A Proofs of Propositions in Section 3|

A.1 Proofs of Prop.

Suppose cycle ¢ ¢ C is induced by cycles ¢, ..., cx € C and intermediate cycles sets ¢V, ... c(%)
where ¢(!) = ¢; and ¢'¥) = ¢. F is a map graph that is consistent for basis C. We will show that
c(’“)7 1 < k < K are all consistent over F inductively.

It is clear ¢(!) is consistent over F. Consider ¢*) = ¢*=1) @ ¢, where C(k—1) is consistent over F
and ¢;, € C. Since ¢(*) is also a simple cycle ¢* =1 N ¢;, must be a simple path p. Without loss of
generality we can assume that ¢~ = p ~ s; and ¢, = p~! ~ s where ~ is path concatenation
operator and p~! means the reversed orientation of path p. Thus by induction of composition over
paths we have fs, o f, = Id and f,-1 o f,, = Id. Since f,-1 = f;l we have fs, o fs, = Id.

k)

However it is easy to see that k) = §1 ~ 82, which leads to f.), or ¢(®) is consistent over F. The

proposition follows immediately by noting that c() = ¢.

A.2  Proof of Prop.[2]

The cycle-consistent basis is a special case of the binary cycle basis which relaxes the condition that
all intermediate products must be simple cycles. It is known that the minimum size of binary cycle
basis would be [€| — |V| + 1 [22].

Next we show the cycle basis C1 induced from spanning tree 7 is a cycle-consistent basis. Let p,,,
be the unique path from « to v in spanning tree 7. Given simple cycle ¢ = iyis . . . g, we have

=1d

f(ij»ijﬂ)NPz‘Hl,ij
forall j =1,...,k since (ij,4;41) ~ pi,, i, is in C by definition. Thus

-1

f’ijij+1 = Piji1.ij = fpri_j,'i_j+1 :

The last equality comes from f,,, = f,.} holds for all (u,v) € €. As such it is clear that
fpik,il o fpik_l,ik 0---0 fpil,i2 = fpil,il =1d
by noticing the uniqueness of paths on spanning tree. Thus we have shown that
Je = firiy © fix _v,ix © 77 © firin = 1d.

So the induced basis C7 is cycle-consistent.

A3 Proof of Prop.[3

We provide the following counter example.

Consider the following 6 cycles from the cube graph below:

Ci.a—wb—>c—g—>h—e—a
Cob—sc—d—h—e—f—0b
Csc—wd—a—e—f—ag—c
Cid—a—=>b—f—=g9g—h—d

Csca—wb—c—d—a
Co:a—e—h—>d—a
Cria—=b—f—e—a
Cse>f—9g—h—e
Cy:c—wd—=>h—g—c
Coob—c—>g— f—=b
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Figure 3: A cube graph

It is easy to check the following equations (all under 2-modulo sense):

Cr®Cy®Cs = (4

CspCepCrpCsdCy = (o

C1 9 Cy = CsdCy (12)
C1®Cs = Ce®Cy

Cy® Cs = CedCy

If we set B = {C1, Oy, C3,C5,Cs}, then equation group shows that Cs, Cs, . .., C1o can be
composed from B and thus furthermore form a cycle basis of the cube graph. However a function
network that is consistent on C1, Co, C3, Cs, Cg is not necessarily consistent on Cy, which means B
is not a cycle-consistency basis even though it is indeed a cycle basis.

Fundamental
Cycle Basis

Cycle-Consistency Basis

(Binary) Cycle Basis

Figure 4: Venn diagram for subsets of cycle bases

B Proof of Theorem. d.1]

We first make a formal statement for Prop. Let us begin with a few assumptions about the
underlying neural networks with respect to the optimal network parameters 67

e Cycle-consistency is exact. For any cycle ¢ € C,
[ =1d (13)

where ©* collects all network parameters. A consequence of this is that the map f;; from
D; to Dy is unique. In the following, we will consider sets of consistent correspondences
across the entire map network, i.e, z; € D;,1 <14 < |V|, and

fuu(l'l):l'], V(Z,j) 65

e Bounded distortion. Let K denote the dimension of the domains D;. There exists universal
constants 0 < c¢; < cg, so that for each set of consistent correspondences x; € D;,1 <1 <

