Supplementary Materials for ‘“Policy Optimization Provably
Converges to Nash Equilibria in Zero-Sum Linear Quadratic Games”

A Pseudocode for Model-Free Nested-Gradient Algorithms

In this section, we provide the pseudocode of the model-free nested-gradient algorithms, which are
built upon the nested-gradient updates proposed in §4.

First, as essential elements in the nested-gradient, the gradient V C(K, L) and the correlation ma-
trix Y 1, for given K, L can be estimated via samples. The estimates are obtained from the function

Est(X;L), which is tabulated in Algorithm 1. The estimate of V xC (K, L), denoted by V K?(?, L),
is obtained via zeroth-order optimization algorithms, where the perturbation U; is drawn from a ball
with fixed radius.

Given Algorithm 1, we then summarize the model-free updates for solving the inner-loop minimiza-
tion problem, i.e., finding K (L) as a subroutine Inner-NG(L) in Algorithm 2. Note that among
updates (4.3)-(4.5), only the policy gradient and the natural PG updates can be converted to model-
free versions.

After a finite number 7 of inner-loop updates in Algorithm 2, the approximate stationary point
solution K is then substituted into the outer-loop nested-gradient update, as shown in Algorithm 3.
Note that the example uses projected NG update only, since the corresponding projection operator
]P’SD [-], see definition in (4.10), does not rely on the iterate L at each iteration ¢. Then after a finite

number 7" of projected NG iterates, the algorithm outputs the solution pair (@), LT).

Algorithm 1 Est(K;L): Estimating V xC(K, L) and Sg. 1 at K for given L

1: Input: K, L, number of trajectories m, rollout length R, smooth parameter r, dimension d =
mld

2: fort=1,---mdo
3:  Sample a policy K ; = K + U;, where U, is drawn uniformly at random over matrices with
Uil = r
4:  Simulate (K i, L) for R steps starting from xg ~ D, and collect the empirical estimates C
and E as:
R R R R
= th, Y= thx:
t=1 t=1
where c¢; and z; are the costs and states following this trajectory
5: end for
6: Return the estimates:

1. d 4 - 1 o
ViC(K, :ngg ZK,L:E;E%
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Algorithm 2 Inner-NG(L): Model-Free Updates For Finding K (L)
1: Input: L, number of iterations 7, initialization K such that (Ko, L) is stable

2: forr=0,---,7 —1do
3:  Call Est(K ;L) to obtain the gradient and the correlation matrix estimates:
ViC(K,,L),Sk. 1] = Est(K,; L)
4:  Either PG update: K.y =K, — aVKC/(I?T, L),
or natural PG update: K;11 =K, —aVgC(K,;,L)- EA];(LL.
5: end for

6: Return the iterate K

Algorithm 3 Outer-NG: Model-Free Nested-Gradient Algorithms

1: Input: Lo, number of trajectories m, number of iterations T, rollout length R, parameter r,

dimension d = mod
2: fort=0,---,T—1do
3: fori=1,---mdo

4: Sample a policy EZ = Ly + V;, where V; is drawn uniformly at random over matrices with
WVilp=r .
5: Call Inner-NG(L;) to obtain the estimate of K (L;):

K(L;) = Inner-NG(L;)
6: Simulate (K (L;), L;) for R steps starting from zy ~ D, and collect the empirical estimates
C; and 5; as:

R R
C; = E c E xt:rt
t=1 =1

where c¢; and x; are the costs and states following th1s trajectory
end for
8:  Obtain the estimates of the gradient and the correlation matrix:

~

— m

VLC Z CVZ’ ZK(L )L, ZZ
9:  Either projected NG update: Ly = ]P’Q [Lf +nV LC }
or projected natural NG update: Ly =PYC {Lt + T)VLC(Lt)i RE.L } .

10: end for
11: Return the iterate L.
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B Proofs of Main Results

In this section, we provide proofs for the main results on the convergence of the nested-gradient
algorithms stated in §5.

Notation. For any vector x € R™ and matrix Y € R™*", we use ||z|, ||Y]], and ||Y]| 7 to denote
the Euclidean norm of z, the induced 2-norm, and the Frobenius norm of Y, respectively. We use
vec(Y) € R™™ to denote the vectorization of the matrix Y. For any symmetric matrix M € R™"*",
we use M > 0 and M > 0 to denote the nonnegative-definiteness and positive definiteness of M,
respectively. For any set S, we use S¢ to denote the complement set of S. For any square matrix
A, we use p(A) to denote its spectral radius, i.e., the largest absolute value of its eigenvalues, of
matrix A. For any matrix M € R™*"™, we use opin(M) and omax (M) to denote its smallest and
largest singular values, respectively. For any real symmetric matrix M € R™*™, we use A\pin(M)
and Apax (M) to denote its smallest and largest eigenvalues, respectively. We use ® to denote the
Kronecker product. For any positive integer m, we use [m] to denote the set of integers {1,--- ,m}.
We use 0,,, x, to denote the all-zero matrix with dimension m X n, and I to denote the identity matrix
with proper dimensions.

For notational convenience, we (re-)define the following functions

value: Vi.p(z) = xTPK’Lx,
action-value: Qr,r(x,u,v) = ' Qr+u' R'u—v' R + Vi, (Az + Bu + Cv),
advantage: Ak n(z,u,v) = Qk,1(x,u,v) — Vi ().

Also, we define

Ek1 = (R*+ B PxB)K — B' Pg.1,(A—CL), (B.1)
Fxp=(—R’'+C"PxCO)L —C" Py (A~ BK), (B.2)
M = Omin (ExONDmOx(—)r)a V = Omin (WL*)7 (B3)

where we recall the definitions of Pg 1, and W7, in (3.2) and (4.14), respectively. To simplify the
notation, we denote CK(L))L by (;, for any notation (k1. e.g., V.1, Qr.L. Ak 1, Pk, L. etc.

B.1 Auxiliary Lemmas

To proceed with the analysis, we first establish several lemmas that are useful in the ensuing analysis
in general. The first lemma links the value function Vi ;, and the advantage function Ag r, when
varying K and L, which plays a similar role as Lemma 7 in [25].

Lemma B.1 (Cost Difference Lemma). Suppose both (K, L) and (K’, L’) are stabilizing. Let
{z}}1>0 and {(uy,v})}+>0 be the sequences of state and action pairs generated by (K',L'), i.e.,

starting from x{, = x and satisfying v}, = —K'x}, v; = —L'x}. Then, it follows that
Vieo (z) = Vie () = Y Ak 1(@f, uf, v)). (B.4)
>0

Moreover, we have

A p(z,~K'z,~L'z) =22 (K' — K) " Exgrz+2' (K' - K) (R + B" Px . B)(K' — K)z
+22 (L' — L) Fxpz+a (L' = L) (=R* + CT Pk ,C)(L' — L)z
+2: (L' = L)'CT Pk B(K' — K)z. (B.5)

Proof. Let the sequence of costs generated under (K’, L') be denoted by ¢;. Then

Vo (@) = Vie () = Y ¢ = V(@) = > [e} + Vie (@) — Vie o (@))] = Vi L (@)

>0 >0
=3 a4+ Ver(@h) = Vier(@)] =D Ak o), uj,v)).
>0 +>0

Thus, we establish the first argument.
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Moreover, for the second claim, let u = —K’x and v = —L’x. Then
Ak p(z,u,v) = Qk,L(z,u,v) — Vi,1(x)
=2 [Q+ (K')'R*K'— (L')TR'L'|xa+2" (A~ BK' — CL') " Px,1.(A— BK' — CL')x — Vik,1(x)
=22 (K'— K)'[(R*+ B"Px,.B)K — B' Pk, . (A~ CL)]z + 2" (K' = K)" (R" + B' Px,LB)
(K = K)z+2z" (L' = L) [(-R" + C" Px,.C)L — C" Px,1.(A — BK)]a
+2¢ (L' = L) CTPxB(K' = K)x+a' (L' —=L)"(~R" 4+ C" Px,.C)(L' — L)z
=2z (K' —K) " Exrz+a" (K —K) (R*+B"Px 1 B)(K'— K)z+22" (L' — L) Fx rx
+a2' (L' = L) (~R" 4+ C"Pg,.C)(L' — L)z + 22" (L' = L)' C" Px 1 B(K' — K)z,
which completes the proof. O

For any L € Q, recall that P; is the solution to the inner-loop Riccati equation (4.2), and K (L) is
the stationary point solution defined in (4.1). We have the following properties of P} and K (L).

Lemma B.2 (Optimality of K (L) and Boundedness of P;). Suppose X j, is full-rank for any K
and L. Recall the definition of the set {2 in (3.4). Then under Assumption 2.1, for any L € £, the
inner-loop Riccati equation (4.2) always admits a solution P} > 0, and the control pair (K (L), L) is

stabilizing. Moreover, for any x € RY, V() < Vi , () for any K € R™1 <, Taking expectation

on both sides further yields that C(K (L), L) < C(K,L). In addition, P; is bounded and satisfies
Q — LTRYL < P} < P*, which implies that C(K (L), L) < C(K*, L*).

Proof. Since Qr = Q — LTRYL > 0, it follows that (EL7 @L) is observable. Moreover, Lemma
2.2 shows the existence of the saddle-point (K*, L*), implying that for any L € 2 and any x( € R?

