A Component family and practical aspects of optimization

In order to use Algorithm we need to compute or estimate (h, ¢) for any ¢ € L*(u) and (h, ) for any
h,h' € H. For arbitrary ¢, we use Monte Carlo estimates based on samples from h? via

S .
Vo € L*(p), (h,p) = /hQ(m)%u(dx) =2 [%} ~ %Z ‘zg; X, &

and employ an exponential component family # such that inner products (h, h') between members of H are
available in closed-form. In other words, for some base density k(z), sufficient statistic 7'(z), and log-partition
A(n), we let

H={hy € L(u) : W) = h(x) exp (0" T(w) — A(m)) }

Denoting 7; to be the natural parameter for g;, then g; = h,, and

Zii = gi,9;) = /hm(z)hw (z)p(dz) = exp <A (m ernj) _A(m) gA(m)) _ (10)

In practice, we use a few techniques to improve the stability and performance of UBVI:

Component Initialization The performance of variational boosting methods is often sensitive to the choice
of initialization in each component optimization. The initialization used in this work is based on the intuition that
after the first component optimization, each subsequent optimization will typically do one of two things: either
it will find a new mode, or it will attempt to refine a previously found mode. If we wish to refine a previous
mode, it is useful to initialize the optimization near that mode with a similar covariance structure. If we wish to
discover a new mode, it is preferable to sample an initialization from the present distribution with significant
added noise. In the experimental section of this work, we take the middle ground. We first sample a component
from the current mixture approximation. Then, we generate an initialization for the Gaussian mean by sampling
from that component with its covariance increased by a factor of 16. Finally, we initialize the covariance by
using that component’s covariance multiplied by a standard log-normal random variable.

Objective Transformation We maximize log(J(z))1 [J(x) > 0] — log(—J(z))1 [J(z) < 0], where
J(x) is the objective in Eq. , to avoid vanishing gradients and handle possible negativity; while this technically
makes the Monte Carlo-based stochastic gradient estimates biased, it significantly improves performance in
practice.

Parametrization The choice of parametrization can have a significant effect on the conditioning of the
optimization problem. Although we exploit the properties of the exponential family for Z;; evaluation in
Eq. (I0), we do not use the natural parametrization during optimization. In particular, we optimize over the
mean and log-transformed marginal variances log o7 in the diagonal covariance matrix ¥ = diag(o?,...,0%).

Large-Scale Data If the target density p arises from a Bayesian posterior inference problem with a large
dataset, computing p and its gradients exactly in each component optimization iteration is expensive. Thus, one
can use a Monte Carlo minibatch approximation with uniformly subsampled data per [50].

Estimating (f,g) We use different numbers of samples for the component optimization stochastic gradient
estimates and the estimates of (f, gn) (Line 9, Algorithm required to solve the UBVI weight optimization. In
particular, we use a relatively high number of samples (10,000 in our experiments) for estimating (f, g}, as
these each need to be estimated only once, and they have a high impact on the choice of weights and thus future
components; and for stochastic optimization, we use a lower number of samples (1,000 in our experiments) to
avoid overly expensive component optimizations.

B Proofs

B.1 Proof of gradient boosting BVI behaviour
Proof of Proposition[l] Let ¢(; %) be the normal density with mean 0 and variance 0. Then Eq. (1)) is

7t =argmin [ o(a: %) 10g 25V T) g,

o2 ¢(z;1)
2 2
=argmin —rzlogo — — + 7
272 2

o2

13



[e¢] <1
= 2
e

Therefore, if the initialization has variance 72 < 1 the component optimization is degenerate. Note that for any
two variances o2, 02, the weight optimization is

