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Notations Assume that » = r(C), where r(-) represents the rank of a matrix. Let (u;, v;,0;) be
the i-th largest singular value triplet of C, 1 < ¢ < r < min{d,, d, }, where o; represents the i-th
largest singular value and u;, v; represents the corresponding left and right singular vectors of unit
length in the sense that u; C,,u; = v, C,,v; = 1, respectively. Denote for 1 < k < r that
U:(U:L,"',Uk), Ezdiag(al7"'7ak)7 V:(Vla"'avk)7
UL - (uk+1) e au’r')7 EL - diag(ak-‘rla e 70'7'))VL - (Vk-‘rla e 7V7')'
We then have that
C,y =C..(USV' + U, %, V])C,,, (1)

where

u'c,U=1 U[C,U, =1,

vic,v=1 V[C,V, =1,

uv'c,,U, =0, V'C,V,=0.

Theorem 1 Given data matrices X and Y, TALS-CCA computes a d,, X k matrix &7 and a
dy x k matrix ¥ which are estimates of top-k canonical subspaces (U, V) with an error of e,
2
ie, ®]C,,®r = ¥I.C,,¥r =Iandtanfr < ¢, inT = O(Uif;i+1 log —L 5 iterations. If
Nesterov’s accelerated gradient descent is used as the least-squares solver, the running time is at most
ko? 1
O(——% —nnz(X, Y)x(X, Y)(1 1
(O']% — 04 nnz( ) )(log cosfy ° (07 —0741)cos by
1 o1 k%o? 1
log — 1 dy,dy,} log ——),
o8 € o8 J,% — J,%_H) + J,% — 0%+1 max{ds, dy} log ecos@o)

where nnz(X,Y) = nnz(X) + nnz(Y) and £(X,Y) = max{x(Cgzz), k(Cyy) }.

01

Proof We follow the analysis of [1]] closely. To analyze tan 6;11, we focus on tan 8 ax (P11, U)
and the case of tan 0y,,x(¥.+1, V) is analogous. The coupled and inexact update equations of our
TALS are as follows,

@, =C,lC,, T, + &, @1 =P, 1Ry
Uy = C;ylc;yq’tﬂ + 041, Wirr = 1S
where Ry, = (@:HCmfitH)_% and S; 4 = ('iltTHny'iltH)_%. Particularly, we assume that

2 2
Ok — Okt

3 min{sin 6, cos 0; }. )

max{[|&lle,..F [7lle,,.F} <
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By Lemma 1, we then have that

tan emax(@t+1, U) = ||UIsz(Pt+1(UTCxw§t+1)_l H2

To proceed, note that

@1 =(C.,} Cwy(C;; C:;ry‘I’t +n¢)St + &) Riya. 3)
Using Eq. (), we have
CyC,,C,, = Cuu(UEV' +U, %, V])C,,(VEU' +V 2 ,U])Cy,

= C,(UX?U" +U,32U])C,,.

Accordingly, one gets that

U[Cp®1 = (B3U[Cu®S;+U [ CoyniSi + U Corult) Ry,
U'Cu®iy1 = (Z°UTCL®:S: + U CryniSi + U Crubt)Riy1.

Thus, we can write that

IA

tan Omax (Pii1, U)
(32U Cua®St + U CoymiSi + U] Cualy) -
(EQUTCzw(I’tSt + UTCwyntSt + UTCzwft)_l H2

||(23U1sz@tst + UICwyntst + UIszgtKUTsz@tSt)_l ||2

Omin (B2 + UTCym S (UTC, ®,S;) "t + UTCLp & (UTC,y ®,84) 1)

IZ3 UL Cou @ (UT Cou®:) "2 + (IULCuymelz + [ULCualell2lIST 2)[(UT Coa®r) 2

Omin(32) = ([UT Caynellz + [UT Caaell2]IS7[|2)[(UT Cou @)1 2

In the last inequality, we have that

and

||(UTCxx¢’t)71”2 = Cosil emax((PhU)’
= 071 tan O (P4, U),

U7 Castillz < llétllc,.,  [ULCwbillz < létlc..

U Coymell2 < a1lnellc,, UL Caymell2 < ors1lmellc,,

||22LUICxx(I’t(UTCm‘I’t)71||2 < ||22L||2HUICmq’t(UTCacx‘I’t)71H2

where the last four inequalities are due to Eq. (1)) as well as ||&:]|c,, = ||C915é2§t ||l2- In addition,

1S 2 (%] Cyy®:) /2|2 = |CY2(C, CL, By +me) 2

y
< o1+ ||ne C,y-
‘We thus obtain that
tan Gmax(QHl, U)
arilmelle,, + (01 + e, )éllc..

