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A Proofs for 2-Layer LNNs

We will start by proving the following proposition.

Proposition A.1. Assume that all weight values and the data points are independent random variable. And
Further assume that their k-th order moments are bounded when k < 4. Within a weight matrix, all entries have
the same moment value. All data points also have the same moment value. Then for any pairi,j € {1,...,n}:

O(K?d?) ifi=j

E({Vfi, V) = {@(Kd(K +d) ifi#j

To prove the above proposition, we first define some notations. Let M; ; be the j-th moment of the entries of
W;, and W, ; be the j-th moment of the entries of data point z;.

Let us prove the two cases separately. We first consider the case where ¢ = j. We can write the inner product as

afi 2
BAVAR) =33 B aW +ZEH8WQ,1,qH)

p=1gq=1

We will show in Lemmathat the first expectation is @(K d), and in Lemmalthat the second expectation is
O(Kd?). Plugging these results into the above equation gives the desired result.

Lemma 2. E(||Bafl ||) O(Kd).

PVOOf Note that 8f, = (gjz — yi)Wz,pri,q = (WQWl — W;Wf)l’ﬂ/vz’l,pwi’q. ‘We have

f;
Ellgw,.-

= B ((WaWh) 2iWa,1,2iq)" + B (Ws W) 2:Wa 1 pig)°

K K
=F (Z W22,1,5 (Wl,s,zxi)Q W22,1,px22,q> + E (Z WZ*,I,SQ (I/Vl*,s,:mi)2 W;,l,pm'?,q>

||2) = E(WaWi — Wi W7) 2:Wai pTiq)

s=1 s=1
K d K d
2 2 2 2 2 x 2 x« 2 2 2 2
=K E W2,1,s E Wl,s,tmi,t W2,1,p30¢,q +FE § W2,1,s E Wl,s,t Tyt W2,1,p3€¢,q
s=1 t=1 s=1 t=1

=M (K —1) M3y + Moa) ((d—1) M2 o+ Mys) + M= o KM3 5 ((d— 1) M2 5 + My 4)
This concludes the proof. O

Lemma 3. E(||2i—|1?) = O(Kd?).

OW2,1,9

Proof. Note that 5
0 fZ
E(ll5

Wfl P (91 — yi)Wh,q: i = (WaWi — WEWT )z;Wh,q,.2;. We have

1) = E(WaWi — Ws Wy) Wi g.2:)
1,q9

= B ((WaWh) 2iWi,q.2:)° + E (Ws WT) 2iWh,q,.2:)

K K
=F (Z W22,1,S (Wl’s’;.ri)Q (W17q’;$i)2> + E (Z W;1752 (Wf757:$1)2 (Wl,q,:Ii)Q) .

s=1 s=1

For the first term, we have

K K d 2 d 2
5 (z WEr (Wi <w1,q,:xi>2) _n(yw. (z w) (z w)
u=1

s=1

K d 2 /4 2
= ZM2,2E (Z Wlﬁs,txi,t> (Z Wl,q,uwi,u>
u=1

We now distinguish two cases. If s # g,

d 2 /4 2 d d
(Z Wl,s,tmi,t> (Z Wl,q,umi,u =F <(Z W123 tLy t> <Z Wl,q,uxz u))
t=1 u=1 t=1 u=1

= dM; My s+ d(d— 1) M7 o M: 5 = dM7 5 (Mas + (d — 1)M 5) = ©(d?)
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If s =g,

2 d 2
E( ZWLs,tmi,t> (Z Wl,q,uxi,u)
t=1 u=1
E

d
= <<Z Wl,s,txz t> (Z ,q,umz u>>
t=1 =1
d d
+ ') Z Wl,s,txi,twl,s,vxi,v Z Wl,q,u:ri,uwl,q,wxi,w
t=1,t#v u=1,u?w
d d
= E <<Z ) L t) (Z Wl q uli u)) 2 Z le,s,txzz,twlz,s,vx?,v
t=1 t=1,t#v
= dM} M, 4 + 3d(d — 1) M}, M2, = ©(d?)

Combining the two cases, we have
K
E (Z Wiy (Whae:)? (Wl,q,:x»?) = o(d?)
s=1

For the second term, we have

s=1

K d 2 /4 2
2

g W2*,1,s g Wl*,s,txi,t g Wl,q,uxi,u

s=1 u=1

K
E (Z W22*,1,s (I/‘/vl*,s,:xi)2 (Wl,q,:wif)

d 2 /4 2
Mo« o ( E Wl*,s,txi,t> ( E leq,uxi,u>
t=1 u=1

() ()

Mo o (dMl*,2M1,2Mz,4 +d(d — 1)M1*,2M1,2Mx2,2)

- it

w
Il
—

I
M=

w
Il
-

I
@

(Kd®).

Combing the first term and the second term, we obtain the desired result. O

‘We next consider the case ¢ # j. In this case, we can write the inner product as

L ofi of; X ofi of;
BV S VA = S0 Bl 2h 4 S et SO
p—=1g=1 Py 1.p.q =1 i1ig 2,19

As before, we will show in Lemma that the first expectation is ©(K), and in Lemma [5| that the second
expectation is ©(d(K + d)). Plugging these results into the above equation gives the desired result.

Lemmad4. Ifi # 7, E((#f;w avilf;ﬂ)) = O(K).
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Proof. Note that 3V31f,ip,q = (QZ — yi)WgJ,pmm = (W2W1 — W;Wf)xiW2,1,p5L‘i7q. ‘We have

Ofi of;
Wi ,pq OW1 pq
= E((WaW1 — W W7) 2iWai pwi g (WaWi — Wo Wi) 2 Wa1 p25.9)
=F (WQWLTZ‘WQJ,pri,qWQV[/leWQ,l,pl‘j’q) + E (W;WfIiWQ,lypxi,qW;Wfl‘jng,ij’Q)

K
2 2
=K (E Ws1,s Whs,ziWis,.w5) W2,1,pl’i,q$g‘,q>

s=1

K
2 2
+FE < E Wi 1,6 (Wis s, Wis s 25) W2,1,p$i,q33j,q>

s=1

K d
=E w3 Wi winwie | Wi pTig;
= 2,1,s 1,s,tLi,tLj,t 2,1,pTi,qj,q
s=1

t=

K
* 2 * 2 2
+ E < E W2,1,s ( E Wl,s,t xi,txj7t> WQ,l,p-’Bi’qaz]‘a(I)

s=1 t=1

ISV

= Mo (K —1) M35+ Maa) M2 5 + M+ 2K Mo 2 Mo+ 2 M 5.

This concludes the proof.

Lemma 5. Ifi # j, B((zri—, avgfﬂ,q )) = O(d(K +d)).

Proof. Note that 8‘,551'1 o= (9 — yi)Wh,q,:xi = (WoWy — W W{)z; W1 q,.m;. We have

ofi of;
8W2,1,q’ 6W2,1,q
= E ((W2W1 — W;Wl*) QS»L'WLq,;l‘i (W2W1 — W;Wl*) ijLq,;:L‘j)
=F (WngxiWLq,;xiWQW1xjW1,q,;m]-) + E (Wg*Wl*QSiW17q,;$iW2*W1*LE]'W1,q7;$j)

