Appendix

A Detailed Proofs of Theorem and Lemmas

A.1 Proof of Theorem 1

Theorem 1 If nodes of a Bayesian network B(G, P) have rank 2 with respect to their parents w¢(.)
and ‘P, then the Fourier coefficient f+(B) for function f; defined by equation (3) for any terminal
node t and a set B € 2t is given by:

Qe(Xe = 1) + 3 Yjerar) (Qui(Xe = 1,X; =0) + Qj(X; =1,X; = 1)), B=¢

ft(B) =1 3(Quy(Xe =1,X; =0) — Qy(Xy =1, X, = 1)), B={j},Vjemnat)
0, Otherwise

(15)

Proof. The Fourier transformation coefficients ft can be calculated using the following formula:

f _2 n+1 Z ft \AmB\ (16)

Ae2t

We prove our claim by computing f;(B) explicitly for various setting of B € 2.

Case 1. B = ¢.
f — 9—n+l Z f \AmB|
Ae2t
=27 Y f(A), JAnBl=0
Ae2?
n+1ZQtXt—1 Z Qt]Xt—lX—x]
Ae2t jeng(t)

_ 2—'rb+12n—1Qt(Xt _ 1) + 2—n+1 Z 2 Qtj(Xt _ 17Xj _ mf)

A2t jemg (t)

=X =145 D) [Qu(X =1,X; =0) +Qy(X; = 1,X; = 1]
jema(t)

N | =

Case 2. B = {i},l € mg(t).

f _ 9—n+l Z f |AmB|
Ae2t

=27 = Y A4+ D flA)]
Ae2t leA Ae2t l¢ A

=27 = Y QX =) +Qu(Xy =1,X =1+ > Qy(Xe=1,X; =2
Ae2t le A jema(t)—1l

+ Z [Qu(Xe =1) + Qu(Xy =1, X, =0) + Z Qi (X =1,X; = z)]]

Ae2t ¢ A jemg(t)—l1

= %[Qtl(Xt =1,X;=0)-Qu(X; =1,X; =1)]
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Case 3. B < n¢(t),|B| > 1.

f — 9—ntl Z fi(A |Af‘B|
Ae2t
=27 N QX =D+ ) Quy(Xy = 1,X; = a)|(-1)4 P
Ae2t jema(t)

Takeanle B = l e mg(t)
_ 27n+1|: Z [Q:(X:=1)+ Qu(X: =1,X; =0)

Ae2t l¢ A
L QX =1 =DM D) QX = D)+ Que = LX< 1)
jema(t)—l1 e
+ Z Qij(Xi=1,X; = :c;-“)](—l)lJf\A“B—ll]
jema(t)—1
- 2*n+1[ Z [Qu(X:=1,X;=0)—Qu(X; =1,X;, = 1)](71)\1403\]
Ae2t\{1}
Take k € B

=27 Y [QuXy =1, X, =0) = Qu(X, = 1, X; = 1)](—1) HAEH]
Ae2t\M} ke A

2L Y [QuXe = 1,X) = 0) — Qu(X, = 1,X; = 1)](—1)lAnBH]
Ae2P\1) k¢ A
=0

Cased. | Bnt—mg(t)| =1

f 2—n+1 Z f |AmB\
Ae2t
=27 3 filA nma(®) (=)0
Ae2t

Take l € B and [ ¢ 7g(t)
=27 Y flAnme®)(=DAPT Y fl(Aama(D)(—1) AP

Ae2t i¢A Ae2t leA
=0

This proves our claim. O

A.2 Proof of Theorem 2

Theorem 2  If nodes of a Bayesian network B(G, P) have rank 2 with respect to their parents w¢(.)
and P, then the Fourier coefficient fi(B) for function f; defined by equation (6) for any non-terminal
node i and a set B € 2% is given by:

A 0. |B\MBg(i)| > 1
B) = gi(A )erchlldc(z)gk(A)

1 .
P ZAEQV t 9i(M] keeniag e )‘Jk(A)‘HJL(AU{ Dl kecnitag iy 9x (Av{i} )¢B( ), otherwise
7

