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These Supplementary Materials provide additional information, detailed derivations and proof of
the results shown in the main text. Specifically, in Section[S-Ijwe provide a local stability analysis
and draw the phase diagram in the case d = 1 and d = 2. In Section we present a heuristic
derivation of the stochastic differential equation (SDE) for the microscopic states. Next, in Section
>-111} we show a derivation of the ODE for the macroscopic states from the weak formulation of the
PDE. We then establish the full proof of the Theorem 1 in Section[S-IV] Finally, we present the local
stability analysis of the ODE’s fixed points in Section[S-V]

Notation: Throughout the paper, we use I; to denote the d x d identity matrix. Depending on the
context, ||-|| denotes either the £ norm of a vector or the spectral norm of a matrix. For any = € R,
the floor operation | x| gives the largest integer that is smaller than or equal to z. We denote [v]; the
ith element of the vector v and denote [M]; ; the element at ith row and jth column of the matrix
M. Finally, C(T') denotes a constant that depends on the terminal time 7', and C' denotes a general
constant that does not depends on T" and n. Both C' and C(T') can vary line to line.

S-I Phase diagram for the case d = 1 and d = 2

In what follows, we provide a thorough study of all the fixed points of the ODE (I3) when the number
of feature d = 1 and d = 2. In particular, three major phases are identified under different settings of

the learning rates 7 and 7 with the fixed model parameters 7r, 7, A, and A.

Phase diagram for d = 1. By analyzing the local stabilities of these fixed points as illustrated in
Figure[Ifa), we obtain the phase diagram as shown in Figure[I[b). For simplicity, we only present

the result when ntr = g = 1, and A = A, which is denoted by A used in the remaining part of this
section. Detailed derivations are presented in[S-V]

Even in this simplest case, we find there are in total 5 types of fixed points, the locations of which are
visualized in the 3-dimensional space (P, ¢, ) shown in Figure a). Each type of the fixed points
has an intuitive meaning in terms of the two-player game between G and D. We list the detailed

I+ -7 ifr< 2

information in Table|l} in which we define a function 3(7) = ;
+00, otherwise

Noninformative phase: We say that the ODE (13)) is in a noninformative phase if either a type-1
or type-2 fixed point in Table[l]is stable. In this case, P = 0, which indicates that the generator’s
parameter vector V' has no correlation with the true feature vector U. In Figure[I(b), the region
labeled as noninfo-1 is the stable region for the type-1 fixed point, and noninfo-2 is the stable region
for the type-2 fixed point. The two regions have no overlap. However, we note that in noninfo-1, the
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Table 1: List of the fixed points of the ODE (T3) when d = 1 and A = A.

Type  Location Existence Stable Region Intuitive Interpretation

P=q=0, 9 F _ 4 Both G and D fail, and

! r=20 always T>AL T < they are uncorrelated

> P=¢g=0 > % or max{2, 721 < § <  Both G and D fail, and
r==4r*#0 T<1— z 5?7) they are correlated

3 g=r=0 |P| = 1is stable if T <

always . ror S2p-1 G wins and D loses
[P €(0,1] mm{%7max{‘7ﬁ7/\‘,4}}
P=r=0 .
4 " always always unstable loses and D wins
q==+¢"#0 Y Y g
5 None of P,q not always, at most can be computed Both G and D are
or 7 is zero 8 fixed points numerically informative

type-3 fixed points can also be stable, in which case the stationary point of the ODE is determined by
the initial condition.

Informative phase: We say that the ODE (T3) is in an informative phase if neither type-1 nor type-2
fixed point is stable, and if at least one fixed point of type-3 and type-5 is stable. In this case, it is
guaranteed that P is nonzero, indicating that the generator can achieve non-vanishing correlation
with the real feature vector. In addition, the stable regions for the type-3 and type-5 fixed points are
disjoint. They are shown in Figure[I[b) as info-1 and info-2, respectively. The difference between
the two region is that, in info-1, g is exactly 0 indicating that the discriminator is completely fooled,
whereas in info-2, ¢ is nonzero.

Oscillating phase: We say that the ODE (I3)) is in an oscillating phase if none of the fixed points in
Table([T]is stable. In this phase, limiting cycles emerge and the system will oscillate on these cycles
indefinitely. Moreover, we found two types of limiting cycles.

To further illustrate the phase transitions, we draw ODE trajectories and phase portraits in Figure [2]
corresponding to different choices of the step sizes (from left to right, 7 = 0.03, 0.2, 0.4, 0.47).

The two figures in the first column of Figure[2] show a case in the Info-1 phase. The bottom red dot
in Figure (b) represents this configuration of the step sizes, where 7/7 is small. The top figure of
Figure 2] (a) shows the dynamics of P, ¢; and r, and the bottom figure shows the phase portrait on
P — g plane. Top figure of Figure[2](a) shows an interesting phenomenon that dynamics are separated
into two stages. At the first stage, ¢; (red dots, cosine similarity between the true feature vector and
discriminator’s estimation) increases drastically from O to some value near 1, while P; (blue dots,
cosine similarity between the true feature vector and generator’s estimation) almost doesn’t change.
Intuitively, at this stage, the discriminator learns the true model while the generator is unchanged. In
the second stage, the generator start to fool the discriminator, where | P;| increases and ¢; decreases.
In fact, these two-stage dynamics can be understood from the ODE @: When 7/7 is small, the
process can be decomposed into two processes in different time scales. In particular, the discriminator
is associated with the faster dynamics as 7 > 7, and the generator governs the slower dynamics.
Figure 1 in the main text shows that this picture is still hold for multi-feature cases in the hierarchical
dynamics.