VI,
oS ore”
< ; 1)< ; L) < eo.
1 > Umm( 8:5 ) >~ Umln( c’)x ) = Co (14)
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e Bounded network gradients. There exist universal constants cs, c4 > 0, so that

feij 9 0:;
< . ij * T 7§ *
CS = Umln(E 691] (9”?‘%‘)) ael] (0”,3}'))
fgij Oij
7 * T 17 * ..
< O—maX(EWZj(aij’x)) 89; (05,2)) <ca, VreDy (i,j) €E,

o Bounded Hessian matrices of the loss terms. There exist universal constants c5 and cg so
that the Hessian matrix of each loss term [;;(07;) satisfies

051 j H(l”(%)) j CGI~

Let H(©*) denote the Hessian matrix of joint map optimization. Due to the exactness of the
cycle-consistency constraint, it is clear that

* * T afC@* T 8fc@*
H®©):= > (0@ DH{;0;))w] @D+ Y wekEs, ( S (@) (g (@)

(4,5)€€0 c=(i1-+ii1)€EC

(15)
are

where =5&- (x4, ) is the Jacobi of each f. with respect to network parameters evaluated at (5, ). Note
that unless other-wise stated, we use I to denote all identity matrices, whose dimension is inferred
from the context.

*

With this set up, we present a formal statement of Theorem. 4.1}
Theorem B.1 Under the assumptions described above, we have

2

i .2).2
max( iy, c3)c5¢s

1-3

R(H(O7)) <

2
3 €3 2 .2
mm(cgci ,c3)cies

B.1 Proof of Theorem.

Since f. involves the composition of neural networks along cycles, we begin with expanding its
Jacobi matrix:

k
* afi-ilofi 19142
ofe (Iil)zz—k o7 T2 (figigen © fivia(24)):
=1 Tkt

6fiziz+1
o6

((fizil+1 o filiz (x)))dgiliwrm Vmil € Di1 S CSUP' (16)

141

The key idea of our proof is to define n? pairs of matrices A;; € REXK 1 < j < |V)| so that
Ofiris © firri

= M(filiz-m o filiz (.T)),

Gpp1t1 c T O
Tk+1
Intuitively, A;; is the Jacobi matrix of f;; at x;. It is easy to check that this definition is proper (due
to the cycle-consistency constraint), and these matrices satisfy the cycle-consistency properties:

A

Fact 2 For all triplets of shapes 1 < i1,19,13 < n, we have
Ai2i3Ai1i2 = Ai1i37V1 < ilviQa 13 < ‘V|
Py
Define B, := Bfe—]](xl), Ve = (i,7) € £. Note that B, is dependent on x; but we omit z; in
the expression for brevity. Similarly, introduce matrix Ji{ € REX(EIK) where the block that
corresponds to e = (4, j) is given by Ag;, . We can rewrite df©" (z;,) as

k
e* _
8fc (xll) - ZAiL+1ilBizil+1d0ilil+1
=1

= J (diag(v.) ® I)Jo-dO (17)
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where Jg« (2) := diag(B,) collect the Jacobi matrices in the diagonal block, where diag(v.) €
RI€IXI€] js the diagonal matrix whose diagonal elements correspond to ...

The following inequality characterizes a relation among Ji{ and J}, which will be used later:

AT =< T = AT AT < &I, V1< <. (18)

We will also use another formulation of f©" (x;, ). Let Diag(A™) = diag(.J’}) collect the blocks
of J)} in the diagonal block. We also have

01" (w1) = (v @ I) - Diag(A™)Je-dO (19)
We proceed to lower bound Hg-, and obtaining an upper bound can be done in a similar fashion:
H(@*) = Z ((Ue ®I)H(lij(9?j))(ve ®Im)
e=(i,5)€&o
+ Y weBJe:T(diag(ve) ® L) T T4 (diag(ve) ® In)Je- -
C:(il---’iki1)ec
Using H (1;(07;)) = c51, we have
HO)=es Y (veovl)@l (20)
e=(1,7)€&o
+ Y weBJe " (diag(v) ® I,) T4 T (diag(ve) ® L) Jer (21
C:(il---ikil)ec
Combing (1)) and (I8), we have
HEY = Y wal)el
e=(i,5)€&o
+& Y weBJeT(di LT (di
I EJo«" (diag(v.) @ I)J 4 J(diag(v.) ® I)Jox
C:('h'“ikil)ec
=c? Z (vl @1
e=(1,7)€&
+ AEJo+" Diag(AYH)T (( Z wevvl) ® I)Diag(A')Jox
c=(i1-+ikt1)EC
Note that H = > (v.vl)+ 3 wevvl). Tt follows that

e=(%,j)€&o c=(i1--ix11)€C

HOY =3 Y wal)el

e=(%,5)€&0
2 .
+min(cgc2 })EJo:"Diag(A")" (H - Y (v.v])) @ I)Diag(A™)Je-
2%4 o
e=(i,j)€€o