Proof. Note that for the case |B — MBg(i)| = 0, we simply replace terms in Equation (6) with
appropriate set functions. It can be simplified for various cases but we chose not to do it for clarity of
representation. For the second case when |[B — MB¢(i)| = 1, 3s such that s € B and s ¢ MBg ().
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Note that f;(A) = f;(A " MBg(7)). Take A = A" U {s}and s ¢ A’.
fiBy=27""1 30 fi(A)(=1)A0F

Ae2V—i
=27 Y A ()RR e Y A=) =0
A’e2V —{i,s} A’e2V —{i,s}

A.3 Proof of Theorem 3

Theorem 3  Suppose §; is constructed by computing §;(By,) using By, from a fixed collection p; as
defined in Equation (11). Furthermore, suppose g; is computed by selecting m; sets A; uniformly at
random from 2¢. We define the matrix M; as in equation (12). Then there exist universal constants
C1,Cy > 0 such that if, m; > max(Cy|support(j;)|log*(n + (";1)), Ca|support(g;)|log %) and
B; is solved using equation (13). Then with probability at least 1 — 6, we have ||3; — §i|2 <
Cs—~= for some universal constant C3 > 0. If the minimum non-zero element of |g;| is greater
than 203\/% then [3; recovers §; up to the signs. Furthermore, if Assumption 4 is satisfied then
1B:(B)| < Cs 7 VB € pi, |B| = 2 if and only if i is a terminal node and 7 (i) = {B | |B| =
1, |Bi(B)| > Cs—=="1 correctly recovers the parents of the terminal node i, i.e., ©(i) = mg(i).

Nao
Applying this recursively shows the correctness of Algorithm 1.

Proof. First note that the rows of M, are sampled uniformly at random from an orthonormal matrix
with bounded entries. Rauhut (2010) have proved that Restricted Isometry Property (RIP) holds
for such matrices with high probability. Thus, we can invoke Theorem 1 from Stobbe and Krause
(2012) which in turn follows the proof of Theorem 4.4 from Rauhut (2010) to get the result that

18i = gill2 < Cs 7=

Furthermore, ||3; — illoo < |Bi — §il|2 < C5—%. Thus if the minimum non-zero element of |g;| is

m; *

then (3; recovers g; up to the signs.

€
m;

greater than 2C's

Adding to the above, the results from Theorem 1 and Assumption 4 ensure that |3;(B)| <
Cs =, VB € pi, |B| = 2 if and only if 4 is a terminal node and 7 (i) = 7 (4). O

A.4 Proof of Theorem 4

Theorem 4 [f there exists a probability distribution P € P such that each node i is rank 2 with
respect to MBg (i) and P, then the Markov blanket of a node i can be recovered by solving the
following system of equations:

P(X; =0,X;=0) = Qi(X; = 0)P(X; = 0) + Y| Qi;(Xi = 0,X; = 0)P(X; = 0,X; = 0)
Al
+Qu(X;=0,X; =0)P(X;=0), Vi={l,...,n},l #i
P(X; =0) = Qi(X; =0) + Z Qij(Xi = 0,X; = 0)P(X; = 0)
Jj’?;ll
(18)

which can be written in a more compact form:
y=A4q (19)

where y € R" and A € R™*" and q € R". The entries of y are indexed by | = {1...n} such that
¥, =P(Xi=0,X; =0) whenl # iandy, = P(X; = 0) whenl =i. The entriesfofg are indexed
byl,je{l,...,n}, whereA;; = P(X; =0,X; =0)forl #i,j #14,5 # land, A;; = P(X; =0)
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whenl = j,l #i,Aj = P(X; =0)forl #1i,j =i, A;; = P(X; =0)forl =4,j #iandA;; = 1
forl =i,j =i. The entries of q are indexed by j € {1,...,n} such that q; = Q;;(X; = 0, X; = 0)
forj #iandq; = Qi(X; = 0) forj =i.

Proof. If there exists a probability distribution P € PP such that each node i is rank 2 with respect to
MB (i) and P, then

P(Xz = xi‘Xfi) = xl Z ng = x'u ) (20)

JjeE—1

where Q;;(X; = z;, X;) = 0if j ¢ MBg(i).

