‘
Also for any 7 € 11,

TP(r\ %) — TP(r* \ 7) € TP(r \ 7%) — TP(* \ 1) + Ca(m, 7 tx, 05
=TP(n) = TP(m) + Co(m, 7™, ty, )
< Co(m, 7", tg, O),
and by definition 7* is the maximal TP set in II,, so 7* will never be removed by another 7.
Finally note that on event &, any 7" (not just 7.) can knock out 7 using line 2 or 3 of the algorithm iff
TP(n') > TP(r) and 7" € I1,.
We define a few key random rounds
K, :=max{k:m e Ay}
KIFPRL .— max{k: 7 € Ay \ Cp}
KFPR2 . yin{k : |FDR(x) — a| > Cy(, t, )}
KTP .= min{k : 3’ € Cj, such that TP(x' \ w) — TP(x \ ') > Ca(n', 7, tx, )}
K= :=min{k: 37" € C; withm C 7'}

Our objective is to bound max e\ x, K, which marks the termination of the algorithm.

Bound on K"P%:1: We begin by establishing a deterministic bound on K P! that holds when
event & is true. Note that KZ'PF:1 is immediately before the first k& such that m & Ay, \ Cy,. There
are three ways this can occur: i) if 7 becomes FDR-controlled or if 7 is determined to not be FDR-
controlled, and ii) a 7' € C) knocks out 7 using statistics about TP (i.e., line 2 of the algorithm), or
iii) a #’ € Cj, knocks out 7 deterministically by line 3 of the algorithm. These cases are reflected
with the min respectively:

FDR1 _ - FDR2 3-TP 1<
K = min{ K ST K}

We provide a bound for each one of these terms under £.

e Since C(m, ty, dr) is a decreasing function of k, note that
|FDR(r) — a| > 2C1(m, tx,6)/Ir] = |FDR(r) —a| > Cy(m,ty,01)/Ix]
soon event &, KI'PE2 « [FDR.2 where
EEPR2 .= min{k : Ay o/2 > Cy(m, tr, 01)/|7|}.

e On event &, only sets from II,, will enter Cy, so only they can be used to knock out other
sets in Line 2 of the algorithm. Since 7* is never eliminated on event £, we have that:

£ _ _
KTP <min{k:7* € C and TP(n* \ ) — TP(w \ ©*) > Co(n*, 7, s, 0x)}.
Thus denoting A, = TP(r* \ w) — TP(mw \ 7*)let
EIP = min{k : Ar/2 > Co(n*, 7, tg, 0x) and Apx o /2 > Oy (7%, 1y, 61) /|7 |}

£
and note that KT < kI'P(note that this is potentially infinite if TP(r) > TP(r.)).

e Using similar logic, on event £ a set ' will knock out a set 7 using Line 3 of the algorithm
only if 7’ isinCy U R and w C «’. If #’ € Cy, then TP(n’) > T P(w) so we can remove
. If 7’ € Rbut ' & Cy, yet, there exists a 7 € Cy (in particular, the 7’ that eliminated
7 into R) with TP(n"") > T P(n’) > T P(w) so we can safely remove 7. Either way this
implies that the K< is bounded by the time it takes to guarantee that 7’ is FDR-controlled,

hence
& &
. FDR,2 . FDR?2
K: < min K, R, < min Kk, R2
! ’
7' €lly 7 elly
rCn’ rCn’
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553

554
555
556

558
559

560

566

567
568

569

570
571

572
573
574
575

Putting all of this together we set

FDR,1 .__ _ FDR)2 ;TP : FDR,2
k7r T mln{kﬂ‘ 7k7r 9 Hel%_[l’l kﬂ/ } (4)
s «

rCn’

This is necessarily finite since kX" P2 is finite.

Summarizing:, on event £, kZPR1 is an upper bound on KXPH1 the minimal round where

T & A1\ Crs1-

Part 2 Bound on K ;: If m € I1,, on event £, 7 will be removed from 4 only when it demonstrably
has lower T'P than some other set 7’ € II,, regardless of whether it is in Cj, or not. If 7 & II,, on
event £, K f DRl — K since the moment it’s FDR is confirmed to be greater than « it is removed.

£
Hence using the exact same logic as above, we have K, < k. where

min{kZ¥ min_cpy EEPRE2Y rell,
kﬂ = rCn’ (5)
o cgn,

Summarizing: On event £, k, is an upper bound on K, and thus the algorithm terminates at some
random round K < kpax := maX e\ r, k. and outputs m,.

Part 3: Bound the contribution of each arm. By the last step, we clearly have that the total sample
complexity is bounded by

Kmax

> Z 1{I; € Sk} + 1{J; € Ty;}.
k=1 t=tr_1+1
Since I, J; are uniformly distributed over [n], we have E[1{I; € Si}|Sk] = |Sn—’“‘ and E[1{J; €

T T = [Tl However, because |.S),| and |T},| are random variables, we will upper bound them b
n pp y
deterministic quantities, and then show that the sample complexity concentrates.