The figures in the middle two columns of Figure [2] show the two types of limiting cycles that
can emerge in the oscillating phase. The middle two red dots in Figure [I[(b) represents these
configurations of the step sizes. The last column of Figure [2] shows another stable phase in Info-2. In
this phase, 7/7 is relatively large. The two time-scale dynamics are mixed, and another type of stable
fixed points emerges.

Phase diagram for d = 2. Figure 3| shows the phase diagram when d = 2. In particular, the
two red lines between Info-1 and Noninfo-1 in Figure [3 are determined by the left inequality in
(T3). In Info-1, both feature vectors are recovered by the generator. The dynamics of this phase are
shown in Figure 1.(a) in the main text. In the Half-info phase, only the feature vector with the larger
signal-to-noise ratio is recovered. The dynamics of this phase are shown in Figure 1.(c) in the main
text. The blue line between Info-1 and oscillating phases shows the boundary between oscillation
state and stable state.
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Figure 1: (a): The locations of the five types of fixed points of the ODE (13). Their properties
are listed in Table 1. (b): The phase diagram for the stationary state of the ODE (T3). The colored
lines illustrate the theoretical prediction of the boundaries between the different phases. Simulations
results for a single numerical experiment are also shown to illustrate the oscillating phase: Each
grey square represents the value of 5 8100000[(Pt —(P))* + (¢ — {(qe)* + (re — (r¢))?] dt where
(P) = 55 8100000 P, dt, and (g;) and (r+) are defined similarly. Note that the above quantity measures
the variation (over time) of the training process as it approaches steady states. We see that the variation
is indeed nonzero in the oscillating phase (see Figure[2), whereas the variation is close to zero in all
other phases.
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Figure 2: Macroscopic dynamics of Examplewith d = 1. In the first row, the red, blue and yellow
dots represent P;, g;, and r, respectively of the experimental results of a single trial. The black curves
under the dots are theoretical predictions given by the ODE (I3). We set a fix the discriminator’s
learning rate 7 = 0.3 and vary the generator’s learning rate 7 = 0.03, 0.2, 0.4, 0.47 from left to
right column. These parameter settings are marked by the four red dots in the phase diagram in
Figure[I] The second row is the phase portraits of the trajectories shown in the first row onto the
P—q plane. Figure (a) shows a case in the phase of info-1, where a subset of type (3) fixed points are
stable. Figure (b) and (c) are in the oscillating phase, and (d) is in info-2, where the fixed points of
type-5 are stable. The blue dots in the figures show the stable fixed points.
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Figure 3: The phase diagram for the stationary states of the ODE (13) when d = 2. This phase
diagram is generated by numerically computing the fixed points and eigenvalues of the Jacobian of
the ODE (13).

S-II Heuristic derivations of the dynamics of the microscopic states

In this section, we derive the stochastic differential equations (I0) in the main text for the microscopic
states in a non-rigorous way. Specifically, we directly discard higher-order terms without any
justification, in order to highlight the main ideas. In Section we rigorously justify these steps
by providing bounds on those terms.

Our starting point is the iterative algorithm (3)) in the main text. Substituting the objective function £
defined in @) into (5), we have

K

Wr41 = Wg + [ykf(y;’wk) - ﬂZkf(@gkwk) - )\’wkH/('wkT'wk)] (S-D
Vigi =V + %[wkEQTka@QTkHwk) - )\deiag(H’(VZVk))], (S-2)

where y,, and y,, are true and fake samples generated according to (1)) and (2)) respectively. The two

~ ~

functions f, f stand for f(z) = d—‘lF(D(x)) and f(z) = %F(ﬁ(z)) The function H' is derivative

of H. If the input of H'(-) is a matrix, H' applies to the input matrix element-wisely. The operation
diag(A) is a diagonal matrix of A, where the off-diagonal term are set to zero.

‘We note that the elements of w; and V', are O(ﬁ) number as the norm of wy, and the norms of

column vectors of Vi, are all O(1) numbers. To investigate the dynamics of the microscopic state, it
is convenient to rescale wy, and Vi, by a factor of v/n. We define u; and vy, ; as the column view of

., . . o def
the 4’th row of the matrices \/nU and \/nVy, respectively, and @y ; = \/n[wy.1];. The update rule
of (Wi, Vpe,is Wi )i=1,....n)k=0,1,2,... 18

W1, — Whyi =1 {(ﬁjck + Varrar,i) fr, — (ﬁ;—fézk + \/ﬂﬁcazk,i) For — MNH' (21) Wk s |
(S-3)

V1, — Oy == [@k,izzkﬂfzkﬂ - )\diag(H/(Sk))ﬁk,i} ) (S-4)
where ay, ;, ay ; are the ith elements of aj, and ay, respectively, and f;, and fk are shorthands for
Jie = Syl wi/vn) = f(alex + /B3] k)
T 7T 7 ~ no~ o~
fe = f(ys ’ka/gJ/\/ﬁ) = f("‘[k/QJ Ch /T2 W g _,j>,

respectively, and the empirical macroscopic quantities g, 7, 2 and S, are defined as follows

def T 1 n o o~ -~ def T 1 no o~ ~

q, = U wp = >0 uwy, e = Viwg = 20" U Wy,
def T 1 n o ~2 def T 1 n ~ ~T

Rk = Wi Wg = ﬁzizﬂuk,iv S =V, Vi = Ezi:1vk,ivk,i7 (5-5)
def T 1 n o~ ~T

Py =U Vi=) UiV,



The matrix Py, is not used in this section, but we put it here with the other macroscopic quantities for
future reference.

Now we derive (T0) from (S-3) and (S-4).

First, it is trivial to get the first equation of the SDE du; = 0 in (10)) in the main text, since u; does
not change over time.