E

K
=F (Z WQQ’LS (Wl’s’;l'iwl,s,:xj) (Wl,q,:xiwl,q#xj)>

s=1
K

+E (Z Wi 12 (Wi, 2 Wi ;) (Wl,q,:miwl,q,::vj)>
s=1

For the first term, we have

K
E <Z W22,1,s (Wl,s,:xiwl,s,:wj) (Wl,q,:miwl,q,:xj)>

s=1

K d d d
=F (Z W22717S (Z Wl,s,txi,t> <Z Wl,s,tacj,t> <Z Wl,q,uwi,u> (Z Wl,q,ul’j,u))
t=1 u=1 u=1

s=1 t=1

K d d d d
= ZM2’2E ((Z Wl,s,txi,t> (Z Wl,s,tmj,t> <Z leq,umi,u) <Z Wl,q,umj,u>) .
s=1 t=1 u=1 u=1

t=1

We now distinguish two cases. If s # ¢,

d d d d
E ((Z W1,s,tIi,t> <Z Wl,s,txj,t> (Z leq,uxi7u> <Z Wl,q,ul"j,u>>
t=1 . t=1 ) u=1 u—1
=F <<Z le,s,th‘,twj,t> <Z Wﬁq,uxi,uxj,u>>
t=1 u=1

d
2 2 2 2
=F <E Wl,s,tWLq,tiUi,tl'j,t)

t=1

= dM7, M3 5.
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If s =g,

d d d
E (Z Wl,s,tmi,t> <Z Wl,s,tfl:j,t> (Z Wl,q,uxi,u> (Z Wl,q,uxj,u>>
t=1 t=1 u=1 u=1

d
=E WY oo W 4 i
= 1,s,tLi,tTj,t 1,q,uli,ulju
t=1 u=1
d d
+ E g Wi,s,tTi,t W1,6,0%5,0 E Wi,q,u%i,uWi,q,0Tj,w
t=1,t#v u=1,u#w

d d
4 2 2 2 2 1172 2
=F < E W1,s,t$¢,t$j,t> + E E Wi st Tit W1 s,0T5 0
t=1

t=1,t#v
= dMyaM; 5 +d(d — 1) M7, M7 5.
Combining the two cases,

K
E (Z Wi (Wi s i) (Wl,q,:xn?) — Moo (K — 1) dMZ M2 5 + dMy M2 + d(d — 1)ME, M2 )
s=1
= O(Kd+ d?)
For the second term, we have

K
E <Z Wi o2 (Wi aiWr, xj) (Wl,q,:il?iWLq,:fL"j)>

s=1

K d d d d
2
=F é WZ*,I,S g Wl*,s,txi,t é Wl*,s,tmj,t E Wl,q,umi,u é Wl,q,uxj,u
s=1 t=1 t=1 u=1 u=1
K d d
= Wae 1,6° W :
=k 21, 1% 5,6 Ti,t L5, Wi qui,uju
s=1 t=1 u=1
K d
§ : 2 z : 2 2 2 2
=F WQ*’LS Wl*’sytwlyqyumiytxj’t
s=1

t=1
= KdMs+ s My« 2 M1 oMz 5, = O(Kd).
Combing the first term and the second term, we obtain the desired result. O

By applying Proposition[A-T|and linearity of expectation, we obtain the following result:
Theorem 4. We have

EQ IV = 0(nk?d?) (A1)
=1

E( Y (Vfi, V) =00’ K?d+n’Kd?) (A2)
i=1,j#i

The above theorem computes the expectation of each term of the ratio. In order to obtain a result on the
expectation of the ratio, we also need to show that the value of each term will be concentrated around the
expectation with high probability. To prove such a result, we first compute the variance.

Theorem 5. We have

var(> IV £ilP) = ©(n° K*d®) (A3)
i=1

Var( Y (Vfi, V1) =00 K d) (A.4)
i=1,j7#1

Theorem 1. Consider a 2 LNN. Let the weights Wi p o, W', , for | € {1,2} and x; be independently drawn
random variables, such that their k-th order moments for k < 4 are bounded in a postive interval. Then, with
arbitrary constant probability, the following holds:

O(nKd)
Bs(w) = O(Kn+ dn+ Kd)
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Proof. By Chebyshev’s Inequality, we have

n ) n ) 7.17 \va? 2
pr (|Z||sz-|| —E(Zwm ) | 2e> < Yz IWHD)
=1 i=1

Using the above two theorems, and choosing parameter € = O(nK 2q3/25-1/ %), we have that with probability
1-4,

O(nK*d*) — O(nK?d**671/%) < 3 ||V£i]]* < O(nK?d®) + ©(nK*d*?571/?)

i=1

We can similarly use Chebyshev’s inequality to obtain that with probability 1 — 4,

S (V£.V1) < OWKA(K + )+ O(n* K™ a5~

i=1,j7i

By applying the union bound, we can now bound the ratio as desired:

n Y VAP n i IV Aill?
N2 VAP 220 (Vs V) + 25 IVl

@(n2K2d2) _ @(n2K2d3/2)

NG
>
= n2 3/2 nK2d3/2
O(n2Kd(K +d)) + O("--1) + O(nk2d?) — ©(*—2=)

_ O(nKd)

~ O(Kn+dn+ Kd)
Here we assumed that § is chosen to be some arbitrarily small constant. d and n is sufficiently large such that
d > % and ©(n”) dominates O(n). O

B Proofs for 2-Layer Nonlinear Neural Networks

In this section we present the detailed proof of Theorem 2] which is restated as below (A few constants are stated
explicitly for ease of proof.).

Theorem 2. Consider a 2-layer NN with a monotone activation function o such that for every x we have:
—o(x) = o(—x), and both |o(x)| and sup,{xc’(x)} are bounded. Let the weights Wi p, 4, W}, , for | €
{1,2} and x; be i.i.d. random variables from N'(0, 1). Then, with high probability, the following holds:

Bl S VAR | o K
B[S, VAR~ Kd+ K +d

where the expectation is over Wo, W'

).

Denote the bound of |o(x)| by Cmaz, and the bound of sup, {zo’(z)} by Csup-

B.1 Notations and Models

We consider a 2-later nonlinear neural network. Let W1, W5 be the coefficient matrix of the first and second
layer, respectively. W, ;4 is the p, ¢ element in matrix a. For ease of notations, let us further define

e (£3 (2 Y)

p=1g=1

n K 8:&1 2
a3 (3 () ).
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B.2 Some Helper Lemmas

We first provide some lemmas.

Lemma 6. Let X, Y, Z be three normal distribution. Let pxy , py z, pxz be the correlation between those
random variables. Let f() be a monotone, bounded, and differentiable function. More precisely, f(z) > f(y)
iffx >y, | f(x)| < fmax. Further assume sup f'(z)x = c. Then we have

IE(f(X)f' (Y)Z)| < (1= pxy) 'lpxz — pyzpxy| X fmazfmaz0z + (1= pxy) | = pxzpxy + pyz| X fmasc.

Proof. Given X and Y, random variable Z is a normal distributed random variable with mean E(Z|X,Y) =
(1= piy) Hpxz — pyzpxy)X + (1 — pky) ' (—pxzpxy + pyz)Y. Thus it holds that

|E(f(X)f'(Y)2)]
=|E(E(Z]X,Y) f(X)f (V)]
=(1—pxy) HE((pxz — pyzpxy) X F(X ' (Y)) + (—pxzpxy + py2)Y F(X)f' (V)]

<(1—=pxy) 'pxz — pyzpxy| x EIXF(X)f' (V)| + (1 = pxy) | = pxzpxy + pyz| x E|Y f(X)f' (V)|

<(1—pxy) 'oxz — pyzpxy| X fmazfrnaz0e + (1= pxy) | = pxzpxy + pyz| X fmazc.

O
Lemma 7. Letai,az, -+ ,aq,b1,b2, - ,bg be i.i.d. standard normal distribution. Then we have w.p. 1 — 36,
\/l“m y ﬁ\/ldgfﬁ . (B.1)
2.9 Y% - 085
Proof. Directly applying Chernoff bound for normal distribution. O

Ul

Lemma 8. Let Z1, Zs be two r.v.s with normal distribution. Let p =
o

Z1, Zs. Consider a function o(-) such that o(x) = —o(—x),
have

maz, and sup, o(z)x = ag. Then we

Omax + 2\/ﬁamax + 4CMG\/ 1-— P
V1= p?

|E(U(Z1)0’(Z2))| < ( > amax\/ﬁ,

Proof. Expanding the expectation, we have

400 1 Ui%zf - S nm Tt 25
E(o(Z1)o(Z :/ 0(z1)0(z2) —————————exp | — dz1dz
( ( 1) ( 2)) - (1) (2)271_0_10_2\/@ 2(1_p2) 1622
+o0 1 %(Zl — mZQ)Q + 1_52 Z%
:/ o(z1)0(z2) —————F—=exp | — 71 72 5 72 dz1dzo
—oo 2ro1024/1 — p? 2(1 - p?)
2
oo poi 1 AR B dzsd
= o(z3 + —2)0(22) ———————¢x 2+ 2 | dzdz
/700 (s 02 2)o 2)27r0102\/1 — p? P 2(1—p?) a0

roo | a3+ (1- %) 3
= o(oi1us + poruz)o(ooue) ———exp | ———————F— | dusdu
/ (o113 + poruz) (22)271' 1—p? P 2(1—p?) o

—o0

where we simply change the integration variable. Let G(u) = o(o1u). Note that |G(u)| < 0maz. The above
integration becomes

+oo ur + (1= p?)ul
G(U3—|—qu)G(EuQ) Lﬁ;))Q dusdus.