For nodes i,1 € {1,...,n} and [ $ 4, consider the following:
P(Xi=mi|Xi=m) = ), P(Xi=uwi, X_i_y|X; = m)
Xoi—qy
= > P(X; =@l Xy, X = w) P(X_;_ | X) = )
X_ iy
D P(X; = 2| X)) P(X iy | X) = )
Xy

Node 7 is rank 2 with respect to P and MBg (i)

= Z (Qi + 20 Qu(X = 2, X)) P(X iy | X0 = )
—i—{1} JE—1
=Qi(Xi =)+ Y > Qij(Xi = 1, X;) P(X;|X) = )
JE—1 X
il
+ Qu(Xi =z, Xj = 1y)
Now PeP
,P(Xl = (,CZ|X[ = LU[) :Q = [L‘z Z ZQ” = I'Z, ) (X |Xl = acl)
JjE—i X
il
+ Qu(X; =z, X = a7)
P(Xi =24, Xi = 1) =Qi(Xi = 2)P(X; = x1) Z ZQU =z, X;)P(X;, X; = ay)
JjE—i X
j#l

+ Qu(X; =z, Xy = 2))P(Xi = 27)

21

We only focus on the case when z; = 0 because that would be sufficient to determine the Markov
Blanket for node . Equation (21) may not have a unique solution because for any pair of nodes 7, j if
Qi(X; =0),Qi;(X; =0,X; =0)and Q;;(X; = 0, X; = 1) are part of a solution then there exists
a solution with Q; (X, —O)+e Qi;(Xi =0, X —0)—eandQ”( ; = 0,X; = 1) —e. We focus

on a particular solution where Q;(X; = 0) = Q;(X; = 0) + deMBG )QU(X =0,X, =1),

Qij(Xi =0,X; =0) = Qij(X; = 0,X; =0) — Qij(X; = 0,X; = 1) and thus equation (21)
becomes:
P(X: =0,X; = 2)) =Qi(X; = 0)P(X; =) + . Qij(Xi =0, X; = 0)P(X; = 0,X; = )
7je¢lz
+ Qzl( =0,X;=x)P(X;=m), VI={1,...,n},l #i,2,€{0,1}
(22)

Equation (22) can be written as a system of linear equations:

y=Aq (23)
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where y € R?"72 A e R?"~2X" and q € R™. We define q as follows:

Q,J( ;=0,X,;=0), ifj<i
q; = QUH( ;=0,X;41=0), ifi<j<n—-1 Vje{l,...,n} 24)
Qi(X; =0), ifj=n
The rows of y and A are indexed by [ and X, i.e.,
y(l,Xl = xl) = ’P(Xl = O,Xl = l'l)
PX;=0,X; =a), ifj<i
A(l,Xl = .131) = P(XjJrl = O,Xl = (El), lfl <n-—-1
PXi=a), ifj=n

(25)

We take P(X; = 0,X; = 0) = P(X; = 0) and P(X; = 0,X; = 1) = 0. We can remove the
linearly dependent rows from the above system of equations. For simplicity, let us assume that
i=mn.Thenforl ={2,...,n -1}, y(1,X; =0)+y(1,X; =1) —y(,X; =0) = [A(1, X; =
0)+A(1,X; =1)—A(l, X; = 0)]q is equivalent to y(I, X; = 1) = A(l, X; = 1)q. Thus we can
remove all the rows of y and A indexed by I, X; = 1,V] = {2,...,n — 1} and replace the last row of
yand Abyy(1,X; =0)+y(1,X; =1)and A(1, X; = 0) + A(1, X; = 1) respectively. A similar
argument can be presented for the case when ¢ # n. O

A.5 Proof of Lemma 1
Lemma 1 The population matrix A as defined in equation (14) is a positive semidefinite matrix.