Next, we derive the second equation in (10). Averaging over Co41 and asx+1 on the both sides of

(S-4), we get

<6k+1,i - ak’i>62k+1 762k+1
_ z[<f<r25+ TZ;L=1[5]J@’WDE> Wy.,i — Miag(H'(Sk))Vrq |-

c,a

The bracket (-)z 5 here denotes the average over ¢ ~ Pz, and standard Gaussian vector a, where ¢
and a are the random variables generating the fake sample in the generator as described in (). Noting
that a is a Gaussian vector, the term ﬁ Z;.l:l[a] Wy ; in the above equation is also a Gaussian
random variable, whose mean is zero and variance is z;, which is defined in (]SE]) Therefore, we
have

N

<’Uk+1’i - vk’i>52k+1762k+1

3

= Z{Guin + Lidn], (S-6)

where

c.e

R <f(r,j’6 T «/72;@77@6D5> (S-7)
Lk = —/\diag(H’(Sk)), (S-S)

where (-); . denotes the average over ¢ ~ Pz and e ~ N(0, 1). In addition, from (S-4), we also
know that the second moment

(@rsri = B0i)”) —O(n3%). (S-9)

C2k+1,A2k+1

The moments estimations (S-6) and (S-9) imply the second equation in (T0) in the main text. Since
the second moments growth smaller than O(n~1), the differential equation for @, has no diffusion
term.

Finally, we derive the last equation in (10)) in the main text from the update rule of Wy (S-3). We
observe that both the terms inside the function f and outside of f in depend on ay, ;. Using
Taylor’s expansion, we linearize the contribution of ay, ; to the function f:

fr = f(qgf% /B 200k, Wk T 4/ %ak,ﬂﬁk,i)
= flap ek + /B a0k g) + [(@h ex + ) T2 L0k 50k )] Eag, i@k + O(+).
(S-10)

Similarly, we have

for = F(ry Cop + /1237 iak Wk j + \/ Lok, i)
= [ Cor A (/X0 Ll j 0, g) + f (7 Con -\ ik 3Bk, ) ) o i+ O
(S-11)



Substituting (S-10) and (S-T1) into (S-3), we have

W1, — Wk
T/n

~T T ~ ~T ~ 7/ T~ . ~ —~
=U; cuf(qgcr+ /B 2k, Wk,5) — Vg iCon f(ry Con + /B D0k, Wk, ;)
7

+ Wy {aﬁﬂ:f’(QZCk Y ik W g) — a7 i f (v Cok + /12D dok Wk j) — /\H’(Zk)]

+ \/E[ak,if(qzck S B i, Wk ) + Goki f (ry Con + \/%Z#ﬁ%,j@k,j)} + Oki,

(S-12)
where ¢, ; collects all higher-order terms whose contributions will vanish as n — oo. From this
equation, we can already infer the SDE (10). Specifically, on the right hand side of (S-12)), the terms
in the first two lines correspond to the drift term in the SDE. Furthermore, the first term in the third
line in (S-12)) contributes to the SDE as a Brownian motion. More precisely, we can derive the third
equation of the SDE (T0) in the main text by the moments estimations. Specifically, the first-order
moment is

(Wht1,i — @k,i>%ak’g%a% = %[ajgk - ?);,iak + @k,ihk} +O(n"?) (S-13)
where g, is defined in (S-7), and
gp = <cf(ch + \/z;mTe)>c . (S-14)

b= (f'al e+ vamme)  —ie(Frfe+amee)) —M'(z). (519

g c7

The second moment is

(@eri—de)’) =Zh+0@m ), (-16)
Ck,Qk,C2k, A2k
where
b, = nr <f2(qgc + 4 /zkme)>c . + 16 <f2(rkTE + w/kuG€)>E . (S-17)

From the (S-13)) and (S-16)), we derive the SDE for w; in (10) in the main text.

S-IIT Derive the ODE in Theorem 1 from the weak formulation of the PDE

In this section, we show how to derive the ODE () from the weak formulation of the PDE (12).

Choosing the test function ¢ being each element of 4o ', @, V@, 0 ', ©2, and substituting those
¢ into the weak formulation of the PDE (12)), we will get the ODE (8] as presented in Theorem 1. In
what follows, we provide additional details of this derivation.

We first derive the first ODE 1Py = ... in . Let ¢ = [u]¢[V]e, ¢,¢ = 1,2,...,d, we have
Vo = [t]ese, where sy is the £'th canonical basis (i.e., all elements in s, are zeros, except that
¢'th element is 1). From the PDE in the main text, we have V¢, ¢’ = 1,2, ..., d:

(b, p(0,0,0)) = (e, [@]e[0]er) = [Pileer,

(e, (@] +3" L) Vo) = (e, (@) §,)er + (@0 )L )
= la/i[g:)er + [Pi]e:[ Lo
where [Py],. and [L;). ¢ are £th row of P, and ¢'th column of L, respectively. In addition, we know
that (%cp = 86—;290 = (0. Combining above results, we can recover the first ODE in .

Next, we derive the second ODE % = ...in @ Let ¢ = [uew, ¢ = 1,2,...,d. We have
Ve =0, C’%‘P: [a]e and BB—;@ZO. ThenV{ =1,2,...,d,

<Mt7@(ﬁ7§a@)> = <Mt’ [ﬁ}z@ = [ay)



and
N T .0 . AT~ o
<Nta (W'g,—v'g,+ htw)%ga> = <ut, (@'g,—v'g,+ htw)[u]£>
= [9t]£ - [Pt]égt + [Qt]éhb

With above results, we can obtain the second ODE in @

Next, let’s derive the ODE for ddstt . We set o = [0],[0]pr. If £ # £/, we have Vo = [0]¢8e + [0 8¢,

where sy is the ¢'th canonical basis. Then

<:U'ta gD(’l/Z, av ﬁ})> = [St]ﬁ,f/

and

(s (@3] +3"Lo)Vap) = (e, (Bled)Gile + (818 Lil.e)

+ (s (@) Gl + (8108 IE. )
= [re]elgle + [Gelelrele + [Stles[Lil. e + [Lile:[St]. e
If £ = ¢, we have V4 = 2[0]8¢, then
<Nt7 (P(a, 6; @)> = [St]ff
and

(s (@3] +" L) Vo) = 2([rJel@ile + [Seles Lil.0)

2
Plugging back the above two equations and combining the fact that 6%90 = %cp = 0, we recover

ds,
the ODE of i

The rest two ODEs can be obtained in the similar way by letting ¢ to be each distinct component of
v and ©2.