1
— - exp| -
oo o1 " 2m\/1 — p? ( 2(1-p
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Now First fix u2 and decompose the integration into two parts. The first part is the integration on (—oo, —z) N
(z, +00) and the second part is the integration on [—z, z]. First consider the case uz > 0. For the first part,

—z +oo 2 2\, 2
o2 1 uz + (1 —p ) uy
[m + ) G(us + PU2)G(EU2)m exp < W dus
+oo 2 2\ .2
_ o2 1 uj + (1 - p*) u3
_L (G(US + pUQ) + G(—’LL3 + pU2)) G(ZU2)27|—7 m exp <_2(1—p2) dUS
toe D) 1 u3 + (1 — p2) u?
*/gc (G(us + puz) — G(us — puz)) G(;uz)m exp <_2(1—p2) dus,

where the last inequality is by the symmetry of the function G, i.e., G(x) = —(G — ). Note that
1

1
|G (y)| = |0(01y)01y§| <ag

Yy
Let x = pu2 4+ w, where w > 0. Then we have for all uz > =z,
1 1
G’ <ac—— < ag—
|G (us + pu2)| < O = %y
and
, 1 1
|G (uz — puz2)| < ag—— < ag—,
us — pu2 w

which in fact proves G(y) is Lipschitz continuous with constant =< for y > w. Thus, we now have
1
|G(us + puz2) — G(us — puz)| < aga2puz.

Since G is monotone, we have
1
G(uz + puz2) — G(us — puz) < QGEQP’LLQ.

Apply this inequality in the integration, we have

+oo
/ (Gl + puz) - Glua — puz)) G(Z2

400 2 2y, 2
ag o2 1 u3 + (1 P ) uz
< (—2 U )G —Uy)———=exp | ———————— | du:
_/z w 2) O ) T p< 2(1-p?) ’
too 2 2,2
ag o2 1 uj + (1 - p*) u3
< —2 )G —Up) ——— | d
7/700 ( w P (Ulu2)27r\/1—p2 P < 2(1-p?) e
(e 7e] [op) 1 u%
= (%%2pu2) G(Zuz) ——=exp (2 ) .
( o 2Pue (01 u2) o exp ( 3 )
Now let us consider the second part of the integration.

z o

1

G(us + pu2)G(Z2u exp [ —
. (us + puz) (01 2)27r T P< 21— p?)

* g2 1 1
< OmaxG(—U2) ———exp | -———r—-
_/—z (01 2)27r 1—p2 p< 2(1 — p?)

2
_%)dug

x o2 1
< OmaxG(—ug) ————=exp (
/ G 2)\/27“/17,)2 2

—x

o2 1 u%
=220maz G(—U2) ————=exp (——) ,
(Ul )\/27r\/1—p2 2
where the first inequality is because oumax > G, the second inequality is because ezp(—a?) < 1. Combing the
the integration, we finally have

oo ui + (1 P2—) ua) dus

g2 1
G(uz + pu2)G(—ug) —————exp | —
( puz) (01 )277\/1—p2 2(1—p?)
2 2
us g2 1 Uz
_Y2 9 Gy —— _Y2
exp( 2)—|— TOmag (Uluz)mmexp< 2>,

—o0

[e7e] o2 1
S <?2pUQ) G(OTUQ) 771'
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2G2u2VPVI=P vy have

Imax

where x = pus + w. Letw =

+oo 24 (] p2) 2
G(us +pu2)G(Qu ) ug(p)u2> dus

1
9)————exp
e o1 " 2m\/1—p? ( 2(1—p?)
(a—GQ U )G(Eu )Lex —u—g + 2z0 G(gu );ex —u—%
w puU2 o1 2 ,—271_ p D) max o 2 ,7271' 17/)2 p 2

_ \/po'max Q 1 7&%
= <1 — G(01 u2) o exp 5

1 3)
+ 2(pus + OmazG(—Uy) —————exp | —
(p ? Omax (Ul 2)\/271'\/1—p2 p( 2
2 2 £/
max 1 2 1— 1
< VPTmax exp (—%) + 2(pu2 + aG2u2y/p p)a?mz exp (—%>
A/ 1 — p2 A\ 271' 2 Omax vV 27T 1 — p2 2

_ \/ﬁo'?nax + 2pu20r2nax + dagus \/ﬁamaxm 1 exp _“j
I V27 2)’

where the first equation is because we plug in the expression of w, the inequality is due to G < omax. Similarly
we can prove it for the case when u < 0,

too 2 2\, 2
o2 1 ui+ (1—p*)ud
G D)t exp (BT P)U
—oo (s + pu2)G(01 UQ)QWM o < 2(1-p?) e
< \/ﬁafnax + 2/7(771'2)‘7:2:1“ + 4dag(—u2)/pomaxv/T — p 1 exp (_ u%)
- 1= p? V2 2 )

Thus, we have

Foo 2 2 2 4 maxy/1 — 2
B(o(Zo(2) < [ (ﬁ”"‘“ Do P 0T p) = (‘%) duz
0 Vi=p

<\//7)Ur2nax + 2pUr2nax + 405G\/ﬁo-max V 1- p)

S
Omax + 2\/ﬁ0'max + 40&@@
m Jmax\/ﬁ-

By symmetry, we have

Omax + 2 O max + 40[ Vv 1 -
—E(O‘(Z1)O’(Zz)) < < \/ﬁ > ¢ P) Utnax\/ﬁ7
V1i-p
which completes the proof. O

B.3 Main Proof

The main proof of the theorem consists of 4 lemmas, based on which the main theorem becomes straightforward.

Lemma 9. Suppose W, W™, c; are all i.i.d. random variables sampled from standard normal distribution. Then
w.h.p,

EW2’W2* A1 2 O(n2K2d)
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Proof. Expanding the expression of A;, we have

n ) K d 8’]; 2
Ew,Ay =FE Ui — Yi :
Wy A1 Wa <n ;(y Yi) <ZZ (BWLp,q) >

p=1g=1

N——

Mx

Ew, <n i (Woo(Wiz;) — W o(Wix:)) <

i=1

d
Z W2 1,p0 (WLp, w;)xl,q)2)>

1g=1

Z W2 1’1,0' Wl,p, ml)w17Q)2)>

S
Il

nMx

i=1

=nEw, (i(Wza(Wml) Wy o(W7x;)) <

n K K d
'rLEW2 (Z Z W2 1 TU(Wlxl) + WQ 1,7, *O'(Wl fL’z (Z Z WQ 1,p0' Wl,p, xz)xl’q)2>>

=1 r=1

K d
<ZZ (Wi ,r,. i) 24 U(Wl*,r,:x ) (ZZ (Wip, xl)xl,q)2>> .

