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A Proofs

In this section, we denote z = (i, y) and z € Z for convenience.

A.1 Proof of Theorem 1

Theorem 1. With the optimal critical network D and the classifier C fixed, the optimization of
generator G is equivalent to minimize A - dy (P, Q) — D (Q||P.).

Proof. Recall the objective function defined in Eq. (1),
minmax U(C, G, D) = A\(Eg,, [D(x, )] — Eg[D(, y)]) — Eall(C(),y)]- (1)

Given the optimal critical network D and classifier C, the generator G is optimized by minimizing
the function

Ve,n(G) = MEs,, [D(z,y)] — Eg[D(x, y)]) — Egl[l(C(=),y)]. 2)
As the critical network D is optimized for describe the Wasserstein, which means that
Es, [D(x,y)] — Eg[D(z,y)] = dw (Px, Q). 3)

Then we consider the last term in Eq. @),
Eg[l(C(z),y)] = Eq[— log pc(y|z)]

_ x _ p(@y) e
_/pg( ’y)logpc(%y)pg(ylw)d( )
)

py(x,y 1
= x,y) lo + py(x,y) log ———d(x,
/pg( Y) g @) py(®,y) 8 oo le) (x,y)

= Drr(pg(, y)llpe(, y)) + Hy(y|x).

Note that the label y is provided to G durning generation progress. As a result, H,(y|x) is irrelevant
to G. By concreting Eq. (@) and Eq. (3)), The proof of Theorem [T]is completed. O

“4)

A.2 Proof of Theorem 2

Theorem 2. Consider x as the input samples of classifier C, and the distribution Q € B, (I@’N) lays
in a Wasserstein ball centered at P with radius €. Then for any € > 0 and o > 1 + 3, we have

VL)~ PRI T < Ba(t(2)) - Bsy (€2)) < e VaL(IIEE + R, )

Py Py’

where ||f(z)||§fN £ (% Zf\;LZN]@,N(||f(zi)||°‘))1/a, a, = %5, and h(z) is a function and B €

(0, 1] a constant which satisfy |V 2£(z1) — V20(22)|| < h(22) - |21 — 22||® for any z = (z,y) € 2.
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18 In this part, we firstly proof the right part of this theorem which is an upper bound of Eg(¢(z)) —
19 Ep ({(2)). Then we provide the proof of a lower bound of it. By combining them, the proof of
20 theorem 2 is completed.

21 Proof. Considering the inner part of the proposed objective function defined as follows,

sup Egl[lyp(z)] = inf Xe+ sup / lo(z z)) — A-d(Q,Py). (6)
QEB. (Pn) A0 QeM(Z

22 Under the situation that the network D is optimized for calculating the Wasserstein distance, we

23 consider the network D is sufficient to describe the Wasserstein distance. Recall that we define the

24 Wasserstein distance as

dw (@1, Q) 2 min { / )T (dz1,d2) .
w(Q1,Qo2) A s(z1, 22)I1 (dz1, dz2) (7
25 Assuming the metric s(-, -) is induced by some norm || - ||%, it is easy to be reformulated as follows:
dw(Q1, Q) = min ~ 2||TI (d21,dz2) }.
w@@) = min { [ )T (dd2) ®
26 Plugging Eq. (8) into Eq. (6) gives us
_ I
Eolt(=)) = iuf {Ae+ Zsup ~ Az —#|%) } ©)

27 where z ~ Q and 2’ ~ Py, then we consider a upper bound that

sup{l(z) — £(z;) — A~ ||z — 2|}
zEZ

= Sgg{”vzé(zé)ll* Iz = 2l + h(z) - 1z = 2P = Az = 217}

< Sug{”Vzﬁ(Zi)ll* lz =2l + h(z) -z = 2P =X lz = 2]* + Oz = 27T}
z€

<sup{ || Val(2]) ||« - € + h(z)) - €771 + O &F =X g},

§20
(10)
28 where 0 < C,1 < v < fand§ = ||z — z,|. Following Young’s inequality for products that
29 ab < %p + %, we set p = %IEB’ q= O‘T_l satisifing % +% =landa = /PP b = p=1/agala,
30 Then for any ¢ > 0 and ¢ > 0, it holds that

B

o a—1-— I} _a-1-8
£7+1S£ﬁ+1gg+1g a_l @5"’

%, BEY. (11D
a—1
31 Replacing €711 and €71 with the last term of Eq. (11)), it gives us
21>118{||sz( Z) |l - €+ (=) - §B+1 +C-t N

a—pf—1 a—v—1
<omp{(IVbDll + LT bz o+ E TR O ) €
£>0 a—1 —1
8 gt g — .
— ()= . New., P __1 _.C. Y e
A === (=) ¢y oo G )€
SSUp{gw('Z;)'5_()‘_/\/—@)'5@}’
€20
2 where%(z;):nvze( 2+ 92 R(2) 1+ 2SI C gy and N, = A— £ - h(2))
_a—pB-1 a—y—1
33 E -C- ¢, 7 . Considering the value of Eq. 1s 400 when A <N¢,we solve
34 Eq over 5 and conclude that
Eq(6(2)) — Ep,, (€(2))
< nf e a7 (@ - DA - N) (G, 12 )7} (13)

<e||g¢|| T Npe®
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Plugging G, and N, into Eq. @) and solving the minimization problem on ¢, we obtain the right
part of Theorem 2] Next we step to the left part of Theorem 2] We firstly began with a lower bound
of supgep (5, B (l(2)) — Ep (£(2)) as follows:

