Supplemental Materials

A Proofs to theorems in the paper
We start by listing the basic inequalities that are frequently used in our proof.
Inequality 1.
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Inequality 2. From the Lipschitzan gradient assumption in (3) and Inequality in , we can obtain:
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which is equivalent to
L
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To see this, let us consider a function g(z) = 22"z — f(z). Because Vg(z) = Lz — Vf(x), we have

(z —y) (Vg(z) = Vg(y)) = Llz —y|5 — (Vf(z) - Vf(y))T (x — y) > 0, which implies g(z) is convex.
Note that f(z) can be non-convex. It follows that g(y) > g(z) + Vg(z)" (y — 2). i.e., Ly"y — f(y) >
LTz — f(z) + (Lo — Vf(a:))T (y — ), which is equivalent to .

Proof to Theorem|[I] The computation of Algorithm|1]can be expressed as

Xjr1 = Pj(Xj =v0F(X5;6)Wa + (T = Pj)(X; —v0F(X;5¢5)) (26)
Here, X; = [%),1,2}2, .-, Zj,n] € RY*™ are the model parameters on n nodes, P; is the projection matrix
representing selected components as defined in the algorithm, W, is a n by n matrix with all elements being

1/n, and OF (X;; &) = [VFi(xj,1;&5,1), VFa(25,2;&5,2)s -, VEr(2,0;&5,n)] are the stochastic gradients.
Our goal is to bound the average squared norm of gradients over K iterations, i.e.,
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From and because Wn% = % we have:
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Then, we apply Lipschitzan gradient assumption in (25) to (27) and obtain:
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For T, we have:
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If we plug T3 and T} back to (28)), we can get:
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Note that the term in the box is the variance of model parameters among nodes. We can see that the smaller the
variance of model parameters among nodes, the smaller the bound of the squared norm of gradient at iteration j.
Intuitively, a smaller variance of model parameters among nodes indicates that the trajectories of training on
different nodes are not far apart, and thus, leads to better convergence of the algorithm. Therefore, the key to our
proof is to bound the variance of model parameters (i.e., T4; /n).

From (26), we can derive
X; (177”— > =(Z - Pj-1)(Xj—1 —yOF(X;-1;&-1)) (%—ei)
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Therefore, we have
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From (33), and (35)), we have the bound for T};:
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It follows that
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For T5, we have
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From 27), 29), and (@0), we can obtain
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Ly2e?  Ly? H 1,
+ + —E|(0f(X;)— (41)
2mn 2 n 5
Suppose
L 2
we have
2
1, ¥ 1, Ly Lo
Ef Hl— <Ef|X;— | - E(|Vf|X;— +—T4j+ (43)
2 n ) 2mn
Summing up from Ef (z1) to Ef (x k), we have
= L[] L2 L0’ K
Ef(ex) <Ef(wo) ~ 2 3 B[ v/ (xj ;) Ly Z 7, + LK (44)
j=0
Plugging (39) into (45)), we can obtain
K-1 2 2 n?y?K (% + 3ps>
<E - E _—
(-TK) f -770) 2 =~ vf ( n )H m 1— 3np2L272
2
L%y 3p?n2~? = 1, Ly*0’K
—_— E X;— _— 4
* 2n 11— 3np®L24? JZ:% VI & n/, * 2mn (45)
Suppose
N Ly 3p?n2y?
—-—> 46
2> 2n 1 —3np2L2~2 (46)
ie.,
1> 6np°L*~2, (47)

then it follows from that

K-1 2
1 X;1a 2(f(@wo) = f") D1 | Lyo®D *L*+*0*D
(v (B ) < BIE 2T IoeiDy oD s,
Jj=0 2
(43)
where
1 — 3np?L3~2 1
D= —F——5 Dy=———=]. 49
! <16np?L272 rR 1 — 6np?L2~? )
The above bound holds when (38), and are satisfied, which is Theorem [T} 0O

If we sety = 0/ M/K andlet D; < 2and D> < 2, i,
1> 12np° L2+ «— K > 12nMp°L?0?,

we can obtain Corollary[1]from Theorem|l]

Proof to Theorem 2] The computation of distributed SGD with gradient quantization can be expressed as
1,
zin =25 —1Q (OF(X53)) —= (50)

Here, X; = [2),1,%.2, .-, Zjn] € RV X" are the model parameters on n nodes, @ is any unbiased stochas-
tic quantization function, and 0F (X;;&;) = [VFi(zj,1;&5,1), VF2(25,2;€5,2), -, V(2,05 &5,n)] are the
stochastic gradients. Note that in this algorithm z; ; = z;, V7, V.