VK*’L(Z’()) < VK*,L* ({EO) < 00, (B.6)

which further implies that 0 < Py~ j, < Pg- r~. Thus, for the inner LQR problem with any L € €,

there always exists a stabilizing control K*, i.e., (/~1L, B) is always stabilizable [57]. Hence, by
Proposition 4.4.1 in [58], the inner-loop Riccati equation (4.2) always admits a solution P} > 0,
and the control pair (K (L), L) is stabilizing. Moreover, K (L) yields the optimal cost, i.e.,

Vi (),r(z0) < Vi 1 (20), (B.7)
for any K. Taking expectation over (B.7) on zo ~ D yields C(K (L), L) < C(K, L).
Furthermore, combining (B.6) and (B.7) yields
Vic(),(x0) < Vi« p(x0) < Vi 1+ (20), (B.8)

for any x9. As a result, we have P; < P*. Taking expectation over (B.8) further gives
C(K(L),L) < C(K*,L*). Also, since Pj is a solution to Lyapunov equation

P; =Q.+ K R“K +[A;, — BK(L)]" P{|A, — BK(L)],
it holds that P} > @)1, which completes the proof. O

Moreover, we also need the following lemma that characterizes the property of the projection op-
erator in the projected NG updates (4.9), (4.12), and (4.15). Proof of the lemma is provided in
§C.6.

Lemma B.3. Forany Ly, Lo € R™2 *d the projection operators defined in (4.10), (4.13), and (4.16)
at iterate L have the following properties:

Tr [(L1 — L)% (PSN (L) — PSN[LQ])TWL] > Tr [(PSN[Ll] — P§N (L)) 5 (PSY [L4] — ]P’gN[LQ})TWL],
Tr [(n = Lo) T3 (PR C1E0) = PACIL2) | > T [(PYO (L] - PYO[La]) S5 (P [La] - PYC[La]) ]

Tr [(L1 — L) (P§P (L] — IF’SD[LQ])T] > Tr [(PgD[Ll} — P§P[Lo]) (PSP [L4] — PSD[LQ])T} .

Another important result used later is the continuity of P} w.r.t. L, for any L € 2, whose proof is
deferred to §C.7.
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Lemma B.4. For any L € Q, let P} > 0 be the solution to the inner-loop Riccati equation (4.2).
Then P is a continuous function w.r.t L.

Similarly, we also establish the following lemma on the continuity of the correlation matrix X g r,
and Pk ;, wr.t. K and L, respectively.

Lemma B.5. For any stabilizing control pair (X, L), the correlation matrix ¥ g 1, and the solution
P 1, to Lyapunov equation (3.2) are both continuous w.r.t. K and L.

Proof. For stabilizing (K, L), X 1, is the unique solution to the following Lyapunov equation
(A—BK —CL)Yg (A—BK —CL)" +% =Xk 1, (B.9)
where we denote EwONDxOxOT > 0 by Yy. By vectorizing both sides, we can rewrite (B.9) as
W (vec(Xk,1), K, L) = vec(Sk,1),
where the operator ¥ : R%* x Rm1xd x Rmz2xd _y Re” g defined as
U(vec(Xk,1), K, L) := [(A— BK —CL)® (A— BK — CL)| - vec(Sk,1) + vec(Zo).
Notice that
8[\Il(vec(EK7L), K,L) - vec(EK,L)]
ovec’ (Xk 1)
which is invertible for stabilizing (K, L), since the eigenvalues of [(A — BK — CL) ® (A —
BK — CL)] have absolute values smaller than one. Hence, by the implicit function theorem [59],

vec(X ) is continuously differentiable, and also continuous, w.r.t. K and L, which completes the
proof. The proof for Pk i, is almost identical, which is omitted here for brevity. O

=[(A-BK-CL)®(A—BK —CL)| - I,

In addition, recalling the definition of €2 in (4.11), we have 2 C Q. Hence, by Lemma B.2, for
any L € Q, P} exists and (K (L), L) is stabilizing. Hence, ¥} also exists. We can then bound the
spectral norm of P} and X7 . Also, as P; < P*, we can also bound W7, defined in (4.14) as follows.

Lemma B.6 (Bounds for || Px ||, |2k, ||, and Wp). Recalling the definition of €2 from (4.11) as
Q:={LeR™*? Q- L R'L>( 1},
it follows that for any L € 2 and any K that makes (K, L) stabilizing
1Pkl < C(K,L)/p, 2kl <C(K,L)/C,
0<R —CTPC<Wy,.<W, <R —CT[¢' 1+BR*)"'BT]"'C <R

Proof. Since (K, L) is stabilizing, C(K, L) can be bounded as
C(K,L) = Egypxg Pr,Lw0 > || P || 0min(Ezozg ),

since Pk, > P} > 0is positive definite by Lemma B.2. Moreover, C (K, L) can also be bounded
as

C(K,L)=Tr[2k (Q+ K"R'K — L"R°L)] > Tr(Xk 1) 0min(Q — L' R'L)
> |2k, Lllomin(@ — LTRL) > ||Zk 2| - ¢,

where the first inequality uses the fact that Q — LT RVL is positive definite, and the last inequality
is due to the definition of the set (2.

In addition, by matrix inversion lemma, W, can be written as
W, =R'+C"[-P;+P;B(R*+B"P;B)"'B' P;|C
— R —CT[(P})"" +B[R")'BT]"'C.
Since Lemma B.2 shows that £ - I < P} < P*, we know that
0<R'—CTP*C<R -CT[(P)'+B(R)'BT] 'Cc<w,
<R -CT[¢" 14+ B(R")'BT]'C < RY,
which completes the proof. O

Next, we provide proofs for the convergence of the proposed algorithms.

18



B.2 Proof of Proposition 5.1

We first prove the global convergence of the inner-loop updates in (4.3)-(4.5) for given L € Q. Note
that the proof roughly follows that of Theorem 7 in [25], but requires additional arguments on the
stability of the control pair (K., L), where {K,},>¢ is generated by the updates in (4.3)-(4.5)'.
From Lemma B.2, we know that under Assumption 2.1, for any L € £, the inner LQR problem
always has a solution K (L). Thus, there always exists some K, namely, K (L), such that (K (L), L)
is stabilizing, which proves the first argument of Proposition 5.1.

Suppose the updates in (4.3)-(4.5) all start with such a stabilizing K. Thus we have
(AL — BK) " Px.(AL — BK) — Px = —Qp — K R'K. (B.10)
By Lemma B.2, Px 1, > P} > 0. Hence, Pk, is always invertible, and (B.10) can be rewritten as

1~ 1 1 1 1~ _1
Py (AL = BK) PR P (AL = BE)Pf =1 Piei (Qr+ KT RUK) Py,

K,

which gives that

~ 1

[p(ANL - BK)]Q =1- Umin[ (QL + KTRU ) ’1} < 1- Umln(P ’%LQLP[;FL) < ]-7

where the equation is due to that PI;%L(E L —BK )TP[%Q , has identical spectrum as A, — BK, the
last inequality is due to that @z, > 0. Also noticing that
Omin (Pt QuPrc ) = omin(Qr* P Q1),
we can thus assert that, if Px+ 1, < Pk 1, we have
1 0uin (P P QLPRl ) <1 — 0min(P QP (). (B.12)

Note that for all the inner updates in (4.3)-(4.5), as long as K # K(L), it holds that
IVKC(K,L)|| > 0, i.e., there exists a constant e > 0 such that |VxC(K,L)|| > ex. More-
over, the gradient norm ||V xC(K, L)|| must also be upper bounded, since K is stabilizing, and thus
both || K| and || Pg|| are bounded. Also note that both matrices (R* + B' Pk ;, B)~! and E}}L
have upper and lower-bounds, since R" + BTPK, B> R*">0and Xg 1 > ]EJONDa:OxJ > 0,
and Pk 1, is bounded. Therefore, at each K # K (L), there exist constants Upper ., Lowerg > 0
such that

a-Lowerg < ||K' — K| < a - Uppery,

where K’ is obtained from the one-step updates in of any of (4.3)-(4.5). We thus define a set QL,
which depends on K, as

Ok = {K’ 1K — K| < a-UpperK},
which is compact. On the other hand, define Q2. the lower-level set of K’ as
02 = {K’ | (AL = BK') < [1 = omin( P {2 QuPR /)2 < 1}

which is closed by the continuity and lower-boundedness of p(g 1 — BK) wrt. K [60]. Hence,
the intersection Q¢ = Q} () Q% is compact. Note that the intersection Qx # 0, since it at least

contains K. Also, the upper-level set that ensures p(g 1 — BK’) > 1is closed. Thus, by Lemma

C.6, there exists a positive distance between the two disjoint sets. Denote this distance by dx. Then
any K’ such that | K’ — K|| < {x is stabilizing.

Now we take the analysis for Gauss-Newton update (4.5) as an example. If o - Uppery, < dx for
any a € [0,1/2], i.e., the range of « in Lemma 14 of [25] that ensures the contraction of the cost,

'Note that the stability argument has been supplemented in the latest version of [25], during the time of
preparation of this paper. But still, we provide a different approach to show the stability for the Gauss-Newton
and natural nested-gradient updates, which may be of independent interest.
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then both K’ and K are stabilizing. By further applying Lemma 10 in [25] and the form of (4.5),
we have that for any « € [0,1/2]

Vi n(2) — Vi (7)) = (—4a + 4a?) Tr [Z(xé)(xé)TE;;L(Ru + BTPK,LB)_IEK,L]

t>0

< —2aTr [Z(w;)(x;)TE;L(Ru + BTPK,LB)‘lEK,L} <0, (B.13)
t>0

where {}}:>0 is the sequence of states generated by (K’, L) with z{, = x for any = € R?. Hence,
we show the monotonicity of Pg- 1, 1i.e., Px/ 1 < Pk 1, after one-step update of (4.5).