2
= Y (weol)© 1+ min(525, ) EJo. Diag(A)" (H © I) Diag(A') Jo-

2.2
e=(i,j)€&o 2
2
—min(—25, &) EJo-TDiag(AY (Y. (vew!)) ® I)Diag(A")Je-
2%4 -
e=(1,5)€&o

2

cs

> c? Z (ve )®I—|—m1n(2
e=(i.j)€&o E

2 L) Amin(H)EJo- T Diag(AY)T Diag(A')Jo-
Cy
2
)EJo:"Diag(AY"( Y  wevl) @ IDiag(A")Jo-
e=(i,5)€&o

., CE
— min(—>5,
2€4
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2
., C
= c2 Z (vevl) @I + mm(ﬁ, ENmin(H)EEJox ' Jon
e=(i,j)€&o 2

,DBEJe:"( Y wvev!) @ e
e=(i,5)€&o

o
—min(-5
€2¢y

2
. c

S T TIIE
e=(i-7)e€o 2

2
. c
—min(—>5, ¢})c3ea( E vl )@ T
cics

2
2 e=(i,j)€€
Cg 2\ 2
= min(—>5, ¢1)cic3Amin (H)I.
€3¢y

Like-wise, we can show that the Hessian matrix is upper bounded by

2
H(©) < max(—%, ) c2csAmax(H)I.
cics

This means the condition number of H(©*)

which ends the proof.

C Proof of Theorem

We first present a formal statement of Theorem [4.2]

Definition 7 Given a finite point set P C S™ where S™ := {& € R™ : || = 1} is the unit sphere
in R™, the spherical Voronoi partition of P is defined as a partition {P,, : v € P} such that

Py ={u€ S :d(u,v) <d(u,v') V' € P}

in which d is the Euclidean distance in R™. Intuitively, P, is consisting of the neighborhood of v on
S™. Also, P, is known to be connected, so we can define S(v) as the generalized area of P, on S™.

Theorem C.1 Let s; and s3 be the optimal solution to (6). Denote || by m.

1) For all feasible s, and sy we have

E% 4+ A
slgﬁgs
m

2) Denote P as {v./|vc|} U{ve}. Let {Py} be the Voronoi partition of point set P=PU-P
where —P := {—v : v € P}. Define ¢, := sup,¢p, |[vv’ —uu’|| forv e P.

Setting w. = W(S(vc) + S(—v.)) and w, = ﬁ(S(ve) + S(—v.)), we have

A
sy —sT < o E S(v)ey + || E (1 —we)vewl || +6 E vl (22)
m veP ec&O c€Cqup
we<d
in which Sy, = #Zfl) is the area of unit sphere in R™.

Observe that whenever P is densely distributed over S™ and § is relatively small, the dominating
terms in (22) would be
H Z (1- we)fveveTH.

EIS
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Proof 1 The first part of the proposition is obtained directly by taking trace on (CI). Now focus on
the second part.

Define
M = Z wevevz + Z wcvcvg (23)
ec&l c€Cqyp
L= Z vevg + Z wc'uc'ucT 24)
ectl c€Csup

st = Amin(L) and s = Apax(L') together with {w.} would be a feasible solution to (6) except
constraint (C3) where Apin (L) and Apax (L) are smallest and largest eigenvalues of L respectively.
We postpone (C3) constraint to later discussion.

Consider the following generalized surface integral on S™
A

J=—— voldS.
S%l veES™

By symmetry of S™ we have u” Ju is a constant for all unit vector w. Thus J = KI for some
constant K. Since

Tr[J] = SA TrivvT]dS = Am,
m JyeS™m
we have J = \I.
Note that
[M = J|
A
:HS— Z S(v)va — JH
veEP
S—]Z/ vv —uu” dSH
veP
A T
S—Z/ . lvv? — uu®||dS
uc Py
A
=5 ZS(v)ev.
veP
and
1M —L| < || Z (1 —we)vev!||.
ec&O0
We have

A
IL= T € 2= Y Sew+ || Y (1 - woweol .