Consider Ef (x41):

Ef(xj41) =Ef (xj —Q (0F(X;3€;)) 1;”)
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For T and 15, we have:
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Ty =B 0F (X;36) " — 0F (X,) 22 + 0 (X,) 22
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—E %Z (VFi@si&.) = Vi) || +E[V @)

< T |V 65

=E|0F (Xwg])*_af( )l
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Plugging 71, T% into (51), we have:

1+q)Ly?e® | gLy’ | (¢+n)Ly?
Ef(a01) <Ef(r) 1] V()| + DL T CEIY 19 )|
(g+n)Ly* (1+q)Ly°0?  qLy*s?
=Ef(z;) — <7— 5 E[|V £(x;)]||5 + orm T an (56)

Summing up from Ef(x1) to Ef (zx), we have:

+nL 1+ q¢)Ly*0*K  qLy**K
Ef(w)@f(m%(v “ ”)ZEHW o+ SRR e

Thus, we have Theorem [2if (1 + £)Ly < 2:

= — /D | (14+q)Lye*D | qLs*D
> va . ‘ < (f(xO)ny D ( +q2)Mv q ;y; 7 (58)
where
e e
O
If we sety = QW andlet (14 £)Ly <1(.e., D < 2)in Theorem we can obtain Corollary
Proof to Theorem 3] The computation of Algorithm can be expressed as
Xjor = —70F(X;;¢5) ,if (j +1) mod p # 0 ©0)
Xy + Q ((X; = 90P(X13€)) = Xpa1op) War if (j+1) mod p =0
Here, X; = [zj1,%j2,...,75n] € RY*" are the model parameters on n nodes, @ is any unbiased

stochastic quantization function, W, is a n by n matrix with all elements being 1/n, and 0F(X;;&;) =
[VFi(25,1581), VEF2 (2,2, &5,2), ...y Vo (24,03 E5n )] are the stochastic gradients.

The above formula can be expressed with projection matrix as

Xj1 =Pj(X; —y0F(X;;8))Wn + (T = Pj)(X; —10F(X;55)), (61)
where P; = Z when j + 1 divides p; otherwise P; = 0, and
(X; = 9OF(X;:)) = Xy41-p + Q (X = 10F(X556)) = Xy41-5) (©)
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when (j 4+ 1) mod p = 0. Note that X; have identical columns when j divides p.

Consider E f (Xj+1 17")
B (X l2) - Ef( (waF(Xg,sn 7 (0 ij;sm—m—vaFo@;sj)))1;))

=Ef (lenn - (’YaF(Xj;fj)l: +P; <Q (( —YOF(X;;&5)) — Xjp1- p) — (X; —YOF(Xj5&) — Xy p)) 17;))

<Ef (lel> —E<Vf (lel> 7W3F(Xj;€j)lrb>
n n n

(w1 (12) 2 (@ (0 0700160) ~Xi00) = (6 =056 3000 ) 2

2
L 1, 1,
+ ZEOF(G )2 75 (@ (% = 10F(X36)) = Xynop) = (X = 10P(X556) - Xynop) ) 2
2
17L 17L ]-’VL
—&r (%) -k <Vf (x2) maf(Xj)n>
=:T
2
L 1, 1,
+ 5 E|VOF(X556) = + P (@ (( i —YOF(X;565)) — Xj1- p) = (X5 =10F(X55&) = Xit1-p) ) ==
2
=:T>
(63)
For T we have:
LA 1, | 1 1|
0 n v n Y n n
T =B X; = TE|lof(x;)=| —1E X; ) —of(x;) =2 4
= Jelvr (632) 3 oz | - Fe|vr (x22) -orc: o
=:T3
L2 1, 2
<= - Xje
Ts < = ;IEHXJ o= Xje ] (65)
::T4j
Following the same steps from to , we can get the same bound for Zf: 51 Tuj:
2
2 —
o pn’y> (K (2 +3n6?) +3p2§<:01EHVf (%) )
2
<
2 T 1= 3y ©0