If o - Upper > dx for some a € [0,1/2], the one-step update (4.5) may go beyond the stabilizing
region with radius dx. However, we can show as follows that for all the o changing from 0 to
1/2, the updated K’ remains to be stabilizing. First, there must exist some stepsize 5 € (0,1/2)
such that 8 - Upper;, < dx. Let the arrived control gain be K 2, Then by the argument in the
previous paragraph, we know that PKZav 1 < Pk 1. Thus, any K’ such that | K/ — K é || < dk isalso
stabilizing, including the control gain K" 3 updated from K using stepsize 23. If 23 > 1/2, then
simply choosing o € [0, 1/2] ensures the stability of K'; if 28 < 1/2, then K" 5 can also be shown
to lead to that P, 1 < Pk 1 using the argument in (B.13), which further implies that any K !
such that || K’ — K" 3|| < 0k is also stabilizing. This enables the choice of stepsize 37 starting from
K. Repeating the argument concludes that any choice of & € [0,1/2] guarantees the stability of
the update. Thus, the linear convergence rate of Gauss-Newton update can be obtained by the proof
of Theorem 7 in [25]. In particular, along the iteration 7 > 0, the sequence {PKT’ L}TZO satisfies
Pk, 1> Pk .. > Pr),rL-

The proof for natural PG update is similar, except that the upper bound for the stepsize choice is
changed from 1/2 to 1/||R* + B Pk 1, B|| (see Lemma 15 in [25]), which can also be covered by
finite times of some 3 > 0.

For the stability proof of the gradient update, such an idea of using (B.11) and the monotonicity of

P 1, to upper bound the spectral radius p(zzlv 1, — BK) does not apply, since only the monotonicity
of C(K, L) instead of P 1, can be shown. Hence, we follow the stability argument in [25] for the
gradient update; see Appendix §C.4 therein.

With the stability arguments verified as above, the last two arguments of the proposition on the
algorithm convergence then follow from Theorem 7 in [25], which completes the proof. O

B.3 Proof of Theorem 5.2

We now prove the global convergence of the nested-gradient algorithms. First, since the projection
set Q C Q, we have from Lemma B.2 that the control pair sequence {K (L;), L, };>0 generated by
the projected updates are always stabilizing, namely, the stability argument holds regardless of the
choice of the stepsize 7. Moreover, since {2 C 2, the inner-loop updates in (4.3)-(4.5) converge to
K (L;) with linear rate by Proposition 5.1.

To establish the global convergence result, we first need the following lemma that characterizes the
difference in value functions for any two pairs of control gains (K (L), L) and (K (L'), L") when
L, L' €.

Lemma B.7 (Value Difference Between (K (L), L) and (K (L’), L")). For any matrices L, L' € ,
recalling the definition of W, in (4.14), it follows that

vg,(m)—vg‘(x)zm[gx;*(x;*)T(' AR [Zx @ - T - )

where {z}*}:>¢ is the sequence of states generated by the control pairs (K (L’), L") with z(f = .
Additionally, letting K(L,L') = K(L) — (R* + B"P;B)"'BT P;C(L' — L), we have that for
any x

Vide) - Vi) < 20| SRl (1 - TR | - Y aa (- W - )|

t>0 t>0
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where {#} }+> is the sequence of states generated by the control pairs (K (L, L'), L'), with 7 = .

Proof. First by Lemma B.2, both P} > 0 and P}, > 0, (K(L), L) and (K (L), L') are stabilizing.
Also, from Lemma B.1, we have that for any stabilizing control pair (K’, L) and any = € R?

Vie o (z) = Vi () = Y Aj (), uj, vp),
t>0

with z, = z, u; = —K'x}, and v; = —L'z}. Moreover, by definitions of F ;, in (B.2) and K (L)
in (4.1), we have E7 = 0, which combined with (B.5) further gives that

A (x,~K'z,~L'z) =2 (K' — K(L)) " (R*+ B"P; B)(K' — K(L))z (B.14)
+2e" (L)~ L) " Ffz+2" (L' - L)"(~R*+ CTP;C)(L' — L)x
+2¢" (L'~ L)'CTP}B(K' — K(L))z.
Completing the squares w.r.t. K’ in (B.14) yields
A (v, ~K'z,~L'z)=22" (L' — L) "Ffz + 2" (L' = L) (-R* + CT P;C)(L' — L)z
+a'[K'— K(L)+ (R“+B'P;B)"'B"P;C(L )] (R"
[K' — K(L)+ (R*+ B'P;B)"'B'"P;C(L' — L)
—2 (L' -L)"C"P;B(R*+ B"P;B)"'B"P;C(L' — L)z
>2: (L' —L)"Fjo —a" (L — L)W (L' — L)z, (B.15)

where W7, is as defined in (4.14), and the last inequality follows from the fact that R“+ B T P;B>0
(since P; > 0). Thus, replacing K’ in (B.15) with K (L’) yields

Vi) = Vi) 2 2T |t ) (1 - DT F| - )T - Wl - 1),

t>0 t>0

+ B'P;B)

where z(f = x and 2}, | = [A— BK (L") — CL']-z{* follows the trajectory generated by the control
(K (L"), L"). This completes the proof of the lower bound.

On the other hand, by defining K(L,L’) = K(L) — (R* + B'P;B)"'BTP;C(L' — L), and
letting K’ = K (L, L) in (B.15), we obtain that

V(@) - = QTT[ #w (L TFL} —Tr {Z zr; (L' = L)TWy (L' — L)]
+>0 >0

(B.16)

where 7 = 2, 7}, = [A — BK(L,L') — CL'] - 7, follows the trajectory generated by the control

(K (L, L"), L' ) Moreover since P}, > 0 and the opt1ma11ty of K(L') from Lemma B.2, we have
Vi), (r) < K Lo 1 (). Therefore, (B.16) further gives

Vi (z) — ) <2 Tr{ 77 (L FL} - [Z T (L — L)W (L — L)} :
t>0 >0
which proves the upper bound in the lemma, and thus completes the proof. O

Moreover, we establish the following important lemma on the perturbation of the covariance matrix
27, whose proof is a little involved and deferred to §C.8.

Lemma B.8 (Perturbation of X% ). Under Assumption 2.1, for any L, L’ € €, there exist some
constants B5, BE, BE > 0, such that if

g IBI[BEIAL - BE(L)| +[[PLICI] 2(14r — BE(L)] + 1) (BE|B] + 1)
B IBlICl " (BE)?IBIPR + [IC)1? + 2BE | BIl|IC|
(B.17)

1L —L| < min{

if follows that
127 — 23l < 4(|AL — BK(L)[| + 1) (B& B + [IC]|) - [IL" = L.
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In addition, we can also bound the norm of the nested-gradient |V C(L)||, and the norms of the
gradient-mappings, as follows.

Lemma B.9. For any L € (), recall the gradient mappings G’z, éz, G*L defined in (5.1), then

G

2| Gill |G

LR ez} < Ivse)|

Vi
_ 2C(K(L), L) \/ IWellC(K", L*) — C(K(L), L)
¢

b

where ¢ = min{ms, d}.

Proof. Recall that by definition V,C(L) = 2F}%% . Hence, by Lemma B.6,
IVLC(L)I? < 4T (SpF; Fisy) < IS5 (F; Fy)
< et b
On the other hand, for any L’ € 2, we have
C(K*,L*) - C(K(L),L) > C(K(L'),L") — C(K(L), L)
> 2Te[S5, (L — L) Fy] = Te[S5, (L — L) Wi (I — L)] > Tx (S5, Ff Wy Fy)

/’L *T *
> 2 my(Fr Fp), (B.19)
vy )
where the first inequality is due to C(K*,L*) > C(K(L'),L’) for any L', the second inequality
follows by taking expectation on both sides of the lower bound in Lemma B.7, the third inequality
follows by completing the squares, and the last one is due to ¥, > p-Tand o (W, 1) = 1/|| W]

Combining (B.18) and (B.19) yields the upper bound on ||V .C(L)]|.

.
Tr (F; F}). (B.18)

Moreover, by definitions of G% , é’i, G, we have

«1/2

/2 An ok Ax T x1/2 «1/2 x 71 Lk Ak * K Ak
Tr (WL GLELGL WL ) S Tr (WL WL FLELGL WL ) S HFLELHF . GLHF’ (BZO)
T (G216 ) < T (Fisi@r ) < ||Fisill, - |Gill s (B.21)
T (GG ) < T (FisiGs ) < ||FEsill, - 163l s (B.22)

where for all (B.20)-(B.22), the first inequality is due to Lemma B.3, and the second one follows
from Cauchy-Schwartz inequality. Note that

T (Wi PG 51Gr W) > jomim (WL) n, Te(GESiGr ) = ul G,

il >

which uses the fact that o, (W1) > omin(Wr+) = v from Lemma B.6. This together with (B.20)-
(B.22) gives that

Gillo) <llFisil, < 2o Ivew). B2

max {,ul/ GEHWMHGEHF’

where the second inequality uses the fact that || F} X% ||2 = || VLC(L)||%/4and || X ||r < V7| X|| <
/min{m,n} - || X|| for matrix X € R™*" of rank r. Dividing both sides by ,/q/2, and using the

fact that | X || > || X||, we obtain the first inequality in the lemma and complete the proof. O
Now we are ready to establish the global convergence of the projected nested-gradient algorithms.
Projected Gauss-Newton Nested-Gradient:

First note that the projected Gauss-Newton nested-gradient update in (4.15) can be written as

Ly =PEN[Ly+2n - W' Ff ] =L+ 2n- G, (B.24)
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where we recall that PS™ is the projection operator defined in (4.13) and the gradient mapping G‘Z
is defined in (5.1). Since both L; and L;; lie in €2, by the lower bound in Lemma B.7 and (B.24),
we can bound the difference between V/  and V[ as

* * P 1l AT ok 1 Ak 2 P 1k Al Ak
Vi (@) = Vi, (z) > 2n'Tr 'z (Gi, Fi, + Fi, G1,)| —4n" Tr xy xy Gp,Wr,Gr, ),
t>0 t>0

where {23 } > is the state sequence generated by the control (K (L¢+1), Li4+1) with zf; = . Taking
expectation over zo ~ D, we have