Proof. Here we carry out the proof for ¢ = n. The same argument can be applied when ¢ # n.
Consider a random vector z € R™ such that z; = 1[X; = 0],Vj = {1,...,n — 1} and z, = 1.
Note that P(X; = 0) = E[1[X; = 0]] = E[1[X; = 0]*] and P(X; = 0,X; = 0) = E[1(X; =
0)1(X; = 0)],Vi,j € {1,...,n}. Thus A = E[zzT] which is a positive semidefinite matrix. O

A.6 Proof of Lemma 2

Lemma 2 If@ij(~, ), Vi e{l,...,n},j # iis computed by solving system of linear equations
(14) and P € P is faithful to G then Qij(-,-) #0,Vje{l,...,n},j # tifand only if j € MBg(3).

Proof For the ﬁrst part, suppose 35 ¢ MBg(i) for which Qz]( ) # 0, then expanding
P(Xi|X-i) = Qi) + 251 ju Qij(-,-), we see that P(X;|X_;) # P(X; \XMBG(Z)) which vio-

lates the faithfulness assumption. For the reverse, suppose 35 € MB¢ (i) for which Q;;(-,-) = 0.
This implies that X; and X; are independent given all the other nodes which again violates faithful-
ness. O

A.7 Proof of Lemma 3

Lemma3 N = O( log”) i.i.d observations are sufficient to measure elements of A and y, € close
to their true value. That is |A A| < cand [§ — | < ¢, for some ¢ > 0 with probability at least
1 — 2exp(log((}) + 3n) —
A andy respectively and | - — - | denotes componentwise comparison for matrices.

2 ) for some € > 0 where A and y y are the empirical measurements of

Proof. For the observational data, we need to infer ( ) probabilities of the form P(X; = 0, X, =
0),Vi,j € {1,...,n}, n probabilities of the form P(X; = 0), Vz = {1,...,n}, n probabilities each
of the form P(X =0,X; = 1) and P(X; = 0, X2 =1),Vi = {1 .,n}. Considering some
ordering for (X; = xi,Xj = ;) = z;;. We con51der zij < x - if xw comes before x;j in the

15



ordering. Correspondingly, we can define the CDF F;;(z;;) = P((X;, X;) < z;5). Now, we can
apply Dvoretzky-Kiefer-Wolfowitz inequality(Dvoretzky et al., 1956),

. Neé2
P(sup |Fij(zi;) — Fij(xi;)| = =) < 2exp(—7),Ve >0 (26)

Tij

N

A similar equation can be written for the CDF of P(X;):

N N 2
P(sup |Es () — F(a)] = <) < 2exp(—76),Ve >0 27)

T4

[N e

where N is number of i.i.d. samples. We compute actual probabilities by using the CDFs. For
example:

sup [P(X; = 2;) — P(X; = x;)| = sup |Fi(2;) — Fy(w; — 1) — Fy(ay) + Fy(x; — 1))

< sup |Fi(z;) — Fi(2;)| + sup |[Fi(z; — 1) — Fi(x; — 1))
<e€

We need to ensure that this happens across all possible computations of probabilities. Thus taking a
union bound,

~ € €
P((3Xi) sup | Fi(wi) — Fi(wi)| = 5 v (3X4, X; )sup | Fyj (i) — Fij(wi)| = 3 @
x Tij
N 2
< dexp(log( (;‘) +3n) — 76),\16 >0 (29)
O

A.8 Proof of Lemma 4

Lemma 4 Let A and § be the empirical measurements of A and y as defined in equation (14)
respectively such that |A — A| < e and [y — 5| < e for some € > 0, where | - — - | denotes
componentwise comparison for matrices. Let q be the solution to the system of linear equations given
byy = Ag and 0k, (A) < 1, then § recovers q up to signs as long as N = O(n ) i.i.d. measurements

max; g;| _ 1-nkrxp(A)
~

min; |g,| Anke (A)

number of A and 1 = max( =25

j=_11 ,P()(]‘=O)<‘r17 p(Xn:()) ).

are used to measure A and

where £y (A) = [A]]|A Hoo is the condition

Proof. Note that A > 0as long as N = O(n) Anderson (1962). Here we carry out the proof for
node n but similar arguments hold for other nodes as well. First note that We denote AA = A-A
and Ay = y —y. First note that, |A], = 2?211 P(X; =0)+1and |§|oo = P(X, = 0). Thus,
|AA[e < ne < nHAHoo = (X2 P(X; = 0) + 1) and | Ay < € < [y = nP(X,, = 0) for