For T5, we have

2
Ty :=FE

’YBF(XJ,@) +P; (Q ((Xj —YOF(X;;€5)) — Xj+17p) — (X; —70F(X;;¢5) — Xj+17p)) %

2
2

1,
:EHWaF(Xﬁ &)

2
2

+E

Pj <Q ((Xj _’YaF( ]7£J)) J+1 p) _( ’YaF(XWgJ) J+1 p)) 11:

2

E <78F(Xj;§j)1n”,73j (Q (( —YOF(X;:&5)) — Xjp1- p) — (X; —YOF (X&) — Xj+1—p)) 17:>
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1 2
:EHWaF(Xﬁ 51‘)7“

2
2
1,
+E Pj Q((X] _’YGF( Jvf])) J+1 p) - (Xj _’YaF(XW&.J) J+1 p) ?
2
=:Ts;
According to 1n 2
R Haf D+ T 67)
2
Because P; = 0 when (j 4+ 1) mod p # 0, we have T5; = 0 when (j + 1) mod p # 0.
When (5 + 1) mod p =0,
) 2
Ts; =E (Q (( —YOF(X;;&5)) — Xj41- p) — (X5 —0F(X;;¢5) — Xj+1—p)) ;n
2
J J 1
=E[ll Q| DY oF(Xu&) |- > 0F(Xi&) | =
k=j+1—p k=j+1—p
2
1 n J J
=’E fz Q Z VE(zr,i5€k,) | — Z VFi(Xk,i; k)
[t k=j+1-p k=j+1—p
2
2
7 J J
72 Z VFi(xk,i;Ek,i) Z VFi(xk,i; ki)
i=1 k=j+1-p k=j+1-p )
. 2
7 < 5
Sl Z]E Z VE;i(Tk,i; ki)
i=1 ||k=jt1—p )
) 2
7 < -
=z STE| YT (VE(zki€ri) = Viilwes) + Vii(zx))
i=1 ||k=jt1—p )
. 2 _ 2
7 < 5 7 < -
=2 DB D> (VE@k&ea) — Viil@n) SESCE|O> D Ve
i=1 ||k=j+1-p ) i=1 ||k=j+1-p )
0 2 . 2
=152 X EIVRGrsG) - Vi@l + 15 DB 3 Vi)
i=1 k=j+1—p i=1 k=j+1—-p 9
_ 2 _ 2
7~ v 1 ¢ 7 < -
—FZ Z E EZVFZ(ka7§k’LS)7VfZ(ZEk’L) jZE Z Vfi(zr.:)
1=1 k=j+1—p s=1 9 i=1 k=j+1—p 9
j 2
RSNt DIRITT
i=1 k=j+1—p 9
0'
—qm qm > Z E[|V filaro)|;
i=1 k=j+1—p
1, 1. |
<o’ a5 5 B[V Ao - VS + Vo) - V0 + 91002
n n
i=1 k=j+1—p 2
2 2 2.2 .2 2 J 2 J 2
gpy-o” | 3qpTy°sT | 3qpy 3qpy 1,
< 4P -n
LS MEES M ST e MRS gfvrondy)
k=j+1-p k=j+1-p 2

