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A Proofs for 2-Layer LNNs

We will start by proving the following proposition.
Proposition A.1. Assume that all weight values and the data points are independent random variable. And
Further assume that their k-th order moments are bounded when k ≤ 4. Within a weight matrix, all entries have
the same moment value. All data points also have the same moment value. Then for any pair i, j ∈ {1, . . . , n}:

E(〈∇fi,∇fj〉) =

{
Θ(K2d2) if i = j

Θ(Kd(K + d)) if i 6= j

To prove the above proposition, we first define some notations. Let Mi,j be the j-th moment of the entries of
Wi, and Wx,j be the j-th moment of the entries of data point xi.

Let us prove the two cases separately. We first consider the case where i = j. We can write the inner product as

E
(
||∇fi||2

)
=

K∑
p=1

d∑
q=1

E(|| ∂fi
∂W1,p,q

||2) +

K∑
q=1

E(|| ∂fi
∂W2,1,q

||2)

We will show in Lemma 2 that the first expectation is Θ(Kd), and in Lemma 3 that the second expectation is
Θ(Kd2). Plugging these results into the above equation gives the desired result.

Lemma 2. E(|| ∂fi
∂W1,p,q

||2) = Θ(Kd).

Proof. Note that ∂fi
∂W1,p,q

= (ŷi − yi)W2,1,pxi,q = (W2W1 −W ∗2W ∗1 )xiW2,1,pxi,q . We have

E(|| ∂fi
∂W1,p,q

||2) = E ((W2W1 −W ∗2W ∗1 )xiW2,1,pxi,q)
2

= E ((W2W1)xiW2,1,pxi,q)
2 + E ((W ∗2W

∗
1 )xiW2,1,pxi,q)

2

= E

(
K∑
s=1

W 2
2,1,s (W1,s,:xi)

2W 2
2,1,px

2
i,q

)
+ E

(
K∑
s=1

W ∗2,1,s
2 (
W ∗1,s,:xi

)2
W 2

2,1,px
2
i,q

)

= E

(
K∑
s=1

W 2
2,1,s

(
d∑
t=1

W 2
1,s,tx

2
i,t

)
W 2

2,1,px
2
i,q

)
+ E

(
K∑
s=1

W ∗2,1,s
2

(
d∑
t=1

W ∗1,s,t
2
x2i,t

)
W 2

2,1,px
2
i,q

)
= M1,2

(
(K − 1)M2

2,2 +M2,4

) (
(d− 1)M2

x,2 +Mx,4

)
+M1∗,2KM

2
2∗,2

(
(d− 1)M2

x,2 +Mx,4

)
This concludes the proof.

Lemma 3. E(|| ∂fi
∂W2,1,q

||2) = Θ(Kd2).

Proof. Note that ∂fi
∂W2,1,q

= (ŷi − yi)W1,q,:xi = (W2W1 −W ∗2W ∗1 )xiW1,q,:xi. We have

E(|| ∂fi
∂W2,1,q

||2) = E ((W2W1 −W ∗2W ∗1 )xiW1,q,:xi)
2

= E ((W2W1)xiW1,q,:xi)
2 + E ((W ∗2W

∗
1 )xiW1,q,:xi)

2

= E

(
K∑
s=1

W 2
2,1,s (W1,s,:xi)

2 (W1,q,:xi)
2

)
+ E

(
K∑
s=1

W ∗2,1,s
2 (
W ∗1,s,:xi

)2
(W1,q,:xi)

2

)
.

For the first term, we have

E

(
K∑
s=1

W 2
2,1,s (W1,s,:xi)

2 (W1,q,:xi)
2

)
= E

 K∑
s=1

W 2
2,1,s

(
d∑
t=1

W1,s,txi,t

)2( d∑
u=1

W1,q,uxi,u

)2


=
K∑
s=1

M2,2E

( d∑
t=1

W1,s,txi,t

)2( d∑
u=1

W1,q,uxi,u

)2


We now distinguish two cases. If s 6= q,

E

( d∑
t=1

W1,s,txi,t

)2( d∑
u=1

W1,q,uxi,u

)2
 = E

((
d∑
t=1

W 2
1,s,tx

2
i,t

)(
d∑

u=1

W 2
1,q,ux

2
i,u

))
= dM2

1,2Mx,4 + d(d− 1)M2
1,2M

2
x,2 = dM2

1,2

(
Mx,4 + (d− 1)M2

x,2

)
= Θ(d2)
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If s = q,

E

( d∑
t=1

W1,s,txi,t

)2( d∑
u=1

W1,q,uxi,u

)2


= E

((
d∑
t=1

W 2
1,s,tx

2
i,t

)(
d∑

u=1

W 2
1,q,ux

2
i,u

))

+ E

 d∑
t=1,t 6=v

W1,s,txi,tW1,s,vxi,v

 d∑
u=1,u 6=w

W1,q,uxi,uW1,q,wxi,w


= E

((
d∑
t=1

W 2
1,s,tx

2
i,t

)(
d∑

u=1

W 2
1,q,ux

2
i,u

))
+ E

2

d∑
t=1,t 6=v

W 2
1,s,tx

2
i,tW

2
1,s,vx

2
i,v


= dM2

1,2Mx,4 + 3d(d− 1)M2
1,2M

2
x,2 = Θ(d2)

Combining the two cases, we have

E

(
K∑
s=1

W 2
2,1,s (W1,s,:xi)

2 (W1,q,:xi)
2

)
= Θ(d2)

For the second term, we have

E

(
K∑
s=1

W 2
2∗,1,s (W1∗,s,:xi)

2 (W1,q,:xi)
2

)

= E

 K∑
s=1

W2∗,1,s
2

(
d∑
t=1

W1∗,s,txi,t

)2( d∑
u=1

W1,q,uxi,u

)2


=

K∑
s=1

M2∗,2E

( d∑
t=1

W1∗,s,txi,t

)2( d∑
u=1

W1,q,uxi,u

)2


=

K∑
s=1

M2∗,2E

((
d∑
t=1

W 2
1∗,s,tx

2
i,t

)(
d∑

u=1

W 2
1,q,ux

2
i,u

))

=

K∑
s=1

M2∗,2
(
dM1∗,2M1,2Mx,4 + d(d− 1)M1∗,2M1,2M

2
x,2

)
= Θ(Kd2).

Combing the first term and the second term, we obtain the desired result.

We next consider the case i 6= j. In this case, we can write the inner product as

E(〈∇fi,∇fj〉) =

K∑
p=1

d∑
q=1

E(〈 ∂fi
∂W1,p,q

,
∂fj

∂W1,p,q
〉) +

K∑
q=1

E(〈 ∂fi
∂W2,1,q

,
∂fj

∂W2,1,q
〉)

As before, we will show in Lemma 4 that the first expectation is Θ(K), and in Lemma 5 that the second
expectation is Θ(d(K + d)). Plugging these results into the above equation gives the desired result.

Lemma 4. If i 6= j, E(〈 ∂fi
∂W1,p,q

,
∂fj

∂W1,p,q
〉) = Θ(K).
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Proof. Note that ∂fi
∂W1,p,q

= (ŷi − yi)W2,1,pxi,q = (W2W1 −W ∗2W ∗1 )xiW2,1,pxi,q . We have

E(〈 ∂fi
∂W1,p,q

,
∂fj

∂W1,p,q
〉)

= E ((W2W1 −W ∗2W ∗1 )xiW2,1,pxi,q (W2W1 −W ∗2W ∗1 )xjW2,1,pxj,q)

= E (W2W1xiW2,1,pxi,qW2W1xjW2,1,pxj,q) + E (W ∗2W
∗
1 xiW2,1,pxi,qW

∗
2W

∗
1 xjW2,1,pxj,q)

= E

(
K∑
s=1

W 2
2,1,s (W1,s,:xiW1,s,:xj)W

2
2,1,pxi,qxj,q

)

+ E

(
K∑
s=1

W 2
2∗,1,s (W1∗,s,:xiW1∗,s,:xj)W

2
2,1,pxi,qxj,q

)

= E

(
K∑
s=1

W 2
2,1,s

(
d∑
t=1

W 2
1,s,txi,txj,t

)
W 2

2,1,pxi,qxj,q

)

+ E

(
K∑
s=1

W ∗2,1,s
2

(
d∑
t=1

W ∗1,s,t
2
xi,txj,t

)
W 2

2,1,pxi,qxj,q

)
= M1,2

(
(K − 1)M2

2,2 +M2,4

)
M2
x,2 +M1∗,2KM2,2M2∗,2M

2
x,2.

This concludes the proof.

Lemma 5. If i 6= j, E(〈 ∂fi
∂W2,1,q

,
∂fj

∂W2,1,q
〉) = Θ(d(K + d)).

Proof. Note that ∂fi
∂W2,1,q

= (ŷi − yi)W1,q,:xi = (W2W1 −W ∗2W ∗1 )xiW1,q,:xi. We have

E(〈 ∂fi
∂W2,1,q

,
∂fj

∂W2,1,q
〉)

= E ((W2W1 −W ∗2W ∗1 )xiW1,q,:xi (W2W1 −W ∗2W ∗1 )xjW1,q,:xj)

= E (W2W1xiW1,q,:xiW2W1xjW1,q,:xj) + E (W ∗2W
∗
1 xiW1,q,:xiW

∗
2W

∗
1 xjW1,q,:xj)

= E

(
K∑
s=1

W 2
2,1,s (W1,s,:xiW1,s,:xj) (W1,q,:xiW1,q,:xj)

)

+ E

(
K∑
s=1

W ∗2,1,s
2 (
W ∗1,s,:xiW

∗
1,s,:xj

)
(W1,q,:xiW1,q,:xj)

)
For the first term, we have

E

(
K∑
s=1

W 2
2,1,s (W1,s,:xiW1,s,:xj) (W1,q,:xiW1,q,:xj)

)

= E

(
K∑
s=1

W 2
2,1,s

(
d∑
t=1

W1,s,txi,t

)(
d∑
t=1

W1,s,txj,t

)(
d∑

u=1

W1,q,uxi,u

)(
d∑

u=1

W1,q,uxj,u

))

=

K∑
s=1

M2,2E

((
d∑
t=1

W1,s,txi,t

)(
d∑
t=1

W1,s,txj,t

)(
d∑

u=1

W1,q,uxi,u

)(
d∑

u=1

W1,q,uxj,u

))
.