1 = max(=5 = P(X_ o1 PX E,L—o) ). Thus, we can invoke Theorem 2.2 from Higham (1994) and

write,
-l _ 205 (A)
1 — A
gl nrioo(A) 30)
la—ale < 2Bl
1 —nkyn(A)
It follows that if 22X 14l 1=m50 () hep we recover q up to correct signs. O

min; |q;| ANk (A)
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B Sample and Time Complexity without access to any observational data

Sample Complexity. Using the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality(Dvoretzky et al.,

1956) for each query independently and then taking the union bound across m; such queries, we get

that each query is at max e away from its true conditional probability with a probability of at least
. 2

11— 4 exp(—N%). Let Npin = Min;—(q ...;m,} IV; be the minimum number of sample we need

across all query. Then we need Np,ip, = O( 10%;’“ ) samples for each query to estimate probabilities of

Nrnén52 )

the form P(X;|X; = x;), e close to the true value with probability at least 1 —4 exp(log m; —

The black-box outputs observational data for each of our queries independently and thus it needs to

nk®log* n (
2

output a total of O (max( logk + loglogn), "ei; log %(log k + loglogn)) samples.

Time Complexity. Each optimization problem is solved using the logarithmic barrier method which
takes O(n3y/nlogn) time. This needs to be repeated O(nk) times. Thus, total time complexity is

O(n*k+/nlogn).
C Sample and Time Complexity with access to some observational data

Regarding the black-box queries, we provide the same argument as Appendix B but for computing
P(Xi|XMBg (i) = TMBg (4))» € close to the true value with probability at least 1 — 4 exp(log m; —

2
N"“T"E) We need to generate samples for each of our queries independently and thus need a total of

O(max(%, "!’33 log $ log k)) samples.

Time Complexity. For the observational data, we are solving an optimization problem by comput-
ing inverse of a R™*"™ matrix and then multiplying it by a R vector. This can be done in O(n?) time.
We repeat this process for each node, and thus it takes O (n*) time. All the inference can be done by
only one traversal of the samples. Thus the total time complexity remains O(n?).

Regarding the black-box queries, each optimization problem is solved using the logarithmic barrier
method which takes O(k®+/k log k) time. This needs to be repeated O(nk) times. Thus, the total
time complexity is O(nk*v/k log k).

D Synthetic Experiments

We conducted computational experiments on synthetic data to validate our results. In this section, we
report the average performance across 5 independently generated Bayesian networks.

Generating Bayesian Networks. We generated 5 synthetic Bayesian networks on 20 nodes. We
first chose a causal order for the nodes. We then generated CPTs for the nodes by making sure
that each node’s CPT is rank 2 with respect to its parents. The parameters Q;; (-, -) as described in
Equation (1) were chosen uniformly at random from [0, 1] while making sure that the resulting DAG
is faithful. An example of a Bayesian network is shown in Figure 1.

Black-box. We defined a black-box which can answer conditional probabilities queries
BB(i,A,z4,N) to compute P(X;| X4 = z4),VA < {1,...,n}. The black-box outputs N i.i.d.
samples for X; given X4 = x 4.

D.1 Recovering DAG without Access to any Observational Data.

For the first set of experiments, we did not have access to any observational data. Algorithm 2
takes a Bayesian network on S < {1,...,n} nodes and outputs terminal nodes T < S. The
iterative use of Algorithm 2 in Algorithm 1, subsequently provides the exact DAG. We assume
that the second node in the causal order does not have any parents. Following Theorem 3, we
submit m; = 10¢ max(k?log* n’, k?log 1/8) queries for each node 7 at each iteration where k is
the maximum number of nodes in Markov blanket, n’ is number of nodes in the Bayesian network at
a specific iteration, i.e., n’ = |\S| and C is the control parameter. We fixed k = 4 and 6 = 0.01. The
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Figure 1: An example of synthetic Bayesian network generated on n = 20 nodes

number of queries was capped at 300 to ensure that we do not end up making too many queries. For
each query, we only had access to N = O(@%) samples from the black-box.