. . o o (wo(z; 0%) + (1 — w)¢(x; 03))
v = angnin | wotesof) + 1 witesof) g SIS
. Uf U% 2
= arg mlnw? — w? + / (w¢(m 01) + (1 — w)p(z; 02 )log (wqﬁ(m 0‘1) + (1 — w)p(z; 02)) dz,
we(0,1]

and taking first and second derivatives,
LT % [ (g(aio?)  ofaiod) log (wolrio?) + (1 - w)oa: o) d
o= 5 x; 01 x;03)) log (wé(z; o7 x;03)) do
@ / (¢(x50%) — (3 03))”
dw? ) we(w;of) + (1 - w)d(w;03)

Atw =1, [ ((z;07) — ¢(x;03)) log (wh(z;07) + (1 — w)p(w;03)) do = (03 — 07)/(207). Therefore,
ifo2 >0} > 1,

dz >0

d 02— 02 o2_o2
<AL BT,
dw 2 207
In other words, the derivative is always negative, so the optimization sets w = 1 and forgets the new component.
S . 2
This situation occurs if 0F = 72 > 1,03 = T2 —5— and 72 > 2 1. 0

Proof of Proposition[2] Using the notation from the proof of Proposition[T} Eq. (T) is

_ _lma)
argmm/q& z;0° log Cauchy (2;0, 1) dz

—argmlnffrl log o + Enro,1) [log(1 + o2z )} .

o2
Taking the derivative with respect to o2 followed by Jensen’s inequality yields

i =g 2 _1 +E ﬁ
doz 7 2" NOD | TF 0222

_ 1 o?
T )
so ( 2T1+1+02)

Therefore if 71 > 2, the derivative with respect to o is always negative, so o2 increases without bound. O

B.2 Proofs of Hellinger distance properties

Proof of Proposition|4| This follows from

D (0) = 5 [ (/&) = 9(a)Pp(de)

IN

5 [ 1@ = 9@ (F@) + gl
=5 [ 1@ - @] a(d) = Drv (n.0)

and

Drv (p,q) = %/ |£2(x) — g*(2)| p(dx)
o / [£(@) = g(@)(f (@) + g(w))n(de)

i\/ [ 17@) = s@Pa(de) [ (7@ + gla))2u(de)

%DH (p,q) ¢ 2+2 / F(@)g(2)u(dz)

=Du (p,q) /2 —D§ (p,q) -
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Proof of Proposition Combining a bound on the ¢-Wasserstein distance [51, Theorem 6.15],
W) <27 [ d(eo,2) p(@) - a(o)] n(do),
with |p(z) z)| = [v/p(x) — Va(z)|(v/p(z) + v/q(x)), Cauchy-Schwarz, and Proposmonimplies
1
2
Wi(p,q) < 2'"/*Dys (p, ) \/ [ w0 (Vole) + Val@)) " utda).

Finally, since (a + b)? < 2a? 4 2b? for a,b € R,

W¢ (p,q) < 2Dy (p,q) \// d(xo, 2)** (p(x) + q(x))p(dz) .

Proof of Proposition[f] Rearranging the definition of Hellinger distance squared,

Dh (o) = 5 [ (V@) = Va@)) s

@ (@ N
=5 /n )p(x)< (@) 1) #dz).

2
Forz > 1,z ' (Vo —1)° > ( log = ) sandforz < 1,z ' (@ — 1) > (logz)?% so

1+log x

PRz [ o) ({>2u<dx>+§ [ »w (102222 tan),

q()
Now using the relation 2a” + 2b> > (a + b)?,

lo p(z) p(z 2
Dh () > 1 [ p(o) (1[19>q]1+i)g(;<z+ p < qllos 8) p(da)

q(z)

p(dz)

2
1/px 1[p>q]logzg;+Il[p<q]logpgg(1+10 E—)

4 1+ log qug

p(z) p(x)
B /p(x) (log M) 1+1 [log < 0] log 22) o
4 q() 1+ log %

(z)
This provides the first result. Using the reverse Holder inequality || fgll1 > || fl|1]lg]| =1 forp =2 € (1, 0),
P p—1

2 og P(®) 2
DA (.0) > § ([ o) 10g 25 u(ao)) ( [ @) (Hl[ -~ g‘““”’] logpw) u(da:))

