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S1 More details on Assumption A [6]

In this section, we provide the precise expressions of the constants given in Assumption A [6]

For a given § > 0, t = K1, and for some C' > 0, the step-size satisfies the following condition:
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where ¢ is as in (7), the constants m, M, b are defined by Al5|and
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S2 Proof of Theorem

Proof. Note that (W1,..., W) € Ais equivalent to 7 ,(¢) > K. Hence, from Lemma the remaining task is to
upper-bound P[(W (n),...,W(Kn)) € A]:

(W (n),...,W(Kn)) € A] <P[(W(n),...,W(Kn)) € AN B|+ P(W(n),.... W (Kn)) € B]
<Plre.a(e) > Kn] + P[(W(n),...,W(Kn)) € B,
and to lower-bound it:
P[(W(W)a LR W(Kﬂ)) € A] ZP[T*&a(E) > KU] - P[(W(ﬁ% ERR W(Kﬁ)) € BC]’
By Lemma ST} the final result follows. O

Lemma S1. There exist constants C, C and C\, such that:
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Proof. We have for ¢t € [kn, (k+ 1)n),

W (t) = W(kn)|| < /k IVF(W(s))llds + eal|B(t) — B(kn)|| + e[ L%(¢) — L (kn) ||

</ IVF(W(s)) = VW (kn))llds +nl|Vf(W(kn))|| + eo | B(t) — B(kn)||

+el[ L () — L (kn)|
=/ M|[W(s) = W(kn)["ds +n(M|W (kn)|[" + B) + eo||B(t) — B(kn)]|

+elL2(t) = L (kn)]-

For v < 1, using that | W (s) — W (kn)||” < ||[W(s) — W (kn)|| + 1, we get:

W (&) = W(kn)|| S/k MW (s) — W(kn)|lds +n(M[|W (kn)||” + B + M)

+eo  sup  |B(t) - B(kn)|+e  sup  [[L¥(t) = L%(kn)|.
t€lkn,(k+1)n)] t€lkn,(k+1)n)]

Then the Gronwall lemma gives:

sup W (t) = W (kn)|| <e™? |n(M|W (kn)|” + B+ M) +eo sup [|B(t) — B(kn)|
t€lkn,(k+1)n] t€lkn,(k+1)n]

+e sup |Lo(t) — L (k).
telkn,(k+1)n]

Hence,
_ <eMn v
oBBX te[ksl(lkpﬂ)n] W (t) — W(kn)| <e™"|n(M 0B W (En)||” + B+ M)

+ 0 max sup B(t) — B(kn
R OBy C]

+¢& max sup IL*(t) — L*(kn)|||-
OKSK =L iekn, (k+1)n) |

By Lemma 7.1 in [1], Lemma S4 in [2]] and Markov’s inequality, for any u > 0, we have:

¥ 5
P[ max |[W(kn)||” >u] < E[maxo<p<rx—1 |W(kn)["] < Ci(Kn(de +1)+1)

0<k<K—1 u U ’

where C is a constant independent of K, 7, ¢ and d. By Lemma|[S3] we have:

K
P[ max sup  ||B(t) — B(kn)| >u] <1 - (1 - Cde—u2/<dn>)
RE0- K1 sefkn, (k+1)1)

and

K
P[ max sup L) — L(kn)|| > u] <1 — (1 - cadlﬂ/znu*a) .
K€, K1) te [k, (k+1)n)



Finally, we get:
P[(W(n),...,W(Kn)) € B°] <P| max sup
(W), W) € B <Pl _puae | swp

<P[eMn 7>
<Ple™nM | max W (kn)l]" = /4]

+PleMy(B + M) > /4]

W (t) = W(kn)|| > £]

+PM max sup || B(t) = B(kn)|| > (e0)™1¢/4]
k€[0,....K—1] te[kn, (k+1)n]
+ Pl max sup [|L(t) = L(kn)|| > e~ '¢/4]

k€l0,.... K=1] tekn, (k+1)n]

<Cl(K77(dE + 1) + 1)76M77M17 11 (1 B Cde*ge_QMn(EU)_Q/(16d77))K
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Now we prove the following lemma.

Lemma S2. There exist constants C and C,, such that:

max P[ sup |B(t) — B(kn)|| > u] < Clde—c%"/(dn)
REOs K11 telkn, (k+1)m]

max P[  sup |Le(t) — L(kn)|| > u] < Coud**/2nu".
ke[07”'7K_1] te[kn,(k—‘rl)?’]]