Oty tan Omax (B4, U) + J(;osﬂ 3,0 vy
< max ty
a 0-2 _ Jl‘lnt‘ Cyy + (Jl + ||T]t| ny) |£t||CTT

* COos emax(étaU)

02, 1 tan 0; + 0k+1||77t||cyy + (Ul + HntHny)Hgt”sz
< M cos 6;
a 2 Ul||nt||cyy + (Ul + ||77t||ny)Hft||cm

O' —
4§ cos 6,

2. 4 oxtilllie,, + (o1t lImdie,,)liélc..
< Ft sin 6, tan 0
< . ,

s olnelle,, + (o1 + lnelle,,) el c..
o —
cos 0y



2
k

g
O'I%Jrl + (20’1 —|—

2 2 2
- Uk+1)0k — Okt

< 2_122 2_122 tan 6; (byEq. @)
o2 (201 + Ok Uk+1)‘7k: Ok41
k
12 12
o2 — o2
012c+1 + k I k+1
< 5 5 tan 6, (duetooy <1)
ol —o
2 k k+1
T T4
o2 4 302
_ kg,
30 + it
o2 — o2
< exp{—kif“} tan ;.

20},

Similarly, we have

tan amax(\Ilt—i-l» V) < eXp{f 7k

2 _ ;2
Tk k41 tang,.
20%

Taking the maximum over the left hand sides of the last two inequalities above, we arrive at

o;
tan 1 < exp{— k

and hence

2 _ ;2
Tk k41 tang,.
20%

Th — i1 A —

tan 07 < exp{772 -T}tanfy = =,

20},
Letting = = ¢, i.e.,
2 2
o tan 6y o 1
T = O(——%5—1log ) = O(——%5—log —),
Ok~ Oiot1 € T — Oiq1 e cos

we obtain that tan 0 < e. For subproblems, by Lemma 2, we have that

P
log 7€t+1(~ 0)
€t41(Pry1)
where
L(Ht) = O(log maX{ m,
1 5t+1(‘i’0)
The same equality holds for log )
€t41 t4+1

2¢1+1(Po)

I€NIE, ,

4ko? tan? 0
O(log _ Ul an t

(La’%“min{sinﬁ 0:})?
5 i, cos 0. })

o1
O(log —=— + t(04)),
of — 074
sin? 0, 1= O(log 005190 ), 0 is large
cost, 77 ] 0(1), 6 is small
- Finally, following [[1], a two-phase analysis of the running

time based on 6; yields the following total complexity

O( ko (X, Y)s(X, Y)(log ——1 1
———nnz K o o
OR = Oryq ’ ’ & cos 6o & (0} — 0}, 1) cos b
1 o dk?c? 1
log ~ log — ! )+ = 5 ,
€ Ok = Oit1 Ok~ Oit1 ecos bty

where nnz(X,Y) = nnz(X) + nnz(Y) and k(X,Y) = max{x(Cgzs), k(Cyy) }.

O

Remark Note that the recurrence equation differs from those in [2] and [1] where ®;,; is a

function of ®;_; instead of ®;.



Theorem 2 Given data matrices X and Y, FastTALS-CCA computes a d,, X k matrix &7 and a
d, x k matrix ¥, which are estimates of top-k canonical subspaces (U, V) with an error of ¢, i.e.,

27 . . .
®,C,, &7 =¥,C,,¥r =Tandtanfr < ¢, inT = O(Uz :;’%:ilﬁolﬁ log GCOIS g7 ) iterations if

o < 7. If Nesterov’s accelerated gradient descent is used as the least-squares solver, the running
time is at most

k(o2 — co13)
o} — JI%_H —4dco B

01

O( 5

1
X,Y)r(X,Y) (1 1
mnz(X, Y)x(X, Y)(log cos B (02 —02.,,)cos by

1 k‘2 2 _
logzlog 5 012 )+ (o = co15)

2 2
Ok~ Ojet1 Of = Ojoyq — 4co1 3

1
max{da;, dy} IOg m),

where ¢ > 0 is a constant.

Proof We only give key steps of the proof as the remainder is the same as above. Let 6, £

Omax (P, U). The coupled and inexact update equations are as follows:

{ ‘i'tﬂ = C;}Czy‘l’t —B® 1 +&, P = ‘i't+1Rt+1

W1 =C,lCL @1 — BT + 1, Ui =TS

We then have that

@11 = (C,,Cuy(C,, C,, By — BE_y +1)Sy — BB1_1 + &) Ry (4)
One then gets that
U[Coo®ii1 =(21U[Cou®iS: — BU[Coy i1 + U CoyniSt — U Coo®i—1 + U Cuult)Re,
U'Cuu®iy1 =(2°U  Cpu®:S: — U Coy 1 + U CrymiSi — fU Cra®i—1 + U' Crnli) R

There is a certain numerical constant ¢ such that sin 9~t_1 < ¢sin 9~t for a finite ¢. We can write that
tan ét+1

||(EiUIsz(§tst - /BUICzy‘I’t—l + UICzyT]tSt - 5UIsz®t—l + UIszgt)(UTCZIQ’tSt)_l‘h
O'min(z:2 + (_/BUTCzy\IItfl + UTCzyntSt - BUTsz@tfl + UTszft)(UTszétSt)il)

Bokasind, 1+ Blor + B+ [nillc,,) sin b1 + orgallnellc,, + (01 + B+ Inellc,,)élc,.