—1

q(x)

iDiL (plla) (P (10g% < 0) + /p(ar:)]l [bg 58 > 0} <1 + log Zggfu(dx))_
iDiL (pllg) (1 + /p(ﬂc)IL {log zgg > 0} (1 + log Sgg)Qu(dmO 71~

Proof of Proposition[/] This proof uses a technique adapted from [54] Theorem 1.1]. Let Y ~ p(y)u(dy),
X ~ g(z)p(dz), and for a > 0,

Y

O

h() = 9(2)1 [p(z) < a].
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Then by Cauchy-Schwarz,

E[[1n(#) — In(R)]] < [[¢ll2() VP (p(Y) > a) (1n)
11(¢) — I(h)| < l[¢llL2(p VP (p(Y) > a) (12)

—1 p(X) |
E[|L.(h) - I(h)]] < VN \/Var P X p(X) <. (13)

Now note that

and for a € [0,1), p(x) < a implies

p(z) ~ a(w)
So
Var (f}%ﬁﬁ(x)ﬂ [p(X) < a]) < l1olz2() (ﬁ)
and hence

_ 1
E(11n(h) =10 < 9ls2gn VN 7=
By Markov’s inequality,

P(p(Y) >a) <a E[p(Y)] = 2a"'Di (p,q).

So substituting and combining the three bounds from Egs. (TT) to (T3) using the triangle inequality,

1
E(|I.(¢) — I < ——— +V8a~'D , )
() = 1)) < Vol (= + VB Da .0
Optimizing over a yields
81/4DH (p7 Q)I/Q
81/4Dy (p,q)"/* + N-1/4

Va' =

and substituting with |l/4 < 2vyields

E(1n(6) — @] < 18]l 200 (N*/‘* +2,/Dy q>) ‘

Setting N = o *Dy; (p, ¢) 2 yields the first result. For the second, note that |I,,(¢) — I(¢)| < |6l L2 ()0 and
|7 (1) — 1| < n implies that

110 (¢) = In(DI(D)] _ [In() = I(9)| + 1(¢) [1n(1) — 1
I,(1) - 1—|I.(1) — 1]
d+n

<lollz2e7—,

|Jn (@) = 1(9)] =

SO

P (19:6) = 1) > 1011260 1) <P (1(6) = 1) > [6ll218) + B (1:(6) ~ 1> ).

which by Markov inequality and the previous bound,

2

P (19:(0) ~ 1600 > 1ollay 32 ) < (N +2/D )] (7 407)

Minimizing § * 4 7! subject to the constraint that t = (& + n)/(1 — 7)) yields the result. O
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Proof of Proposition[§] For the first bound, by Jensen’s inequality

[[oF G -Dh o] <y Vry ﬁj o)

_ i ar p(Xy)
=\ N Y (x)

Jiy - ([ vaemere)’
— \/;\/D%I (p.9) (2 - D% (p,q))

For the second bound, using the triangle inequality, and cancelling out normalization constants

E [(D%?(H) - D (p, Q)H

1NV [ P(Xn)
<FE N Z”:I Z(Xn) 1—

- 1 N (Xn)
¥ Ln=1 q(x)

1 N (Xn) 1 N p(Xn) _ P(Xn)
N Dn=i 5(x5 LE || 2n=1\/ axy —E [ a(Xn) }
B [265)] oo

9(Xn) E a(Xn)
By Jensen’s inequality on the left term and Cauchy-Schwarz on the right, and noting that E [p/q] = 1,

EHDIZ{(PA)*D%{(HQ)HSE 1- ]bip(;(:; +\/%Dn(p,q)

“— q(

The left term can be bounded via Cauchy-Schwarz and Jensen’s inequality:

IN

<

Combining these results yields the second inequality. O

B.3 Theoretical tools for establishing convergence of Algorithm ]

Lemma 9. Define f := arg MiNy, el span #:fjhg=1 IIf = hll2. Then f exists, is unique, and is nonnegative.