C(K(Lit1), Lis1) — C(K(Ly), Lt)
AT T A AT N
> 2n - Tr [zzm( i Fp + F Gzt)} e .Tr(z*LM ! WLtht). (B.25)
In the following, we bound the two terms on the right-hand side of (B.25) separately. For the first

term, since L; € €2, applying the property of PS” in Lemma B.3 with L; = L, + 27 Wr. 'F 1, and
Ly = Ly yields

T (W5, Fr, 1,6 W) = Te(F7, 3,6, ) = (6,27, G W),
which implies that
* A Tk w1 Ak
Tr[ Lo (GL FL, + FE, Lt)]
* Ak Tk 1 Ak * * Ak Tk 1 Aok
=Tr [ELt (Gr. Fi, + 1, GLt)] + Tl"[(ELm - %3,)(GL, Fr, + FE, Lt)]
% Ak Ak * L LI
> 2Tr(ELtGLt WLtGLt) =5 =55 -Tr[( 2 F 4+ Fj Lt)]
2 ~ 2 | s
[ = 8n(IAL, = BE(L)ll + 1) (B2 |1 BIl + ICIN|GL I | Fi,
The first inequality uses triangle inequality. The last inequality uses the following facts: i) since

Omin(X3,) > Omin(Baganozg ) = o and oumin(Wi,) > 0min(Wr+) = v (see Lemma B.6), it
follows that

*
Lyt

> 2u|G,

& (B.26)

P

2o
[

(35,61 WG, ) = v (3,61, G ) = w6,
ii) from Lemma B.8, if
i1 — Lell = 29)|G7, || < K6,

where

L IBI[BSIAL — BEL)| + [PENICH] 2(1AL - BK(L)| + 1) (B || BI| + IICII)}

K5 = inf min{ B , ,
e { ? BalIBllCl (BE)?|1B)12 + ||C|12 + 28K || B |[C||
(B.27)

is the infimum for the required upper-bound on ||L’ — L|| in Lemma B.38, i.e., (B.17), then the

perturbation || X7, — X7 || can be bounded as

=%, = 2Ll < 4n(ll Az, — BK(L:)| + 1) (BLI1B] + IC1);
iii) Cauchy-Schwartz inequality yields

2 Tk w1 Ak ks
(G, Fr, + Fr, G1,)] < |67,

[ IFL,

P

Note that by definition (B.27), KL > 0 since it is the infimum of a strictly positive function of L

that is continuous over a compact set 2. Combined with the bound on ||(A;'j‘:t || from Lemma B.9, we
further obtain the requirement for the stepsize 7:

0 < K&¢uw i
= 2y/q-C(K (L), Le) \ W, [l[C(K*, L*) = C(K(Ly), Ly)]

(B.28)
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Moreover, notice that

Gthi—\,

(B.29)

V- C(K(Lt)aLt)HRvHF’

Ll < ?

To(%,,, G Wi G ) < 155,V

where the first inequality is due to Cauchy-Schwartz inequality, and the second one follows from
Lemma B.6 and the fact that | X ||z < /|| X|| for any matrix X with rank r. Substituting (B.26)
and (B.29) into (B.25) yields

Vi - CUK (L), L) B s
n 20

4 ~
_ ,TZ(“A“ — BE(Ly)|| + 1) (B | B| + ICII)HFL*tIIF}

C(K (Lir), Lis1) — C(K(Ly), L) >4 Gy, |51 -

(B.30)

which gives us another requirement for the stepsize 7:

1 -C(K(L¢), L) ||R* 4, ~ .
ne g |V RO E | L5, (o) + 1) (85 18I + 101 2,
[ % uv
(B.31)
By requiring both (B.28) and (B.31), we can further bound (B.30) as
A 2
C(K(Lt41), Ley1) — C(K(Ly), L) > 2pm]||G, || - (B.32)

Note that both the upper bounds in (B.28) and (B.31) are lower bounded above from zero, since the
numerators of both bounds are constants, and the denominators are upper bounded for L € €2, due
to the boundedness of P;, C(K (L), L), and L. Summing up both sides of (B.32) from 0 to ¢t > 1
yields

|2 < C(K*,L*) fC(K(LO),LO)
F= 2uvnt

)

=
;2L
7=0

which shows that (K (L;), L¢) converges to the NE with sublinear rate, namely, the sequence of
e

converges to zero with

the average of the gradient mapping norm square {t‘l Zt;:% ;} i1

O(1/t) rate, so does the sequence {t~' 30 ||G5 . ‘2}t>1.

Projected Natural Nested-Gradient:

The proof for the projected natural NG update (4.12) is similar. We will only cover the argument
that is different from above. Note that (4.12) can be written as

Ly =PNC[Le+2n- Ff] = Lo +2n- G}, (B.33)

where PN € is defined in (4.13) with weight matrix X% and G’ is defined in (5.1). Then by Lemma

B.7 and taking expectation xg ~ D, we also have (B.25) but with G’z replaced by é’i Then, by the
property of ]P’gG and letting Ly = Ly + 2n - F}, and Ly = L; in Lemma B.3 gives

~ T T ~ ~ T ~
Tx[Sy, (G Fi, + Fi, Gr,)| 2 2T (33,610 G )
Hence, we have

T[S, (G Fi, + Fi, Gy

* L %1 Py * * o — 1 Py
= TT[ELt (GL, FL, + Ff, GLJ} +Tr[( Lo — 21,)(GL FL, + L, GLJ}
> 24| G1, |7 = 160 (AL = BE(L)| + 1) (BE 1 BIl+ IC)1GL |12 -
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where the last inequality uses Lemma B.8, which requires that ||L; 11 — L¢|| = 277H§Et | <K& (see
ICSL) as defined in (B.27)). This further results in the following bound on the stepsize 7, due to the
bound on ||G7 || from Lemma B.9:

K&Cu i

< . (B.34)
"= 2g- C(K (L), L) \ WL C (K™, L) = C(K (L), L)
Moreover, we can have another requirement for 7, similar to (B.31), as
1 m - C(K (L), Ly)||R” 8, ~ T
ns g [V CEEQ LI 4 2G4, - B (wol+ 1) @181+ 10D Fi
(B.35)
Thus, if 7 satisfies (B.34) and (B.35), we have
~ 2
C(K(Lt+1), Lt+1) - C(K(Lt), Lt) Z Q/lnHGLt ||F (B36)
Summing up both sides of (B.36) from 0 to ¢ > 1 yields
t—1
1 ~ C(K*,L*) —C(K(Ly), L
L [ i et LG
7=0 K
which completes the proof of O(1/t) convergence rate for the sequence {¢~* Zt;:t HézT ? } 1>1

Projected Nested-Gradient:
The projected nested-gradient update (4.9) can be written as
Liy1 =PGP[Li+2n- F; 27 ] = L +2n- G},

where PSP is defined in (4.10) and G’z is defined in (5.1). By the property of P§” and Lemma B.3,
we have

Te (G, F7,1,) = Tr (3,61, Fr,) = Tr(G1L G,
which implies that
* S 1 Sk
TY{ELM( L ¥, + 1L, GLt)}
= Tr |3y, (G, Fi, + Fi, G| + T (Bh,,, — 31, (GL Fi, + Fr, G|
> 2|1, |3 — 160 (1A — BED)]+ 1) (BE 1B + IC) G, 2N FE N -

if, by Lemma B.8, ||Ly+1 — L¢|| = 2n||G7, || < K& holds. By the bound on ||G7, || from Lemma
B.9, we further require

K¢ 7
< . B.37
"= 27 C(K (L), L) \| TWa [CTK™, L) — (K (L). L) .
Also, similar to (B.31), we also require
1 -C(K(Ly), L) ||R” ~ T
ne g [V B LI g3, — preol + 1) 5151+ o177,

(B.38)

Thus, if 7 satisfies (B.37) and (B.38), we have
C(K(Lt+1), Lt+1) - C(K(Lt), Lt) 2 277H(;2t Hi, (B39)

Summing up both sides of (B.39) from 0 to ¢ > 1 yields the desired O(1/t) convergence rate for the

sequence {t~! Zi;lo

g L. ||2} +>1+ Which thus completes the proof. O
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B.4 Proof of Theorem 5.3

Now we analyze the locally linear convergence rates of the projected nested-gradient algorithms.

Projected Gauss-Newton Nested-Gradient:

First, by Assumption 2.1 and the definition of € in (4.11), L* is an interior point of (2. Letting
L' = L* and L = L; in the upper bound of Lemma B.7, we have

C(K*,L*) = C(K(Lt),Li) <2Tr[Sg, ;. (L" = L) Ff,] = Tr[Sg, (L = L) Wi, (L* = L))
*T — *
< TY(EI?t,L*FLt WLtlFLt) < Hzf(t,L*

: Tr(FE: Wi} FL) (B.40)

where K is defined as follows
Ki=K(L) - (R*+B'P;,B)"'B" P} ,C(L* — L;) = (R* + B' P{,B)"'B" P}, (A— CL"),
and the second inequality follows by completing squares. Note that the correlation matrix ¥z ;. may be

unbounded, since the control pair (f( ¢, L™), where K, is generated by L;, may not be stabilizing, unless L; is
close to L™, since we know by Assumption 2.1 that (K™, L™) is stabilizing. In fact, by the continuity of P;
w.r.t. L from Lemma B.4, and the continuity of p(A — BK — CL*) w.r.t. K [60], there exists a ball centered
at L™ with radius w; > 0, denoted by B(L", w1 ), such that B(L*,w;) C £, and for any L, € B(L",w),
p(A— BK; — CL") < 1,ie., (K¢, L") is stabilizing. Thus by Lemma B.6, (B.40) can be bounded as

C(K., L*)
¢

C(K*,L*)+ 1

C(K*, L") = C(K(L), L) < :

*T —1 * *T —1 *
-Tr(FLt W, FLt) < -Tr(FLt W, FLt),

(B.41)

for some constant ¥ > 0, where the last inequality is due to the continuity of Pk 1, and thus
C(K,L) = Tr(XoPk ) where ¥y = Ezgz , w.r.t. K, for given L, from Lemma B.5.