=1 r=1

| \/

Since o (+) is bounded by omax, we have
2 7 2 2 2 2 2
Pr(lo(Wi,r.xi)" 0" (Wi,p.x:) 2 4] > 1) < Pr(|omazOmazTiql > 1)
2
)
where the last equation is due to the fact that z;, is standard normal distributed. —This implies
’
o(Wi,r.z:)?0 *(Wi p.ai)x; , is sub-exponential (where z7 , is chi-square). Thus, we can apply Bernstein

< 2exp(—

4 /
2 maz9maz

inequality to J(Wl,T,:xi)Qa/Q(Wl,p:xz) x; 4, to obtain w.p. 1 — 4,
n
’ ’ ’ 2
ZG’(WLT,:ZL"L)QO' *(Wipxi)2i g — Ea, ZO(WLT,:mifU (Wip@i)Th g > —VN0mazOmas 108 5
i=1

=1

and similarly w.p. 1 — 6,
n . ’ ’ 2
| Z o(Wy,.x:)’c Wy i) a? q — Bz, Z (Wi wi) 20 2 (Wh i) 2t g > —V/N0tazOmaz 108 5

By union bound, we have w.p 1 — 24, the above two are both true. Plug them in the expression of A;. Finally,
we have w.p. 1 — 26,

K d
EW2 Al > n (Z Z Wl )Tyt :L.’L + G(Wl*,r,:xl) (Z Z WLP, xl)mla‘Z) >>

=1 r=1 p=1g=1
K d K n
2
=nY > 3 (o(Wipw)® + o(Wi,.2:)%) (o) (W pm:)Tig)
p=1g=1r=11i=1

K d K
> 2n’ <Z D> EBeio(Wirai)’o *(Wipai)wl g + Eu,o (Wi, 200 2 (W pei) 2l g — a0>

K K
> 2n’d (Z > Beo Wi *o * (Wipai)aly + Bo, o (Wipwi)*o * (Wipaial, - a0>

where ag = 2%03,“” ai,zmw log % is the extra error term. Note that this term is small and typically can be
ignored.

Since the term within summation is bounded, we can apply Hoeffding bound over p and r separately. Finally we
will get w.p. 1 — 69,

/ / 1
Ew, A1 > 2n°K°d (EO’(WLT,;JH)QU 2(Wipai)as g + Bo(Wy, xi)’0 2 (W pai)z; ; — O \/i) log f)

i~

= 0(n*K?*d)

which completes the proof.

O
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Lemma 10. Suppose W, W™ x; are all i.i.d. random variables sampled from standard normal distribution.
Then w.h.p,

EW2,W2* A2 2 O(’I’LQKQ).

Proof.
n K 83} 2
Ew,ws;As =E gi — yi)° :
Wa , W5 12 Wy (TL ;(y Y ) (; <8W271,q) ))
n K
= Ew, (nz [Woo (Wia) — W3a(Wiz)|? (Z (U(Wl,quwz‘))Q))
i=1 q=1
K
_’I'LZZ W1 o .Z‘l +U(W1r .Tz (Z Wl,q, xl)) ) .
i=1 r=1 =1
Now fix Wi and thus r. Note that || (o(W1r.2:)* + o(Wy,..2:)?) Z;il (c(Wi,g.x:))? || < 2Kohax
Applying Hoeffding bound to the term in the summation over the randomness of x;, we have w.p. (1 — §),
K
| Z Wl T, -Tz + O’(Wl*,'r,:mi)2) <Z (U(Wl,q,:xi))2> - nEzl (U(W1,7',:xi)2
q=1

K
o(Wi,. (Z o(Wh,q,:@s) > | <log %\/ 8K omas-

And thus we have w.p. 1 — 6,

K

K
* 2
Bvw, wy Az > nz (nEL (e(Wirai)® + o(Wi,.2i)°) (Z (U(Wl,q,;x¢)2)> — log 6v8nKUfmx>
q=1

r=1

=n? Z (E (Wi r.xi) + o(WF,., @) (Z (Wh,q,:i) > log = \/>Kamw>
>n?y (Ezi(o(wl,r,tm)Z) (Z (U(Wl,q,:mi)z)) — log 2\/§Koﬁm>
>n? <<Z E., (U(Wl,r,;wi)2)> <Z (J(WLq,;a:Z ) log 5\/7K20ma2> .

Now let us apply Hoffding bound over Wi, we have w.p. 1 — 6,
2
| ZOQ(WU«,;@-) — KEw,0*(Wi1,.2:)| < log EVKUEWI,
and similarly w.p. 1 — 4,
2
| ZUQ(WLQ,;QZZ') — KEWlUQ(WLl,;Q;‘iN § log S\/I?U,,an.
Thus, w.p. 1 — 30, we have
2 /1 ’ 2
Ew, wy Az >n ’K?E, ((EwlaQ(WLl,:xz—) — log gang K) — log SVSnKQUan
2
=n’K?Eo(Bw,0”(Wi1,2:))° — Bw, 20 (W1,1,.2:)(log Safnm\/K)KnQ
n”(log %)QKJfMI — log %\/ Ko o
2
> n’K°E,(Ew, 0 (Wi 1,.2:))° — (log gafnazv K)Kn?

2 2
+ n2(log g)ZKaﬁmz — log g\/ SnKok .
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Changing § to g, we have w.p. 1 — 9,
EW2’W;A2 2 n2K2E1-(EW10'2(W171’;$i))2 — (log gafnazx/?)l(rf
+ n2(log §)2Ka;lmz —log g\/ nKot ..

=0O(n°K>).
O

Lemma 11. Suppose W, W™ x; are all i.i.d. random variables sampled from standard normal distribution.
Then w.h.p,

Ew, wyB1 < O(n’K?).

Proof. Expanding the expression of B2, we have
K d n N 2
N 97
Ew, w;B1 = Ew,,w; Z Z (9 — yi)BW
p=1g=1 \i=1 Lpq
d

K 2
= Bw,,w; <ZZ < (Wao(Wiz:) — WJU(wai))Wz,l,pU/(Wl,pzwi)xi,q) )

p=1qg=1
+2 <
p

where the inequality is due to (a +

(]

s
HM:
=

3

M=

d 2
Z Wa, W3 < (Wao(Wix;) Wz*U(Wfiri))Wz,l,pU/(Wl,p;UCi)wi,q) >

1=

1gq

S
I
-

3

2
WQU Wlxz W271,p0'l(W17p;$i)$i7q> >

W2 W* (
=1
2
Ew,, Wi ( (W3o (W7 xz))WZ,l,pU/(Wl,p:l’i)xi,q> )
< 2a?

+ 2b°. Expanding Wa, we have

M- ”r?
||M:~ ”M&

2
EWz’WQ* (Z W20' Wll’l W2’17p0-/(W1’p;$i)fL'i,q>

" 2
= EWQ,WQ* (Z Z(Wz,l,rU(Wl,r,;xi))WQJ,pO/(Wl,p:mi)l’i,q>

r=1i=1

i=1

n 2
Wo, W3 (Z(WQ,177’0-(W117'71"Bi))w2,1,p0-/(Wl,p:xi)xi,q>

<3

K
"2F
Z(Z (W, xl))UI(Wl,p:xi)mi,q> ,

where the second equation is because E(W2,1,7, W2 1,r, W2271’p) = 0 as long as 1 # r2. The inequality is
because E(W3, W5, ,) =3ifr = pand E(W5, ,W3,,) =1 < 3if r # q. Similarly, we have

n 2
Ew,,w; (Z(WJU(Wfl’i))W2,1,pU’(Wl,p:cvz‘)ﬂci,q>

i=1

r=1i=1

K n 2
= Ew, w; (Z Z(WJ,LTU(Wfr,;Jri))Wz,l,pUI(Wl,p:l‘i)l’i,q)

K n 2
-3 (zm“o(w“ >>w<w>)

i=1

" 2
K <Z U(Wl*m’:xi)al(lep;wi)xi7q> .
i=1
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Therefore, we obtain

sz,W*Bl
2 " 2
S QZZ <3Z ( Wl Ty -Tz) %Wl,p:l’i).%i,q) + K (Z O‘(Wl*yry:l’i)o‘/(Wl’p;l’i).%‘i’q> ) .
p=1qg=1 r=1 i= =1

Since 0(+) < Tmax and o(+)" < 07,0y, We have
Pr(jo(Wi,r:xi)o" (Wi,p:i)2iq] 2 t) < Pr(|omes0imaaiagl > t)
2
which implies o(W1,,.2;)0’ (W1, p:2;)Ti,q is sub-exponential. Thus, we can apply Bernstein inequality to
S oW r.mi)o! (Wi p:@i)@i,q, to obtain w.p. 1 — 4,