We now distinguish two cases. If s 6= q,

E

((
d∑
t=1

W1,s,txi,t

)(
d∑
t=1

W1,s,txj,t

)(
d∑

u=1

W1,q,uxi,u

)(
d∑

u=1

W1,q,uxj,u

))

= E

((
d∑
t=1

W 2
1,s,txi,txj,t

)(
d∑

u=1

W 2
1,q,uxi,uxj,u

))

= E

(
d∑
t=1

W 2
1,s,tW

2
1,q,tx

2
i,tx

2
j,t

)
= dM2

1,2M
2
x,2.
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If s = q,

E

((
d∑
t=1

W1,s,txi,t

)(
d∑
t=1

W1,s,txj,t

)(
d∑

u=1

W1,q,uxi,u

)(
d∑

u=1

W1,q,uxj,u

))

= E

((
d∑
t=1

W 2
1,s,txi,txj,t

)(
d∑

u=1

W 2
1,q,uxi,uxj,u

))

+ E

 d∑
t=1,t 6=v

W1,s,txi,tW1,s,vxj,v

 d∑
u=1,u6=w

W1,q,uxi,uW1,q,wxj,w


= E

(
d∑
t=1

W 4
1,s,tx

2
i,tx

2
j,t

)
+ E

 d∑
t=1,t 6=v

W 2
1,s,tx

2
i,tW

2
1,s,vx

2
j,v


= dM1,4M

2
x,2 + d(d− 1)M2

1,2M
2
x,2.

Combining the two cases,

E

(
K∑
s=1

W 2
2,1,s (W1,s,:xi)

2 (W1,q,:xi)
2

)
= M2,2

(
(K − 1) dM2

1,2M
2
x,2 + dM1,4M

2
x,2 + d(d− 1)M2

1,2M
2
x,2

)
= Θ(Kd+ d2)

For the second term, we have

E

(
K∑
s=1

W ∗2,1,s
2 (
W ∗1,s,:xiW

∗
1,s,:xj

)
(W1,q,:xiW1,q,:xj)

)

= E

(
K∑
s=1

W2∗,1,s
2

(
d∑
t=1

W1∗,s,txi,t

)(
d∑
t=1

W1∗,s,txj,t

)(
d∑

u=1

W1,q,uxi,u

)(
d∑

u=1

W1,q,uxj,u

))

= E

(
K∑
s=1

W2∗,1,s
2

(
d∑
t=1

W 2
1∗,s,txi,txj,t

)(
d∑

u=1

W 2
1,q,uxi,uxj,u

))

= E

(
K∑
s=1

W2∗,1,s
2

(
d∑
t=1

W 2
1∗,s,tW

2
1,q,ux

2
i,tx

2
j,t

))
= KdM2∗,2M1∗,2M1,2M

2
x,2 = Θ(Kd).

Combing the first term and the second term, we obtain the desired result.

By applying Proposition A.1 and linearity of expectation, we obtain the following result:
Theorem 4. We have

E(
n∑
i=1

||∇fi||2) = Θ(nK2d2) (A.1)

E(

n∑
i=1,j 6=i

〈∇fi,∇fj〉) = Θ(n2K2d+ n2Kd2) (A.2)

The above theorem computes the expectation of each term of the ratio. In order to obtain a result on the
expectation of the ratio, we also need to show that the value of each term will be concentrated around the
expectation with high probability. To prove such a result, we first compute the variance.
Theorem 5. We have

Var(
n∑
i=1

||∇fi||2) = Θ(n2K4d3) (A.3)

Var(
n∑

i=1,j 6=i

〈∇fi,∇fj〉) = Θ(n4K3d2) (A.4)

Theorem 1. Consider a 2 LNN. Let the weights Wl,p,q,W
∗
l,p,q for l ∈ {1, 2} and xi be independently drawn

random variables, such that their k-th order moments for k ≤ 4 are bounded in a postive interval. Then, with
arbitrary constant probability, the following holds:

BS(w) ≥ Θ(nKd)

Θ(Kn+ dn+Kd)
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Proof. By Chebyshev’s Inequality, we have

Pr

(
|
n∑
i=1

||∇fi||2 − E

(
n∑
i=1

||∇fi||2
)
| ≥ ε

)
≤

Var(
∑n
i=1 ||∇fi||

2)

ε2

Using the above two theorems, and choosing parameter ε = Θ(nK2d3/2δ−1/2), we have that with probability
1− δ,

Θ(nK2d2)−Θ(nK2d3/2δ−1/2) ≤
n∑
i=1

||∇fi||2 ≤ Θ(nK2d2) + Θ(nK2d3/2δ−1/2)

We can similarly use Chebyshev’s inequality to obtain that with probability 1− δ,
n∑

i=1,j 6=i

〈∇fi,∇fj〉 ≤ Θ(n2Kd(K + d)) + Θ(n2K3/2dδ−1/2)

By applying the union bound, we can now bound the ratio as desired:

n
∑n
i=1 ||∇fi||

2

||
∑n
i=1∇fi||2

=
n
∑n
i=1 ||∇fi||

2∑n
i=1,j 6=i〈∇fi,∇fj〉+

∑n
i=1 ||∇fi||2

≥
Θ(n2K2d2)−Θ(n

2K2d3/2√
δ

)

Θ(n2Kd(K + d)) + Θ(n
2K3/2d√

δ
) + Θ(nK2d2)−Θ(nK

2d3/2√
δ

)

=
Θ(nKd)

Θ(Kn+ dn+Kd)

Here we assumed that δ is chosen to be some arbitrarily small constant. d and n is sufficiently large such that
d > 1

δ
and Θ(n2) dominates Θ(n).

B Proofs for 2-Layer Nonlinear Neural Networks

In this section we present the detailed proof of Theorem 2, which is restated as below (A few constants are stated
explicitly for ease of proof.).

Theorem 2. Consider a 2-layer NN with a monotone activation function σ such that for every x we have:
−σ(x) = σ(−x), and both |σ(x)| and supx{xσ′(x)} are bounded. Let the weights Wl,p,q,W

∗
l,p,q for l ∈

{1, 2} and xi be i.i.d. random variables fromN (0, 1). Then, with high probability, the following holds:

E[n
∑n
i=1 ||∇fi||

2
2]

E[||
∑n
i=1∇fi||22]

≥ Ω(
Kd2

Kd+K + d
).

where the expectation is over W2,W
∗
2 .

Denote the bound of |σ(x)| by cmax, and the bound of supx{xσ′(x)} by csup.

B.1 Notations and Models

We consider a 2-later nonlinear neural network. Let W1,W2 be the coefficient matrix of the first and second
layer, respectively. Wa,p,q is the p, q element in matrix a. For ease of notations, let us further define

A1 = n

n∑
i=1

(ŷi − yi)2
(

K∑
p=1

d∑
q=1

(
∂ŷi

∂W1,p,q

)2
)
,

A2 = n

n∑
i=1

(ŷi − yi)2
(

K∑
q=1

(
∂ŷi

∂W2,1,q

)2
)
,

B1 =

(
K∑
p=1

d∑
q=1

(
n∑
i=1

(ŷi − yi)
∂ŷi

∂W1,p,q

)2)
.

B2 =

(
K∑
q=1

(
n∑
i=1

(ŷi − yi)
∂ŷi

∂W2,1,q

)2)
.
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B.2 Some Helper Lemmas

We first provide some lemmas.

Lemma 6. Let X,Y, Z be three normal distribution. Let ρXY , ρY Z , ρXZ be the correlation between those
random variables. Let f() be a monotone, bounded, and differentiable function. More precisely, f(x) ≥ f(y)
iff x ≥ y, |f(x)| ≤ fmax. Further assume sup f ′(x)x = c. Then we have

|E(f(X)f ′(Y )Z)| ≤ (1− ρ2XY )−1|ρXZ − ρY ZρXY | × fmaxf ′maxσx + (1− ρ2XY )−1| − ρXZρXY + ρY Z | × fmaxc.

Proof. Given X and Y , random variable Z is a normal distributed random variable with mean E(Z|X,Y ) =
(1− ρ2XY )−1(ρXZ − ρY ZρXY )X + (1− ρ2XY )−1(−ρXZρXY + ρY Z)Y . Thus it holds that

|E(f(X)f ′(Y )Z)|
=|E(E(Z|X,Y )f(X)f ′(Y )|
=(1− ρ2XY )−1|E((ρXZ − ρY ZρXY )Xf(Xf ′(Y )) + (−ρXZρXY + ρY Z)Y f(X)f ′(Y ))|
≤(1− ρ2XY )−1|ρXZ − ρY ZρXY | × E|Xf(X)f ′(Y )|+ (1− ρ2XY )−1| − ρXZρXY + ρY Z | × E|Y f(X)f ′(Y )|
≤(1− ρ2XY )−1|ρXZ − ρY ZρXY | × fmaxf ′maxσx + (1− ρ2XY )−1| − ρXZρXY + ρY Z | × fmaxc.

Lemma 7. Let a1, a2, · · · , ad, b1, b2, · · · , bd be i.i.d. standard normal distribution. Then we have w.p. 1−3δ,∑
aibi√∑

i a
2
i

√∑
i b

2
i

≤
√
d log 2

δ

d−
√
d log 2

δ

(B.1)

Proof. Directly applying Chernoff bound for normal distribution.

Lemma 8. Let Z1, Z2 be two r.v.s with normal distribution. Let ρ = V12
σ1σ2

, where V12 is the correlation between
Z1, Z2. Consider a function σ(·) such that σ(x) = −σ(−x), |σ(·)| ≤ σmax, and supx σ(x)x = αG. Then we
have

|E(σ(Z1)σ(Z2))| ≤

(
σmax + 2

√
ρσmax + 4αG

√
1− ρ√

1− ρ2

)
σmax

√
ρ.