On the other hand, due to the continuity of P} from Lemma B.4, C(K(L),L) = Tr(X¢P}) is
continuous w.r.t. L for any L € Q. Let Co = supjcpnC(K(L), L), where 9 denotes the
boundary of the set {2. Then by continuity and the uniqueness of the maximizer L*, there exists
some L; € B(L*,w;) around L* such that Co < C(K (L), L:) < C(K*,L*), and the upper-
level set A5t = {L|C(K(L),L) > C(K (L), L)} lies in B(L*,w;) (thus also lies in 2). Since
C(K*, L*) is the upper bound of C(K (L), L), the upper-level set AL is compact. Also, letting
Qc = R™2>X4/10/0Q}, then we know that Q¢ = {L | Apax(LTR'L — Q + ¢ - I) > 0}, which
is closed since Apax(:) is a continuous function. Thus, by Lemma C.6, there exists a distance
wy > 0 between the disjoint sets Aé‘ and Q°. Thus, for any L;y; such that |Lyy1 — Lt|| < wo,
L¢y1 belongs to €2, namely, the projection is ineffective, ie., PV (L; 1) = L;;1. Letting
Ly =L+ 277WL_,,1 th. In addition, we have

1 ~
o (51) = \2/*3 [[vie@|.

where the second inequality follows from (B.23) in the proof of Lemma B.9, and the fact that

17z < lFespllies ||< ! veew)-

125 || = omi (27). By Lemma B.9, we further have
1Fz]| < ||V L) < K(L),L) \/||WL||[C(K*,L*) —C(K(L).L)] B.42)
78 [
Also, notice that

Omin (WL) o v
Thus, by (B.42) and (B.43), to ensure || L;+1 — L|| < wo we require

wz/WC [
= 2,/qC(K [WEL|[[C(K*, L*) — C(K(L), L)]”
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which can be satisfied by the following sufficient condition

n< wap/C 7
= 2yqC(K*, L*) \ |RY||C(K~*, L")’

where we use |W|| < ||R?|| from Lemma B.6. Note that the bound in (B.44) is independent of L.

(B.44)

In sum, as long as 7 satisfies (B.44), we know that L, = L; + 2nW 1Ff still lies in €2. Hence,
by the lower bound in Lemma B.7, we have

T T
C(K(Lia) Lusr) = C(K (L), L) = 4n T (5, Fi W Fy, ) — 4 T (5, Fi, WL 'Fy, )
> 2 - Tr(FZt W, 'Fr), (B.45)
provided that the stepsize n < 1/2.
Combining (B.41) and (B.45) yields
2
C(K(Lirr) Lisr) — C(K (L), Le) > ——2MCle(k, 1%) — C(K (L), Ly)),

= C(K*, L") + 9

which further leads to

C(K*, L") = C(K(Lt41), Liy1) < (1 - %) S[C(K*, L") = C(K(Lt), L:)]. (B.46)

That is, the sequence {C (K (L;), L¢) }+>0 converges to C(K*, L*) with linear rate, provided that
)1 wo v 7 C(K*,L*)+ 9
n<min«{ —, R .
2°2\/qC(K*, L*) || ||R¥[|C(K*, L*) 4p¢
In addition, by Lemma B.9

AC(K*, L*)*|| R
pc?

where we use that C(K (L;), Ly) < C(K*, L*) and W, < R". Thus, (B.46) also implies the locally

linear convergence rate of {||V ,C(Ly)||>}+>0, which completes the proof.

|VLe(Ly)| C(K*, %) = C(K(Ly), L),

Projected Natural Nested-Gradient:

The proof for projected natural nested-gradient is similar to the one above. (B.41) and (B.42) still
hold. Now since the update becomes Ly, 1 = Ly + 2nFf , to ensure || L;11 — L¢|| < wa we require

n < WzHC m
© 240K IWLII[C(K*, L*) = C(K (L), L)]”
which can be satisfied by
wa i T

. B.47
"= gyac(Ee, I\ TRV IC(K, L) B4D

Then, by the lower bound in Lemma B.7, it follows that
* *T * 2 * *T *
C(K(Lis1), Lita) — C(K(Ly), Li) > 4n'Tr (ELtHFLt FLt) — 4 Tr (ELHIFLt WLtFLt)
* *T * 2 v * *T * *T *
> anTe (S5, F7, Fi, ) = 4’| RO T (S5, Fi, F7,) > 200 Te(FE, F,), (B.48)

where the second inequality is due to ||Wr,|| < ||R”| from Lemma B.6, and the last inequality

holds if n < 1/(2]|R"]|). Note that (B.41) further gives

C(K*, L") + 9
Comin(Wi,)

which combined with (B.48) yields

C(K*,L*) + 9

C(K*,L") — C(K(Lt), L) < 1

T (F3, Fi,) < Tr(Fy, Fi,), (B.49)

C(K(Ltt1), Lew1) — C(K(Ly), Le) = (m [C(K™, L) = C(K(Ly), L) ]
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Therefore, the linear convergence rate follows as

C(K*, L") — C(K(Lis1), Lis1) < (1 - %) [C(K*, L7) — C(K (L), Li)],  (B.S0)

provided that the stepsize 7 satisfies

< min 1 wa 1 1 C(K*,L*)+7
I= 2[R 2y/aC(K~, L)\ [ROIC(K™, L*)" ~ duCv [

Note that (B.50) also implies the locally linear rate of {||V .C(L;) 1>} >0, completing the proof.

Projected Nested-Gradient:

By (B.22) and Lemma B.9, we have

|PEml < 1P, < 2 [ vac)]
_ VIC(K(L), 1) \/ IWLlle(re, L) — C(K (L), L)) B5h

Since the update becomes Ly = L; + 2nF7 X7 ,toensure ||Liy1 — Lqf| < wo, we require

wa( I

. B.52
"= 5 gek o)\ TRV e ) (B:2)

Then, applying Lemma B.7 we have
* * *T * 2 * * *T * *
C(K (Les), Lisn) = C(K (Lo), L) > dn'Tr (i, B4, Fi, Fy, ) = 40° T (S, 51, F7, Wi, F7, 55,
2 v * * * P * * * [P p—
2 (477 - 477 HR HHELt+1 ”) Tr (ELtELt,FLt FLt) - 477H2Lt+1 - ELt H Tr (ELtFLt FLt)

) EZ - Ez * L *
(47) 477 HR1 HHELH-lH) (ELtZLtFLt FLt) — 477Ht+1'utH Tr (ELtFLt FLtth)

*

- 477(1 RIS - L ’)quzzu;. B.53)

I

By recalling Lemma B.8 and the definition of K5 in (B.27), if n makes |[Li11 — Li|| =
2||Fr, 25,1l < K i,

QC H
77 — * * * *)? (B54)
2/qC(K*, L*) | [|RY|C(K*, L*)
then it follows that
Hth 1 Lr” 77 e
% < ;(IIAL,, — BK(Ly)|[ + 1) (B& Bl + ICIl) - [ Le1 — Lell
477/CL
2 (|AL, — BE(Ly)| + 1) (BS1B]| + IC])).-
If we further require
K (B.55)

< ~ ,
16nKG (1 Az, — BEK(Ly)ll + 1) (BE1B]l + 1C1)

then |37, | — %7, ||/ < 1/4, which also implies that
C(K(Ly), L C(K(L X%,
[ < 55+ 5, - B < SRR 4 QD L) Pl
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Thus, we can bound |2} | || < 4C(K (L), L¢)/(3¢). Then if n further satisfies

Lyt
3¢
n < ; (B.56)
16C (K (L), Le) | R”|
we have 1 —q[|[R"[| - |27, |- 127, — 27,[/# = 1—1/4—1/4 = 1/2, which establishes the
bound in (B.53) as
wex ||2
C(K(Lit1), Lis1) — C(K(Ly), Le) > 2n||FEE] || (B.57)
On the other hand, by (B.49), we also have
C(K*, L*) — C(K (L), L) < TTr( s FpFp L) (B.58)
Combining (B.57) and (B.58) yields
2npu*Cy
K* L*) —C(K(L L <({1l—————— ] |C(K*, L") - C(K(L),L
C( , ) C( (Lt+1)s t+1)( C(K*, I7) + 0 [C( L") C( (Ly), t)]»
which gives the locally linear convergence rate if
K* L*)+ 9
LCELLD+Y (B.59)

- 4ulv
In sum, there exists some 7 that satisfies (B.52), (B.54), (B.55), (B.56), and (B.59), to guaran-

tee the locally linear convergence rates of both {C (K (L), L¢) }¢>0 and {| V1C(Ly)||2} >0, which
concludes the proof. O
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C Supplementary Proofs

In this section, we provide supplementary proofs for some results that are either claimed in the paper
or used in the proofs before.