< 2exp(—

‘ Z U(WI,T,:wi)U/(Wl,p:xi)mi,q - nEzl Z J(Wl,'r,:xi)o—,(Wl,p:mi)xi,q

i=1

n 2 4 2
S 5 10g go—mamainaz + OmazxOmazx IOg g

and similarly w.p. (1 — 9),

1> (W@ (Wi pw)Tig — nEe, Y o(Wi2:)0" (Wi p:i)aiq

i=1

n 2 !
S 5 10g gamaxo":naz + OmaxOmazx IOg g

By union bound, we have w.p 1 — 24, the above two are both true. Plug them in the expression of B; and use
(a +b)? < 2a” + 2b°. Finally, we have w.p. 1 — 26,

EWQ,W,;Bl

EZ (32 (Z (Wi,p.2i)0 '(lep;xi)x¢,q> (EO‘ Wi ,..zi)o (W1,p;x¢)x¢,q> >
<2 Z Z (3 Z nEzl o(Wi,r,xi)o (W1 pTi)Tiq + a1)2

p=1g=1 r=1

+ K (nEIiU(Wl*,mxi)al(Wl,p;:ri)a?i,q + a1)2 )

K

K d
n’ Z Z <3 Z (ExiJ(Wl,r,;xi)cr'(WLp;xi)Jri,q)2
p=1g=1

+ K (E;,;iU(Wﬁr,:wi)g/(Wl,p;x,-)xi,q)2 + 8Ka?> ,

where a1 = 1/ 5~ 108 20mazOmaz + %Umaza;,mz log 2 is the extra error term. Note that this term is O(\/g)
and typically can be ignored. Now let us consider Ey, 0 (W1, .2;)0’ (W1 p.2;)Ti,q. Abuse the notation a little
bit, let X = W1 .2, Y = Wi p.zi, Z = x;,4. Given W1, they are all normal distribution, and the correlation
is

_ Wlmq
PR we
b=1 1,7,b
_ Wl,p,q
ST W
b=1 1,p,b
d
XY = Zb::l Wl,p,dwl,nd

d d
\/Zb:l WIQ,p,b Zb:l W12,7‘,b
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Apply lemma[f] we can get,
|E(o(X)o'(Y)2)]
< (1= pxy) Mpxz — pyzpxy| X OmasOmazoe + (1 — pxy) ' — pxzpxy + pyz| X Omasac.
Note that by Chernoff bound and Lemma w.p. 1 — 49,
2log§
z| < —F—="—
lpxz] d— \/&log%
2log &
< 756
pral < 52 Vidlog
QIOg%
d—+dlog %

oz < \/d-&-\/&log%.

Plug them in the above inequality,we have w.p. 1 — 46,

loxy| < Vd

' ’ 1
Ey,0(W1,r.2:)0' (Wi pz:i)2iqg = |E(0(X)o' (Y)Z)| < O(—=)0mazOmaz + O(g)omazag.

f
Similarly we can get w.p. 1 — 49,
1

ﬁ )Omalo—;naz + O( l

Ep,o(Wi . 2:)o' (Wi pixi)@i,q < O( d

)UmazaG-

Thus, we have w.p. 1 — 100,

K d K
EW2 W* Bl < 4n2 ZZ ( Z EziO'(Wl,r,;.’bi)a'/(WLp;:Ei).’Ei,q)2

+K (Egc,iU(WiT,:mi)a/(Wl,p;xi)xi,q)2 )

B o )

p=1g=1
= O(K’n?),
which completes the proof. O

Lemma 12. Suppose W, W™ x; are all i.i.d. random variables sampled from standard normal distribution.

Then w.h.p,
1 1
Ew,w;B2< O <n K® (
ViR

Proof. Expanding the expression of Bg, we have

K n 2
) 09i
EWQ,WQ* By = EWz,Wg* (Z <Z(yl B yi)aWQ 1 q) >

g=1 \i=1

= EWQ,WQ* (Z <Z WQU lecz) W;O’(Wfl‘i))a(wl,q,;l‘i)> >

= ZZ ((Z Wl T, wz W1 ,q,: l’z)) + <Z U(WF’T’:Ii)U(leq,;xi)> ) s

i=1

where the third equation is because Wy, Wox are independent.  Applying Hoeffding bound to
> o(Whrwi)o (Wi g,.@i), we have w.p. (1 —9),

= 2
1> oW )0 (Whg, 1) — nEe,0(Wi i) o (Wig,2:)| < 4/ zamaz log =

i=1
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and similarly w.p. (1 — 9),

2
IZ (Wi )0 (Wag.2:) = nEa 0 (Wi po2i)o (Wi g,0)| < ﬁam log

By union bound, we have w.p 1 — 26, the above two are both true. Plug them in the expression of Bz, we have
w.p. 1 — 26,

Ew, w; B2 = ZZ <<Za (Wi,rzi)o (Wi g, $Z)> + (Z U(Wf,T,:xi)a(Wl,qﬁmi)) )

g=1r=1 i=1 i=1
K K 9
S 2 Z ( E U(Wl Tt 1’7,) (lefl, 1‘1))2 + TLQ (EmiU(Wf,r,:zl) (Wlﬂla i ) + ngmaz 10g2 3)
g=1r=1

K K
S ( Eu, (Wi rx:)o(Wig.z:))? + (EziJ(Wl*,r,:xi)a(WLq,;xi))2)

g=1r=1
2 4 22
+ 2K"no ez l0g 5
=2n? Z Z ( (Wi a:)o (Wi g.xi))? + (EziU(nyT,:mi)U(leqy;xi))2)

q=1r#q

+2n° Z ( Eoyo? (Wi g.2:))” + (Ezia2(wl*,q,:xi))2)

+ 2K2namaz log2 %

where the first inequality is due to (a + b)* < 2(a® + b?).
For the first term, define

d
By Wi, @iWign@i) 2yt WiryWigy
Er (Wi xi)2Ey, Wig.2:)? d d ’
2 (Wi 20)? By (Wi g, @) \/Eyzlwf,w\/zy:l w2,

Apply lemmato each (Ey,0(Wi,r.2:)0(Wi,q,.2:))?. We have
(Ez;o(Wirwi)o (Wh,q,mi))?

2
Omax + 2\//) ,7Omax + 4aG\/ 1-— Pq,r
1 1 Omax+/Pq,r
V 1- pg,r
2
Omax + 2\/pq,r0'max + 40(6‘\/ 1-— Pq,r 9
= OmaxPq,r
T2 2. Pa
§3 Jl?nax + 4pq7’f0-1?nax + 16&%‘(1 — vaT) U?naqu,r
V 1- pg,r
where the last inequality is due to 3a® 4 3b + 3¢ > (a + b + ¢)?. By Lemma we have w.p. (1 — 39),
2
por < Yloas
T T d—+dlog 2
Therefore, plug in this value into the above inequality, we have w.p. 1 — 34,

(EziU(Wl,r,:xi)U(leqﬁxi))2

§3 (UrQnax + 4pq7TUr2nax + 160(20(1 — p4»7)> 2

Pq,r

<

OmaxPq,r
/71 —ng maxPq
o 2 o 2
3 afnax+4ﬁldg5012nax+l6a2c(1— %) 2 \/Elog%
- 2 max d
1 _ (\/alc(l)g(;)Q
1 2

*0(7 7)og 5
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Apply this for all (g, r) pairs, and then use union bound, we have w.p. 1 — §, for all ¢ # 7,
1 2K(K —1
(B0 (W r0)o (Wi g.:))? 30(% +1)10g 2D

and thus

o’ Z 3 ( (Wi pezi)o (Wi g.i))? + (Eml.U(W;T,:xi)a(wl,q,;xi))2)

q=1 r#q
1 1. 2K(K-1)
< 2,2, 1 1 2K(K —-1)
<On°K (\/3+d)10g 3 )
1
2
~ O(n’K* (\/3+d)log5)

For the second term, noting that /() < omax, we have
, K
2n2 Z ( EI7U Wl,q wz)) + (Ezioﬂ(Wl*,q,:xz ) Z 2O-ma,x = 7’L K)
Combing all those terms, we have w.p. 1 — 6,

B, w; Bz < 2n222 ( B, 0 (W) 0 (Wi g.2:0))? + (B, o (W 2:) 0 (Wi g :cl))2)

g=1r#q
K ) i
2t 3 (Beio Wagie) + (B (Wi 20)°)
q=1
2
+ QKZnUizaz 1Og2 5
1

1
<0(= 4+ YHiog 2 4 Om2K) + OmE?) ~ O K (= + 1)+ n?K).
<Oz + g)log 5 + OWnK) + OnK?) ~ O’ K*( s + )+ n°K)
This completes the proof.
Now we are ready to prove Theorem 2]
Proof. Note that f; = (§; — i), we can apply the chain rule to have
d 2 K 2
_ ofi fi
nZHVleZ _nz (ZZ (8W1,p,q) Z (8W2,17q) >
p=1g=1 q=1
n K d N 2 K 2
E)yi ayl
S (S5 () 5 )
= A1 + As,
and
n K d 2 K n 2
. afl afz
|_Zwl||2<zz< 8Wm> +Z<Zawm>>
=1 p=1g=1 2 q=1 1=
K d n 94 2 K n 9§ 2
S (S ) 3 (S ))
= B1 + Bs.