Uz+1 tan ét +

< cos b
N o2 Boisinbi—1 + B(o1 + B+ Inellc,, ) sinbi—1 + a1|nillc,, + (01 + 8+ [Inellcy,)léillc..
F cos 6y
o2, tand, + cBori1sinb, + cB(or + B+ ||Inellc,, ) sin b +~Uk+1|\17t||cyy + (o1 + B+ nelle,, )l can
< cos 0¢
- g2 _ Borsinb + cBlor + B+ [mllcy,)sinb: + orlmllcy, + (@1 + 8+ lImllcy, )€ lc..
F cos 0y
2 2 2 2 2 2
or— 0 or— 0 or— 0
01+ o1 + cBlor + B+ ——FE) 4 (200 + ) _—HE
< 2 122 12 2 212 2 5—tan 0
_ o: —o - or— 0O or—0
o2 — cfopyr1tanfi_1 — cB(or + B+ £ My tan 6,y — (200 + — by 2k kil
12 12 12
2 2
or — 0
0']3+1 +4CBO'1 + %
< 5 5 tan 0,
Ok — Okt1
o2 —4cfoy — ———
4
_ o} + 3(7,%“ + 16¢cBo1 tan 0
T 302402, — 16¢Bo1 anv
k k+1
2 2
Ok — Oy — 16cBo1
< — tan 0;.
< exp{ 202 — 8cfor } tan 0y
O



Lemmal [1]
Sin Opay (@, U) = |[U Cppo®||2 and  tan . (®,U) = |[U] Coo®(UTC,e®) 1|2
if UTC,,® is invertible.

Lemma 2 For the least-squares subproblem, let ®; £ argminl,(®) = C,'C., ¥, 1
and €(®) = [(®) — [,(®F). We then have ¢(®) = I[|® — ®7||g, ». Par
ticularly, ¢(®,) < 2koitan®6, ;, where |Alar = |[AY?Alr and ®, =

@t_1(<1>j_lcmq>t 1)_1( , 1Cllelt 1). In addition, Nesterov’s accelerated gradient descent

takes O(nnz(Y) + nnz(X)+/x(Cyy) log e*g”; complexity to reach sub-optimality ¢, (®;).

Proof Noting that [(®}) = —3tr(¥/] | C] C.1Coy ¥y 1) + 5| Y T,

1 X 1 x «
S —®i p = Su((®-2) CLu(® - &)

%, we have that

1 1

= tr(fQTCm{) —®'C,. P + 7(<I>*)Tcmq>;‘)

= tr(; '$7c,.2 - ®7C,, ¥, + \IJT 1C1yCazCoy ¥y 1)

= I (@) —1,(®]) = e(®).
Let hy(T') = [, (®T) — 1, (®;]). Setting -2 arh(T) = & C,. P, T — @Z_lcry\h_l = 0 yields
the optimal T'* = (®] ,C,,®; 1)~ 1<I>t71(3@y\11t,1. That is, @y = ®,_;T'*. If we use I such
that UT C,, ®; ;T —U'TC,, ¥, ; =0,ie,

= (UTCpu®i 1) 'UTCpy ¥y = (UTCpy®, 1) 'SV Cy, ¥y,

we then have that

e(®o) < @, 1T)

= *||‘I’t T =@, »

zT

= JIUTCa(® 1T~ Gl W )+ UL Caa(® 1T — OOy B 1))

- 7||UT aa(Pi— 1F C.. CTy‘Ilt 1)” ”UTCrr‘i)t 1F UTCry‘I’f 1||F
= §||UICM<I*,5_1I~‘ -3 VIC,T: |% ( by Equation )
< k([ULC® 13T+ IZLI3IVICyy¥:1]3)

02 sin? Opay (P41, U)
<k 1 max ) 2 . 20max T, .V
= ( COSQGmaX(Qtfl,U) +O’k+1SIH ( t—1, ))
< k(of tan® Omax (@41, U) + 074 tan® Opax (¥_1, V)

< 2ko’f tan? 0.

The proof completes by noting that I;(®) is Apax(Caz)-smooth and Ay, (Cy,)-strongly convex. O



Additional Experiments The convergence curves of all the ALS algorithms in terms of (f* —
N/ = (tx(2) — tr(®) Cyy¥y))/tr(X) are given in Figure Figure shows the comparison
of the ALS algorithms with the shift-and-invert preconditioning based method in the vector setting.
Figure [3]reports the performance of the ALS algorithms with varying block sizes. Figure ] shows the
convergence results on the Youtube dataset.
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Figure 1: Performance of the ALS algorithms in terms of (f* — f)/f*.
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Figure 2: Comparison with the shift-and-invert preconditioning based methods.
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Figure 3: Performance of the ALS algorithms with varying block sizes.
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Figure 4: Performance of the ALS algorithms on Youtube.



