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A.1 Proof of Lemma 3.1

Proof. Due to the β-smoothness of ft functions, St is β-smooth as well. Hence, we have:

St,w,α(xt+1)− St,w,α(xt) ≤ 〈∇St,w,α(xt), xt+1 − xt〉+
β
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‖∇̃St,w,α(xt)−∇St,w,α(xt)‖2. (2)

Now, by applying E[. | xt] on both sides of the above equation and using the result in equation 4, we
prove the lemma:(
η − β

2
η2
)
‖∇St,w,α(xt)‖2 ≤ E [St,w,α(xt)− St,w,α(xt+1)] + η2

β
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A.2 Proof of Lemma 3.2

Proof.

St+1,w,α(xt+1)− St,w,α(xt+1) =
1

W

w−1∑
i=0

αi (ft+1−i(xt+1−i)− ft−i(xt+1−i))
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}
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M
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where the following inequality follows from 1
W ft+1(xt+1)− αw−1

W ft−w+1(xt−w+2) ≤
M(1+αw−1)

W

and 1
W
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i=1 αift−i+1(xt−i+1)− αi−1ft−i+1(xt−i+2) ≤ +M(1−αw−1)(1+α)

W (1−α) .

A.3 Proof of Lemma 3.3

Proof. The proof simply follows from the boundedness property of ft:

St,w,α(xt)− St+1,w,α(xt+1) =
1

W

w−1∑
i=0

αi (ft−i(xt−i)− ft+1−i(xt+1−i))
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. (6)

A.4 Proof of Theorem 3.4

Proof. Using the results from lemmas 3.1, 3.2 and 3.3, we can write the following inequality for
‖∇St,w,α(xt)‖2 as:

‖∇St,w,α(xt)‖2 ≤
2M(1−αw)
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2

(7)
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Substituting η = 1/β yields:

‖∇St,w,α(xt)‖2 ≤
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+
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(8)

As α→ 1−, we get the following inequality:

lim
α→1−

‖∇St,w,α(xt)‖2≤
1

W

(
8βM + σ2

)
(9)

Summing the above inequality over T concludes the proof.

A.5 Computational Details

We use Python 3.7 for implementation [Oliphant, 2007] using open source library PyTorch [Paszke
et al., 2017]. We use 2 NVIDIA GeForce RTX 2080 Ti GPUs with 512 GB Memory to run our
experiments.

A.6 Comparison with Online SGD with Momentum

We compare our approach with SGD online with momentum. Figure A.1 shows that SGD online
with momentum is not as robust as our DTS-SGD to large values of learning rate.

Figure A.1: SGD online with momentum
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