By, wy At Az

The goal is now to understand the behavior of Fuyows Bivba’

By Lemma[9] w.h.p,

Ew,w; A1 > O(n*K*d).
By Lemma|[I0] we have w.h.p,

By, ws A2 > O(n’K?).
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By Lemma|IT] we have w.h.p,

EWQ,WQ* Bl g O(’I’L2K2)

By Lemma[T2] we have w.h.p,

1 1 1
EWQ,W§B2 <O <n2K2 (E + ﬁ + ?>) .

Combing these four results we directly obtain the desired theorem. O

C Proofs for Multilayer Linear Neural Networks

We first present the main theorem for multilayer NNs.

Theorem 6. Consider a LNN with L > 2 layers. Let the weight values W p q forl € {1,...,L} and x; be
independently drawn random variables from N'(0,1). Let

L—-1
M =n" [ K¢ (Ke +2)
=0

Then:

n L—1 K,
4
SONIZITETR (R )
i=1

n—1 Ke—1
E| Z Vi, Vi)l =M- n ZK¢,1HK[+2 KOI:[KerQ

i=1,j7#i

Given Theorem[6] Theorem 3] the main theorem for multilayer NNs, becomes a direct corollary.

Next, we prove Theorem|[6] We start by stating a few general lemmas that will be necessary in the proof.

C.1 Models, Assumptions and Notations

Let us denote W = Hle Weand W* = HeL:l W, . We will also need the following notation:

L a—2 a—2
Ta,p = ( H WZ) Wa+1,:,p la,q = Wa—l,q,: (H Wé) lz,q,s == Wa—l,q,: (H We) bel,:,s,
=1

t=a+2 £=b
where
L . .
Wr.p ifa=L-1 ifa=1
W Wa : - v . Waf : W - . )
(2_11_2 Z) e {1 ifa=1L b (H Z) {qu ifa=2

where e, € R? is the g-th unit vector in the d dimensional space.

Then we can write the differential as follows:

ofi *
7')“ H Wg a+1 D a 1,q,: H W[ XT; = Wl'i — W Iz) ra,p(la,qa:i).
aWavpaq l=a+2

Furthermore, let Wq42y., = H;:a-ﬁ—Q We.

By default, we define ]}, a; = 1if k > n.

C.2 Some Helper Lemmas

We would need the Isserlis Theorem (author?) [49]]. The following lemma can derived from the Isserlis
Theorem.
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Lemma 13. Let x € R? such that x; is i.i.d. ~ N(0,1). Then
Eq (a'z)* = ||all3

Lemma 14. Let B = (by,ba, -+ ,ba,) € R%*% be a random matrix whose elements are all i.i.d N(0,1),
and c = (c1,¢2,- -+ ,ba,) € R% be a constant. Let a; = cTb;. Then we have

da ? de 1\ 7
E (Zaf) = dy (da +2) (Zﬁ) : (C.1)
i=1 j=1

Proof. By linearity of Expectation, we have

da 2 dg da
E(Zaf) =F Z Z a?a? +E<Za?>
i=1 =1

i=1 j=1,5#1
do  da da
=2 3 B(Ewren)) + 3B (')
i=1 j=1,j7i i=1
. , (C2)
S5 E () exs(3a)
i=1 j=1,j#1 \k=1 i=1
= do (da +2) <Z c§> ,
j=1
where the third equation is due to Lemma I3} O
Lemma 15. Let G = (g1592; - ;9a,) € R%*% be a random matrix whose elements are all i.i.d N (0, 1),

zs,zt € R beiid N(0,1), and A € R% >4 pe q constant. Then we have

dg dg dg 2
Zngxsngmt ZZE(ZQJ ugiA u) (C3)

j=1 =1 j=1

Proof. By linearity of expectation, we have

2 d.q d.‘?

dg
Z giAxsgj Az | = Z Z E (9jAzsg; Axtgi Axsgi Axy)

=1 i=1 j=1

= Z Z E (Z g; ,ung U Zg] ,vgz v> (C4)

i=1 j=1

dg d!] 2

Sk (zgj i ) |
=1 5=1

where the second equality is taking expectation over x. O

Lemma 16. if all elements in W are i.i.d standard normal distribution, we have

L—-1
<Zr“rap> (Ko +2)F, (Ka+2)< 11 Kg(Kg—f—Q))‘

l=a+1
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Proof.

K(L

2 : 2 2
EWa+1 7“a,,.sra,p

s=1

Kq
= EWa+1 (Z (W(a+2):LWa+1,:,s)2 (W(a+2):LWa+1,:,p)2>

s=1
e 2 2 4
=Bw,p | Y, WiaraysWart,s)” (Wiat2)zWatt,p)” + (WiatzyrWat,)

s=1,s#p

= (Ka+2) (EWGH ((W<a+2):LWa+1mp)2))2

2
Kqt1

- (Ka + 2) Z (W(a+3):LWa+2,:,'r)2

r=1

The first equation expands the expression of the original formula. The second equation split the summation over s
into two parts, the case when p = s and the case p # s. The third equation uses the fact that E||a” z||3 = 3||a||3
from Lemma@ and that all W, 41, :, s are symmetric and thus the expectation of the sum is essentially K, — 1
times the expectation of each value.

By Lemma|T4] we have
Kai1 2 Kato2 2
2
EWQ+2 Z (W(a+3):LWcL+2,:,'r) = Ka+1 (Ka+1 + 2) Z (Wa+4:LWa+3,:,7‘)2
r=1 r=1

Note that now the formula on the right side has the same form of that on the left side. This actually means that
we can use induction over a to further simplify it. Formally, let

Kaq1

Fo = Z (W(a+3):LWa+2,:,r)2

r=1
Then the above equation becomes for alla < L — 4,

Ew,,, (Fo) = Kay1 (Kat1 +2) Faya,
which implies

E(Fo) = Kat1 (Kat1 +2) E (Fag1) -
Now we prove that by induction,

L—-1

E(F,) = ( 11 KZ(K4+2)> \Ya < L —3.

l=a+1
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When a = L — 3, we have

Kr_2

Z (WLWL—I,:,T)2

r=1

E(FL 3)=E

Kp_—2Kp_2

Z Z (WiWr_1,..)> (WeWr_1,.,)*

r=1 wv=1

Il
=
/N~ N~

Ki_3 Kp_o Kp_2
=E| > > WeWir )2 WeWror,0)?+ > (WeWio1,:0)*
r=1 v=1,u#r r=1
Kp_2 Kp_o Kp_2
= Z Z E(WLWro1,:,)? (WeWr-1,0)> + Z E(WLWr_1,.,)"
r=1 v=1,ur r=1

Kp—o Kp-2

Z Z Ew, Ew,_, (WLWLfl,:,r)Q(WLWLfl,:,v)2

r=1 v=1,v#r

Kp_2
+ Z Ew,Ew,_, (WLWL—I,:,’I‘)4
r=1
Kp o2 Kp o 9 Kp_2
= Z Z Ew, (EWL,l(WLWLfl,:,r)Q) + Z E'WLEWL,l(VVLVVLA,:,T)4
r=1 v=1,v#r r=1
2 2
Kr_o2 Kp_2 K1 Kp_2 K1
S5 SIS O SRUANE INED S b SRt
r=1 v=1,v#r t=1 r=1 t=1

K 2

L—1
=Kr—2(Kr—2+2)Ew, (WL,:,t)2
-1

t

=Kro(Kp—2+2)Kr-1(Kp-1+2).

