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A  Proof of Theorem [2]

We first focus on the convergence for total variation and relative entropy, since they are in
fact quite trivial. The proof for the 2-Wasserstein distance requires a bit more work.

A.1 Total Variation and Relative Entropy

Since h is strictly convex, Vi is one-to-one, and hence

dry (Vi Vo) = 2 sup [ VIt (E) — Vhstpa( )|

= %Stép |2 (VRN (E)) = p2 (VR (E)))]
= drv(p1, p2)-

On the other hand, it is well-known that applying a one-to-one mapping to distributions leaves
the relative entropy intact. Alternatively, we may also simply write (letting v; = Vh#u;):

dv
D(v1|lv2) = /log d—y;dul

= /log (dyl o Vh) dpy by (A.5) below

dl/2
— [0 an, by
dpiy
= D(pllp2)

The “in particular” part follows from noticing that y' ~ Vh#x! and Yo, ~ VA#X .

A.2 2-Wasserstein Distance

Now, let h be p-strongly convex. The most important ingredient of the proof is Lemma
below, which is conceptually clean. Unfortunately, for the sake of rigor, we must deal with
certain intricate regularity issues in the Optimal Transport theory. If the reader wishes,

she/he can simply assume that the quantities (A.1]) and (A.2) below are well-defined, which
is always satisfied by any practical mirror map, and skip all the technical part about the

well-definedness proof.

For the moment, assume h € C%; the general case is given at the end. Every convex h
generates a Bregman divergence via By (x,x) == h(x) — h(x') — (Vh(x'),x — x’). The
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following key lemma allows us to relate guarantees in Wy between x*’s and y*’s. It can be

seen as a generalization of the classical duality relation (A.4) in the space of probability
measures.

Lemma 1 (Duality of Wasserstein Distances). Let u1, po be probability measures satisfying
Assumptions |2 and @ If h is p-strongly convex and C°, then the (A1) and (A.2) below
are well-defined:

Wh, (p1, p2) =  inf /Bh (x,T(x))dpq(x) (A.1)
T:T#p1=p2
and (notice the exchange of inputs on the right-hand side)
Wa,. ()= int [ B (T(3),3) dn (). (A2)
Furthermore, we have
Wa, (1, p2) = Wa,,. (Vh#p, Vh#ps). (A.3)

Before proving the lemma, let us see that the relation in W, is a simple corollary of Lemma
Since h is p-strongly convex, it is classical that, for any x and x/,

Bl = < B x) = By (VH(X). Vhix)) € | Vh(x) = VAL (Ad)

Using Lemma [1| and the fact that y? ~ Vh#x® and Y, ~ Vh#X,,, we conclude
W (xt, X o) < %Wg(yt, X ). It hence remains to prove Lemma (1| when h € C°.

A.2.1 Proof of Lemma [1] When h € C°

We first prove that (A.2) is well-defined by verifying the sufficient conditions in Theorem
3.6 of [7]. Specifically, we will verify (C0)-(C2) in p.554 of [7] when the transport cost is
B

Since h is p-strongly convex, Vh is injective, and hence Vh* = (Vh)~! is also injective,
which implies that h* is strictly convex. On the other hand, the strong convexity of h implies
VZh* < %I , and hence By« is globally upper bounded by a quadratic function.

We now show that the conditions (C0)-(C2) are satisfied. Since we have assumed h € C?,
we have Bj,» € C*. Since By is upper bounded by a quadratic function, the condition (CO0)
is trivially satisfied. On the other hand, since h* is strictly convex, simple calculation reveals
that, for any y’, the mapping y — Vy By« (y,y’) is injective, which is (C1). Similarly, for
any y, the mapping y’ — Vy B« (y,y’) is also injective, which is (C2). By Theorem 3.6

in [7], (A.2)) is well-defined.

We now turn to (A.3)), which will automatically establish the well-definedness of (A.1]). We
first need the following equivalent characterization of Vh#u = v [12]:

/fdu = /fthd,u (A.5)
for all measurable f. Using (A.5) in the definition of Wg, ., we get
W, (Vi Vhtnz) =gt [ B (1(3).3) d¥hstyn(y)

= inf / By- ((T o Vh)(x), Vh(x))dm(x),

where the infimum is over all T such that T#(Vh#u1) = Vh#us. Using the classical duality
Bi(x,x") = Bp+«(Vh(x'), Vh(x)) and Vh o Vh*(x) = x, we may further write

W, (Vhtus, Vhifus) = inf / By (x. (Vh* 0 T 0 Vh)(x) ) djus (0 (A.6)



where the infimum is again over all T such that T#(Vh#u1) = Vh#pus. In view of (A.6)),
the proof would be complete if we can show that T#(Vh#u) = Vh#us if and only if
(Vh* o T o Vh)#p1 = pe.