veEP e€&l

To make all w. > 8, we upscale w,. to max{w., 0}, which make L increase by

] Z vl

CGCsup
we<d

This operation may violate the (C2) constraint, so we rescale w,. to fit (C2). Notice that this rescaling
whose amplification is less than 1 will reduce the gap between largest and smallest eigenvalues.
Collecting all results above, we have

52751_3 ZS ev+||z 17w9va||+5 pa
sup

veEP e€&l
we<d

with a constructive solution of w.. Here we used the fact that the eigen-gap of J is zero.
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D Solving (6) Using ADMM

In this section, we show how to solve (6)) using alternating direction method of multiplers (or ADMM).
To this end, we first reformulate the semi-definite program as follows:

argmin  asSg — S1

w,s1,52
subjectto  X; = Z vevz + Z wcvcvf — s 'Y
e€&y Cecsup
Xo = 5ol — Z vevg — chvcvf 1Y,
e€éy ceC

X1 t 0 . Sl E 0
XQ t 0 . SQ i 0
Winin > 0 ' Ymin > 0
Wactive > 0 " Yactive >0 (25)

where Wi, and wygve collect weights of the cycles in Cyin and Cyeqve, respectively, and Y7, Y3, S1,
52, Ynin and Y, denote the dual variables. The Lagrangian of (25) is given by

L:=qwasy— 851
T T
—( E vV, + E wevev, —s11 — X1,Y7)
ee&y Cecgup
—{ E veveT + E wcvcvz — 8ol + X5, Y3)
e€&o c€Cqyp

- <X17 Sl> - <X27 SQ> - <wmin - 51’ ymin> - <waCﬁVe7yactive>
=0 ) Y= (D vl YVi+ V) —s1(1— (I,Y1)) — sa( —a— (I,Y2))

c€Cmin e€&o
— (X1, 81 = Y1) = (X2, 82+ Y2) = > we((vevl, Y1 +Ya) + ye) (26)
c€Csup
The dual problem is given by
e . o T
51231,%1212})%520 0 Z Ye + <Z VeV, , Y1 + Y2>
¢€Cmin e€&o
subjectto 1 —(I,Y7) =0
—a—(I,Y3) =0
S1-Y1=0
So+Y,=0
(0wl , Y1+ Y2) +ye =0 @7

The augmented Lagrangian is given by

Li==0 Y yet (D vvl Yi+Ya)+s1(1— (Y1) +s2(—a—(I,Y2))

¢c€Cmin ec&

+ (X1, 51 = Y1) + (X2, 52 + Ya) + Z wc(<vcvz7yl +Ya2) + ye)

c€Csup

1
+ ﬂ(||s1 ~Yil% 4152 + Yal%

+ 3 (0T, Y1+ Va) +ye)® + (1= (L) + (a+ (I, Y2>)2>. (28)

cE€Cqyp

Starting from initial values of the primal variables:

’LUgO) = O,VC S Csup7 350) = SgO) = 07 X{O) = XQ(O) =0. (29)
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At each iteration of the ADMM, we first fix the primal variables to optimize the dual variables in a
sequential manner.

Given the current dual variables at iteration k: Yl(k), Yz(k), S}k), Sék), Ye, Ve € Cop, we first fix Sy,
Sy and y., Ve € Cyyp to optimize Y7 and Y5. In this case, optimizing £ leads to two sub-optimization
problems with decoupled optimizations of Y7 and Y5:

min ggjvve,nmwsﬁ)a,m ¥, Ys)
ec&o

—(XP )+ (XP V) + (D wewew? Vi + Va)

c€Csup

1
+ 5 (151 = ¥ill3 + 1152 + Vol

+ Y (el Vi Vo) 4y + (= (L) + (a+(LY2)?)  GO)

c€Cqup

We employ conjugate gradient descent for optimzing (30), utilizing the fact that we usually have
warm-start for Y; and Y> from the previous iteration. Note that thanks to the term ||S; — Y7 /% and

|S2 + Y2 ||%. This linear system is usually well-conditioned, resulting fast convergence of the cg
solver.