C.1 Proof of Lemma 2.2

Proof. Since Q — (L*)T RYL* > 0, we know that Q > 0, which implies that (A, Q'/?) is observ-
able. Then by Theorem 3.7 in [15], the existence of P* in Assumption 2.1 shows that the value of
the game (2.8) exists. Moreover, by Lemma 3.1 in [52], such a stabilizing solution P*, if exists, is
unique. Hence, by [15, Theorem 3.7], the value of the game (2.8) is represented as xOT P*xq, and
given {u; }1>0, {v; }+>0 achieves the upper-value among any control sequence {v; }+>0, i.e., for any
Xo € Rd,

oo oo
th(xt,u:,vt) < th(azt,uf,vf). (C.1DH
t=0 t=0

Also, the closed-loop system A — BK* — C'L* is stable, i.e., the control pair (K™*, L*) is stabilizing.
On the other hand, by [61], given {v] };>0, {u]}+>0 achieves the lower-value among any stabi-
lizing control sequence {u;};>o; for the control sequence {u;};>o that is not stabilizing, since
Q — (L*)"RYL* > 0, the cost goes to infinity. Hence,

oo oo

ZCt(.’IJt,U:,’Uz{) SZQﬁ(-’I;t»ut;U:L (Cz)

t=0 t=0
for any control sequence {u;};>o. Combining (C.1) and (C.2) yields that ({u} }+>0, {v} }+>0) is a
saddle-point of the game, i.e., the NE of the game (2.8), which completes the proof. O

C.2 Proof of Lemma 3.1

Proof. Since by Assumption 2.1, Q — (L*) T RVL* > 0 and p(A — BK* — C'L*) < 1, it suffices to
only consider those L € 2. For those L, Q + K T R*K — LT RV L > 0, implying that the necessary
and sufficient condition for the cost C(K, L) to be finite is that the control pair (K, L) is stabilizing.
Thus, we can use the counter-example used in the proof of Lemma 2 in [25], by making B = C' =1,
and letting A — CL here equal to the A matrix there, in order to show the nonconvexity of the
feasible set of K for these given L. Hence, ming C(K, L) is a nonconvex minimization problem.
Similarly, by letting A — BK and C here equal to A and B there, respectively, we know that the
set of stabilizing L for these given K is not convex. Therefore, maxyco C(XK, L) is a nonconcave
maximization problem, which completes the proof. O

C.3 Proof of Lemma 3.2
Proof. LetCk () = xTPKLx. Then

Cx.p(x0) =2 (Q+ K"R*K — LT R'L)ao + Cx...(A— BK — CL)zo).  (C.3)

Note that Cx,,((A — BK — CL)x¢) on the right-hand side of (C.3) has both its subscript and the
argument related to K. Thus, we have

ViC(K, L) =2R"Kzozg — 2B P (A~ BK — CL)xoxq + ViCr,(®1) |, _ A px—_c1yen

=2[(R"+ B"Pg 1 B)K — B" P (A= CL)] - > w/,
t=0

where the second equation follows from induction. Similarly, we can obtain the gradient w.r.t. L as
(3.6), which completes the proof. O
C.4 Proof of Lemma 3.3
Proof. Since Y p, is full-rank, then if VC(K, L) = V1 C(K, L) = 0, we have
K =(R*+ B Px..B)"'B"Pg (A —CL) (C.4)
L=(—R"+C"PgC)*C"Px (A - BK), (C.5)
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provided that the matrix inversion (—R" + CTPK’ C) 71 exists. By solving (C.4) and (C.5), we
obtain that

K=[-R'+C"Px 1 C—~C"PgB(R"+B'"PxB)"'B"Px O]}

x [CT Pk A—CTPx 1 B(R*+ B PxB) !B Py 1Al (C.6)
L=[R*+ B Pk B~ B'PgC(—R"+ C" Pg ,C)"'CT Py, B] ™"
x [B"Pg A~ B"Pg C(—R" 4+ C" Pk .C)"'C" Pk 1 Al. (C.7)

Now it suffices to compare Py ;, and P*. In fact, at the NE, P* should also satisfy the Lyapunov
equation, i.e.,

P*=Q+ (K*)"R*K* — (L*)'R"L* + (A - BK* — CL*) " P*(A— BK* — CL*), (C.8)

where K* and L* satisfy (2.6) and (2.7). Note that the set of equations (C.6), (C.7), and (3.2) is
essentially the same as the set of equations (2.6), (2.7), and (C.8). Thus, the two sets of equations
have identical solutions, which are all solutions to the GARE (2.3) since the latter can be obtained
by substituting (2.6) and (2.7) into (C.8).

On the other hand, under Assumption 2.1, the solution P* to the GARE (2.3) is unique in the regime
of positive definite matrices that generate a stabilizing control pair (K*, L*) following (C.6)-(C.7)
[52, 15]. Hence, such a stable control pair (K, L) coincides with the NE pair (K*, L*), which
completes the proof. O

C.5 Proof of Lemma 4.1

Proof. Recall the definition of €2 in (4.11) for any 0 < { < omin(@ r+). Then for any Ly, Lo € Q
and A € [0, 1], we have

ALy + (1 = N)Lo) "RY[ALy + (1 — \)Ly]
=NL{R°L1 + (1 = \)’Ly R"Ly + A(1 = A\)(L{ R"Ly + Lj R°L)
<NL{R°L; + (1 = A\)?Ly R"Ly + A(1 — A\)(L{ RVLy + L, R"L»)
SIPHA=N)?H20(1 -0 Q@ -¢ D) =Q ¢ L,
where the first inequality follows from (L; — L) T RV(L; — Ly) > 0 for R¥ > 0, and the second

inequality is by definition of Ly and Ls. This shows that AL; + (1 — X)L also lies in €, which
shows that the set €2 is convex.

Moreover, since the largest eigenvalue of LT R'L — Q + ¢ - 1, i.e., Amax (LT R'L — Q + ¢ - 1)
is a continuous function of L, and is lower bounded by —Apn.x(Q) + ¢, the lower-level set
{L | Amax(LTR'L — Q + ¢ - T) < 0} is closed and bounded, i.e., compact, which proves that
Q is compact, thus completing the proof. O
C.6 Proof of Lemma B.3

Proof. We choose the proof for the projected natural NG operator PY as an example. The proofs
for the other two operators are similar, and follow directly. Recall that the following definition of
P atiterate L is

PYC[L] = argmin Tr [(L - Z)E*L (L - E)T],
Leq
whose optimality condition can be written as
Tr {(PgG[Z] ~ DS (L - ch[i]ﬂ >0, VLeq.
Letting L= L1 and L= Lo, we have

Tr [(PgG[Ll] — L)%} (PXC[L,) - ]P’gG[Ll])T} > 0. (€.9)
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Also, letting L=1Lyand L =L, yields
Tr [(PgG[LQ] — Ly)%} (PN[Ly) - ]P’gG[LQ])T} > 0. (C.10)
Combining (C.9) and (C.10) leads to
Tr [(Ly = Ly — PYC[Ly] + PYC[La]) S (PYC[La] - PHC[Ls])T] > 0,
namely,
Tr [(L1 — Lo)D; (PYCIL] - HDQG[LQ])T] > Tr [(ch[m] — PYC[Lo]) 2} (P (L] — PQG[LQ})T],

which completes the proof. O

C.7 Proof of Lemma B.4

Proof. Note that the Riccati equation for the inner problem (see (4.2)) can be rewritten as
P;=Qu+AL[I+P;B(R") BT ' P AL (C.11)

We now use the implicit function theorem [59] to show that P; is a continuous function of L. In

fact, using the theorem can even show that P} is continuously differentiable w.r.t. L. To this end, it
suffices to show that vec(Pj) is continuous w.r.t. vec(L).

By vectorizing both sides of (C.11), we have
U (vec(Py), vec(L)) : vee(Qr) + vec{ﬁz [I+P;B(R")"'B"] _1PEZL}
vee(Qr) + (KZ ® gz)vec{ [I+P;B(R")'B'] 71Pz} = vec(P}),

where we define a mapping U : RY x R™29 — RY a5 above, and also use the relationship
between Kronecker product and matrix vectorization that for any matrices A, B, and X with proper
dimensions

vec(AXB) = (B" ® A)vec(X).
Then by the chain rule of matrix differentials (see Theorem 9 in [62]), we know that
avec{[I + P; B(R*)"'BT| "' P;}
dvec (Pf)
avec{[I + P; B(R*)"'BT] '}
ovecT (Pf)

where I denotes the identity matrices of compatible dimensions.

—(PreI)- +I®[I+PfB(R)'BT]™!, (C12)

Now we show that
ovec{[I + P; B(R*)"'BT] "}
ovec' (Py)
—{-=B(R"'BT - [I+P;B(R")'BT] '} @ [ + PfB(R*)"'B"]
To this end, since both sides of (C.13) are matrices with dimension d? x d?, we can compare the

element at the [(j — 1)d+4]-th row and the [({ — 1)d + k]-th column on both sides with ¢, j, k, [ € [d].
On the left-hand side, we first notice that

dvec{[I + P; B(R")"'BT| "}

(A k)

I[Pt ]k,
_1 9[P*B(R*)"'BT _
- Byt A LB[(P*]) Loy e8],
L1k,
since for some matrix function F', (F~1) = —F~1F'F~1, Also, due to the fact that
- .
P:B u —IBT
olpPy (R*) ] _ [B(R")™'BT],, -+ [B(R*)"'BT], | ¢ k-throw,
OPL k.1 S ’
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we have
o1+ PR BT
5]
OPr ]k,

{avec{ [+ P;B(R)'BT]™'}

T *
dvecT (Pf) :| (j—1)d+i,(1-1)d+k

d
- [[1 + PiB(R*)"'B"] *1]1_ oo [BEYTBT, [[1 +PiB(R*)'B"] *1] (SR L)
k= :
On the right-hand side of (C.13), we have
{ - {B(Ru)*lBT - [I+P;B(R")"'BT] *1} ® [I+ P;B(R*)"'B'] 1}