S-IV  Proof of Theorem 1

In this section, we prove Theorem 1 shown in the main text. In the previous section, we have
already provided a derivation of the ODE in Theorem 1 from the weak formulation of the PDE
for the microscopic states. In this section, we follow a different path to prove the theorem without
referencing the PDE, because it is easier to establish the rigorous bound of the convergence rate.
Thus, the proof itself also provides another derivation of the ODE, where the most relevant part is
Lemmal[3l

S-IV.1  Sketch of the proof

The proof follows the standard procedure of the convergence of stochastic processes [1} 2]]. We here
build the whole proof on Lemma 2 in the supplementary materials of [3]]. For reader’s convenient, we
present that lemma below.

Lemma 1 (Lemma 2 in the supplementary materials of [3l]). Consider a sequence of stochastic pro-

cess {wi"), k=0,1,2,...,|nT]|}n=1.2,., with some constant T > 0. Ifwl(cn) can be decomposed
into three parts

a2 — 2 = Lo@) + pl" + 6 (S-18)
such that

(C.1) The process Z:':o p,(;f) is a martingale, and E ||p,(€n) |2 < C(T)/n** for some positive €,
(C2)E ||(5§Cn) | < C(T)/ntte for some positive e3;
p(x) — ¢(@)|| < Cllz — @

’

(C.3) ¢() is a Lipschitz function, i.e.,

(CA)E |22 < Cforallk < |nT);

(C5)E ||:1:én) —x§|| < C/n® for some positive €5 and a deterministic vector g,



then we have L
|2 — ()] < C(T)n- mntheraal,
where x(t) is the solution of the ODE
da(t) = ¢(x(t), withz(0) = x.

In Theorem 1, the stochastic process is the macroscopic states { M,k = 0,1, ...}, where M is a
symmetric matrix consists of 5 non-trivial parts Py, gy, 7%, Sk, and zj, as shown in @ in the main
text. Following (S-18)), we have the following decomposition for M,

M1 — My = 2p(My) + (Myy1 — Ex Myyr) + B Miy1 — My, — 2o(My)],  (S-19)
in which the matrix-valued function ¢(M) represents the functions on the right hand sides of the
ODE (®)), and E;, denotes the conditional expectation given the state of the Markov chain X.
Note that the stochastic process of the macroscopic state M, is driven by the Markov chain of the
microscopic state X . Thus, E; is well-defined. For future reference, we denotes [E the unconditional
expectation of all the randomness of the Markov chain X, i.e., the initial state U, V¢, wq and

{ay,ck,ar, ¢k =0,1,2,...}. By definition, E’;,:O(Mk/_ﬂ — E»M}/) is a Martingale.

S-IV.2  Check the conditions provided in Lemma (T]

In this subsection, we check the condition (C.1)—(C.5) for the decomposition of (S-19). Once all
conditions are proved to be satisfied, Theorem 1 will be proved.

We first note that (C.5) is the assumption (A.5) in the main text. Thus, (C.5) is satisfied. Before
proving other conditions, we declare a lemma.
Lemma 2. Under the same setting as Theorem 1, givenT' > 0, then

d
E D Vil +[wilf | <C(T)n~2, Vi=1,2,...,n, andk =0,1,...,[nT], (S-20)
/=1

The proof can be founded in Section [S-IV.3

Check Condition (C.4)
Lemma 3. Under the same setting as Theorem 1, for all k = 0,1, ..., |nT| with a given T > 0,
then

E||Py]* < C(T), E|lgylI* < C(T),

E|Skl* < C(T), E:2 < C(T),

E |rell? < (7).

Proof. 1t’s a direct consequence of Lemma We first verify E 27 < C(T'). Using Holder’s inequality,
we have

2
Ez;=E (27:1“’1%@) < nEZ?:lw%,i < C(T)
For [Sklee. £ =1,...,d, similarly, we have
2
E(Sif, =E (S Vilk,) < o).
and for E [Sk}ie,, £ # ¢, we have:
n 2
E[Sili e =E (Zisi [VilieVilie)
<E (T Vi) (Zimvilie)

2 2
< W: (Ziviel2,) E (vl
<C(T)
where in reaching the third and last line, we used the Cauchy-Schwartz inequality. Now, we get

E||Sk||> < C(T). The rest bounds of E || Py||%, E||q,|/? and E ||r||? in Lemma [3| can also be
directly verified using the Cauchy-Schwartz inequality. O




Check Condition (C.3)
Lemma 4. If Assumption (A.3) hold, ¢(M ) is a Lipschitz function.