Proof. To prove the results, we begin with the known results for Brownian motion and a-stable Lévy motion:
B[B(L))i] > u] < Ce™,
PIL* (D] = u] < Cau™,

where C and C, are positive constants, [B(1)]; and [L*(1)]; denote the i-th component of the motions respectively, for
i from 1 to d. By reflection principle for Brownian motion and a-stable Lévy motion, we have

P sup  [[B(t) = B(kn)li| > u] < 2P(|[B(n)]i| > u] = 2P[|[B(1)];| > u/n'/?],
te(kn,(k+1)n]

Pl sup  [[LY(t) = L(kn)li| > u] < 2P[|[L*(n)]s| > ul = 2P[|[L*(V)]s] = u/n*/?).
te[kn,(k+1)n)

. d
Since sup; e, (k+1)n 1BE) = BED* < 37521 SUbse i, (ot1)m [B(E) — B(kn)]i|*, we have
Pl sup |B(t)—B(kn)| >ul=P] sup [B(t)— B(kn)|* > u’]
telkn,(k+1)n] telkn,(k+1)n]
d

<> P sup [[B(t) - Bkn)li|* > u?/d]
i—1 telkn,(k+1)n]

d
<> 2P(|[B(V)]] > w/(dn)"/?)
i=1
§2C’d67“2/(d").
Similarly, we have
d
Pl sup  [IL(8) = L(kn) | = u] <) 2P[[L*(V)]i] = u/(d"/*n"/®)]
te[kn,(k+1)n] i=1
§26’ad1+°‘/277u*°‘.

The constants C' and C, do not depend on k, hence we have the conclusion.
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Lemma S3. The following estimates hold:

P[  max sup |B(t) = Bkm)| = <1 (1~ Cde—u2/<dn>)K
k€[0, . K=1] te[kn, (k+1)n) -

K
P[ max sup  [|LO() — LéGkn)|| > u] <1 — (1 - Cad1+a/2nu’a>
K€ K1) te [k, (k+1)n)

Proof. We have

P[ke[orf.l..ai)z?—me[k,i?ﬂl)n]”B(t> B(kn)|| > u] =1 P[ke[or?.ai)z?—lue[k,i?ﬂl)n]”B(t) B(kn)|| < u]

K-—1

=1— [ P[ sup [B(t)—B(kn)l <
k—o tE€lkn,(k+1)n]
K-—1

1= T (1=PL sw |B(®) - Blin)| = u))
o t€lkn, (k+1)]
K-—1

<t— [T (1- cae/@n)
k=0

=1-(1- Cde‘“z/(dm)K
Similarly, we have

K
P[ max sup L« (t) — L(kn)|| > u] <1 — (1 - Cad1+°‘/277u_°‘) .
kelo,...,K—1] telkn, (k-+1)n]

Lemma S4. Suppose that assumptions A3|and Ad| hold. Then, for any 6 > 0, we have:

P{(W(n),....W(Kn)) € A] = <P[(W(n),...,W(Kn)) € A] < P[(W(n),...,W(Kn)) € A+,

provided that
mo 8 N g 0 \E 8 NE 8\
o<n<min{tym (5m) T (mme)  (me) T (Eea) )
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Proof. By optimal coupling between two probability measure ([3l], Theorem 5.2), there exists a coupling M of

(W(s))o<s<rkn and (W(s))o<s<kn such that

Pral(W (s))ozs<ien # (W(s))ozszen] = limn — fircnllv,
where T'V denotes the total variation distance. By Pinsker’s inequality, we also have

. 1 .
lrcn — fircnll 7y < §KL(MK17a/JKn)~

Then,

Pal(W(n), ..., W(Kn) # (W(n),..., W(Kn))] <Pm[(W(s))o<s<rn 7 (W(s))o<s<in]
S(%KL(/)KW/‘KU))UQ-

From the following inequalities
Pul(W(n), ..., W(En)) € Al = Prm[(W(n),..., W(Kn) # (W(n),...,W(Kn))] < Pm[(W(n), ...

)

W (Kn)) € 4]
Paa[(W(n), ..., W(Kn)) € A < Pm[(W(n), ..., W(Kn)) € Al +Puml[(W(n), ..., W(Kn) # (Wn),...,W(Kn),
we arrive at
P{(W (1), ..., W(EKn)) € A] - (%KL(/}K,],MKWDUZ <P[(W(n),...,W(Kn)) € A

POV (). W(Kn)) € A] < BUOW()..... W(Kn)) € 4] + (SKL(icy )

By Theorem[3] we have the desired inequalities. O



S3 Proof of Theorem

S3.1 A Girsanov-Type Change of Measures

In this section we will derive a Girsanov-type change of measure [4} [5]] for the SDE considered in (6. Let PP denote the
law of W (t) and Q be an equivalent measure defined by