Proof. Expanding the expectation, we have

E(σ(Z1)σ(Z2)) =

∫ +∞

−∞
σ(z1)σ(z2)

1

2πσ1σ2

√
1− ρ2

exp

− 1
σ2
1
z21 − 2ρ

σ1σ2
z1z2 + 1

σ2
2
z22

2(1− ρ2)

 dz1dz2

=

∫ +∞

−∞
σ(z1)σ(z2)

1

2πσ1σ2

√
1− ρ2

exp

− 1
σ2
1

(z1 − ρσ1
σ2
z2)2 + 1−ρ2

σ2
2
z22

2(1− ρ2)

 dz1dz2

=

∫ +∞

−∞
σ(z3 +

ρσ1

σ2
z2)σ(z2)

1

2πσ1σ2

√
1− ρ2

exp

− 1
σ2
1

(z3)2 + 1−ρ2
σ2
2
z22

2(1− ρ2)

 dz3dz2

=

∫ +∞

−∞
σ(σ1u3 + ρσ1u2)σ(σ2u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3du2

where we simply change the integration variable. Let G(u) = σ(σ1u). Note that |G(u)| ≤ σmax. The above
integration becomes∫ +∞

−∞
G(u3 + ρu2)G(

σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3du2.
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Now First fix u2 and decompose the integration into two parts. The first part is the integration on (−∞,−x) ∩
(x,+∞) and the second part is the integration on [−x, x]. First consider the case u2 ≥ 0. For the first part,∫ −x

−∞
+

∫ +∞

x

G(u3 + ρu2)G(
σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

=

∫ +∞

x

(G(u3 + ρu2) +G(−u3 + ρu2))G(
σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

=

∫ +∞

x

(G(u3 + ρu2)−G(u3 − ρu2))G(
σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3,

where the last inequality is by the symmetry of the function G, i.e., G(x) = −(G− x). Note that

|G′(y)| = |σ(σ1y)σ1y
1

y
| ≤ αG

1

y
.

Let x = ρu2 + w, where w ≥ 0. Then we have for all u3 ≥ x,

|G′(u3 + ρu2)| ≤ αG
1

u3 + ρu2
≤ αG

1

w

and
|G′(u3 − ρu2)| ≤ αG

1

u3 − ρu2
≤ αG

1

w
,

which in fact proves G(y) is Lipschitz continuous with constant αG
w

for y ≥ w. Thus, we now have

|G(u3 + ρu2)−G(u3 − ρu2)| ≤ αG
1

w
2ρu2.

Since G is monotone, we have

G(u3 + ρu2)−G(u3 − ρu2) ≤ αG
1

w
2ρu2.

Apply this inequality in the integration, we have∫ +∞

x

(G(u3 + ρu2)−G(u3 − ρu2))G(
σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

≤
∫ +∞

x

(αG
w

2ρu2

)
G(
σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

≤
∫ +∞

−∞

(αG
w

2ρu2

)
G(
σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

=
(αG
w

2ρu2

)
G(
σ2

σ1
u2)

1√
2π

exp

(
−u

2
2

2

)
.

Now let us consider the second part of the integration.∫ x

−x
G(u3 + ρu2)G(

σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

≤
∫ x

−x
σmaxG(

σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

≤
∫ x

−x
σmaxG(

σ2

σ1
u2)

1√
2π
√

1− ρ2
exp

(
−u

2
2

2

)
du3

=2xσmaxG(
σ2

σ1
u2)

1√
2π
√

1− ρ2
exp

(
−u

2
2

2

)
,

where the first inequality is because σmax ≥ G, the second inequality is because exp(−a2) ≤ 1. Combing the
the integration, we finally have∫ +∞

−∞
G(u3 + ρu2)G(

σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

≤
(αG
w

2ρu2

)
G(
σ2

σ1
u2)

1√
2π

exp

(
−u

2
2

2

)
+ 2xσmaxG(

σ2

σ1
u2)

1√
2π
√

1− ρ2
exp

(
−u

2
2

2

)
,
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where x = ρu2 + w. Let w =
αG2u2

√
ρ
√
1−ρ

σmax
. We have

∫ +∞

−∞
G(u3 + ρu2)G(

σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

(αG
w

2ρu2

)
G(
σ2

σ1
u2)

1√
2π

exp

(
−u

2
2

2

)
+ 2xσmaxG(

σ2

σ1
u2)

1√
2π
√

1− ρ2
exp

(
−u

2
2

2

)

=

( √
ρσmax√
1− ρ2

)
G(
σ2

σ1
u2)

1√
2π

exp

(
−u

2
2

2

)
+ 2(ρu2 +

αG2u2
√
ρ
√

1− ρ
σmax

)σmaxG(
σ2

σ1
u2)

1√
2π
√

1− ρ2
exp

(
−u

2
2

2

)

≤

( √
ρσ2

max√
1− ρ2

)
1√
2π

exp

(
−u

2
2

2

)
+ 2(ρu2 +

αG2u2
√
ρ
√

1− ρ
σmax

)σ2
max

1√
2π
√

1− ρ2
exp

(
−u

2
2

2

)

=

(√
ρσ2

max + 2ρu2σ
2
max + 4αGu2

√
ρσmax

√
1− ρ√

1− ρ2

)
1√
2π

exp

(
−u

2
2

2

)
,

where the first equation is because we plug in the expression of w, the inequality is due to G ≤ σmax. Similarly
we can prove it for the case when u ≤ 0,

∫ +∞

−∞
G(u3 + ρu2)G(

σ2

σ1
u2)

1

2π
√

1− ρ2
exp

(
−
u2
3 +

(
1− ρ2

)
u2
2

2(1− ρ2)

)
du3

≤

(√
ρσ2

max + 2ρ(−u2)σ2
max + 4αG(−u2)

√
ρσmax

√
1− ρ√

1− ρ2

)
1√
2π

exp

(
−u

2
2

2

)
.

Thus, we have

E(σ(Z1)σ(Z2)) ≤
∫ +∞

0

(√
ρσ2

max + 2ρu2σ
2
max + 4αGu2

√
ρσmax

√
1− ρ√

1− ρ2

)
1√
2π

exp

(
−u

2
2

2

)
du2

=

(√
ρσ2

max + 2ρσ2
max + 4αG

√
ρσmax

√
1− ρ√

1− ρ2

)

=

(
σmax + 2

√
ρσmax + 4αG

√
1− ρ√

1− ρ2

)
σmax

√
ρ.

By symmetry, we have

−E(σ(Z1)σ(Z2)) ≤

(
σmax + 2

√
ρσmax + 4αG

√
1− ρ√

1− ρ2

)
σmax

√
ρ,

which completes the proof.

B.3 Main Proof

The main proof of the theorem consists of 4 lemmas, based on which the main theorem becomes straightforward.

Lemma 9. Suppose W,W ∗, ci are all i.i.d. random variables sampled from standard normal distribution. Then
w.h.p,

EW2,W
∗
2
A1 ≥ O(n2K2d).
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Proof. Expanding the expression of A1, we have

EW2A1 = EW2

(
n

n∑
i=1

(ŷi − yi)2
(

K∑
p=1

d∑
q=1

(
∂ŷi

∂W1,p,q

)2
))

= EW2

(
n

n∑
i=1

(W2σ(W1xi)−W ∗2 σ(W ∗1 xi))
2

(
K∑
p=1

d∑
q=1

(
W2,1,pσ

′(W1,p,:xi)xi,q
)2))

= nEW2

(
n∑
i=1

(W2σ(W1xi)−W ∗2 σ(W ∗1 xi))
2

(
K∑
p=1

d∑
q=1

(
W2,1,pσ

′(W1,p,:xi)xi,q
)2))

= nEW2

(
n∑
i=1

K∑
r=1

(W 2
2,1,rσ(W1xi)

2 +W 2
2,1,r,∗σ(W ∗1 xi)

2)

(
K∑
p=1

d∑
q=1

(
W2,1,pσ

′(W1,p,:xi)xi,q
)2))

≥ n

(
n∑
i=1

K∑
r=1

(σ(W1,r,:xi)
2 + σ(W ∗1,r,:xi)

2)

(
K∑
p=1

d∑
q=1

(
σ′(W1,p,:xi)xi,q

)2))
.

Since σ(·) is bounded by σmax, we have

Pr(|σ(W1,r,:xi)
2σ′(W1,p:xi)

2x2i,q| ≥ t) ≤ Pr(|σ2
maxσ

′2
maxx

2
i,q| ≥ t)

≤ 2 exp(− t2

2σ4
maxσ

′4
max

)

where the last equation is due to the fact that xi,q is standard normal distributed. This implies
σ(W1,r,:xi)

2σ
′2(W1,p:xi)x

2
i,q is sub-exponential (where x2i,q is chi-square). Thus, we can apply Bernstein

inequality to σ(W1,r,:xi)
2σ
′2(W1,p:xi)x

2
i,q , to obtain w.p. 1− δ,

n∑
i=1

σ(W1,r,:xi)
2σ
′2(W1,p:xi)x

2
i,q − Exi

n∑
i=1

σ(W1,r,:xi)
2σ
′2(W1,p:xi)x

2
i,q ≥ −

√
nσ2

maxσ
′2
max log

2

δ

and similarly w.p. 1− δ,

|
n∑
i=1

σ(W ∗1,r,:xi)
2σ
′2(W1,p:xi)x

2
i,q − Exi

n∑
i=1

σ(W ∗1,r,:xi)
2σ
′2(W1,p:xi)x

2
i,q ≥ −

√
nσ2

maxσ
′2
max log

2

δ

By union bound, we have w.p 1− 2δ, the above two are both true. Plug them in the expression of A1. Finally,
we have w.p. 1− 2δ,

EW2A1 ≥ n

(
n∑
i=1

K∑
r=1

(σ(W1,r,:xi)
2 + σ(W ∗1,r,:xi)

2)

(
K∑
p=1

d∑
q=1

(
σ′(W1,p,:xi)xi,q

)2))

= n

K∑
p=1

d∑
q=1

K∑
r=1

n∑
i=1

(
σ(W1,r,:xi)

2 + σ(W ∗1,r,:xi)
2) (σ′(W1,p,:xi)xi,q

)2
= n

K∑
p=1

d∑
q=1

K∑
r=1

n∑
i=1

(
σ(W1,r,:xi)

2 (σ′(W1,p,:xi)xi,q
)2

+ σ(W ∗1,r,:xi)
2 (σ′(W1,p,:xi)xi,q

)2)

≥ 2n2

(
K∑
p=1

d∑
q=1

K∑
r=1

Exiσ(W1,r,:xi)
2σ
′2(W1,p:xi)x

2
i,q + Exiσ(W ∗1,r,:xi)

2σ
′2(W1,p:xi)x

2
i,q − a0

)

≥ 2n2d

(
K∑
p=1

K∑
r=1

Exiσ(W1,r,:xi)
2σ
′2(W1,p:xi)x

2
i,q + Exiσ(W ∗1,r,:xi)

2σ
′2(W1,p:xi)x

2
i,q − a0

)

where a0 = 2 1√
n
σ2
maxσ

′2
max log 2

δ
is the extra error term. Note that this term is small and typically can be

ignored.