Proof of Lemmal9] Since clspanH is a closed convex set, there exists a unique function f’ of minimum
distance to f. Note that f’ is nonnegative since f is nonnegative, so otherwise f’ could be replaced with
max{0, f'} without increasing the distance to f. Furthermore, the error € := f — f’ is orthogonal to cl span H.

Since f is not orthogonal to clspan H, f’ # 0, so set f = . Suppose there is another unit-norm function

f/
[1£7112
g € clspan H at least as close to f; then

f, r! ! i f/
02 fa ~ - = f+7 ~ - = .f7 ~ -
< 171 g> < TR g> < 171l g>
= 1fl=(f'.9)-

Dividing both sides by || f'||2 yields the inequality < 1, g> > 1, implying that g = £, and thus f is unique. [

s>

Lemma 10. 7 <
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Proof of Lemmal[I0} Set hy = <f, g1> g1 where g1 is chosen from Eq. H and Vi > 1, set h; = 0. Since f is

not orthogonal to clspan H, <f, gl> > 0,80 T < 0. O

Lemma 11. Suppose at each iteration, the optimization in Eq. is solved with multiplicative error (1 — ¢)
relative to the optimal objective. Then

Jni1 < Jn(1 = Ju) where Jy, = (15)2(1<f g >2)
n+l > Jn n n «— . ,gn .

Proof of Lemma(T]] Taking the derivative of the objective in Eq. (@) with respect to « and setting to zero, the
solution is

2 I
<f’ b (.00 )70, >
.Z'* _ Il (hygn)gnll2 ] (14)
—(h,gn)gn = \2
<f’ TRt > +{f:9n)
Suppose at iteration n + 1, instead of g+1 we obtain a function h satisfying a (1 — §)-relative approximation
to Eq. . Then using the optimal value for z* from Eq. , noting that the quadratic weight optimization

provides at least as much error reduction as the geodesic update with z*, and noting that f = f " + € where
€ L clspan’H and f' is from the proof of Lemma@ we find the recursion

||f||2—< gn+1>2
3= (F.5.) Fo{fam) o h— (g,
= (171 (79.)°) 1_< — <ﬂ@»g |W—W§ﬂ§A>
< (Ilf’|\§f<f’,gn>2) 1—(1—06)> < —(F29) 90 g~ g1} >

f/ _ <f’,§n>gn ’ ||gn+1 - <gn+17§n> gn”

Now again using the fact that € L clspan? as well as the fact that g, 41 is the argmax of Eq. (3, we can
replace g, 41 with any convex combination of other elements of H, so

LF1E = (' gnrn)

o\ = o 2
< (I\f/|\§f<f’,gn>2) 1(15)2< S =) Gn gnt1 = (gni1,0n) Gn >

fr— <f/’g”>§“H lgn+1 — {gn+1,n) Gnll
<(r-(ra) (1-a-07, o (=l Bl Gl )

where D = 3 [|hi|| [|hi — (hi, Gn) Gnl|- Definev := 3" h; — f. Again using € L clspan 7, and normalizing
the left vector by || f'|| yields

a2 , F=(f190)80  F=(F.50)Gn+v = (1329
= (171 = (7)) {107 s (o _
h;E€cone H Hf7<f7gn>gn

Now noting that the inner term is minimized when v = —||v||f, we have that

2 v \2 1—-8)%(1—|v|)? s _\2

< (178 (7.0.)") (1=, s GO0 (75,)%).
h;Econe H

Finally, dividing both sides by || f'|| and noting that D < 3 5 halls

()< (1= (7)) (1- (452) (- ) )

. 2
Denoting J,, = (;‘;)2 <1 - < f, gn> ) and multiplying both sides by ( 5) yields the recursion

2

T
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Proof of TheoremEI By [59, Lemma A.6], the recursion Lemma satisfies J,, < H_J% Substituting the

. . 2
definition of J,, and noting that Dy; (p, ¢.)° = 1 — <f, §n> <1- <f, §n> yields the result. O

19