T 1 T
= exp (/ ¢dBy — 5/ ¢fdt> , (S1)
0 0

where Fr denotes the filtration upto time 7'. Then the process B? defined by B?(t) = B(t) — |, Ot ¢sds is a Q-Brownian

motion. With the choice of ¢, given in we see that W satisfies dW (t) = b(W)dt + ecdB?(t) + edL*(t). Since
this equation has a unique solution (constructed explicitly with the Euler scheme), we conclude that W has the same

law under Q as W under P.
We thus have:

KL(ﬂtv,ut) = KL(Pt7Qt) = EP |: dﬁ

dP | Fr

E} — S E [ | )+ v sp)as (52

By using the same steps of the proof of [6]] [Lemma 3.6], we obtain

(G+1)n .
KL(Gir 1) = 252022 / V£ (W (s)) — V7 (j) | ds (53)
an
M?2 k=1 .(j+1)n .
< o > [ EIe - as (4

S3.2 KL Bound for the Discretized Process

Theorem S1. Under assumptions and A\ we have, for 0 < 1 < min{1, {7z },

A M?37 27,2y 7 272
KL (i, 1) <55z kn| CM2 0 (E[W(0)]

L (@ rm)” +2 By ey a( F((}m’;)}/ﬁffg} /e
)
)

e e ST (B ) NN By o (29T((1 4 2)/2)0(1 - 24/0)
e d(2 77r))+ﬁ)+(5” )7 ( T(1/2)T(1—7) )
e @)

<K 22 L Kokt 4 Kakn™t S + Kykn't7,

where

M 2 ot a2 (27T T((14297)/2)0(1 = 292/a)

K,z 9 2 Y oV B2 22

P max {200+ m), 7( T(1/2)0(1 —+2) )
29241

==
K 2 (s + ),

A M?237e2772027 1 227T((1 + 27)/2)T(1 — 2v/a)
Mt raprnoy )
M23’y 2y— 2d2’y 2y+1
Ky = 2502 (2 <\/73r )



Proof. Let us consider the term W (s) — W (jn), for s € [jn, (j + 1)n]:

W(s) = W(jn) = —(s — jn)Vf(W(jn)) +e(Ls — Ljy) +(Bs — Bjy) (S5)
AT+ T+ Ty (S6)
Using this equation and (S4), we obtain:
M2 Rl pG+Dn
KL(f1t, pe) < 5252 / E|Ty + Tz + T[|*" ds (S7)
e20? = Jin
M2 k=1 .(j+1)n )
S=r / "E(I7 + 7+ 1)) s (s8)
M? s UL 2 2
< 2 / "E(3ITLI2 + 31Tl + 31701) s (9)
an
M237 L)
< S / "E(IT + I+ 7)) s (510)
j=0J"N

where (S9) is obtained from (a + b)? < a” + b" since vy € (0,1) and a, b > 0.
Since 2y > 1, we have by Lemma [S¢|
E|To|* =Elle(s — jn)'/*L*(1))[|*
<(en"/*)EIL(D)|*

1/a\2vy 2 22’YF((1 + 2’7)/2)11(1 — 2')//(1)
<(en'/*)*d ( T(1/2)0(1 —7) )

and by Corollary[ST]
E| T3> =Elle(s — jn)'/*B(1)) |1
<(en'/*)*E||B(1)|*

1—1(2’7—‘1-1)
<oy (2 P02,

By definition, we have

E|T1[*" = E|/(s — jn)V.f (W (jn)|[* (S1D)
<E[VFW () [* (S12)
< E(M|W (i) + B)* (S13)

2y 2’Y ~ BY7v\~ o
< oM E( WG+ (3777) (S14)
2y
< CM* 7 <IIW’(jn>||1> (S15)
where we used the equivalence of ¢,,-norms and W'(jn) is the concatenation of W (jn) and Z\B41 7+ We then obtain

E|T1|2 < CMP ' E|| W (jn) 2" (S16)

< CMPPE|W ()32 (S17)

o B2
= oa P E(IW G I3 + 57) (s18)

B2
< M (E|W (jn) " +

M2> (S19)
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By combining the above inequalities and Lemma|[S8] we obtain

M237Y k (G+1)n
KLGui) 55y > | BT + [Tl + 75 ds
j=0I1M

M23y =l pG+Dn .
e Sl A e TR GOl
0/in

~ 26202 4
=

et ot 2t (22 T((L 29%)/90(1 - 297/ a)
By T(1/2)T(1 - 12) )

"
) ) o P

+ 5 (@b +m))*

+ 6272777261(27 (

+ (5771/2)27d2” (Tir (\2;72;1) )> ds

M23
222

kn<CM27 2 (| (0)

2227 D((1 4 29%)/2)T(1 = 2/

* %(@’7(6 Fm) 2 By 4 T(1/2)0(1 —+?)