When Y7, Y5 and y., ¢ € Cyp are fixed, S; and S may be optimized in isolation as follows:

min (X3, 81 - Yl’““)>+—||sl nE

. (k+1) L (k+1) 12
in (X, 52 + 3,777 + 2MllSerlé I

Using the fact that the optimal solution to )r?;% S — X ||% is given by the positive definite component

T
of S +25'

, we conclude that the optimal value of S; and S, are given by
S(]H'l) = U; max(Ay,0)U;, 7, Y(kH) + X(k) Uy max(Ay, 0)U, "
S = Uy max(As, 0)U,T,  — (VI 4 ux(F) = UpA,U,T
Finally when Y7, Y5, S and S are fixed, we can optimize each vy, in isolation as

1 k) 4y )y, )2
;Icl;% E(yc'i"u (}/1 +Yv2 )’Uc> +wcyc_6'ld[cecmin] “Ye

which leads to
Yo = mMax (0, (0 - Id[c € Ciin) — we] — vZ(Yl(k) + Yg(k))vc), Ve € Coup- (3D

Once we have optimized the dual variables, we proceed to update the primal variables as follows:

k+1
(k+1) o w(k) + yg ) vf(Yl + YQ)’UC,

p Ve € Cp
k

S — () 1 — Trace(V;™)
W

(k+1) k) a+ Trace(YQ(k))

S5 =5y ——=
W

(k)
XD — xR S51-Y)
©

xFD = x4 (32)

Regarding the hyper-parameters, we set ;1 = 1072, At each iteration, we update ;1 = pu, where
p = 1.01 in all of our experiments. We run ADMM for 1000 iterations.
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E Proofs of Theorems in Section [l

E.1 Concentration Bound for Rank-1 Matrices

Proposition 4 Given n independent random variable x1,...,x, and n fixed rank-1 matrices
By, ..., B, of the same shape with Elx;] = 0 and Pr|z;|||B;|]| < M] = 1 fori =1,...,n,
S, the standard deviation of sum

Sn :xlBl++ann
is defined as

o =+/TrE[STS,]] =

> IBillPEa?.

i=1

If M < o, S,, would be subject to the following concentration inequality:
Pr[||S,|| > co] < Ae™ B

where A, B are universal constants.

Proof 2 We consider controlling the m-th moment of S,, where m is an positive even number. Since
r[ES™] = }:Am ) > 1Sn ™,

by Markov’s inequality we have
Tr[E ST

Pr[||Sp|| > co] <™
O—m

(33)

The terms in the expansion of S]* have the form
{EilBilirbBiz R 7] B;

m"lm
where i; € {1,...,n} forj € {1,...,m}. The expectation of such term does not vanish only if no
subscript appears exactly one time, otherwise E[x;] = 0 and the independence of x:; makes the term
vanish.

Next we divide the non-vanishing terms into a collection of sets based on the equality relations of
subscripts. To illustrate this idea, consider a special case of m = 4. There are four different types of
terms:

LL‘4B4 i1:i2=i3:i4

a’,‘“.l’Z B B B B il = ’L'g,ig = i4,i1 75 ig
(L‘lleB B B il = ’i4,i2 = i4,i1 75 ig
.731213313312132 il = i2,i3 = i4,i1 75 i3

The sum of all terms of the ﬁrst type would be bounded by

th <MQZT7‘ [z} B} < M*0”.
i1=1 11=1

For the second type we have

E[> Y a2}, Bi, Bi,Bi, By
i1=1in iy
ZE[ Tiy m“Tr{BilBithBig”

io=1

n
E: o}, 2,1 Biy 1711 Bio |1

M:

.
Il
—

1

IN

p_qs l.Ms

IleHE 7] E:HBQW Ll=at

7,21

o
\ |
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The second inequality comes from the fact that B;, B;, B;, B,, is a rank-matrix whose trace is equal
to the operator norm. Similar argument works for the last two types of terms. Summing them up we
have

TrE S < M?0? + 30*.

Now we consider general even m. Given some type that has k free subscripts, the sum of terms of

such type could be bounded by

UQka_Qk.
Moreover, we count the number of types having k free subscripts as follows. In fact, each variable
zi;,7 € {1,...,m} can bind to one of k free subscripts, which means there are at most k™ types
having k free subscripts. Hence we obtain
m/2
TrES)] <> k™o M™ 2k,
k=1

Whenever M < o the formula reduces to
T?‘[E S;n] < (m/2)m/2+10m < mm/2o_m
where the last inequality is from 2/t > m for m € N*. In this way, inequality turns to be

P[5l > co] < (ﬁ)m

Setting m = LZ—;J the desired bound follows immediately.

E.2 Proof of Lemma.

Since rank-1 matrices include scalars as a special case, we just apply Prop. 4/ to > x. and
>,z v v! respectively, and then lemma follows immediately by setting ¢ = ©(log n) in Prop.
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