Since the term within summation is bounded, we can apply Hoeffding bound over p and r separately. Finally we
will get w.p. 1− 6δ,

EW2A1 ≥ 2n2K2d

(
Eσ(W1,r,:xi)

2σ
′2(W1,p:xi)x

2
i,q + Eσ(W ∗1,r,:xi)

2σ
′2(W1,p:xi)x

2
i,q −O(

1√
n

+
1√
K

) log
1

δ

)
= O(n2K2d)

which completes the proof.
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Lemma 10. Suppose W,W ∗, xi are all i.i.d. random variables sampled from standard normal distribution.
Then w.h.p,

EW2,W
∗
2
A2 ≥ O(n2K2).

Proof.

EW2,W
∗
2
A2 = EW2

(
n

n∑
i=1

(ŷi − yi)2
(

K∑
q=1

(
∂ŷi

∂W2,1,q

)2
))

= EW2

(
n

n∑
i=1

||W2σ(W1xi)−W ∗2 σ(W ∗1 xi)||2
(

K∑
q=1

(σ(W1,q,:xi))
2

))

= n

n∑
i=1

K∑
r=1

(σ(W1,r,:xi)
2 + σ(W ∗1,r,:xi)

2)

(
K∑
q=1

(σ(W1,q,:xi))
2

)
.

Now fix W1 and thus r. Note that ||
(
σ(W1,r,:xi)

2 + σ(W ∗1,r,:xi)
2
)∑K

q=1 (σ(W1,q,:xi))
2 || ≤ 2Kσ4

max

Applying Hoeffding bound to the term in the summation over the randomness of xi, we have w.p. (1− δ),

|
n∑
i=1

(σ(W1,r,:xi)
2 + σ(W ∗1,r,:xi)

2)

(
K∑
q=1

(σ(W1,q,:xi))
2

)
− nExi(σ(W1,r,:xi)

2

+ σ(W ∗1,r,:xi)
2)

(
K∑
q=1

(σ(W1,q,:xi)|)2
)
| ≤ log

2

δ

√
8nKσ4

max.

And thus we have w.p. 1− δ,

EW2,W
∗
2
A2 ≥ n

K∑
r=1

(
nExi(σ(W1,r,:xi)

2 + σ(W ∗1,r,:xi)
2)

(
K∑
q=1

(
σ(W1,q,:xi)

2))− log
2

δ

√
8nKσ4

max

)

= n2
K∑
r=1

(
Exi(σ(W1,r,:xi)

2 + σ(W ∗1,r,:xi)
2)

(
K∑
q=1

(
σ(W1,q,:xi)

2))− log
2

δ

√
8

n
Kσ4

max

)

≥ n2
K∑
r=1

(
Exi(σ(W1,r,:xi)

2)

(
K∑
q=1

(
σ(W1,q,:xi)

2))− log
2

δ

√
8

n
Kσ4

max

)

≥ n2

((
K∑
r=1

Exi(σ(W1,r,:xi)
2)

)(
K∑
q=1

(
σ(W1,q,:xi)

2))− log
2

δ

√
8

n
K2σ4

max

)
.

Now let us apply Hoffding bound over W1, we have w.p. 1− δ,

|
K∑
r=1

σ2(W1,r,:xi)−KEW1σ
2(W1,1,:xi)| ≤ log

2

δ

√
Kσ2

max,

and similarly w.p. 1− δ,

|
K∑
r=1

σ2(W1,q,:xi)−KEW1σ
2(W1,1,:xi)| ≤ log

2

δ

√
Kσ2

max.

Thus, w.p. 1− 3δ, we have

EW2,W
∗
2
A2 ≥ n2K2Ex

(
(EW1σ

2(W1,1,:xi)− log
2

δ
σ2
max

√
1

K

)2

− log
2

δ

√
8nK2σ4

max

= n2K2Ex(EW1σ
2(W1,1,:xi))

2 − EW1,xσ
2(W1,1,:xi)(log

2

δ
σ2
max

√
K)Kn2

+ n2(log
2

δ
)2Kσ4

max − log
2

δ

√
8nKσ4

max

≥ n2K2Ex(EW1σ
2(W1,1,:xi))

2 − (log
2

δ
σ4
max

√
K)Kn2

+ n2(log
2

δ
)2Kσ4

max − log
2

δ

√
8nKσ4

max.
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Changing δ to δ
3

, we have w.p. 1− δ,

EW2,W
∗
2
A2 ≥ n2K2Ex(EW1σ

2(W1,1,:xi))
2 − (log

6

δ
σ4
max

√
K)Kn2

+ n2(log
6

δ
)2Kσ4

max − log
6

δ

√
8nKσ4

max

= O(n2K2).

Lemma 11. Suppose W,W ∗, xi are all i.i.d. random variables sampled from standard normal distribution.
Then w.h.p,

EW2,W
∗
2
B1 ≤ O(n2K2).

Proof. Expanding the expression of B2, we have

EW2,W
∗
2
B1 = EW2,W

∗
2

(
K∑
p=1

d∑
q=1

(
n∑
i=1

(ŷi − yi)
∂ŷi

∂W1,p,q

)2)

= EW2,W
∗
2

(
K∑
p=1

d∑
q=1

(
n∑
i=1

(W2σ(W1xi)−W ∗2 σ(W ∗1 xi))W2,1,pσ
′(W1,p:xi)xi,q

)2)

=

(
K∑
p=1

d∑
q=1

EW2,W
∗
2

(
n∑
i=1

(W2σ(W1xi)−W ∗2 σ(W ∗1 xi))W2,1,pσ
′(W1,p:xi)xi,q

)2)

≤ 2

(
K∑
p=1

d∑
q=1

EW2,W
∗
2

(
n∑
i=1

(W2σ(W1xi))W2,1,pσ
′(W1,p:xi)xi,q

)2)

+ 2

(
K∑
p=1

d∑
q=1

EW2,W
∗
2

(
n∑
i=1

(W ∗2 σ(W ∗1 xi))W2,1,pσ
′(W1,p:xi)xi,q

)2)

where the inequality is due to (a+ b)2 ≤ 2a2 + 2b2. Expanding W2, we have

EW2,W
∗
2

(
n∑
i=1

(W2σ(W1xi))W2,1,pσ
′(W1,p:xi)xi,q

)2

= EW2,W
∗
2

(
K∑
r=1

n∑
i=1

(W2,1,rσ(W1,r,:xi))W2,1,pσ
′(W1,p:xi)xi,q

)2

=

K∑
r=1

EW2,W
∗
2

(
n∑
i=1

(W2,1,rσ(W1,r,:xi))W2,1,pσ
′(W1,p:xi)xi,q

)2

≤ 3

K∑
r=1

(
n∑
i=1

(σ(W1,r,:xi))σ
′(W1,p:xi)xi,q

)2

,

where the second equation is because E(W2,1,r1W2,1,r2W
2
2,1,p) = 0 as long as r1 6= r2. The inequality is

because E(W 2
2,1,rW

2
2,1,p) = 3 if r = p and E(W 2

2,1,rW
2
2,1,p) = 1 < 3 if r 6= q. Similarly, we have

EW2,W
∗
2

(
n∑
i=1

(W ∗2 σ(W ∗1 xi))W2,1,pσ
′(W1,p:xi)xi,q

)2

= EW2,W
∗
2

(
K∑
r=1

n∑
i=1

(W ∗2,1,rσ(W ∗1,r,:xi))W2,1,pσ
′(W1,p:xi)xi,q

)2

=

K∑
r=1

EW2,W
∗
2

(
n∑
i=1

(W ∗2,1,rσ(W ∗1,r,:xi))W2,1,pσ
′(W1,p:xi)xi,q

)2

= K

(
n∑
i=1

σ(W ∗1,r,:xi)σ
′(W1,p:xi)xi,q

)2

.
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Therefore, we obtain
EW2,W

∗
2
B1

≤ 2

K∑
p=1

d∑
q=1

(
3

K∑
r=1

(
n∑
i=1

σ(W1,r,:xi)σ
′(W1,p:xi)xi,q

)2

+K

(
n∑
i=1

σ(W ∗1,r,:xi)σ
′(W1,p:xi)xi,q

)2)
.

Since σ(·) ≤ σmax and σ(·)′ ≤ σ′max, we have

Pr(|σ(W1,r,:xi)σ
′(W1,p:xi)xi,q| ≥ t) ≤ Pr(|σmaxσ′maxxi,q| ≥ t)

≤ 2 exp(− t2

2σ2
maxσ

′2
max

)

which implies σ(W1,r,:xi)σ
′(W1,p:xi)xi,q is sub-exponential. Thus, we can apply Bernstein inequality to∑n

i=1 σ(W1,r,:xi)σ
′(W1,p:xi)xi,q , to obtain w.p. 1− δ,

|
n∑
i=1

σ(W1,r,:xi)σ
′(W1,p:xi)xi,q − nExi

n∑
i=1

σ(W1,r,:xi)σ
′(W1,p:xi)xi,q|

≤
√
n

2
log

2

δ
σmaxσ

′
max + σmaxσ

′
max log

2

δ

and similarly w.p. (1− δ),

|
n∑
i=1

σ(W ∗1,r,:xi)σ
′(W1,p:xi)xi,q − nExi

n∑
i=1

σ(W ∗1,r,:xi)σ
′(W1,p:xi)xi,q|

≤
√
n

2
log

2

δ
σmaxσ

′
max + σmaxσ

′
max log

2

δ
.