Proof. Tt suffices to verify each component of gradient V(M) is bounded. Assumption (A.3)

ensures that H' is Lipschitz and the derivatives up to fourth order of the functions f, fexists and
uniformly bounded. These conditions guarantee that the partial derivatives of (M) w.rt. P, g, S
and r are bounded. The remaining thing is to show that 9¢(M) 5 also bounded. Since there is a Vz
term in ¢ (M), the boundness can be potentially broken at z = 0. However, we can show that it is

not the case. For example, we can show that (cf(c'q + ey/z))_  is a Lipschitz function, because

c,

_1
o= (efeTateva)), =32 2 (ecf (cg+ev2)),,

3{cf"(cq +evz))
is always a well-defined bounded function. In reaching the first line, we here interchanged the

expectation and derivative, which is valid because of the boundness of f(-), and in reaching the
second line, we used the Stein’s lemma. Finally, other terms in (EI) involving 1/z can be treated in the

c,e

same way. Thus, ¢(M ) is a Lipschitz function. O
Check Condition (C.2)

Lemma 5. Under the same setting as Theorem 1, for all k = 0,1,...,|nT| with a given T > 0,
then

E|[Er Myi1 — My, — Lo(My)|| < C(T)n" 2.

Proof. The above inequality can be split into 5 parts

E|E Pyr1 — Pr— Z(qudy + PiLy)| <C(T)n~%  (S-21)
E|E s — qc — = (9 — Prgy +achi)| S C(Tn~%  (8-22)
E|ExSk+1 — Sk — % (T}CE;— + §kr£ + SiLy + LkSk) | < C(T)TL_% (§-23)

E|E p2pt1 — 21 — 2 <q;gk — 7 g, + zkhk) — Tgbku <C(T)n™2, (S-24)
E|Epres1 — 7% — = (P,ng — 819, + rkhk) — T (2@, + Lir)| <C(T)n~% (S-25)

where g, Lk, g, hi, by are defined in (S-7)), (S-8), (S-14), (S-15) and (S-17), respectively.
We first prove (S-21). From (S-2), we have

Vit = Vi = 2wy [ (€311 Vi Wk + 11G8gy 1 wi) — AV idiag(H'(Sk))].  (S-26)

Averaging both sides of the above equation over ¢ox+1 and agg41, we have
Er Vit — Vi = Z[wigy + Vi), (S-27)

where g, and Ly, are defined in tl and 1| respectively. Multiplying U from the left on the
both sides of the above equation, we have

N

Ei Prii — P = I [a,3] + Pl |

which implies (S-21). In fact, there is no higher-order term in (S-21)), and the left hand side of (S-21)
is exactly zero.

Then, we prove (S-22). From (S-I)), we have

Wiy — WE = =~ [ykﬂylwk) — Yo f Wapwr) — Awkdiag(H/(zk))} ; (S-28)



where y;,, = Ucy + /nrar and Yy, = ViCar + /Nca2k. Averaging both sides of the above
equation over cg, a,Ca, and asy, we have

Epwpir —wp =7 {ng + <akf(cqu + \/ﬁa;wk)>
= Vg — (@ f@nri + Vilcagswy) ) — Awrdiag(H'(z4))].
Multiplying U T from the left on the both sides of the above equation, we have
Erqri1 —qr =7 [Qk — Prgy, + <UTakf(CQQk + \/ﬂiTakka)>c’a

w6 (UTaf(@ ri+iiga i) = Agdiag(H'(21))]  (5-29)

Ta I
We note that [g @k | are Gaussian random vector with zero-mean and covariance matrix {qT Zk] .
ag k k
We can rewrite
<UTaf(chk + w/nTaT'wk)> = z;1/2Uka <ef(chk + w/zkme> (S-30)
c,a c,e

= /N7qy <f/(Cqug + \/anT€>c .

where the second line is due to Stein’s lemma (i.e., integral by part for Gaussian random variable.)
Similarly, we have

<UT6f(ETrk + ,/ngﬁka)> = /NG9 < (c T+ \/zknc;e> . (S-31)
Substituting (S-30) and (S-3T) into (S-29)), we get

Et @1 — ax = 7 (91 — Prgy + aihu],

where g, g5, and hy, are defined in (S-7)), (S-14)), and (S-15), respectively. Now, we proved (S-22),
which again has no higher-order term.

We next prove (S-23)). Note that

Sit1 =Sk =Vi+ Vi1 = Vi) (Vi + Vg1 — Vi) = S
=VI(Vigi = Vi) + (Vi = Vi) Vit (Vi = Vi)' (Vi — V).

Averaging both sides of the above equation over o1 and a1 and substituting (S-27)) into above
equation, we have

N

~ ~ F ~ T ~
Ex Sky1— Sk =17 {Tkng + 8Ly + gy + Lksk} + ,72 [wigy +ViLy] [wigy + VL.

(S-32)
We know that
~ T ~ ~
E|[wigy + ViLi] [wigy, + VLl < E|wigy, + VLl
< 22)1g3 17 + 2/ Skl L |2
< CE [z, + || Skl]
< o(T), (S-33)

where g, Ly, are defined in (S-7)) and (S-8)), respectively. The third line of the above inequalities is
due to the fact that f and H' are umformly bounded, and in reaching the last line, we used Lernma

Combining (S-32)) and (S-33)), we reach (S-23).

The other two inequalities (S-24) and (S-23)) can be proved in a similar way. We omit the details
here. O
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Check Condition (C.1)

Lemma 6. Under the same setting as Theorem 1, for all k = 0,1, ..., |nT| with a given T > 0,
then
E| M1 —E, M| < C(T)n 2.

Proof. Note that EHMk-i-l — Ex Mk+1H2 = EHMk-i-l — M — E; (Mk—i-l — Mk)H2 <
E||Mj.1 — Myl Itis sufficient to prove
E| Mgy — M| < C(T)n >, (S-34)

In what follows, we are going to bound the second-order moment of each element in M1 — M.
In particular, we bound the 5 blocks Py, Sk, qy,, 2, and ry of M, separately.

We first bound E || P41 — Pp||2. Multiplying U " from left on both sides of (S-26), we have
Pii1— Py = L@ 41 [ (@1 Vi Wi, + 06 wi) — APdiag(H' (Vi V)]
We then get
E[|Piss — Pyl < OnE [|lgel?Ex [z |2 + [Pe]?]