For any two maps T and T3, we claim that
(Th o Ta)#tp = Th# (Ta#p) - (A7)
Indeed, for any Borel set F/, we have, by definition of the push-forward,
(Ta o To)#p(E) = u((T1 0 T) "' (E))
= u((Ty " o T )(E)).
On the other hand, recursively applying the definition of push-forward to T1# (To#u) gives
T (To#tu) (E) = Tz#u( a2
— (T35 o TV (E))
which establishes (A.7)).
Assume that T#(Vh#u1) = Vh#us. Then we have

(VA* o T o Vh)#us = VI #(T#(Vh#m)) by

= Vh*#(Vhitps) since T#(Vhitp1) = Vh#ps
= (Vh" o Vh)#p, by (A.7) again
= H2.

Oun the other hand, if (VA* o T o Vh)#u1 = g, then composing both sides by Vh and using
(A.7) yields T#(Vh#p1) = Vh#ps, which finishes the proof.

A.2.2 When h is only C?

When h is only C?, we will directly resort to (A.4). Let T be any map such that T#(Vh#tu;) =
Vh#ug, and consider the optimal transportatmn problem infr [ ||y — T(y)||*dVh#u (y)-

By (A.4]) and ( .7 we have

it [ lly = T)|?dVhstn () =it [ VA0 — (T'0 V) Go)Pdpr ()

> P inf / [ — (VA 0 T 0 Vh)(0)) Py ()
where the infimum is over all T' such that T#(Vh#u1) = Vh#ue. But as proven in

Appendlx [A.2.1] this is equivalent to (Vh* oT o Vh)#u1 = ps. The proof is finished by
noting y* ~ VA#x' and Yo, ~ VA#X

B More Examples of Mirror Map and their Dual Distributions

In this section, we present more instances of mirror map other than on the simplex, and
their corresponding dual distributions.

B.1 Mirror map on the hypercube
On the hypercube [—1,1], a possible mirror map is
1
=3 Z ( + x;)log(1 4 z;) + (1 — 2;) log(1 — xl))
=1

It can easily be shown that
O*h by oh*
Or;0r; 1—a?’ 0y

= arctanh(z;), = tanh(y;)

asci



which implies that h is 1-strongly convex.

Since the Hessian matrix of h is diagonal, we have:

log det V2h( Z log (

Then, using the definition of W, we obtain

7)

S

. 4
=VoVhiy)+ Z log (eXp(2yi) +2+ exp(—2yi)>

i=1

=VoVh*(y)+ Z log ( 1+ cosh(2yl))> .

B.2 Mirror map on the Euclidean ball
On the unit ball {x € R? : ||x|| < 1}, where || - || denote the Euclidean norm, a possible
mirror map is

h(x) = —log(1 — [x[|) — [I]].

We can compute:
Oz 1— x|’ Ori0x; 1 — |||~ [x[I(L = [1x[])*’ Oyi  1+|lyll

The Hessian matrix can thus be written as V2h(x) = 1_hx” I+ Hx”(liHXH)Q xx”, where I is
the identity matrix. Invoking the matrix determinant lemma, we get

der(7h) = (14 et jx|x||>>> det (1=y) = (1—1x>+

We thus obtain:

W(y)=VoVh'(y) - (d+1)log <1 1 ﬁtll)

=V oVh*(y)+ (d+1)log (1 + |ly|)-

C Proof of Thereom [3

In previous sections, we are given a target distribution e~" and a mirror map h, and we derive
the induced dlstrlbutlon e~ through the Monge-Ampere equation (2.1] The high-level
idea of this proof is to reverse the direction: We start with two good dlstrlbutlons ~V and
e~ and we invoke deep results in Optimal Transport to deduce the existence of a good
mirror map h.

First, notice that if V' has bounded domain, then the strong convexity of V implies V' > —oo.
Along with the assumption that V' is bounded away from +oo in the interior, we see that
e~V is bounded away from 0 and oo in the interior of support.

Let dv(x) = e~ ®dx be any distribution such that VW > I. By Brenier’s polarization
theorem [1 2] and Assumption there exists a convex function h* whose gradient
solves the W5 (v, 1) optimal transportation problem. Caffarelli’s regularity theorem [3H5]
then implies that the Brenier’s map h* is in C2. Finally, a slightly stronger form of Caffarelli’s

contraction theorem [10] asserts:

1
V2h* < —1I, (C.1)
m



which implies h = (h*)* is m-strongly convex.