+ E2v2n72d(272 r (i'yfj:l) )) + %22) + (gnl/a)27d27(227F((1F'2‘1727§{‘2(1F_(17; 2'7/04))
()
(5771/2)27d27 (27 \/72? ))

By defining the constants K7, Ko, K5 and K as in the statement of the Theorem, we directly have the conclusion. [
S3.3  Proof of Theorem[3]

Proof. By Theorem|[ST] we have

KL(jit, pe) K R0 2047 4 Kok 4 Kokt 4+ Kykn'*.

1
. . 2 2 — 2
We can easily check that, for example, if 0 < n < (2£1t2) P S then K, k2n1+2v+w2 < %‘ By the same arguments,

we finally have

KL(ftg, p1t) <o+ 5+ 5 + 5

This finalizes the proof. O

S4 Technical Results

Lemma S5. Under assumptions ADB|and A#|we have
IVf(w)| < M|w|” + B, vweR".

Proof. By assumption Af3|we have
IVf(w) = V0)| < Mlw— 0[],
Since ||V £(0)|| < B by assumption A4] the conclusion follows. O
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The next lemma is the result on the moments of the noise L(1).
Lemma S6. The quantity E||L*(1)|* is finite for 0 < X\ < o For details, we have
(a) If1 < X < a, then

22 T((1+N\)/2)T(1 — /\/a))

Bl (] < a*( T(1/2)T(1 — \/2)

(D) If0 < X < 1, then

2T((1+ A)/2)T(1 — M a)
T(1/2)0(1 - 7/2) )

Proof. This is exactly Corollary S3 in [2]. O

Ellze ()] < d(

For the moments of the noise B(1), we first have the following lemma.
Lemma S7. Let X be a scalar standard Gaussian random variable. Then, for A > —1, we have
vel (23
E(|X QME £ 2
(XP) =22 =2,

where 1" denotes the Gamma function.

Proof. The result is a direct consequence of equation (17) in [7]. L]

Corollary S1. The quantity E||B(1)||* is finite for A\ > —1. For details, we have

(a)If1 < XA < a, then
F(A+1)
E|B(1)|* < d* | 2M2—2 2],
B(L)|* < ( NG )

™

(b) If0 < X\ <1, then
F()\+1)
A A/2 2
E|B(L)|" <d (2 T ) .

Proof. Since B(1), by definition, is a d-dimensional vector whose components are i.i.d standard Gaussian random
variable B;(1) fori € {1,...,d}, we have

d
IBOI <315
(a) 1 < A < «. By using Minkowski’s inequality and Lemma|S7}

(E|B1)|MY* < ( [<Z|B )Dm
Ed:EIB AL/A

/X
2D (25
(o)

Thus, we have

A A )\/QF(#)
E[B)[* <d (2 T )

s
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b)0< A< 1.

15 <a[( 315 |

=1

d
<> E|B:(1)]*
=1

g [ CE)
(22

Lemma S8. For 0 < n < {7 and s € [jn, (j + 1)n), we have the following estimates:
(a) If 1 < XA < « then

L . — Ma)\ &
E|W<jn>||As<(E||W<o>|A)*+j(<2n<b+m>>%+2zn3+s tg(ZHUL VRITU - Aa))

I(1/2)0(1 = A/2)

+ snéd(zk/Qw\/%l)f))A.

(b)) If0 < X < 1 then

%(nB)A T g’\77§d<2)\r((1 +A)/2)(1 — /\/a))

E|W ()l <EIW ()] + 3 (@06 +m) /AT = 3

T (M)
A2 /2 2
1(2=27))
+e7n2 N
Proof. The proof technique is similar to [2]. Let us denote the value E|[L*(1)|* by lo,xa < 0o and the value
E||B(1)||* by by.4 < oc. Starting from
WG+ 1)n) = W(jn) =0V (W () +en® L2 (1) +en* B(1),
we have either, by Minkowski, for A > 1,
1
A x s &
(B (G +1mIY) ™ < (BIVGin) = n9 £ (W ()
orfor0 < A <1),

E[W((j + Dm|* < EIW (jn) — nV (W (in)|[* + 0= B[ L (1)|* + 9 B B>, (S21)

>

S
X

vt (BILo) + ent (B1B) . 520

Consider the first term on the right side:
P -y P P 2
IW (jn) = 0V F(W G = (1W (jn) — 0V F (W (jm))|[#*2

= (I G2 = 2000 (), ¥ £ W (i) + P IV £ OV (i) 1)

vl

[N

< (I G2 = 2n(ml| W)l = b) + 2 @MW (in)|[ +2B%)) ", (522)
where we have used assumption AfS|and Lemma|S5} For 0 < 7 < 7,
2pm([|[W ()| + 1) > 2> MP|[W (jn)[|*". (since 1+ > 2y and ym > 1> M?)