By union bound, we have w.p 1− 2δ, the above two are both true. Plug them in the expression of B1 and use
(a+ b)2 ≤ 2a2 + 2b2. Finally, we have w.p. 1− 2δ,

EW2,W
∗
2
B1

≤ 2

K∑
p=1

d∑
q=1

(
3

K∑
r=1

(
n∑
i=1

σ(W1,r,:xi)σ
′(W1,p:xi)xi,q

)2

+K

(
n∑
i=1

σ(W ∗1,r,:xi)σ
′(W1,p:xi)xi,q

)2)

≤ 2

K∑
p=1

d∑
q=1

(
3

K∑
r=1

(
nExiσ(W1,r,:xi)σ

′(W1,p:xi)xi,q + a1
)2

+K
(
nExiσ(W ∗1,r,:xi)σ

′(W1,p:xi)xi,q + a1
)2)

≤ 4n2
K∑
p=1

d∑
q=1

(
3

K∑
r=1

(
Exiσ(W1,r,:xi)σ

′(W1,p:xi)xi,q
)2

+K
(
Exiσ(W ∗1,r,:xi)σ

′(W1,p:xi)xi,q
)2

+ 8Ka21

)
,

where a1 =
√

1
2n

log 2
δ
σmaxσ

′
max + 1

n
σmaxσ

′
max log 2

δ
is the extra error term. Note that this term is O(

√
1
n

)

and typically can be ignored. Now let us consider Exiσ(W1,r,:xi)σ
′(W1,p:xi)xi,q . Abuse the notation a little

bit, let X = W1,r,:xi, Y = W1,p:xi, Z = xi,q . Given W1, they are all normal distribution, and the correlation
is

ρXZ =
W1,r,q∑d
b=1W

2
1,r,b

ρY Z =
W1,p,q∑d
b=1W

2
1,p,b

ρXY =

∑d
b=1W1,p,dW1,r,d√∑d

b=1W
2
1,p,b

∑d
b=1W

2
1,r,b

σx =

√√√√ d∑
b=1

W 2
1,r,b.
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Apply lemma 6, we can get,

|E(σ(X)σ′(Y )Z)|
≤ (1− ρ2XY )−1|ρXZ − ρY ZρXY | × σmaxσ′maxσx + (1− ρ2XY )−1| − ρXZρXY + ρY Z | × σmaxαG.

Note that by Chernoff bound and Lemma 7, w.p. 1− 4δ,

|ρXZ | ≤
2 log 1

δ

d−
√
d log 1

δ

|ρY Z | ≤
2 log 1

δ

d−
√
d log 1

δ

|ρXY | ≤
√
d

2 log 1
δ

d−
√
d log 1

δ

σx ≤
√
d+
√
d log

1

δ
.

Plug them in the above inequality,we have w.p. 1− 4δ,

Exiσ(W1,r,:xi)σ
′(W1,p:xi)xi,q = |E(σ(X)σ′(Y )Z)| ≤ O(

1√
d

)σmaxσ
′
max +O(

1

d
)σmaxαG.

Similarly we can get w.p. 1− 4δ,

Exiσ(W ∗1,r,:xi)σ
′(W1,p:xi)xi,q ≤ O(

1√
d

)σmaxσ
′
max +O(

1

d
)σmaxαG.

Thus, we have w.p. 1− 10δ,

EW2,W
∗
2
B1 ≤ 4n2

K∑
p=1

d∑
q=1

(
3

K∑
r=1

(
Exiσ(W1,r,:xi)σ

′(W1,p:xi)xi,q
)2

+K
(
Exiσ(W ∗1,r,:xi)σ

′(W1,p:xi)xi,q
)2)

≤ 4n2
K∑
p=1

d∑
q=1

(
3K

(
O(

1√
d
σmaxσ

′
max)

)2

+K

(
O(

1√
d
σmaxσ

′
max)

)2
)

= O(K2n2),

which completes the proof.

Lemma 12. Suppose W,W ∗, xi are all i.i.d. random variables sampled from standard normal distribution.
Then w.h.p,

EW2,W
∗
2
B2 ≤ O

(
n2K2

(
1

d
+

1√
d

+
1

K

))
.

Proof. Expanding the expression of B2, we have

EW2,W
∗
2
B2 = EW2,W

∗
2

(
K∑
q=1

(
n∑
i=1

(ŷi − yi)
∂ŷi

∂W2,1,q

)2)

= EW2,W
∗
2

(
K∑
q=1

(
n∑
i=1

(W2σ(W1xi)−W ∗2 σ(W ∗1 xi))σ(W1,q,:xi)

)2)

=

K∑
q=1

K∑
r=1

((
n∑
i=1

σ(W1,r,:xi)σ(W1,q,:xi)

)2

+

(
n∑
i=1

σ(W ∗1,r,:xi)σ(W1,q,:xi)

)2)
,

where the third equation is because W2,W2∗ are independent. Applying Hoeffding bound to∑n
i=1 σ(W1,r,:xi)σ(W1,q,:xi), we have w.p. (1− δ),

|
n∑
i=1

σ(W1,r,:xi)σ(W1,q,:xi)− nExiσ(W1,r,:xi)σ(W1,q,:xi)| ≤
√
n

2
σ2
max log

2

δ
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and similarly w.p. (1− δ),

|
n∑
i=1

σ(W ∗1,r,:xi)σ(W1,q,:xi)− nExiσ(W ∗1,r,:xi)σ(W1,q,:xi)| ≤
√
n

2
σ2
max log

2

δ

By union bound, we have w.p 1− 2δ, the above two are both true. Plug them in the expression of B2, we have
w.p. 1− 2δ,

EW2,W
∗
2
B2 =

K∑
q=1

K∑
r=1

((
n∑
i=1

σ(W1,r,:xi)σ(W1,q,:xi)

)2

+

(
n∑
i=1

σ(W ∗1,r,:xi)σ(W1,q,:xi)

)2)

≤ 2

K∑
q=1

K∑
r=1

(
n2 (Exiσ(W1,r,:xi)σ(W1,q,:xi))

2 + n2 (Exiσ(W ∗1,r,:xi)σ(W1,q,:xi)
)2

+ nσ4
max log2 2

δ

)

= 2n2
K∑
q=1

K∑
r=1

(
(Exiσ(W1,r,:xi)σ(W1,q,:xi))

2 +
(
Exiσ(W ∗1,r,:xi)σ(W1,q,:xi)

)2)
+ 2K2nσ4

max log2 2

δ

= 2n2
K∑
q=1

∑
r 6=q

(
(Exiσ(W1,r,:xi)σ(W1,q,:xi))

2 +
(
Exiσ(W ∗1,r,:xi)σ(W1,q,:xi)

)2)

+ 2n2
K∑
q=1

((
Exiσ

2(W1,q,:xi)
)2

+
(
Exiσ

2(W ∗1,q,:xi)
)2)

+ 2K2nσ4
max log2 2

δ
,

where the first inequality is due to (a+ b)2 ≤ 2(a2 + b2).

For the first term, define

ρq,r =
Exi(W1,r,:,xiW1,q,:,xi)

Exi(W1,r,:,xi)2Exi(W1,q,:,xi)2
=

∑d
y=1W1,r,yW1,q,y√∑d

y=1W
2
1,r,y

√∑d
y=1W

2
1,q,y

.

Apply lemma 8 to each (Exiσ(W1,r,:xi)σ(W1,q,:xi))
2. We have

(Exiσ(W1,r,:xi)σ(W1,q,:xi))
2

≤

((
σmax + 2

√
ρq,rσmax + 4αG

√
1− ρq,r√

1− ρ2q,r

)
σmax

√
ρq,r

)2

=

(
σmax + 2

√
ρq,rσmax + 4αG

√
1− ρq,r√

1− ρ2q,r

)2

σ2
maxρq,r

≤3

(
σ2
max + 4ρq,rσ

2
max + 16α2

G(1− ρq,r)√
1− ρ2q,r

)
σ2
maxρq,r

where the last inequality is due to 3a2 + 3b2 + 3c2 ≥ (a+ b+ c)2. By Lemma 7, we have w.p. (1− 3δ),

ρq,r ≤
√
d log 2

δ

d−
√
d log 2

δ

.

Therefore, plug in this value into the above inequality, we have w.p. 1− 3δ,

(Exiσ(W1,r,:xi)σ(W1,q,:xi))
2

≤3

(
σ2
max + 4ρq,rσ

2
max + 16α2

G(1− ρq,r)√
1− ρ2q,r

)
σ2
maxρq,r

'3

σ2
max + 4

√
d log 2

δ
d

σ2
max + 16α2

G(1−
√
d log 2

δ
d

)√
1− (

√
d log 2

δ
d

)2

σ2
max

√
d log 2

δ

d

=O(
1√
d

+
1

d
) log

2

δ
.

25



Apply this for all (q, r) pairs, and then use union bound, we have w.p. 1− δ, for all q 6= r,

(Exiσ(W1,r,:xi)σ(W1,q,:xi))
2 ≤O(

1√
d

+
1

d
) log

2K(K − 1)

δ

and thus

2n2
K∑
q=1

∑
r 6=q

(
(Exiσ(W1,r,:xi)σ(W1,q,:xi))

2 +
(
Exiσ(W ∗1,r,:xi)σ(W1,q,:xi)

)2)
≤ O(n2K2(

1√
d

+
1

d
) log

2K(K − 1)

δ
)

' O(n2K2(
1√
d

+
1

d
) log

1

δ
).

For the second term, noting that σ() ≤ σmax, we have

2n2
K∑
q=1

((
Exiσ

2(W1,q,:xi)
)2

+
(
Exiσ

2(W ∗1,q,:xi)
)2) ≤ 2n2

K∑
q=1

(2σ2
max) = O(n2K).