Let us consider the discretized MLD (3.3) corresponding to the mirror map h. Invoking
Theorem 3 of [6], the convergence rate of the discretized Langevin dynamics y” for

p is such that D(y”|lv) = O (4/r), which in turn implies Wa(y”,v) = O (\/ /T) and
drv(yT,v) = 0) (\/d/T) . Theorem |2| then completes the proof.

D Proof of Lemma (1

Straightforward calculations in convex analysis shows

5‘h 10 xT; 82}1 _1+ 1
= A 4. — 0 € )
8.’171‘ & Td+1 ’ 8331895] J d+1
d )
oh* evi
Wy)=log |1+ e¥ |, = D.1
O I o

which proves that h is 1-strongly convex.

Let 1 = e~V ®)dx be the target distribution and define v = e~V dy := Vh#pu. By [2.1),
we have

W o Vh =V +logdet V?h. (D.2)
Since V2h(x) = diag[z; '] + de]l]lT where 1 is the all 1 vector, the well-known matrix
determinant lemma “det(A +uv’) = (1+vTA tu)det A” gives
d d
log det V2h(x) = log (1 + x;jl Z xl> . H z;
i=1 i=1
d+1

d d
:—Zlogxi:—ZIngi—log (1—2@). (D.3)
i=1 i=1 i=1

Composing both sides of (D.2)) with VA* and using (D.1)), (D.3)), we then finish the proof by
computing

d
W(y) =V o Vh*(y Zy +(d+1) log<1+Zeyl>

=1

=V oVh*(y Zyl (d+ 1)h*(y).

E Proof of Lemma 2

The proof relies on rather straightforward computations.

(W+C)

1. In order to show e~ = Vh#e " for some constant C, we will verify the

Monge-Ampere equation:

eV = e (WoVhtO) qet V2, (E.1)
for V = Zfil Vi and W = Zi\; Wy, where W; is defined via . By , it
holds that 1

aefNVi = e NWioVh qet V2h, C; = W (E.2)
Multiplying fori=1,2,..., N, we get
ﬂ Oiie—NV — e NWoVh (det v2h) Y. (E-3)

i=1
The first claim follows by taking the N*" root of (E.3)).



2. The second claim directly follows by (E.2).

3. Trivial.
4. By (E.1) and (E.2) and using Vh* o Vh(x) = x, we get
1
W; = Vo Vh* + ~ log det V2h(Vh*) —log C;, (E.4)
W =V o Vh* + logdet V2h(Vh*) — C, (E.5)

which implies NVW; — VW = V2h* (NVV; o Vh* —VV o Vh*). Since h is 1-
strongly convex, h* is 1-Lipschitz gradient, and therefore the spectral norm of V2h*
is upper bounded by 1. In the case of b = 1, the final claim follows by noticing

N
E[|VW — VW |? = ;];HNVW} — VW |? (E.6)
1 N
= 5 2 IV?h* (NVVio Vh* = VV o V) | (E.7)
=1
< %ianwovw — VYV o VI*|? (E.8)
a N =1
<E|VV - VV|> (E.9)

The proof for general batch-size b is exactly the same, albeit with more cumbersome
notation.

F Proof of Theorem [4

The proof is a simple combination of the existing result in [§] and our theory in Section

By Theorem [2| we only need to prove that the inequality (&.3)) holds for D(y7|le=" ™) dy),
where y7 is to be defined below. By assumption, W is unconstrained and satisfies LI =
V2W = 0. By Lemma [2] the stochastic gradient VW is unbiased and satisfies

E|VW — VW |> <E|VV - VV|? = 0%
Pick a random indexﬂ t € {1,2,....,T} and set y© = y*. Then Corollary 18 of [§] with

D? = 2 and M, = 0 implies D(37||e=V ™ dy) < ¢, provided

€ 1 } T sz(yo,eﬁ‘w(”dy)
€

Solving for T" in terms of € establishes the theorem.

G Stochastic Gradients for Dirichlet Posteriors

In order to apply SMLD, one must have, for each term V;, the corresponding dual W; defined
via . In this appendix, we derive a closed-form expression in the case of the Dirichlet
posterior .

Recall that the Dirichlet posterior consists of a Dirichlet prior and categorical data
observations [9]. Let N = Z?ill ne, where ny is the number of observations for category
¢, and suppose that the parameters a,’s are given. If the it" data is in category c¢; €

{1,2,...,d 4+ 1}, then we can define V;(x) := — Z?:ll Lip—eiy logzy — 5 zl;rll(ag —1)logx,

'The analysis in [8] provides guarantees on the probability measure vr = % Z;‘le vy where
yt ~ v¢. The SIT defined here has law vr.
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(a) Synthetic data, 8" dimension. (b) LDA on Wikipedia corpus.