< CnE [1+ [lgul + |1 Py
<C(T)n™2 (S-35)
Here the last line is due to Lemma[3l

We next bound E ||q;,,; — g;||? in the same way. Specifically, multiplying U from the left on both

sides of (S-28), we get

di+1 — 4k = % [UTykf(y/Iwk) - UT%kf@szwk) - )\qkdiag(H’(w;—wk))} .
‘We then have
E HQk—H - Qk||2
2 — ~ . ~
< SE (el 7 + 11U Tanl*£2 + |1 PrlP ezl £3 + 1U " azil® £, + llail*h3)

< On (14 EU T arl'JE 5+ \EIU el E F, + E 22 + B[S0

<On Y 1+Ez2+E| S|
<C(T)n"?, (S-36)

where f), and fo, are shorthands for f (yf wy) and F(Fapwr) respectively. In reaching the last line,
we used Lemma 3| again.

Similarly, we can also prove that
E|[Sks1— Skl* < C(T)n"?
E(zp41 — 21)2 < C(T)n ™2 (S-37)
E et — rl® < C(T)n
Combining (S-33), (S-36) and (S-37), we can prove (S-34), which concludes the whole proof. [

n

S-IV.3 Proof of Lemma[2]

Before proving Lemma|z|, we first present and prove the following lemma. Let w; and vy, ; denote
the ith row vectors of U and Vi, in column view, respectively, and let wy, ; be the ith element of the
vector wy.

Lemma 7. Under the same setting as Theorem 1, for all k = 0,1, ..., |nT| with a given T > 0,
then

|Ex vit1,i — vkl < Cn? (H'Uk,iH + ‘wk,i|) (S-38)

[ wis = wii] < Cnt (sl + Jowal + [wii]) (S-39)
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In the proof of this lemma and Lemma[2] we omit the two constants 7r and 7 for simplicity.

Proof. From || and knowing that the function fand H’ are uniformly bounded, we can immedi-
ately prove (S-38)

Next, we are going to prove (S-39). From (S-1)), we know

‘Ek Wrt1,i — wk,i‘

< Z( u) <Ckf(ygwk)> + <ak,if(y£wk)>
Ci,a Ck,Qp
+ ol (Canf@nwn) |+ |(Garif @dwn) +A|wk,iH'<wzwk>])
C2k,a2k C2k,a2k
scn1(|ui||+||vk,i|+!wk,i|+ (araf@lw)) |+ (G f@awn)) )
Ck,ak C2k,Q2k

(S-40)

where the last is due to the fact that H', f and fare uniformly bounded. Using Taylor’s expansion
up-to zero-order

flylwi) = flaicr+ Zj;siwk,jak,j + wy jak,;)
= flap ek + 3wk gk s) + /(@) eh + 2wk 5Ok j + Xhi) Wk Ok 5

with Xy, ; being some number such that ’Xk,i’ < ]wk7iak7i| , we have

<ak,if(ygwk‘)>

Ck,ak

< ‘<f(QZCk + Zj;éiwk,jak>j)ak7i>

+ ’<f’(q;0k + 202 Wk 0k, + Xk7i)wk,jaz,j>

ck,ak Ck,ak

= ‘<f/(qz:—ck D i Wk, Xk,i)wk,ia%,i>

< Clwgl - (S-41)

The second line is due to the fact ay ; is zero-mean, and in reaching the last line, we used the
boundness of f’. Similarly, we can get

~ T
<a2k,z‘f(yzkwk)>c .
2k,A2k

Substituting (S-41)) and (S-42) into (S-40), we prove (S-40). O

Now we are in the position to prove Lemma 2]

Ck,Qk

< Clwpy - (S-42)

Proof of Lemma[2] Because of the exchangeability, E wﬁ,i =E wéj, and E [Vk]ig =E [Vk];{é for
alli,j=1,2,...,nand ¢ =1,2,...,d. Thus, we only need to prove (S-20) for any specific i.

We first prove Ewj, ; < C(T)n~2. We know that
Ewlir; —Euil; =4E 0] B (wei1i = wii)| + 68 [0} Ex (wnsri —wii)’]  (5-43)
3 4
+4E [wk,ﬂEk (Wht1,i — Wryi) } + EE; (Wit1,i — Weyi) -

From 1} and knowing that h, f and fvare uniformly bounded, we have

C
Er (Wi —wi)' < = (1 |+ el + ]wm\”) fory =2,3,4.  (S-44)
Substituting (S-39) and (S-44) into (S-43) and using the Young’s inequality, we have
Ewlyr—Euil; <€ (072 + E il + EJogl* + Ewi,)

< CE (724 S Vilhe + i) (5-45)
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where the last line is due to Assumption A.4), which implies Y, [U]}, < C. Similarly, we can prove

Ly

SIAE (Vienll = Vi) < SE (n 72+ SiL Vil +wb,) . (546)
Combining (S-45) and (S-46), we have
d d - d
E (i1, S [Vasali)—E (wh + T Vili,) < € [n 1 E (wh;+ ze:mm;{g)} .
Using the above inequality iteratively, we have
E (wi; + SiaValhe) < (072 4wl + SiL Vol €.

Since E (wg ; + S0, [Vo]} ) are bounded in Assumption A.4), we now reach (S-20). O

S-V  Local stability analysis of the fixed points of the ODE

In this section, we provide additional details on the local stability analysis of the ODE for Example
1. We first its simplified ODE (I3) in the main text. Then, we provide the derivation of the local
stability analysis when d = 1, where the main results are summarized in Section [S-I} Finally, we
establish the proof of Claim 1 in the main text.