The first and second equations expand the expression of F,. The third equation splits the summation over v into
2 parts, the case when v = r and the case when v # r. The forth equation uses the linearity of expectation and
the fifth equation uses conditional expectation. The sixth equation uses the fact that Wp,_; are all i.i.d standard
normal distribution. The seventh equation uses the fact that F||a”z||3 = 3||a||* from Lemma|13| The last two
equations are simple algebra.

Assume that when a = 0,

E(Fg) = < I:I K, (Kg —|—2)) .

=641
When a = 0 — 1, we have
E (Fg_l) = Ky (Ke + 2) E (Fg)
L—1
= (H Kg(Kg+2)> .
=6
Thus, by induction,

L—-1

E(F,) = ( 11 KZ(K4+2)> ,Va < L —3.

l=a+1

Therefore,

E (Z 7"2757"214,) = (Ko +2)E(F,) = (Ko +2) < 1:[ K¢ (Ko + 2)> )

l=a+1
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Lemma 17. If all elements in W, W™, x are i.i.d standard normal distribution, then

Kg_1 a—2
E{ Y (laqw)? (laew:)” | = (Kar +2) (HKe(KeH)).
t=1 £=0
Proof. Similar to the proof of Lemmal[T6] O

Lemma 18. [f all elements in W, W™, x are i.i.d standard normal distribution, then

E i (la,q,v)z (la,t,v)z = (Ka_1 + 2) (ﬁ Ke (Kg + 2)) .

t=1 (=1

Proof. Similar to the proof of Lemma [T6] O
Lemma 19.
2
Ky_2 [Kq_1 a—1 a—1
Ko+2
(X (S ) )= (T v} [ 5 25 T 22).
s,t=1 =b—2 p=b—2 L=¢+1
and in particular,
K 2 1 1
0 a— a—
Ko+ 2
E 12 = Ko (Ke—1
5;1 Z a,v,s a'ut <£J(; E( e )) ZKd;.— H K[—].
Proof. We will prove the result using recurrent formula. Let us first note that
Ky_2 (Ka—1 2
E Z Z la v,8 a v,t
s,t=1
Kg—1 2 2 2
=Ky oF Z (lZ,U,S) + Ky o(Kp2—1)FE Z I v sla,v,t
v=1
—1 2
= Kp_2 H Ko(Ke+2)+ Kyp—2(Kp—2—1)E Z lavslavt ;
e=b—1

where the first equation splits the summation over s into two cases, the case when s = ¢ and the case when
s # t. Note that lz,v,s are symmetric over all s, and thus the summation in the first case becomes Ko times
a single term. Similarly, in the second term, we have K;_2Kj,—o — 1 as the coefficient. The second equation
2
. . Ko .
essentially plugs in the value of the £/ (( i lg v S) ) which is a sum of squares and we already know

how to compute it using lemma[T4]

K 2 . s .
Now let us turn to the term F (( ! lZ v, gla » t) . Let us further split W, in this is term, and we obtain

2
Ka—1 Ka—1
E la v, sla v,t = E la, vl,sla vl,tla,UQ, la yv2,t
v1=1 vo=1
Ka—1 Ka—1
b+1 b+1
=k E E la S0, Wb, ;8 a Ul Wb tla U, Wb, ,8 a v2 Wb,:,t
v1=1 vo=1
Kq1Kq-1 Kp—1 Kp_1
_ b+1 b+1 b+1 b+1
=F E § E § la ;U1 slavl, la'uz .sla ,va,t
vi=1 vg=1 s=1 t=1
2
Ky_1 [Kaq-1
_ 2 : 2 : b+1 ;b+1
=F la,v,sla,v,t )
s, t=1 v=1
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where the first equation is simply expanding the square of summations, the second equation is splitting the
expression of EZ’U,S, the third equation is computing the expectation over W}, and the final equation is changing
the order of summation. Combining the above two main equations, we effectively obtain the following equation.

2
Ky_o Kq_1
§ : 2 : b

E la v, sla v,t
s,t=1 v=1

2

a—1 Kp_1 [Kq-1
= Kp2 H Ko(Ke+2)+ Ky2(Kp2—1)E Z Z Lot slaths
l=b—1 s,t=1 v=1
This holds for every b < a — 1 Now Let us define f(b) =

2
E (Ziﬁ;f (zv el gm) > /H‘l};blfz K (K¢ — 1). The above equation now becomes
a—1
1 Kp+2
b)) = ——
F0) = o %

£=b—1

—|—f(b—|— 1).

One can easily check that f(a + 1) = ﬁ and that f(a) = gz:ff 7 1271 + Ka—llfl. Therefore, by
induction, we can easily obtain

a—1
1 Ko+2
b) = b+1
10 = gy =1 I g+ 70+
_afl 1 a—1 Kg+2
¢:Zb—2K¢7ll:¢+1 Ke—1

where we use the notation Hi _; = 1,4 > j for simplicity. By plugging in back f(b) to the expression of the
expectation, we have

2

Kp—2 [Kq—1 a—1 a—1 Ky +2
El> Zla,v,elavt —<H KMK@‘”) Z K¢—1 Il %z
£

s,t=1 =b—2 $=b—2 1=¢+1

This completes the proof. O

C.3 Computing the Expectation

Theorem 7. IfVa, W; , ., Wa p,q, Ti are all i.i.d ~ N(0,1), then

»Psq)

of: Ko (Ko + 2 =
E(Hawf I1”) = ;((KO - ) (HKe (K¢ +2) -‘rHKé)
a,p,q a—

= (=1

Proof. We start by writing the expectation as follows.
afi 1\’ .
B (el ) = B (W = W)

= B (W)’ i, (lag2:)?) + B (W21, (lagwi)?) |
where we plug in the expression of the derivative in the first equation. The second equation uses the fact that W
and W* are 0-means independent random variables.
For the first term, computing the expectation over W, we have

Kq

Kq_1
EWa ((W‘rz) 7p (la,qxz Z Z Ta sra,p qxi)2 (la,tmi)z

s=1 t=1
Kg Ka—1
2 2 2 2
:Zra,srayp Z (la,q®i)” (la,ez:)”
=1 t=1
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where the first equation uses the fact that W, only appears in W where W = W(,11). WaW(1):(a—1)» and all
elements in W, are i.i.d O-means. Note that 7; ; and [y ¢ are independent, so we can compute their expectation
separately. By Lemma[T6] we have

<Zr“rw> (Ko +2)F, (Ka+2)< 1:[ KZ(K4+2)>‘

l=a+1
By Lemma|T7} we have
Ka—1 a—2
E[ Y (lagr:)? (o)’ | = (Ka1 +2) (H Ko (Ko + 2)) .
— £=0
Combining those two equations we have
L—1
E((Wx:)* 12 (lagwi)®) = II Ko (Ke+2) | (Kao1+2) (Ko +2).

£=0,0¢Z{a,a—1}

For the second term, note that (W*aci)z, riyp and (lmqaci)2 are independent given x;. Thus, we can compute
the conditional expectation separately.

L 2
Ew* ((W*$1)2> = Ew* <H W:Ii>
L—1 2

t=1

Kp—1

2

= Ew~ Z WZ 2a <WL La,: H Wy xl>
L2 2

= Kr_ 1Ew~ <WL*—1,a,: H Wt*xi>

t=1

L-1 Ko

[T KD i

=1 k=1

where the first two equations are simply plugging in the expression of W*. The third equation uses the fact

that W are i.i.d. O-mean. The fourth equation uses the fact that Wy, . , are symmetric. The fifth equation uses
induction to finally obtain the last equation. Similarly,

Ei,, ((laqzi)? HKZZsz k>

and

'ra,p rap I I KZ

l=a+1
Hence, the second term becomes

E((W'2:)* 12y (lagwi)?) = Ea, (Bwe (W2 Er, , (12,) Bu, <za,qx,.>2)

CHjKeZmaHZKeZm H K[>

=1 k=1 t=a+1
1 L—1 Ko
=—— J[ K?E., :
ot e (1)
=1 k=1
1 L-1
= K;.
KaflKa 21_[ ¢
Combing both terms finishes the proof. O
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Theorem 8. IfV0,p,q,%, W(, 4, Wep.q, xi are all i.i.d ~ N(0,1), then we have

E(IVAII?) =L (Ko (Ko +2) (H Ke(Ke+2) + 1:[ K,?))