(j—1)d+i,(1-1)d+k

= [~ B(R) BT [1+ PiBRY BT [T+ PEB(RY) BT

4l ik

_ {7B(R“)’1BT. [I+PEB(R“)*1BT]*1L . [[I+P;B(R“)*1BT}’1} L€
5] 2

where the first equation is due to the definition of Kronecker product, and the second one follows
from that the matrix

~ B(R*)™'BT - [I + PfB(R*)"'BT] "
= -B(R*)"'BT + B(R*)"'BT[(P})"' + B(R")"'B"] ' B(R*)"'B"
is symmetric. Therefore, for any (i,j,k,1) € [d], (C.14) and (C.15) are identical, which verifies
(C.13).
Combining (C.13) with (C.12), we have
avec{[I + P;B(R*)"'BT] "' P;}
ovec' (P})
+(PreI)-{—BER"'BT-[I+P;B(R")"'BT] '} [+ PfB(R*)'BT]”
—{I-P;B(R")'BT - [I+ PfB(R")"'BT] '} @ [I + Pt B(R*)"'BT] "
— [1+P;B(R*)"'BT] '@ [I+ P;B(R*)"'BT] " (C.16)

—I®[I+PfB(R")'BT]"

1

where the second equation uses the fact that (A ® B)(C ® D) = (AC) ® (BD) and (A ® B) +
(C® B) = (A+ C) ® B, and the last one uses matrix inversion lemma. Hence, we can write the
partial derivative of W (vec(P;),vec(L)) — vec(P}) as
o[ W (vec(Py), vec(L)) — vec(Py)]
dvecT (P})

- {XI [[+ P;B(R")'BT] ‘1} ® {E{ [I+ P;B(R") BT ‘1} ~ I (C.17)

By definition of K (L) in (4.1), we have

AL+ P;B(R)'BT] " = {ZL [I+ B(R")"'BTP}] ‘l}T = [A, - BK(L)] .
By Lemma B.2, we know that L € € implies that (K (L), L) is stabilizing, i.e., /le I+
P;B(R*)"'BT] " has spectral radius less than 1. Therefore, the partial derivative in (C.17) is
invertible, since the eigenvalues of the first matrix on the right-hand side of (C.17) are the products
of any two eigenvalues of ﬁ—'L— [I+P;B(R*)"'BT] !, which have absolute values smaller than 1.
In addition, ¥ (vec(Pj), vec(L)) — vec(Pj) is continuous w.r.t. both vec(P;) and vec(L). Hence,

we obtain from the implicit function theorem that vec(P}) is a continuously differentiable function
w.r.t. vec(L), so is P; w.r.t. L for all L € 2, which completes the proof. O
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C.8 Proof of Lemma B.8

Proof. The proof is composed of several important lemmas, following the same vein as the proof of
Lemma 16 in [25]. Note that Assumption 2.1 is assumed to hold throughout the proof, and will not
be repeated at each intermediate result.

We first provide the perturbation result for P} in the following proposition. The results are based
on the perturbation theory of algebraic Riccati equations in [63, 64] since for given L, Py is the

solution to the inner-loop Riccati equation (4.2) with cost matrix Q 1 = Q — LT RVL and transition
matrix AL =A-CL.

Proposition C.1 (Perturbation of P;). Forany L, L' € §, where 2 is defined in (4.11), there exists
some constant B5 > 0 such that if || L' — L| < B, it follows that

1Pr = Pl < B |11 = L,

for some constant B > 0.

Proof._The proof is built upon the result of Theorem 4.1 in [64]. First, since both L, L' € Q, we

have Qz/, Q. > 0, and also B (R*)~'BT > 0 forboth L and L'. This validates the applicability of
[64, Theorem 4.1]. Also note that by Lemma B.2, both P} and P, exist and are positive definite.
First recalling the definition of K (L) in (4.1), we have the following relationship:

A, —BK(L)=A,—B(R*+B"P;B)"'\BTPfA, =1+ B(R*)"'BTP;| 'AL,
where the second equation uses the matrix inversion lemma.
To simplify the notation, we let A = L’ — L and also define the following quantities’:
5= || Ay — AL| = llcal, f=|t+BE)"B P, g=IBE) "B
¢ =|I+BER)"B P v = f6(26 + £8), ¥ =||P;-[1+ B(R") BT P
Ty =1-[A, - BK(L)}T ® [AL - BK(L)]T, ¢= T4t H = Pi[I+ B(R")™'BTP;] ' AL

p=|T;'TeH +(H" DI, = %HAR”L +LTR'A+ATRA| + (p + —) |CA|

~ 12
FAALI+ICAl, 6 P
where II is the vec-permutation matrix [65, pp. 32-34]. Also, from Lemma B.2, we know that
Aj, — BK(L) is stabilizing, which thus implies that ¢ is finite and
t= 1/||TL_1|| = omin(TL) > 0. (C.18)
We note that since €2 is a compact set of L, and o,i, (77, ) is a continuous function of L, ¢ is uniformly
lower bounded above zero for any L € ().

Since the term || AG]|| in [64, Theorem 4.1] is zero here, the first condition in (4.40) of [64] is trivially
satisfied. For the other two conditions in (4.40) there, we require the following sufficient conditions

to hold
fo+ of g8
<0, (C.19)
1- fgg*
where &, is d efined as &, = (20¢) - (¢/2 + £fge)~!. Note that if we additionally require
7 = fO(20+ f3) < FICANI26 + 20+ FICAI) < 2f(6 + OIICHIAN + FICIPIAI < €/2, (C.20)

then the definition of &, here is strictly larger than that in [64]. Thus, if such an &, satisfies (C.19),
then the other two conditions in (C.19) can be satisfied, too. Moreover, if we also let

- 1||ARvL+LTRvA+ ATRYA|| + (p+ @)IICAII

. . ¥ (22 ¢
IR LIAL+ IR WAIR) + (p+ 7 )ICAI < 5775 = s raa)

(C.21)

N\H

“Note that we change some of the notations used in [64, Theorem 4.1] in order to: i) avoid the conflict with
our notations; ii) simplify the bound for better readability.
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hold, then since v < £/2 from (C.20), the right-hand side of (C.21) satisfies
(2?  _ % |
20fg(l+2a) = £fg(l — v+ 2a+ /(6 — v +2a)% — ({ —7)?

This implies that the condition in (4.41) in [64] holds. Then, we obtain from Theorem 4.1 in [64]
that

" N 20e 4 T T »S
, — <l =—"" < _ - v v v ke
1P = Pill <& = e S te= (AR L+ LTR A+ A R +4(p+ 7 ) 0A|
8 v 4 nv v
< SIRTZIIAL+ Z IR AN + 4plClI AL+ 4 ICIPIA] (C.22)

Now we discuss sufficient conditions of (C.19), (C.20), and (C.21), to ensure a perturbation bound
on P; as desired from (C.22). The two conditions in (C.19) can be written as

2e
19775 fge Y= Joe<1/2 fo+ (0 +6)fgt. <0, (€23)

where one sufficient condition for the second one to hold is
fo+4(¢p+0)fge <0, (C.24)

since & < 2¢/(1/2) = 4e. Note that since f§ > 0 and fge > 0, (C.24) holds implies that
fge < 1/2. Hence we only need a sufficient condition for (C.24) to hold, which can be the following
one

2. 1,
FlICHA| +4(¢+9)fg(ZIIR LA+ 7 IR ||\|A||2+pHCHHAII+%HCHQIIAH2) <0. (C295)

(C.25) can be satisfied if the following condition on ||A[| holds:

1C] +4(¢ + 0)g(2|| R*L]|/£ + pl|C]]) 4 }
Ao+ 0)g(IRoN/E+PNCI/0) " 2FICN + 8 (¢ + )92 RV L] /¢ +pHC||()C 26

A < min{

Moreover, the condition in (C.20) gives

2f (¢ + OICIIAl+ FICI?IAL? < /2, (C.27)
which can be satisfied by the following condition on ||A|l:
. [2(p+ ) 1 }
Al < min , . (C.28)
hai < min{ 20 S e
Also, by letting
2a = 2f(||AL]| + |CA) < 2f (1ALl + | C) (C29)
14

— > ~ )
8fg(l+2a) — 8fgle+2f(| ALl + [CI)]
the condition in (C.21) can thus be satisfied if we let
l

8fgle +2f (ALl +lIC|N]
(C.30)

1 ; ’ Y
Z(QIIR LA+ [RUINALP) + (o + DICIH AL + ZIICIIQHAII2 <
Note that conditions (C.29)-(C.30) can be satisfied if
2|RVL[ + (p+ DY[C| ¢ }
IR+ 2ICI> " 16fgle + 2f (| ALl + ICIDIIRVL]|/€ + 2(p + 1) ||C]])
(C.31

IAHSmm{L
)
Thus, under (C.26), (C.28), and (C.31), the bound (C.22) can be further written as

[ el sireL
~ Lle+0)g l

| Pt — P

+3plCl| - IIA] (C.32)
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where the inequality follows by using the first bound of A in the min of (C.26). It is straightforward
to see that all the upper bounds on ||A|| from (C.26), (C.28), and (C.31) are lower bounded above
zero, since: 1) £, 6 and ||C|| are all strictly above zero (see (C.18)), so are all the numerators of the
bounds in (C.26), (C.28), and (C.31); ii) the denominators of the bounds are all finite and bounded
above, due to the boundedness of L, i.e., the boundedness of €2, and the boundedness of P; from
Lemma B.2. In addition, note that all the quantities used in the bounds on ||A|| are norms of matrices
composed of L and P}, which are both continuous functions of L (see Lemma B.4 on the continuity
of P;), over the compact set {2. Hence, there exists some constant Bé > 0, which is the infimum of
the bounds on ||A|| over . Also, from (C.32), there exists some

Cll . 16[|R"L]
BE = | +8p|C|,
such that || P}, — P;|| < BE - |L’ — L||, which completes the proof. O

We then need to establish the perturbation of K (L) as in the following lemma.