Figure 1: LDA for Wikipedia, 50 topics.

so that Assumption [4] holds. In view of Lemma [1| The corresponding dual W; is, up to a
constant, given by

d d d+1
(6 N « «
Wily) = — ZH{Z:ci}yZ - Z ﬁeye +h*+ ( Z\ﬁ) h*(y). (G.1)
=1 =1 =1

Similarly, if we take a mini-batch B of the data with |B| = b, then

d d+1
%W(y) = % S wiy) ==Y <NZ” - ae) ve+ (N + Zae> Wy, (G2
i€B =1 =1

where my is the number of observations of category £ in the set B. Apparently, the gradient

of (G.2) is (&A).

H More on Experiments

H.1 Synthetic Data

Figure reports the total variation error along the 8" dimension of the synthetic
experiment in Section Compared to Figure [I(a)]in the main text, it is evident that MLD
achieves an even stronger performance than SGRLD, especially in the saturation error phase.

H.2 Comparison against SGRHMC for Latent Dirichlet Allocation

The only difference between the experimental setting of [IT] and the main text is the number
of topies (50 vs. 100). In this appendix, we run SMLD-approximate under the setting of [11]
and directly compare against the results reported in [I1]. We have also included the SGRLD
as a baseline.

Figure reports the perplexity on the test data. According to [I1], the best perplexity
achieved by SGRHMC up to 10,000 documents is approximately 1400, which is worse than
the 1323 by SMLD-approximate. Moreover, from Figure 3 of [I1], we see that the SGRHMC
yields comparable performance as SGRLD for 2 out 3 independent runs, especially in the
beginning phase, whereas the SMLD-approximate has sizeable lead over SGRLD at any stage
of the experiment. The potential reason for this improvement is, similar to SGRLD, that the
SGRHMC exploits the Riemannian Hamiltonian dynamics, which is more complicated than
MLD and hence more sensitive to the discretization error.



References

[1]

Yann Brenier. Décomposition polaire et réarrangement monotone des champs de vecteurs.
CR Acad. Sci. Paris Sér. I Math, 305(19):805-808, 1987.

Yann Brenier. Polar factorization and monotone rearrangement of vector-valued func-
tions. Communications on pure and applied mathematics, 44(4):375-417, 1991.

Luis A Caffarelli. A localization property of viscosity solutions to the monge-ampere
equation and their strict convexity. Annals of Mathematics, 131(1):129-134, 1990.

Luis A Caffarelli. The regularity of mappings with a convex potential. Journal of the
American Mathematical Society, 5(1):99-104, 1992.

Luis A Caffarelli. Monotonicity properties of optimal transportation and the fkg and
related inequalities. Communications in Mathematical Physics, 214(3):547-563, 2000.

Xiang Cheng and Peter Bartlett. Convergence of langevin mcmc in kl-divergence. In
Proceedings of Algorithmic Learning Theory, volume 83 of Proceedings of Machine
Learning Research, pages 186-211. PMLR, 07-09 Apr 2018.

Guido De Philippis and Alessio Figalli. The monge—ampere equation and its link to
optimal transportation. Bulletin of the American Mathematical Society, 51(4):527-580,
2014.

Alain Durmus, Szymon Majewski, and Blazej Miasojedow. Analysis of langevin monte
carlo via convex optimization. arXiv preprint arXiv:1802.09188, 2018.

Bela A Frigyik, Amol Kapila, and Maya R Gupta. Introduction to the dirichlet
distribution and related processes. Department of Electrical Engineering, University of
Washignton, UWEETR-2010-0006, 2010.

Alexander V Kolesnikov. Mass transportation and contractions. arXiv preprint
arXiw:1103.1479, 2011.

Yi-An Ma, Tiangi Chen, and Emily Fox. A complete recipe for stochastic gradient
mcme. In Advances in Neural Information Processing Systems, pages 2917-2925, 2015.

Cédric Villani. Optimal transport: old and new, volume 338. Springer Science & Business
Media, 2008.



	Proof of Theorem 2
	Total Variation and Relative Entropy
	2-Wasserstein Distance
	Proof of Lemma 1 When h C5
	When h is only C2


	More Examples of Mirror Map and their Dual Distributions
	Mirror map on the hypercube
	Mirror map on the Euclidean ball

	Proof of Thereom 3
	Proof of Lemma 1
	Proof of Lemma 2
	Proof of Theorem 4
	Stochastic Gradients for Dirichlet Posteriors
	More on Experiments
	Synthetic Data
	Comparison against SGRHMC for Latent Dirichlet Allocation