S-V.1 Derive the reduced ODE for Example [T when A — oo

In Example f(z) = f(z) = . Plugging back to @), we obtain that
g9: = Aq,
g, = Ar, (S-47)
be = nr(ai Ag, +nrz0) + n6(r] Are+ncz).
Correspondingly, ODE in (8)) becomes:
4p, =7(q;7 A+ P.L,)
d%‘]t = T(AQt - Ptxrt + ‘Jtht)
d%rt = T(P?Aqt — Stxrt + rtht) + ?(Krt + Ltrt)
d—dtSt = ?(rtT:KT + Krtr: + S.L; + LtSt) (549
d—dtzt = 27'(thAqt — r:Krt + zihy)
+72[nr(a) Ag, + zimr) + 6 (v Ary + zmc)]
The first four equations are exactly . From last two equations of , by setting d—dtdiag{St} =

0, d%zt = 0, diag(St) = I and z; = 1, we can get .

S-V.2 A complete study of all fixed points when d = 1

We next provide the local stability analysis of the fixed points of the ODE (13). When d = 1 and
A — o0, the macroscopic state is described by only 3 scalars, Py, ¢; and r¢. The result is summarized

in Table 1. For the sake of simplicity, we only consider the case A = A, and set 5t = ng = 1, but all
analysis can be extended to general cases.

The fixed points are given by the condition %Pt = %qt = %rt = 0. From (T3), we get
TAr(q—rP)=0
T[A—7—A(1+3)¢*lq—TA[P+ (5 —1)rglr =0 (S-49)
2
TAPq+ [AT—7) = T2r+ A(r — 7 — 72—})7’3 —7A(1+ 3)rg® =0,
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where P, ¢, r are the stationary macroscopic state. The local stability of a fixed point is identified by
whether the Jacobian matrix
9 fo) )
e ?91 %91 %91
J(P,q,r) = | 5p93 5493 5,93
d J 9
P95 39¢95 - 95
has eigenvalue with non-negative real part or not, where g1 = TAr(¢—rP), go =
T [A —7—A(1473) qz} qg—TA [P—|— (z-1) rq} rand gs = TAPq+ [A(F—7)— W}T—I—

A(T—;—%)TS—TA(I—FL;]T)TQQ.

Type (1) fixed pointat P=q¢=7r =20

It is easy to verify that g = r» = 0 and any P € [—1, 1] is a solution of (S-49), but we first consider
P=0.

The Jacobianat P =g =r =0 s

0 0 0
0 7(A—1) 0

J(0,0,0) =
0 0 AF—7)—72

Thus, type (1) fixed point is stable if and only if

7>A and A

SIRY
IN

Type (2) fixed pointsat P =g =0,r = £r* # 0
We first analyze when such fixed point exists and then study its local stability.

If P = ¢ =0, the first two equations in (S-49) trivially hold. The third equation becomes

TIA(r? —1) = Z(Ar? +2)] = FA(r* — 1) = 0.

3
The solution is ~ 2

2= % (S-50)
T—T—172/2

Since only the positive solution corresponds a fixed one. Thus, type (2) fixed point exists if
<1-3 (S-51)

T+A
or > 8, (S-52)

RIRIERERT

Next, we investigate the local stability of this fixed point. The Jacobian at ¢ = ¢ = 0 for a given 7 is

—TAr? TAr 0
J(0,0,7) = | =TAr  T(A—7)—AT(5 — 1)r? . 0
0 0 3r2A(T— T —F) T2+ A(F—7)

(S-53)
Plugging (S-50) into [J(0,0,7)]s,5 of (S-53), then [J(0, 0, r)]s.3 < 0 implies
I>1+1
It indicates that the stationary points at the region (S-51)) are always unstable. Thus, we only need to
consider the second region specified by (S-32).

For the upper-left 2 x 2 sub-matrix of (S-33)), the eigenvalues are non-positive if and only if
—FAr? + T(A—7) = AT(Z — 1)r* <0 (S-54)
THAZ-Dr*+A—A>0. (S-55)
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Plugging (S-30) into (S-54), we can get
> 2. (S-56)

Plugging (S-50) into (S-53) and combining (S-32), we can get

Rl

[T+ A5 =T >7A(5 - 1).
Solving this inequality implies that

T (5 —1DA 2A

<2 U7 wh et -

T_(%—l)A+T’WenT<A+2 (§8-57)
and ( )A A

7 T— 2

- > 2 h el -

TTGoDA+r T A (5-58)

Note that (S-58) is included by (S-56)), as (%(i% < 2when T > %

Then, combining (S-52)), (S-36)), and (S-37) we obtain the stability region for § = ¢ = 0,

7 T 7 7
—>14+—, —>2 and — < ,
ot T T B)
where 3(7) is defined as
(z-DA : 2A
By &) Tooarr TS a0
—+00 otherwise.

Type (3) fixed points at ¢ = » = 0 and |P| € (0, 1]

As mentioned, we can check that ¢ = r = 0 and any P € [—1, 1] is a solution of (S-49). We next
investigate the stable region for the fixed point P = %1 and ¢ = r = 0, which represents the perfect
recovery state. For general P, we can analyze its fixed point similarly.

The Jacobian at ¢ = r = 0 for any given P is

0 0 0
J(1,0,0)= |0 T(A—r1) —TA
0 TA AT—1)—72

In this case, J(1,0,0) always has an eigenvalue 0 and to calculate the rest two eigenvalues, we
only need to analyze the bottom-right 2 X 2 sub-matrix of J(§). The characteristic polynomial of
this sub-matrix is f(\) = A2 — (a + d)\ + ad — be,where a = 7(A — 7), b = —TA, ¢ = TA,
and d = A (7 — 1) — 72. The roots of f(\) = 0 both have non-positive real part if and only if
a+d <0, ad — bc > 0, which implies

<Z and I(r—A)<ZI (S-59)

AN

. . . 2
Noting that when 7 < A, the second inequality always hold, and when 7 > A, ﬁ > 4, we can
combine the two inequalities in (S-39) into compact form

- . 2
< mln{%7max{m,4}}.