Proof. This can be directly obtained from the last theorem by summing over a, p, q. O

Remarks: One can verify that when L = 2, this reduces to the 2-layer case and we have E(|| awif i 1) =
2d(d + 2)(2K + 2) K, which agrees with the 2-layer analysis.

Theorem 9. If Wy p, o, W[, o, Ti, x5, # jare all i.i.d ~ N(0,1), then we have

sPs

(0t o1,
OWapq OWapq

1 = K, —1
T KuKo (HKZ(K“LQ) ZK(b—lnmj% KOI;[Kg—i-Z :

Proof. Note that

8_]01 8fj _ o * o * 2 . .
FE (8Wa,p,q> <8Wa p,q) =F ((WmZ Wxi) Wy — W) re p (la,qxs) (la,qm]))

=B ((W"z:) (W' z;) ra (lagwi) (laq;))

+ E(Wai) (Way) ra p (lagwi) (lagz;))
where we plug in the expression of the derivative into the first equation, and the second equation uses the fact
that E(WW™) = 0 since W, W* are independent i.i.d. random variables.

For the first term, we have
E((W*z:) (W zn) i p (lags) (la,gTn))

Ko Ko
2 * * * *
=K <Ta,p E E WQ:LWL:,SWQ:LWL:,tWal,q,:W21a2W1:,sWal,q,:W2:a2W1,:,t>

s=1t=1

< Z W2 [,V‘/lY .8 (Wa—l,q,:W2:a—2W1,:,s)2> 3

where the first equation is because of taking expectation over x and x;, x; are i.i.d 0-mean, while the second
equation is because we take the expectation over WW; where again W; are independent and 0-mean.

Since r, W, W™ are independent, we have

Ko
E (T?z,p Z (WQ*ZLW;,I,S)2 (Wal,q,:W2za2W1,1,5)2>
s=1
Ko
=K (Tz,p) Z E (VI/Q*:L‘/I/l*,:,s)2 E (Wafl,q,:W21a72W1,:,s)2 .

s=1
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Applying the fact that E,(||a” z||3) = ||a||3 from Lemma we have

E(ri,) =E (( ﬁ Wg> Wa+1,:,p>2

l=a-+2
2

L
=E (| [] w
{=a+2
Kat1 L 2
=E| Y. < 11 WeWa+2,:,v)
v=1 £=a+3

L 2
= a+1E ( H WZWa+2,:,v>

l=a+3
= a+1E(T(2L+1,v)

= a+1Ka+2E(Tr2z+2,p)

L-1

I &
L=a+1
Similarly, we have

L—-1
E(Wso Wi =] K
=1

and

a—2
E (Wafl,q,:W2:a72W1,:,s)2 - H KZ-

=1

Hence,

Ko L—-1 1
2 * * 2 2 2
E (ra,p; (WQ:LWI,:,S) (Wafl,q,:W21a72W1,:,s) > :KO E Ké : m~

For the second term, we have
E((Wa:) (Way) 73, (lagi) (lag))

Ko Ko
=F <Z Z rg,pW2:LW1,:,5W2:LWl};,tla’qysla’qyt>

s=1t=1
Ko Kq Ka-1

z : : : : : 2 2
=FE 'ra,,pra,ula,v,sla,v,tla,q,sla,q,t )

s,t=1u=1 v=1

where we use similar tricks as in the first term, i.e., the first equation is due to taking expectation over x, and
the last equation is by taking expectation over WW,. Note that r and [ are independent, we can compute their
expectation separately. For computation convenience, let us now take into account of summation over p, g as
well. This is essentially compute the sum of the derivative over W, instead of W, p 4. By Lemma[T6]

K K L-1 L-1
> E (Z Tiypr21u> =Ko (Ka+2) [ Ke(Ket+2)=]] Ke(Ke+2),
p u=1 l=a+1 l=a

which implies
L-1

K
- 1
E <§ ri,pr§,u> =% I Ke(Ke+2).
u=1 ¢ t=a

Now let us consider [.

2
Ka—1 Ko Ka-1 Ko Ka—1
g E g é la,v,sla,v,tla,q,sla,q,t - E é g la,v,sla,v,t
g=1 s,t=1 v=1 s, t=1 v=1
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By Lemma[I9] we have

Ko 2 a—1 a—1 Ko +2
E Z Zla,v,savt :<ZI_IKZ Ke—1> ZK¢— H Ke—l '
s,t=1 =0

which implies

Ko Ka-1 a—1 a—1 a—
1 1 Ke+2
35S lelosibaelon | = 7 (H K m—n) St 1)

s,t=1 v=1 a—1

Combing those two terms, we have
E((Wai) (W) i p (lawgi) (lags))

Kq Ka—1

Ko
=E Zzzrmprauavsavtlaqylaqy

s,t=1u=1 v=1
L—1 a—1 a—1 a—1
1 1 Ko+2
( HK@ Kz+2)> Koy (HKZ(K£1)> ZK¢_1 lngKz—l
L—-1 a—1 a—1 a—1
1 Ky—1 1 Ko+2
= — Ko (K 2
(KaKal [] & (K + )> ( K£+2> ZK¢—1 Ki—1
=0 =0 $=0 r=p+1

(L L_IK Ko +2) K1
- KaKa,ln ¢ (Ke+ ZK¢—1HKH-2

Summing the two terms from the original expression, we finally have

5 (_0F: o1,
Wapg ) \OWa,p.q

= E((W*z:) W z;) 72 (la,g@i) (la,g®;))
+ E((Wai) (Wa;) s, (la,g:) (la,gzs))

—KLH_1K2 L, LHIK K +2) Z HK"’1
- KK, KKa1: e (Ke K¢—1 Ki+2

L-1 L-1
1 K@ —1 1 Ky
== Ko+2)
KoK, 1 (E)K"( e+t ) ZK¢_1 K+2+K04:0K‘+2 ’
which completes the proof. O
Theorem 10. If Wy, o, i, 5,1 # j are all i.i.d ~ N(0,1), then we have
L-1 a—
Ki+2
E Vi) = K¢ (Ke+2
(Vfi, Vi) <£1:[0 e (Ke+ > ZK¢71HK£*1 KOI;[KerQ

Proof. From Theorem[9] we have

5 (_0F of,
OWa,p.q OWapq
1

L-1 Ky -1
:7KaKa—1 <£1_[0K4(Ke+2> Zqu,lHKZJFQ KOE[KZ+2

Summing over p, g, we have

Kot 8f¢ 8fj
Z Z E (3Wa,p,q) <8W‘%Pv‘1>

p=1 ¢g=1
L—1 1 L—1 K[
—<E)KZ(K£+2> ZK¢—1HKe+2 ?OE)KZ‘FQ
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Thus, we have

L
E(VL V) =Y.

L L—-1 a—1 1 ¢ K 1
p— Z_

a—1

L-1 L 1 [
= (lOK’f(K’f”)) ;Zm—lﬂmm Ko 1:[ K o

=1¢=0

L—-1

1 )
L—¢ {4 Ki—1 L K,
Ko (Ko +2 > =
e (Ke + )> ¢:0K¢—1gKg+2+Koé:0Kg+2

Finally we arrive at the main theorem.

Theorem 6. Consider a LNN with L > 2 layers. Let the weight values Wy p, q for 1 € {1,..., L} and x; be
independently drawn random variables from N'(0,1). Let

L-1
M =n" [ K¢ (Ke +2)
£=0
Then:
n L—-1 K,
E Vil =M-L|(1 .
Y I (+21_11KH2>,
z Ko—1 L =K
E . NS ¢ — ¢
[i:;#w,vm 2 K¢— - H K2t 1 &
Proof. This can be directly achieved from Theorem|[§|and Theorem [I0} O
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