Results. We measured the performance of our method by measuring the Hamming distance between
the true DAG and the recovered DAG. We also measured recall and precision for our method and then
computed the F'1 score to see their joint effect. The performance measures are defined formally as:
n
Hamming Distance = Z(|ﬁ(z)\7rc @] + |ra(@)\7 (D))
i=1

2iey [7(E) 0 7 (i)

Precision = R
Zi:l |7 (3)]
Recall = het [70) 0 76 (1)
izt |mc (1)
F1 Score — 2 x Precision x Recall

Precision + Recall

where 7 (7) is the set of true parents of node 4 in true DAG G and 7 (¢) is the recovered set of parents
of node <. Note that the recovery of a reversed edge is treated as a mistake. We show the average
performance of our method across 5 independently generated Bayesian networks.

Observe that in Figure 2a the Hamming distance goes towards zero as we increase the number of
samples, or equivalently, as we increase the control parameter C'. Similarly, in Figure 2c, 2d both
precision and recall (and F'1 score as a result in Figure 2b) go towards 1 as we increase the control
parameter C' in our experiments with a sharp transition around C' = —1. This is consistent with our
expected results from Theorem 3 and validates our theory.

D.2 Recovering Markov Blanket with Access to Some Observational Data.

For the second set of experiments, we had access to some observational data. Our method can be
made more efficient by first computing the Markov blanket for a node and then applying Algorithm
2 with queries of the form f;(A4;) = P(X; | Xa~rMBo() = TanMBg(s))- Since, usually [A] »
|A n MBg(4)], this saves a lot of computational efforts and Black-box queries for our algorithm.
Note that n observations are necessary for Lemma 4 to work. Beyond this, from Lemma 3, we only
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Figure 2: Regime without observational data. Plots of Hamming distance, F'1 score, precision
and recall versus the control parameter C' for Bayesian networks on n = 20 nodes with m; =

10€ max (k2 log* n’, k? log 1/8) queries for each node i.

require O(loe#) observational samples for recovering the Markov blankets of all the nodes. Thus,

we conducted the experiments by generating N = max(10¢ 106%"
results of the experiments are provided below.

,n) observational samples. The

Results. As before, we measured performance of our method by measuring the Hamming distance
between the true Markov blankets and the recovered ones. We also measured recall and precision for
our method and then computed the F} score to see their joint effect. The performance measures are
defined slightly differently as the recovery is with respect to the Markov blankets.

n

Hamming Distance = Z(|MB(Z)\MBg(Z)| + | MBg(i)\MB(4)|)

i=1
Precision = Z?:l |N£B(Z) Am MBG(Z”
2i—1 IMB(0)]
Recall = 22;1 |1,\1/[B(Z) o MBG(ZH
i1 | MBg (7))
2 x Precision x Recall
F1 Score =

Precision + Recall

where MB (i) is the set of nodes in the Markov blanket of node i in true DAG G and MB(i) is the
recovered set of nodes in the Markov blanket of node i. Below we provide average performance of
our method across 5 independently generated Bayesian networks.

We see in Figure 3a that the Hamming distance of Markov blanket recovery goes to zero as we
increase number of observational samples, or equivalently, as we increase the control parameter C'.
Similarly, precision and recall of Markov blanket recovery in Figure 3c, 3d approach 1 as number
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Figure 3: Regime with observational data. Plots of Hamming distance, F'1 score, precision and recall
for Markov blanket recovery versus the control parameter C' for Bayesian networks on n = 20 nodes

with N = max(lOClOE%, n)) observational samples

of observational samples increase. This validates our theory. Another interesting observation is
that recall is very close to 1 even for a small number of observational samples. This is good for
our method as it would still work when recovering any set .S such that MB¢ (i) < S. The sample
and time complexities are improved depending on the size of S (the best result is achieved when
S = MBg (7).

After we recovered the Markov blanket, we executed our Algorithm 2 with f;(A4;) = P(X; |
XAAMBe (i) = TAAMB c(i))- We then obtained similar results as in the no-observational-data regime,
but with smaller number of samples and less computation.
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