Lemma C.2. Forany L, L’ € Q, recalling the definition of K (L) in (4.1), there exists some constant
BE > 0 such that if

PlA. _ *
BL. 1B - (BqllAL BK(L)|+||PL|”C)}, (C.33)

L —L|| < mm{
BLIBIC

it follows that
2||B|| - (BE||Ar, — BK(L)|| + ||P:||||C

where BE, BE, are as defined in the proof of Proposition C.1.

1L =L,

Proof. By definition, it holds that
U T p* TY _ T p*x A
(R*+B P:B)K(L) =B P;Aj
forboth L = Land L = L'. Subtracting both equations yields
B (P}, — P})BK(L) + (R" + B' PL.B)[K(L') — K(L)] = B" (P}, — P})A, + B' P{C(L — L),
which further gives
1K (L") = K(L)|| = |(R* + BT PpB) "B (P}, — P})[A, — BK(L) + C(L - L)]
+(R“+B"P,B)"'B"P;C(L - L)
<|I(R*+ B" Py B) B [IP;, — PEl (AL — BE(L)| + |[CIIIL' = L)) + IPENICIIIL’ - L|]

5 . |
ISP~ PEI(VAL - BRI + G - L1) + P lee - L

Combined with the bound on || P}, — P || in Proposition C.1, we obtain that

IN

IB - (B4IIAL — BK(L)| + | PZIIC]) BLIBlIC]
IK(L) — K(L)|| < “ — R L IL'—L| + 1L = L%,
Umln( ) Hll ( )
which combined with the bound on (C.33) gives the desired result. O]

Now we are ready to establish the perturbation of X7 . We start by defining a linear operator on
symmetric matrices 7;°(+):

= Y_[A- BK(L) - CLI'X[A - BK(L) - CL]"",
t=0
and its induced norm as
7L (X)
X1

where sup is taken over all non-zero symmetric matrices. Also, we let ¥y = E(zgz ). Then we
can show that the induced norm || 7;*|| is bounded as follows.

1721 = sup
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Lemma C.3. For any L € , the induced norm pf || 7;7|| is bounded as
C(K(L),L)

T <
72 < =5

Proof. The proof mostly follows the proof of Lemma 17 in [25], except replacing (A — BK) there
by A — BK(L) — CL, and the upper bound of || £% || by C(K (L), L)/¢ due to Lemma B.6. O

We can also define another operator F; (X) as
Fi(X)=]A—-BK(L)-CLX[|A-BK(L)-CI]T,
which, by the same argument as Lemma 18 in [25], gives that
T =@-F)" (C34)
where [ is the identity operator. Hence, the following proof is to find the bound of
IS5 =3l = 1T = T2)(So)ll = A = FL) ™t = A= FL) "' (Zo)ll

To this end, we first have the following bound on || F; — F7,||.
Lemma C.4. For any L, L’ € (), it follows that

I7E = Fill <214 = BK(L) = CLI[(IBI[IK (L) = K(L)|| + [CIIIAl)

+BIPIIE(L) = KL+ ICIPIAIZ + 21 BINCII K (L) = K (L)[IA].-

Proof. Let A = L' — L, then for any symmetric matrix X,
(Fj — Fi)(X) = — [A— BK(L) - CLIX{B[K(L') — K(L)] + CA}
—{BIK(L)) - K(L)] + CA}X[A— BK(L) - CL]"
+ {B[K(L') - K(L)] + CAYX{B[K(L') - K(L)] + CA} ",
which leads to the desired norm bound by using || AX || < ||A]||| X || for any operator A. O

Moreover, we have the following argument similar to Lemma 20 in [25].
Lemma C.5. If |7/ ||| 77, — Fil|l < 1/2, and both (K(L’), L") and (K (L), L) are stabilizing.
Then

172 = T < 2T WFL = FZINTE < 2T IPIFL = FLIELL

Proof. The proof follows directly from that of Lemma 20 in [25], which is omitted here for brevity.
O

We are now ready to prove the perturbation of X7 . To simplify the notation, let

gr - 2Bl (BS 1AL — BE(L)|| + [IPZIIIC])
Q — )
Umin(Ru)
then BE > 0. By Lemmas C.2 and C4, for any L, L’ € Q, letting A = L' — L, if
180 < min | sg, VBIBEIAL — BR(DI 4 1PEINCH] 2(1As — B + 1) (BEIB] +1C1)
B ’ BalBlICl - BE)’IBIP + o1 + 285 1BlIC

then
17, = Fill < 2014, = BR(D[(BEIBIIAL+ ICIIA])
+ (BE)IBIZIAIR + [CIZ1 Al + 21 BIICIBE Al
<2(|l AL = BE@)| + 1) (BE I BIIAI + [ClIA])
+ (BE) IBIZIAI2 + [CI?I Al + 21 BIIC1BE | Al
<4(IAL = BEL)| + 1) (BE B + [IC1l) - 1A

where the first inequality uses Lemma C.2, and the second inequality is due to the third term in the
min of the upper bound on ||A||. This completes the proof of Lemma B.8. O
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Lemma C.6. For any disjoint sets A4, B C R™*"™ if A is compact, and if 5 is closed, then there
exists some w > 0, such that forany A € Aand B € B, |A — B|| > w.

Proof. Assume that the conclusion does not hold. Let A,, € A and B,, € B be chosen such that
|A;,— Byl — 0asn — co. Since A is compact, there exists a convergent subsequence of { A, },>0,
denoted by {A,,,, }m>0, that converges to some A € A. Hence, we have

A= By, | <[|A=An, || + |45, = B, [l =0,

as m — oo. This implies that A is a limit point of B. Since B is closed, we have A € 5, which
leads to a contradiction and thus completes the proof. O
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D Simulation Details

Alternating-Gradient (AG) Methods.

AG methods follows the idea in [28], which are based on our nested-gradient methods, but at each
outer-loop iteration, the inner-loop gradient-based updates only perform a finite number of iterations,
instead of converging to the exact solution K (L;) as nested-gradient methods. The updates are given
in Algorithm 4, whose performance is showcased in Figures 3 and 4, showing that AG methods
converge to the NE in both settings.

Algorithm 4 Alternating-Gradient (AG) Methods
1: Input: (Ko, Ly) that is stabilizing
2: fort=0,---,T—1do
3: for7=0,---T —1do

4:
Policy Gradient: K, =K, —nVgC(K,, L)),
5 Or
Natural Policy Gradient: K11 =K, —nVC(K,, Lt)]Z;(LLt,
6: Or

Gauss-Newton: Kry1 =K, —n(R"+ B Pk, 1,B) 'VkC(K-, L)|ISk! 1,

7:  end for

8:
Policy Gradient: Lyt =L +nViC(Kr, L),
9: Or
Natural Policy Gradient: Livy =L +nViC(Kr, Lt)]ZI_(lT_’Lt,
10  Or
Gauss-Newton: Livi=Li+n(—R"+ C’TPKT’LtC)_leC(KT, Lt)]Zf(lT’Lt,
11: end for

12: Return the iterate (K7, Lp).

Gradient-Descent-Ascent (GDA) Methods.

Note that GDA and its variants with simultaneous updates have drawn increasing attention recently
for solving saddle-point problems [41, 43, 45, 46], mainly due to their popularity in training GANs.
The algorithms perform gradient descent for the minimizer and ascent for the maximizer, simulta-
neously. The updates are given in Algorithm 5, whose performance is showcased in Figures 5 and
6, showing that GDA methods converge to the NE in both settings.
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Algorithm 5 Gradient-Descent-Ascent (GDA) Methods

1: Input: (Ko, Lo) that is stabilizing
2: fort=20,---,7T—1do

3:
Policy Gradient: Kii1 = Ky —nVC(Ky, Ly)]
Liy1 =L +nVLC(Ky, Ly)],
4 Or
Natural Policy Gradient: K1 = K —nViC(Ky, Lt)]zf{i,Lt
Liy1 = Ly + 1V LC(Ky, Le) ]Sk 1,
50 Or
Gauss-Newton: Ky = Ky —n(R" + BTPKthB)_lVKC(Kt, Lt)]ZZ,Lt
Liss = Ly +0(=R" + CT P, 1,0) 'VLC(Ky, L) Sk, 1,
6: end for

7: Return the iterate (K1, L7).
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Figure 3: Performance of the three AG methods for Case 1 where Assumption 2.1 ii) is satisfied. (a)
shows the monotone convergence of the expected cost C(K (L), L) to the NE cost C(K*, L*); (b)
shows the convergence of the gradient mapping norm square; (c) shows the change of the smallest

eigenvalue of Q;, = Q — LT RVL.
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Figure 4: Performance of the three AG methods for Case 2 where Assumption 2.1 ii) is not satisfied.
(a) shows the monotone convergence of the expected cost C(K (L), L) to the NE cost C(K*, L*); (b)
shows the convergence of the gradient mapping norm square; (c) shows the change of the smallest

eigenvalue of Q;, = Q — LT RVL.
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Figure 5: Performance of the three GDA methods for Case 1 where Assumption 2.1 ii) is satisfied.
(a) shows the monotone convergence of the expected cost C(K (L), L) to the NE cost C(K*, L*); (b)
shows the convergence of the gradient mapping norm square; (c) shows the change of the smallest

eigenvalue of Q;, = Q — LT RVL.
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Figure 6: Performance of the three GDA methods for Case 2 where Assumption 2.1 ii) is not
satisfied. (a) shows the monotone convergence of the expected cost C(K (L), L) to the NE cost
C(K™*, L*); (b) shows the convergence of the gradient mapping norm square; (c) shows the change

of the smallest eigenvalue of Q;, = Q — LT RVL.
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