For each ¢ € [n], in round k, note that arm ¢ € Sy, if there is a set m € Ay, \ Cy, with ¢ € 7. Hence
£
Sp={icn:Imecll: KEPRI S Y C {ic[n]: In e T kEPRL S k) =4y,

Similarly, ¢ € T}, if there is 7, 7’ € A withi € 7Ax’. Onevent £, 7* € Ay, for all k, thus i € T},
iff i € mAn* for some 7 € Aj. Thus

13
Tpy={relliienAr* K, >k} C{Inecll:i e nAn* kr > k} = 7

We now follow an argument similar to that in the proof of Theorem[l] Thus 1{I; € S} < 1{I, €
Y} and 1{J; € T} < 1{J; € 7} regardless of whether I, J; are drawn uniformly at random from
[n] or uniformly at random from [n]\{i : I, = 4,1 < s < t} respectively [n]\{i : Js = i,1 < s < t}.
In particular, I;, J; are negatively associated so we can apply standard multiplicative Chernoff Bounds.
In particular,

Kmax kmax

IP’(Z Z 1{I, € S} > (1+7) Zt Iwkl)

k=1 t=tp_1+1

<P f Z H{IL, e} > (1+7) ftk@

k=1 t=tp_1+1 k=1
e (min{;r?} 5 |wk|>
k=1
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577

578

579
580
581

582

583
584

585

586

587

588

with the appropriate choice of 7, with probability greater than 1 — 4,

KEmax

> Z 1{I; € Sk} < 5 log2/5 Zt |1/Jk|

k=1 t=tj_1+1
An identical argument gives that with probability greater than 1 — §,

kmax

> Z 1{J,eTi} <= log2/5 Zt ‘T’“‘.

k=1 t=tp_1+1

While we have provided a bound on the sample complexity in terms of deterministic quantities
and 7, we now want to provide natural and interpretable upper bounds on these quantities for a final
result.

Putting it all together we have that

N
Dt
=1

(1 + k)

I
M8
S|

b
Il
—

(1{3r el :iecm kEPRL > k)

[
NE
NE
S|

s
Il
—
ES
I
—

+1{3r eIl:i e nAx" k. > k})

3

IA
NE
3|

(1{3r e :icm kPRI > k)

i=1 k=1
+1{3rell,m €ll, :i € nAn" k > k}
+1{3r ell,mn €1l :i € TAT" ky > k})
2kFDR 1+1 2k7I:DR,1+1 2k77r+1
< Z max —— + max —— + max
iET n TEIl, n well, n
=1 ierAn* iemrAn*
FDR,1
2k +1 2k,,+1
< 2max —— + max
- Z e melly n
=1 ierAn*

The fourth line follows from Equation (5)) and the last line follows from upper bounding the second
term in the fourth line by the first. Solving for &, shows that for some constant c;

FDR,2
2k

< min {m : 2C(m, n,m, 8 10g,(m)|) < |[FDR(7) — al}
log(nlog(A;%,)

<cin
T maz,

An identical argument shows that for arbitrary 7, 7w/, there is a constant ¢y such that

AT* 1 log(A=2 3
ohe" < maX{Czan,n* ('WA: | + A) log (nogé”) ,Qkf*Dm}

nViae 1 nlog(A;2) L FDR.2
=m — — 1 ——=—T ] 2=
o {CQ [TAT*] A2 ©8 < ) ’

Finally, for the persistent noise case we have k,, k¥’ P%2 < log,(n) which implies for any i,
2k7(+1
maXrell:ier, Ar ——— < 2. The theorem now follows.
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sse. C  One-dimensional thresholds

590 We can get tighter characterizations of Lemma and consequently, better sample complexity guarantees
s91 for particular VC classes. In particular, those classes that have sets with substantial overlap like
s92 thresholds. In the case of Thresholds we have the following improvement that manages to remove
s the extra log(n) terms in Lemmal[l]

se4  Lemma 2 Assume that for each i € [n] there is an associated distribution v; with support [—1, 1],
so5 mean p; and variance o? < 1. Assume access to the observations (y1,11) -+ , (yr, I) where
ss6 I, ~ Unif([n]) and y ~ vy,. Let iy = 7 Syl {Iy < t}. Fixt' < n. Then with probability
597 greater than 1 — § for any s < n,

12+1og(2log3 (4]s—t'[)/36)

s — B — (10 — )| < \/BL (43 5 22 log(2logh(4ls — ¢])/39)) + 2
598 An analogous result can be proven in the persistent noise case of sampling without replacement.
se9  Active Classification for One-dimensional thresholds with Tsybakov Noise - Let & € (0,1],
60 a > 0,z € [0,1] for some ¢ € [n — 1] and assume that X, ; € {—1,1} are Bernoulli with
st P(X;; = SIGN(z —i/n)) = 1 + Lh|z —i/n|* so that p; = h|z —i/n|*SIGN(z — i/n). Let
sz II = {[k] : & < n}. In this case, inspecting the dominating term of [I| for ¢ € 7* we have
603  arg MaX,cll:icnins %Tg = [¢] and takes a value of (H—Ta)2 n~Y(z —i/n)"27L, Trivially
604 upper bounding the other terms and summing, the sample complexities can be calculated to be within
605 a constant of

if « = 0, log(n)log(log(n)/8)/h* ifa>0 n?*log(log(n)/d)/h?