Combing all those terms, we have w.p. 1− δ,

EW2,W
∗
2
B2 ≤ 2n2

K∑
q=1

∑
r 6=q

(
(Exiσ(W1,r,:xi)σ(W1,q,:xi))

2 +
(
Exiσ(W ∗1,r,:xi)σ(W1,q,:xi)

)2)

+ 2n2
K∑
q=1

((
Exiσ

2(W1,q,:xi)
)2

+
(
Exiσ

2(W ∗1,q,:xi)
)2)

+ 2K2nσ4
max log2 2

δ

≤ O(
1√
d

+
1

d
) log

2

δ
+O(n2K) +O(nK2) ' O(n2K2(

1√
d

+
1

d
) + n2K).

This completes the proof.

Now we are ready to prove Theorem 2.

Proof. Note that fi = (ŷi − yi), we can apply the chain rule to have

n

n∑
i=1

||∇fi||22 = n

n∑
i=1

(
K∑
p=1

d∑
q=1

(
∂fi

∂W1,p,q

)2

+

K∑
q=1

(
∂fi

∂W2,1,q

)2
)

= n

n∑
i=1

(ŷi − yi)2
(

K∑
p=1

d∑
q=1

(
∂ŷi

∂W1,p,q

)2

+

K∑
q=1

(
∂ŷi

∂W2,1,q

)2
)

= A1 +A2,

and

||
n∑
i=1

∇fi||22 =

(
K∑
p=1

d∑
q=1

(
n∑
i=1

∂fi
∂W1,p,q

)2

+

K∑
q=1

(
n∑
i=1

∂fi
∂W2,1,q

)2)

=

(
K∑
p=1

d∑
q=1

(
n∑
i=1

(ŷi − yi)
∂ŷi

∂W1,p,q

)2

+

K∑
q=1

(
n∑
i=1

(ŷi − yi)
∂ŷi

∂W2,1,q

)2)
= B1 +B2.

The goal is now to understand the behavior of
EW2,W

∗
2
A1+A2

EW2,W
∗
2
B1+B2

.

By Lemma 9, w.h.p,

EW2,W
∗
2
A1 ≥ O(n2K2d).

By Lemma 10, we have w.h.p,

EW2,W
∗
2
A2 ≥ O(n2K2).
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By Lemma 11, we have w.h.p,

EW2,W
∗
2
B1 ≤ O(n2K2).

By Lemma 12, we have w.h.p,

EW2,W
∗
2
B2 ≤ O

(
n2K2

(
1

d
+

1√
d

+
1

K

))
.

Combing these four results we directly obtain the desired theorem.

C Proofs for Multilayer Linear Neural Networks

We first present the main theorem for multilayer NNs.

Theorem 6. Consider a LNN with L ≥ 2 layers. Let the weight values Wl,p,q for l ∈ {1, . . . , L} and xi be
independently drawn random variables fromN (0, 1). Let

M = n2
L−1∏
`=0

K` (K` + 2)

Then:

E[n

n∑
i=1

||∇fi||2] = M · L

(
1 +

L−1∏
`=1

K`

K` + 2

)
,

E[

n∑
i=1,j 6=i

〈∇fi,∇fj〉] = M · n− 1

n

L−1∑
φ=0

L− φ
Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

L

K0

L−1∏
`=0

K`

K` + 2

 .

Given Theorem 6, Theorem 3, the main theorem for multilayer NNs, becomes a direct corollary.

Next, we prove Theorem 6. We start by stating a few general lemmas that will be necessary in the proof.

C.1 Models, Assumptions and Notations

Let us denote W =
∏L
`=1W` and W ∗ =

∏L
`=1W

∗
` . We will also need the following notation:

ra,p =

(
L∏

`=a+2

W`

)
Wa+1,:,p la,q = Wa−1,q,:

(
a−2∏
`=1

W`

)
lba,q,s = Wa−1,q,:

(
a−2∏
`=b

W`

)
Wb−1,:,s,

where(
L∏

`=a+2

W`

)
Wa+1,:,p =

{
WL,:,p if a = L− 1

1 if a = L
Wa−1,q,:

(
a−2∏
`=1

W`

)
=

{
eTq if a = 1

W1,q,: if a = 2
,

where eq ∈ Rd is the q-th unit vector in the d dimensional space.

Then we can write the differential as follows:

∂fi
∂Wa,p,q

= (ŷi − yi)

(
L∏

`=a+2

W`

)
Wa+1,:,pWa−1,q,:

(
a−2∏
`=1

W`

)
xi = (Wxi −W ∗xi) ra,p(la,qxi).

Furthermore, let W(a+2):L =
∏L
`=a+2W`.

By default, we define
∏n
i=k ai = 1 if k > n.

C.2 Some Helper Lemmas

We would need the Isserlis Theorem (author?) [49]. The following lemma can derived from the Isserlis
Theorem.
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Lemma 13. Let x ∈ Rd such that xi is i.i.d. ∼ N (0, 1). Then

Ex (aᵀx)2 = ||a||22
Ex (aᵀx)4 = 3||a||42
Ex (aᵀx)8 = 105||a||82
Ex (aᵀxbᵀx) = a · b
Ex (aᵀx)2 (bᵀx)2 = 2||a · b||2 + ||a||22||b||2

Ex (aᵀx)4 (bᵀx)4 ≤ 105||a||42||b||4 ≤ 105
(
Ex (aᵀx)2 (bᵀx)2

)2
.

Lemma 14. Let B = (b1, b2, · · · , bda) ∈ Rdc×da be a random matrix whose elements are all i.i.d N(0, 1),
and c = (c1, c2, · · · , bdc) ∈ Rdc be a constant. Let ai = cᵀbi. Then we have

E

(
da∑
i=1

a2i

)2

= da (da + 2)

(
dc∑
j=1

c2j

)2

. (C.1)

Proof. By linearity of Expectation, we have

E

(
da∑
i=1

a2i

)2

= E

 da∑
i=1

da∑
j=1,j 6=i

a2i a
2
j

+ E

(
da∑
i=1

a4i

)

=

da∑
i=1

da∑
j=1,j 6=i

E
(

(cᵀbi)
2 (cᵀbj)

2
)

+

da∑
i=1

E
(

(cᵀbi)
4
)

=

da∑
i=1

da∑
j=1,j 6=i

(
dc∑
k=1

c2k

)2

+

da∑
i=1

3

(
dc∑
k=1

c2k

)2

= da (da + 2)

(
dc∑
j=1

c2j

)2

,

(C.2)

where the third equation is due to Lemma 13.

Lemma 15. Let G = (g1; g2; · · · ; gdg ) ∈ Rdg×da be a random matrix whose elements are all i.i.d N(0, 1),
xs, xt ∈ Rdx be i.i.d N(0, 1), and A ∈ Rda×dx be a constant. Then we have

E

 dg∑
j=1

gjAxsgjAxt

2

=

dg∑
i=1

dg∑
j=1

E

(
dx∑
u=1

gjA:,ugiA:,u

)2

. (C.3)

Proof. By linearity of expectation, we have

E

 dg∑
j=1

gjAxsgjAxt

2

=

dg∑
i=1

dg∑
j=1

E (gjAxsgjAxtgiAxsgiAxt)

=

dg∑
i=1

dg∑
j=1

E

(
dx∑
u=1

gjA:,ugiA:,u

dx∑
v=1

gjA:,vgiA:,v

)

=

dg∑
i=1

dg∑
j=1

E

(
dx∑
u=1

gjA:,ugiA:,u

)2

,

(C.4)

where the second equality is taking expectation over x.

Lemma 16. if all elements in W are i.i.d standard normal distribution, we have

E

(
Ka∑
s=1

r2a,sr
2
a,p

)
= (Ka + 2)Fa = (Ka + 2)

(
L−1∏
`=a+1

K` (K` + 2)

)
.

28



Proof.

EWa+1

(
Ka∑
s=1

r2a,sr
2
a,p

)

= EWa+1

(
Ka∑
s=1

(
W(a+2):LWa+1,:,s

)2 (
W(a+2):LWa+1,:,p

)2)

= EWa+1

 Ka∑
s=1,s6=p

(
W(a+2):LWa+1,:,s

)2 (
W(a+2):LWa+1,:,p

)2
+
(
W(a+2):LWa+1,:,p

)4
= (Ka + 2)

(
EWa+1

((
W(a+2):LWa+1,:,p

)2))2
= (Ka + 2)

Ka+1∑
r=1

(
W(a+3):LWa+2,:,r

)22

.

The first equation expands the expression of the original formula. The second equation split the summation over s
into two parts, the case when p = s and the case p 6= s. The third equation uses the fact thatE||aTx||42 = 3||a||42
from Lemma 13, and that all Wa+1, :, s are symmetric and thus the expectation of the sum is essentially Ka − 1
times the expectation of each value.

By Lemma 14, we have

EWa+2

Ka+1∑
r=1

(
W(a+3):LWa+2,:,r

)22 = Ka+1 (Ka+1 + 2)

Ka+2∑
r=1

(Wa+4:LWa+3,:,r)
2

2

.

Note that now the formula on the right side has the same form of that on the left side. This actually means that
we can use induction over a to further simplify it. Formally, let

Fa =

Ka+1∑
r=1

(
W(a+3):LWa+2,:,r

)22

.

Then the above equation becomes for all a ≤ L− 4,

EWa+2 (Fa) = Ka+1 (Ka+1 + 2)Fa+1,

which implies

E (Fa) = Ka+1 (Ka+1 + 2)E (Fa+1) .

Now we prove that by induction,

E(Fa) =

(
L−1∏
`=a+1

K` (K` + 2)

)
, ∀a ≤ L− 3.
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When a = L− 3, we have

E (FL−3) = E

KL−2∑
r=1

(WLWL−1,:,r)
2

2

= E

KL−2∑
r=1

KL−2∑
v=1

(WLWL−1,:,r)
2 (WLWL−1,:,v)2


= E

KL−2∑
r=1

KL−2∑
v=1,v 6=r

(WLWL−1,:,r)
2 (WLWL−1,:,v)2 +

KL−2∑
r=1

(WLWL−1,:,r)
4


=

KL−2∑
r=1

KL−2∑
v=1,v 6=r

E (WLWL−1,:,r)
2 (WLWL−1,:,v)2 +

KL−2∑
r=1

E (WLWL−1,:,r)
4

=

KL−2∑
r=1

KL−2∑
v=1,v 6=r

EWLEWL−1 (WLWL−1,:,r)
2 (WLWL−1,:,v)2

+

KL−2∑
r=1

EWLEWL−1 (WLWL−1,:,r)
4

=

KL−2∑
r=1

KL−2∑
v=1,v 6=r

EWL
(
EWL−1 (WLWL−1,:,r)

2)2 +

KL−2∑
r=1

EWLEWL−1 (WLWL−1,:,r)
4

=

KL−2∑
r=1

KL−2∑
v=1,v 6=r

EWL

KL−1∑
t=1

(WL,:,t)
2

2

+ 3

KL−2∑
r=1

EWL

KL−1∑
t=1

(WL,:,t)
2

2

= KL−2 (KL−2 + 2)EWL

KL−1∑
t=1

(WL,:,t)
2

2

= KL−2 (KL−2 + 2)KL−1 (KL−1 + 2) .