The stable regions of the fixed points for ¢ = r = 0 and |P| < 1 can be derived in a similar way,
which turns out to be a subset of the stable region for P = +£1.

Type (4) fixed point at P = = 0 and ¢ # 0.

From 1i we know when at fixed point, ¢ = r = 0, then q2 = ﬁ so 7 must satisfy 7 < A.

The corresponding Jacobian is:

0 0 TAq
J0,0,¢)=| 0 7(A—7)—37A¢*(1+ %) B 0
TAq 0 (T-1)A=12—TA(1+ )
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After plugging in ¢° = ﬁ, we can obtain that the characteristic function det(AI — J(0,0,q))
is equal to:
det(A — J(0,0,q)) = [\ + 27(A — T[N\ + (27 — T)A) — 77A% %]

Clearly, det(AI — J(0,0,¢)) = 0 has a non-negative root, so J(0, 0, ¢) always has a non-negative
eigenvalue. This means type (4) fixed points are always unstable.

Type (5) fixed points at P, g, # 0

The fixed points equation can also have solutions that none of P, ¢ and r is zero. In what
follows, we derive the analytical expression of this type of solutions. It turns out that there can
be maximum 8 solutions, which are symmetric by flipping the signs. We are unable to derive the
analytical expression for their stable region, but it can be computed numerically.

If P,q,r # 0, (S-49) yields

r=14 (S-60)
A=7=A1+5)¢* = AL + (5 - 1)rr=0 (S-61)
TAPq + r[AG—71) =]+ A (r -7 - T—;) rg?TA(1+3) =0 (5-62)
Plugging into (S-61)), we can get
g >=-LAEZ-1)P 2+ AL+ 3 (8-63)
Then combining (S-60) (S-63)) and (S-62)), we can obtain the following equations:
AP™* 4+ BP24+C=0 (S-64)

where A=A(F—7)(3 - 1)+ 7 B=A[Z(1+3)—2],C = A(1+%). We can find that (S-64) is
an equation of P~2 with at most two roots. Combining (S-63]), we know there are at most 2 solutions
for the pair (¢~2, P~2) and hence there are at most 8 solutions for (¢, P,r), where r = P/q.

S-V.3  Proof of Claim[]

Proof of Claim[I} We first compute the Jacobian 8{ d—dtPt, %qt, d—dtrt, }/a{Pt7 gq,, 7} of the ODE
(T3) when g, = 7; = 0. In the Jacobian, the d x d matrix P is considered as a d” vector. In fact,
all elements in the Jacobian matrix related to P; are 0. Specifically, the Jacobian for any P and
g, =1:=0is

0 0 o 0 B
JP)=|0 7(A—7n?14) _ —TPA |, (S-65)
0 TPTA AT —1)— 1202

where n? = (n} +n3)/2.

When P is diagonal, under a suitable column-row permutation, the J (P) in (S-63) becomes a block
diagonal matrix, where each non-zero block is a 2 X 2 matrix

7([Alee — ™072) —7[P]ge[Alee )
_ Tl - (S-66)
T[Plee[Alee  [Alee(T—1) =75
for ¢ = 1,2,...,d. Intuitively, the above matrix is the Jacobian matrix of

0{5lade, glrele}/0{lae, [rele}. and the Jacobian O{ ftlaile, ilrele}/0{laile, [rile} is zero
for ¢ # 0.

Now the problem reduces into investigate eigenvalues of n 2-by-2 matrices. For any given ¢ =
1,2,...,n, we have studied this problem in Section[S-V.2] (type (1) and type (3) fixed points).
Specifically, the perfect recovery point P = I, g = r = 0 is stable if and only if A\pax(J(P)) <0,

where J(P) is defined in (S-63). Similar to the analysis of the type (3) fixed points in Section|S-V.2]
the condition that both eigenvalues of the matrix in (S-66) is non-positive implies

L([Alee — [Alee + a[A]ge) < 02 (S-67)
and  a(rn? — [A]ee) < [TT\?; (712 = [Alee + [Ales), (S-68)
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forall ¢ = 1,2,...,n. The inequality is the first inequality of (I3) in Claim 1 in the main text.

Next, we investigate the condition when the trivial fixed point of the origin P =0and g =r = 0 is
unstable. Put P = 0 into (S-66)), we get a diagonal matrix

T([Alee =) 0 _
0 [A]g’e(;—T)—Tznz '
When any eigenvalue of the above matrices for £ = 1,2, ..., n is positive, this trivial fixed point will

be unstable. A sufficient condition is the first eigenvalues of all matrices are positive:
™% < [A]ggforall £ =1,2,... n. (S-69)

The above inequality is the second inequality of in the main text. In addition, (S-69) implies
(S-68) hold as the left hand side of (S-68)) is negative. Now, we prove that (T3) is a sufficient condition
that the perfect fixed point is stable and the trivial fixed point is unstable.

O

We further note that (I3]) is not a necessary condition. There may be a region that (S-69) does not
hold, but the origin is still unstable, and the perfect recovery point is stable. Such region is hard to
characterize analytically, and numerically, we found the training algorithms always converge to other
bad fixed points (e.g. mode collapsing state, or a state that P and q are still zero, but  is non-zero.
The situation of the latter is similar to the noninfo-2 phase in the d = 1 case, which converges to
the type (2) fixed point). Further study on those bad fixed points will be established in future works
under a more general model.
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