606 These rates match the minimax lower bound rates given in [12] up to loglog factors. Note that
607 unlike the algorithms given there, our algorithm works in the agnostic setting, i.e. it is making no
608 assumptions about whether the Bayes classifier is in the class. In the case of non-adaptive sampling,
609 the sum is replaced with the max times n yielding

if « > 0 n?*™!log(log(n)/8)/h*
610 which is substantially worse than adaptive sampling.

611 We are now ready to prove the theorem.

612 Proof: Let
ye1{I; € [t',t]} t>t
_ykl{-[k e [t,t/]} t < t/

fe(Li, yi) = {

613 In particular, ji; — fig = % 2521 ft(Ig, yr). Note that the random variables (ys, I;), for s =
614 1,---,n are by definition i.i.d. drawn from a distribution on [n] x {0, 1}. Note

1 n 1 t_/ ’ t>t/
Tth(Ik,yk)] = {n it B
k=1

LS = <t

615 and (assuming that ¢ < ¢/, an identical computation applies when ¢ > t')

E

var(f;) = var(y,1{I, € [t,t']})
< Ely21{I € [t,t']}]

tl
1 2
==Y (o7 +m}) < =t —tl.
n 4 n
1=t
616 By Theorem 2.3 in [7]], given § > 0, for each {s : s < n,|s — /| < 7} we have that
T
1
P( TZfs(Ikvyk)_E[fs]]
k=1
27log(1/9) | 710g(1/s

>2E | sup

|s—t/|<r

T
£ folTi u) — E[£d]
k=1
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617
618
619

620
621

622

623

624

626

627

628

629
630
631

To obtain a bound over all time, we now face two major tasks. Firstly, we must apply a peeling
argument to the set of ¢’s. Secondly, and perhaps more immediate, we need bounds on the empirical
process

Zfs I, yr) — E[f]

sup
|s—t"|<T

Let’s start with the latter. Denote Z;, = 7 Zk:l fe(Ie, yx) — E[% ZkT:l ft(Ix, yx)]. Firstly note
that,

ye1{Ix € [t, 8]} s>t

—ypl{lx € [s,t]} t>s

(o = ) (L) = {

In particular the computation above shows,

t—s
var ((f. — £ (D)) < 222,
Hence,
Iy Iy var(fi (T, yv) = s (I, yi))
kyYk) — Js\Lk, Yk
ar (Tth(Ikayk)_E[ft] - (TZfs(fk,yk)—E[st) = : T
k=1 k=1
2|t — 5|
< 4
- nT
In particular, since \% fills,ys)] < %, Bernstein’s inequality implies,
A(Z:i—Zs) a2
log(E[e“+=7%))] < nl .
og(Ele =023
Let d?(t,s) = 2|. Then, Lemma 13.1 of [6] with v = 2/T and ¢ = 1/3T we have that,
12 \/T/n/2 - n \/'r/n/2 i
E Sup|ZS§\[/ 2u/d+/ (L% g
js—/| <7

IN

124/2 [ 4 (1
\[/ \/?UQe_”zdv—&— —/ \/?ve_“dv
T 0 2 n

<127

T T

the third line follows from the second by doing the substitution, v = y/log(1/7/n/u)) and similarly
u = log(\/7/n/u)) on the second integral.

Hence for all s : |s — /| < 7, using the fact that \/a + vb < \/2(a + b)

P (’% Sy Fs(Inyyr) — E[fs]| > \/HLT (43 +2v2log(3)) + 12“33}(1/5)> <4

At this point we need to apply a peeling argument. Let S, = {s <n :2"7! < |s —#/| < 2"}. Note
that < log,(2|s — t/| +2) < log,(4|s —t'|). For each s € S, simultaneously, since 2" < 2|s —t'|,
with probability greater than 1 — 327‘52,

2r?
2s — ¢ 12+log 35
% Zzzl fs(Ip,ye) — E[fs]]| < \/ | T | (43 + Qﬁlog(%)) + 3£>

2log (4]5—t'])
o[ 2loga(ls—t])

)

s — ¢ 0p2 (45—t 12+1o. ( 35
< \/|SnT | (43+ 2v/2 log (2ot D)) + 3T
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632 Now union-bounding over each r = 1, --- ,log,(n — t'), we have that

2log2(4]s—t'
12+log(70g2(3(!8 D)

£ ST L) — EIA| < \/ Aol (43 + 2v/2 log(HeEi=tD)) 4 T
633 with probability greater than
log, (n—t") o
20 5
> @S2 Fhse
k=1 k=1
634 ]
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