The first and second equations expand the expression of FL. The third equation splits the summation over v into
2 parts, the case when v = r and the case when v 6= r. The forth equation uses the linearity of expectation and
the fifth equation uses conditional expectation. The sixth equation uses the fact that WL−1 are all i.i.d standard
normal distribution. The seventh equation uses the fact that E||aTx||42 = 3||a||4 from Lemma 13. The last two
equations are simple algebra.

Assume that when a = θ,

E(Fθ) =

(
L−1∏
`=θ+1

K` (K` + 2)

)
.

When a = θ − 1, we have

E (Fθ−1) = Kθ (Kθ + 2)E (Fθ)

=

(
L−1∏
`=θ

K` (K` + 2)

)
.

Thus, by induction,

E(Fa) =

(
L−1∏
`=a+1

K` (K` + 2)

)
, ∀a ≤ L− 3.

Therefore,

E

(
Ka∑
s=1

r2a,sr
2
a,p

)
= (Ka + 2)E(Fa) = (Ka + 2)

(
L−1∏
`=a+1

K` (K` + 2)

)
.
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Lemma 17. If all elements in W,W ∗, x are i.i.d standard normal distribution, then

E

Ka−1∑
t=1

(la,qxi)
2 (la,txi)

2

 = (Ka−1 + 2)

(
a−2∏
`=0

K` (K` + 2)

)
.

Proof. Similar to the proof of Lemma 16.

Lemma 18. If all elements in W,W ∗, x are i.i.d standard normal distribution, then

E

Ka−1∑
t=1

(la,q,v)2 (la,t,v)2

 = (Ka−1 + 2)

(
a−2∏
`=1

K` (K` + 2)

)
.

Proof. Similar to the proof of Lemma 16.

Lemma 19.

E

Kb−2∑
s,t=1

Ka−1∑
v=1

lba,v,sl
b
a,v,t

2 =

(
a−1∏
`=b−2

K` (K` − 1)

) a−1∑
φ=b−2

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1

 ,

and in particular,

E

 K0∑
s,t=1

Ka−1∑
v=1

l0a,v,sl
0
a,v,t

2 =

(
a−1∏
`=0

K` (K` − 1)

)a−1∑
φ=0

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1

 .

Proof. We will prove the result using recurrent formula. Let us first note that

E

Kb−2∑
s,t=1

Ka−1∑
v=1

lba,v,sl
b
a,v,t

2
= Kb−2E

Ka−1∑
v=1

(
lba,v,s

)22+Kb−2 (Kb−2 − 1)E

Ka−1∑
v=1

lba,v,sl
b
a,v,t

2
= Kb−2

a−1∏
`=b−1

K` (K` + 2) +Kb−2 (Kb−2 − 1)E

Ka−1∑
v=1

lba,v,sl
b
a,v,t

2 ,

where the first equation splits the summation over s into two cases, the case when s = t and the case when
s 6= t. Note that lba,v,s are symmetric over all s, and thus the summation in the first case becomes Kb−2 times
a single term. Similarly, in the second term, we have Kb−2Kb−2 − 1 as the coefficient. The second equation

essentially plugs in the value of the E
((∑Ka−1

v=1 lba,v,s

)2)
, which is a sum of squares and we already know

how to compute it using lemma 14.

Now let us turn to the term E

((∑Ka−1
v=1 lba,v,sl

b
a,v,t

)2)
. Let us further split Wb in this is term, and we obtain

E

Ka−1∑
v=1

lba,v,sl
b
a,v,t

2 = E

Ka−1∑
v1=1

Ka−1∑
v2=1

lba,v1,sl
b
a,v1,tl

b
a,v2,sl

b
a,v2,t


= E

Ka−1∑
v1=1

Ka−1∑
v2=1

lb+1
a,v1,:Wb,:,sl

b+1
a,v1,:Wb,:,tl

b+1
a,v2,:Wb,:,sl

b+1
a,v2,:Wb,:,t


= E

Ka−1∑
v1=1

Ka−1∑
v2=1

Kb−1∑
s=1

Kb−1∑
t=1

lb+1
a,v1,sl

b+1
a,v1,tl

b+1
a,v2,sl

b+1
a,v2,t


= E

Kb−1∑
s,t=1

Ka−1∑
v=1

lb+1
a,v,sl

b+1
a,v,t

2 ,

31



where the first equation is simply expanding the square of summations, the second equation is splitting the
expression of `ba,v,s, the third equation is computing the expectation over Wb, and the final equation is changing
the order of summation. Combining the above two main equations, we effectively obtain the following equation.

E

Kb−2∑
s,t=1

Ka−1∑
v=1

lba,v,sl
b
a,v,t

2
= Kb−2

a−1∏
`=b−1

K` (K` + 2) +Kb−2 (Kb−2 − 1)E

Kb−1∑
s,t=1

Ka−1∑
v=1

lb+1
a,v,sl

b+1
a,v,t

2 .

This holds for every b ≤ a − 1. Now Let us define f(b) =

E

(∑Kb−2
s,t=1

(∑Ka−1
v=1 lba,v,sl

b
a,v,t

)2)
/
∏a−1
`=b−2K` (K` − 1). The above equation now becomes

f(b) =
1

Kb−2 − 1

a−1∏
`=b−1

K` + 2

K` − 1
+ f(b+ 1).

One can easily check that f(a+ 1) = 1
Ka−1−1

and that f(a) =
Ka−1+2

Ka−1−1
1

Ka−2−1
+ 1

Ka−1−1
. Therefore, by

induction, we can easily obtain

f(b) =
1

Kb−2 − 1

a−1∏
`=b−1

K` + 2

K` − 1
+ f(b+ 1)

= · · ·

=

a−1∑
φ=b−2

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1
,

where we use the notation
∏j
u=i = 1, i > j for simplicity. By plugging in back f(b) to the expression of the

expectation, we have

E

Kb−2∑
s,t=1

Ka−1∑
v=1

lba,v,sl
b
a,v,t

2 =

(
a−1∏
`=b−2

K` (K` − 1)

) a−1∑
φ=b−2

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1

 .

This completes the proof.

C.3 Computing the Expectation

Theorem 7. If ∀a,W ∗a,p,q,Wa,p,q, xi are all i.i.d ∼ N (0, 1), then

E(|| ∂fi
∂Wa,p,q

||2) =
K0 (K0 + 2)

KaKa−1

(
L−1∏
`=1

K` (K` + 2) +

L−1∏
`=1

K2
`

)
.

Proof. We start by writing the expectation as follows.

E

(
|| ∂fi
∂Wa,p,q

||
)2

= E ((Wxi −W ∗xi)ra,p(la,qxi))2

= E
(
(Wxi)

2 r2a,p (la,qxi)
2)+ E

(
(W ∗xi)

2
r2a,p (la,qxi)

2
)
,

where we plug in the expression of the derivative in the first equation. The second equation uses the fact that W
and W ∗ are 0-means independent random variables.

For the first term, computing the expectation over Wa, we have

EWa
(
(Wxi)

2 r2a,p (la,qxi)
2) =

Ka∑
s=1

Ka−1∑
t=1

r2a,sr
2
a,p (la,qxi)

2 (la,txi)
2

=

Ka∑
s=1

r2a,sr
2
a,p

Ka−1∑
t=1

(la,qxi)
2 (la,txi)

2 ,
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where the first equation uses the fact that Wa only appears in W where W = W(a+1):LWaW(1):(a−1), and all
elements in Wa are i.i.d 0-means. Note that ri,j and lk,` are independent, so we can compute their expectation
separately. By Lemma 16, we have

E

(
Ka∑
s=1

r2a,sr
2
a,p

)
= (Ka + 2)Fa = (Ka + 2)

(
L−1∏
`=a+1

K` (K` + 2)

)
.

By Lemma 17, we have

E

Ka−1∑
t=1

(la,qxi)
2 (la,txi)

2

 = (Ka−1 + 2)

(
a−2∏
`=0

K` (K` + 2)

)
.

Combining those two equations we have

E
(
(Wxi)

2 r2a,p (la,qxi)
2) =

 L−1∏
`=0,` 6∈{a,a−1}

K` (K` + 2)

 (Ka−1 + 2) (Ka + 2) .

For the second term, note that (W ∗xi)
2, r2a,p and (la,qxi)

2 are independent given xi. Thus, we can compute
the conditional expectation separately.

EW∗
(

(W ∗xi)
2
)

= EW∗

( L∏
t=1

W ∗t xi

)2


= EW∗

(W ∗L L−1∏
t=1

W ∗t xi

)2


= EW∗

KL−1∑
α=1

W ∗,2L,:,α

(
W ∗L−1,α,:

L−2∏
t=1

W ∗t xi

)2


= KL−1EW∗

(W ∗L−1,α,:

L−2∏
t=1

W ∗t xi

)2


= · · ·

=

L−1∏
`=1

K`

K0∑
k=1

x2i,k,

where the first two equations are simply plugging in the expression of W ∗. The third equation uses the fact
that W ∗a are i.i.d. 0-mean. The fourth equation uses the fact that WL,:,a are symmetric. The fifth equation uses
induction to finally obtain the last equation. Similarly,

Ela,q
(
(la,qxi)

2) =

a−2∏
`=1

K`

K0∑
k=1

x2i,k,

and

Era,p
(
(ra,p)

2) =

L−1∏
`=a+1

K`.