1 & 1 & .
sup § — Uz) —U=z))]: (= zi—zéazge}
s {5 2160z — ) (5 2 = =17)
X
> sup {2 [Vatl=]) |1z — =il — hiz)l|=i = =117+« ( Zuzl—zzn T <ef
Z€2 i=1
(14
1 ;
> su {— Vo AU(Z) ||z — 2 zi— z||*) }
s {3 Do vatteD =i 2l Zn 1)
s {lihw)nz-z'nﬂ“ - (iiuzvf‘z’n“)é <<}
z}é% Ni:1 7 7 i . Ni:1 ) i S €
Further we conclude that with the help of Holder’s inequality,
1 & .
!/ aw
s {5 Zw = =il (7 Lol = =) < )
1 15)
fsup{ V. l(z f“ « }
up Z Z
— VLA
Wee also have that
1 & 1 & 1
B+l . (— R o
sup {5 DRz = 27 (5 D = 2 < e
i€ i=1 i=1
N N
1 1 (16)
—su{ V.h(z ﬁ“'— qage}
RN 2 VAT Gy 2 )
_ B+l a=p—1
= (=) |57
The proof is completed. O
A.3 Proof of Theorem 3
Theorem 3. For any 0 < § < 1, with probability at least 1 — § with respect to the sampling,
12VR 8log(2/4) 17
E(((C(,0),1)) < Ea(((C(, 0),9)) + = (og 7 +1) /=52, (17)

and for any ¢ > 12:{E(log ﬁ + 1)+ 4/ 81%(2/6), we have

Eo(((C(,0),y)) + 2F (log ;57 + 1) + / 2522
Eq(¢(Cx,0),y)) +¢ '

P(l(C(z,0),y) 2 Eq({(C(,0),y)) + () <
(18)

where R is only related to the architecture of the neural network.

Proof. As description in the Theorem 8 in [2]], for any integer NV and ¢ € (0, 1), the risk bounds can
be written as that

BL(Y. /(X)) < Bxo(Y, £(X)) + R0 F) | S0, (19)
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Setting the loss function £ and Y as L(x,y) = é(x,y) = £(C(x, 0),y), it yields that

E(U(C(2,0).9)) < Eo(U(C(z,0),9)) + 2Rn(UC(w,0).9)) + 1/ D) 20y

We use Lemma A.8 in [1] and get the Rademacher complexity estimate of neural networks C' with

loss function ¢ as follows,
12v/R n
Ry ((C(x,0), = —(log——=+1), 2D

N((C(x,0),y)) n(ggﬁR )

where R is only related with the architecture of neural network and defined as follows and the detailed
notation can be find in [[1],

3
4B (2W2) [ 5 o)\ (= [0\
R= ) 1:11 ) (X () . 22)
Plugging result in Eq. into Eq. drives the first part of Theorem 3] Further, we can easily
obtain the second part of Theorem [3|by applying Markov’s inequality here to obtain,

E({(C(z,0),y))
P (U(C(x,0),y) > Eg(U(C(x,0),y)) + ) < Eq(¢(C(, 8), 1)) + ¢

(23)
_ Ba(U(C@,0),y) + 2 (log 7 +1) 4/ #5
- Eq({(C(x,8),y)) + ¢
which completes the proof. O
A.4 Proof of Theorem 4
Theorem 4. For the generator G and classifier C fixed, the optimal discriminator D is
* Pdata (il:, y)
D = 24
Go®) = @) + Dyl y)’ .
where pgy(x) is the distribution generated by G.
Proof. Given the generator and classifier, the loss function can be written as
V(D) = /pdam(z) log D(z)dz + /pg(z) log(l — D(z))dz
(25)
= /pd(z) log D(2) + py(2) log(1l — D(z))d=.
Following the proof in GAN [3]], the function V' (D) achieves its maximum at —Paata(z) O

pdata(z)+pg (2)°
A.5 Proof of Theorem 5

Theorem 5. With the optimal discriminator D and the classifier C fixed, the optimization of generator
G is equivalent to —log4 + 2JSD(Py||Q) — 1/A - D1 (Q||P.).

Proof. Following the conclusion obtained in Theorem 4, with the optimal Dac(m,y) =

Pdata (may)

Pana @) tpe @) the minimac game for G can be reformulated as:

V(G,C) = /pdam(z) log mam(Z)(Z)dz + /pg(z)log pg(z)(z)dz + )\/pg(z)ﬂ(z)dz

pdata(z> +pg pdata(z) +pg

= —log4 + 2JS5D(paata(2)||pg(2))dz + A /pg(z)[— log p.(z)]dz
= —log4 + 2JSD(pgata(#)||pg(2))dz + M Dk L((pg(2)|[pc(2)) + Hy(y|)).
(26)

Noting that the label y in p,(x,y) is assigned during the generation, H,(y|x) is a constant
which is irrelevant with G. As a result, the generator G will be optimized by —log4 +
2JSD(pdata(2)||Pg(2))dz + ADk1.((pg(2)||pc(2)), which completes the proof.
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Algorithm 1 Proposed Method

Input: The batch size m, the loss balanced coefficient \.
Initialize generator parameters 6, for G, 04 for D, and 6. for C' with the training set

{(wlvyl)ﬂ (il?g,yg), ceey (wvaN)}
Sample a batch of pairs (x4, y4) ~ py(, y) and a batch of pairs (x4, yq) ~ pa(z,y).

Update D by ascending along its gradients V, [% (Z(wd,yd) D(xq,ya) — Z(wg,yg) D(zg, yg))}
Update G by ascending along its gradients Vg, [% (/\ . Z(wg’yg) D(zg,y,) — Z(wd’yd) C(z,, yq))}

Update C by ascending along its gradients Vg, [% (Z(md’yd) UC(xy,0), yg))}
Output: A distribution optimized classifier C' and a worst-case distribution generator G.
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