Using this inequality we have

IWGim) =V SOV G < (IW G2 + 200 +m) + 22B2) ©

< W) + (2n(b +m))* + 23 (nB) . (S23)

A
22

+
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Consider the case where A > 1. By (S20) and (S23)),

(BIW (G + D)) ™ < (BIW G0 + (20(b+m)

1
A X
2

>

@B +ent (BIL2WIM) " +ent (BIBOI)

S 1 1. L
< (BIWGmIN) ™ + @b +m) +25nB +enil, 4 +en?b],

+2

< (BIWOP) " + G+ D(@ob+m)? + 2208+ entid,, + entod,).

For the case where 0 < A < 1, by (S2I)) and (S23),
E[W((G + Un)* <E[WGnI» + 2n(b+m)? +2
< E|W(O)* + (G + 1) (0o + m)

A
2

(773)A + 5’\7]%10@\,(1 + 6)‘77% b

A
2

+22 (nB)’\ + 5/\7]%1,17,\,4 + €>‘77% bA7d).

By using Lemma([S6|and Corollary [ST| we have the desired results.

SS Details of the Simulations

We run the experiments for different values of the other parameters of the problem. The detailed settings of the
parameters are as follows.

Figurefa) d = 10, o € {1.2,1.4,1.6,1.8},e = 0.1,0 = L,a =4 x 107,

Figure[b) d = 10, o € {1.2,1.4,1.6,1.8}, ¢ € {1072,1072,107},10}, 0 = 1,a = 4 x 107°.

Figurec) d=10,a €{1.2,1.4,1.6,1.8},e =0.1,0 € {1072,1071,1,10},a = 4 x 107°.

Figure[2(d) d € {10,40,70,100}, o € {1.2,1.4,1.6,1.8},e =0.1,0 = l,a =4 x 1074

S6 First Exit Times of Non-linear Dynamical Systems in R? Perturbed by Multifractional
Lévy Noise [8]

In this paper, the authors study a dynamical system which is perturbed by a d-dimensional Lévy process with o;-stable
components. The authors investigate the exit behavior of the system from a domain G in the small noise limit and they
prove that the system exits from the domain in the direction of the process with smallest «;. The main results of the
paper are presented in Theorem 1, Proposition 1, Proposition 2 of the paper.

References

[1] Longjie Xie and Xicheng Zhang. Ergodicity of stochastic differential equations with jumps and singular coefficients.
arXiv preprint arXiv:1705.07402, 2017.

[2] Thanh Huy Nguyen, Umut Simsekli, and Gaél Richard. Non-Asymptotic Analysis of Fractional Langevin Monte
Carlo for Non-Convex Optimization. In International Conference on Machine Learning, 2019.

[3] Torgny Lindvall. Lectures on the coupling method. Courier Corporation, 2002.

[4] Bernt Karsten @ksendal and Agnes Sulem. Applied stochastic control of jump diffusions, volume 498. Springer,
2005.

[5] Peter Tankov. Financial modelling with jump processes. Chapman and Hall/CRC, 2003.

[6] M. Raginsky, A. Rakhlin, and M. Telgarsky. Non-convex learning via stochastic gradient Langevin dynamics: a
nonasymptotic analysis. In Proceedings of the 2017 Conference on Learning Theory, volume 65, pages 1674-1703,
2017.

[7] Andreas Winkelbauer. Moments and absolute moments of the normal distribution. arXiv preprint arXiv:1209.4340,
2012.

[8] Peter Imkeller, Ilya Pavlyukevich, and Michael Stauch. First exit times of non-linear dynamical systems in rd
perturbed by multifractal Lévy noise. Journal of Statistical Physics, 141(1):94-119, 2010.

10



	More details on Assumption A 6
	Proof of Theorem 2
	Proof of Theorem 3
	A Girsanov-Type Change of Measures
	KL Bound for the Discretized Process
	Proof of Theorem 3

	Technical Results
	Details of the Simulations
	First Exit Times of Non-linear Dynamical Systems in Rd Perturbed by Multifractional Lévy Noise imkeller2010first