Hence, the second term becomes

E
(

(W ∗xi)
2
r2a,p (la,qxi)

2
)

= Exi

(
EW∗ (W ∗xi)

2
Era,p

(
r2a,p

)
Ela,q (la,qxi)

2
)

= Exi

(
L−1∏
`=1

K`

K0∑
k=1

x2i,k

a−2∏
`=1

K`

K0∑
k=1

x2i,k

L−1∏
`=a+1

K`

)

=
1

Ka−1Ka

L−1∏
`=1

K2
`Exi

(K0∑
k=1

x2i,k

)2


=
1

Ka−1Ka

L−1∏
`=0

K2
` .

Combing both terms finishes the proof.
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Theorem 8. If ∀`, p, q, i,W ∗`,p,q,W`,p,q, xi are all i.i.d ∼ N (0, 1), then we have

E
(
||∇fi||2

)
= L

(
K0 (K0 + 2)

(
L−1∏
`=1

K` (K` + 2) +

L−1∏
`=1

K2
`

))

Proof. This can be directly obtained from the last theorem by summing over a, p, q.

Remarks: One can verify that when L = 2, this reduces to the 2-layer case and we have E(|| ∂fi
∂Wa,p,q

||2) =

2d(d+ 2)(2K + 2)K, which agrees with the 2-layer analysis.

Theorem 9. If W`,p,q,W
∗
`,p,q, xi, xj , i 6= j are all i.i.d ∼ N (0, 1), then we have

E

(
∂fi

∂Wa,p,q

)(
∂fj

∂Wa,p,q

)

=
1

KaKa−1

(
L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

1

K0

L−1∏
`=0

K`

K` + 2

 ,

Proof. Note that

E

(
∂fi

∂Wa,p,q

)(
∂fj

∂Wa,p,q

)
= E

(
(Wxi −W ∗xi) (Wxj −W ∗xj) r2a,p (la,qxi) (la,qxj)

)
= E

(
(W ∗xi) (W ∗xj) r

2
a,p (la,qxi) (la,qxj)

)
+ E

(
(Wxi) (Wxj) r

2
a,p (la,qxi) (la,qxj)

)
,

where we plug in the expression of the derivative into the first equation, and the second equation uses the fact
that E(WW ∗) = 0 since W,W ∗ are independent i.i.d. random variables.

For the first term, we have

E
(
(W ∗xi) (W ∗xh) r2a,p (la,qxi) (la,qxh)

)
=E

(
r2a,p

K0∑
s=1

K0∑
t=1

W ∗2:LW
∗
1,:,sW

∗
2:LW

∗
1,:,tWa−1,q,:W2:a−2W1:,sWa−1,q,:W2:a−2W1,:,t

)

=E

(
r2a,p

K0∑
s=1

(
W ∗2:LW

∗
1,:,s

)2
(Wa−1,q,:W2:a−2W1,:,s)

2

)
,

where the first equation is because of taking expectation over x and xi, xj are i.i.d 0-mean, while the second
equation is because we take the expectation over W1 where again W1 are independent and 0-mean.

Since r,W,W ∗ are independent, we have

E

(
r2a,p

K0∑
s=1

(
W ∗2:LW

∗
1,:,s

)2
(Wa−1,q,:W2:a−2W1,:,s)

2

)

=E
(
r2a,p

) K0∑
s=1

E
(
W ∗2:LW

∗
1,:,s

)2
E (Wa−1,q,:W2:a−2W1,:,s)

2 .
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Applying the fact that Ex(||aTx||22) = ||a||22 from Lemma 13, we have

E
(
r2a,p

)
= E

((
L∏

`=a+2

W`

)
Wa+1,:,p

)2

= E

∣∣∣∣∣
∣∣∣∣∣

L∏
`=a+2

W`

∣∣∣∣∣
∣∣∣∣∣
2


= E

Ka+1∑
v=1

(
L∏

`=a+3

W`Wa+2,:,v

)2


= Ka+1E

( L∏
`=a+3

W`Wa+2,:,v

)2


= Ka+1E(r2a+1,v)

= Ka+1Ka+2E(r2a+2,p)

= · · ·

=

L−1∏
`=a+1

K`.

Similarly, we have

E
(
W ∗2:LW

∗
1,:,s

)2
=

L−1∏
`=1

K`

and

E (Wa−1,q,:W2:a−2W1,:,s)
2 =

a−2∏
`=1

K`.

Hence,

E

(
r2a,p

K0∑
s=1

(
W ∗2:LW

∗
1,:,s

)2
(Wa−1,q,:W2:a−2W1,:,s)

2

)
=K0

L−1∏
`=1

K2
` ·

1

Ka−1Ka
.

For the second term, we have
E
(
(Wxi) (Wxj) r

2
a,p (la,qxi) (la,qxj)

)
=E

(
K0∑
s=1

K0∑
t=1

r2a,pW2:LW1,:,sW2:LW1,:,tla,q,sla,q,t

)

=E

 K0∑
s,t=1

Ka∑
u=1

Ka−1∑
v=1

r2a,pr
2
a,ula,v,sla,v,tla,q,sla,q,t

 ,

where we use similar tricks as in the first term, i.e., the first equation is due to taking expectation over x, and
the last equation is by taking expectation over Wa. Note that r and l are independent, we can compute their
expectation separately. For computation convenience, let us now take into account of summation over p, q as
well. This is essentially compute the sum of the derivative over Wa instead of Wa,p,q . By Lemma 16,

Ka∑
p

E

(
Ka∑
u=1

r2a,pr
2
a,u

)
= Ka (Ka + 2)

L−1∏
`=a+1

K` (K` + 2) =

L−1∏
`=a

K` (K` + 2) ,

which implies

E

(
Ka∑
u=1

r2a,pr
2
a,u

)
=

1

Ka

L−1∏
`=a

K` (K` + 2) .

Now let us consider l.
Ka−1∑
q=1

E

 K0∑
s,t=1

Ka−1∑
v=1

la,v,sla,v,tla,q,sla,q,t

 = E

 K0∑
s,t=1

Ka−1∑
v=1

la,v,sla,v,t

2 .
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By Lemma 19, we have

E

 K0∑
s,t=1

Ka−1∑
v=1

l0a,v,sl
0
a,v,t

2 =

(
a−1∏
`=0

K` (K` − 1)

)a−1∑
φ=0

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1

 ,

which implies

E

 K0∑
s,t=1

Ka−1∑
v=1

la,v,sla,v,tla,q,sla,q,t

 =
1

Ka−1

(
a−1∏
`=0

K` (K` − 1)

)a−1∑
φ=0

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1

 ,

Combing those two terms, we have

E
(
(Wxi) (Wxj) r

2
a,p (la,qxi) (la,qxj)

)
=E

 K0∑
s,t=1

Ka∑
u=1

Ka−1∑
v=1

r2a,pr
2
a,ula,v,sla,v,tla,q,sla,q,t


=

(
1

Ka

L−1∏
`=a

K` (K` + 2)

) 1

Ka−1

(
a−1∏
`=0

K` (K` − 1)

)a−1∑
φ=0

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1


=

(
1

KaKa−1

L−1∏
`=0

K` (K` + 2)

)(a−1∏
`=0

K` − 1

K` + 2

)a−1∑
φ=0

1

Kφ − 1

a−1∏
`=φ+1

K` + 2

K` − 1


=

(
1

KaKa−1

L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2

 .

Summing the two terms from the original expression, we finally have

E

(
∂fi

∂Wa,p,q

)(
∂fj

∂Wa,p,q

)
= E

(
(W ∗xi) (W ∗xj) r

2
a,p (la,qxi) (la,qxj)

)
+ E

(
(Wxi) (Wxj) r

2
a,p (la,qxi) (la,qxj)

)
= K0

L−1∏
`=1

K2
` ·

1

Ka−1Ka
+

(
1

KaKa−1

L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2


=

1

KaKa−1

(
L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

1

K0

L−1∏
`=0

K`

K` + 2

 ,

which completes the proof.

Theorem 10. If W`,p,q, xi, xj , i 6= j are all i.i.d ∼ N (0, 1), then we have

E (〈∇fi,∇fj〉) =

(
L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

L− φ
Kφ − 1

φ∏
`=0

K` + 2

K` − 1
+

L

K0

L−1∏
`=0

K`

K` + 2

 .

Proof. From Theorem 9, we have

E

(
∂fi

∂Wa,p,q

)(
∂fj

∂Wa,p,q

)

=
1

KaKa−1

(
L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

1

K0

L−1∏
`=0

K`

K` + 2

 .

Summing over p, q, we have
Ka∑
p=1

Ka−1∑
q=1

E

(
∂fi

∂Wa,p,q

)(
∂fj

∂Wa,p,q

)

=

(
L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

1

K0

L−1∏
`=0

K`

K` + 2

 .
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Thus, we have

E (〈∇fi,∇fj〉) =

L∑
a=1

Ka∑
p=1

Ka−1∑
q=1

E

(
∂fi

∂Wa,p,q

)(
∂fj

∂Wa,p,q

)

=

L∑
a=1

(
L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

1

K0

L−1∏
`=0

K`

K` + 2


=

(
L−1∏
`=0

K` (K` + 2)

) L∑
a=1

a−1∑
φ=0

1

Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

L

K0

L−1∏
`=0

K`

K` + 2


=

(
L−1∏
`=0

K` (K` + 2)

)a−1∑
φ=0

L− φ
Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

L

K0

L−1∏
`=0

K`

K` + 2

 .

Finally we arrive at the main theorem.

Theorem 6. Consider a LNN with L ≥ 2 layers. Let the weight values Wl,p,q for l ∈ {1, . . . , L} and xi be
independently drawn random variables fromN (0, 1). Let

M = n2
L−1∏
`=0

K` (K` + 2)

Then:

E[n

n∑
i=1

||∇fi||2] = M · L

(
1 +

L−1∏
`=1

K`

K` + 2

)
,

E[

n∑
i=1,j 6=i

〈∇fi,∇fj〉] = M · n− 1

n

L−1∑
φ=0

L− φ
Kφ − 1

φ∏
`=0

K` − 1

K` + 2
+

L

K0

L−1∏
`=0

K`

K` + 2

 .

Proof. This can be directly achieved from Theorem 8 and Theorem 10.
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