(68)
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Plugging T4, T% into (63), we can obtain:
1, 1, | 1. |*  L?
Ef (XJH*) <IEf( ) - Tg|vf (in) ~ JEllor(x,) ==l + =211y
2 n ) n |y 2n
Ly%0?  Ly? 1.]° L
T o T g B|OFEDT| + 5T (69)
Suppose
v Ly
- > — 70
5 Ty (70
we have
1, 1 Loz
Ef (X2 ) <Bf (X,72) = JE[Vr (X2 )| + 50Ty
n n 2 n , 2n
Ly L
—T5 71
+ 2mn + 2 7
Summing up from Ef(z1) to Ef (xx ), because T5; = 0 when (j + 1) mod p # 0, we can obtain
K—1 2 2
1, 1, L
Ef <XK?> gEf(mo)—%ZE vf (ij> VZTM
j=0
LVo’K | L ¢y°0’K 3qp72<2K 3qpy® 3qpy® L, |I?
— Ty + —— E||\Vf(Xr—
Jran 2 mn + n +n2jgo4j+ n j; f(kn)z
K-1 2
_ ol 3Lqm2 1,
=Ef (z0) — (5 — )Y E|V ( -
Jj=0 2
L’y 3Lapy* (L +q)Ly?*0°K | 3Lgpy*K
T.
+ ( 2n | 2n2 Z 4J + 2mn + 2n
(72)
Plugging into , if1— 3Ly 3"2?17:;22‘:’?“) > 0, we can obtain:
K-1 2
1 1, 2 (f(:ﬂo) - f*) D (14 q)Lye?D  3Lgpys*D
—-YE x| <
K ;) Vf( ’ n) . vK + M + n
(nL? +3qpLy)p*o*D | 3(nL’ +3gpLy)p*** D a3
m(1 — 3np2L2~2) 1 — 3np? L242
where 1
D= 74
(1 _ 3Lgpy _ 3p272(nL2+3qu“/)) (74)
n 1—3np2L2~2
If we set v = 6/ M/K and let
3Lgpy < 1 (75)
n 4
and 5 o )
L L L
3p°y (n jiqzz 7 3 wy (76)
1 — 3np2? L2y n
we can get D < 2. Thus,
K-1 2 -1 -
20 - 2 2
1 S E|vr (lei) < (f(wo) = /") | 201+ q)LOo*  6gpmLos
K ~ n /|, VME VMK VMK
2qLyo” | 6gpLys’
+ qLyo + qpLys
mn n
:2071 (f(zo) — %) n 2(1 + q)Loo? . 6qpmLos>
VMK VMK VMK
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n 2qLOc? " 6gpmLos?

VMK VMK
207" (f(xo) — [7) n 2(1 + 2q) LOo? N 12gpmLos?
B VMK VMK VMK

The condition in (76)) is equivalent to

_ M < V/(n2pL)2 + 12np2q2(1 + L2) — n°pL
TN K = 6np2q(1 + L?)

which simplifies to

2
M6? (\/(nsz)2 + 12np?2q?(1 + L?) + n2pL>
K >
> e

(77

(78)

(79

We can see that if K is large enough, the conditions in (79), (75) and (70) can be satisfied and thus the bound in

(77) is valid, which gives us Theorem 3]
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B Error bound of QSGD proposed by Alistarh et al. [5]

Alistarh et al. [S] propose a quantization function controlled by a quantization level s. A gradient component v;
is quantized to either /s or (I + 1)/s based on a Bernoulli distribution defined as

Pibi = (1+1)/s} = il —1
P{b; =1/s} =1~ 2Ll 4

vl

The quantized value of v; is defined as Qs (vi) = b; - sign(vi) - ||v||,.
Because

I+1 . i l . i
E[Q.(v)] = - sign(vs) - ]l - (S“’ | —z) + < -sign(va) - [Jo]l, <1 _ sl +z> =,

s [oll [l

Qs is unbiased.

Alistarh ef al. have shown the error bound g for Q is min(N/s?, v/ N /s) [5], which suggest s should be set to
V/N to achieve q=1.

We now show a tighter bound of ¢ is min(N/(4s?), v/ N/s). Because
2 I+1 2
[|Qs(vi) —wilf, = ( lvlly = \Ui|>

S

slvil 7 and
[lv]lo ’

with probability
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Therefore,
2 _ Nl
E|Qs(w) —vl; < =52 (82)
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It follows that
E|Qs(v) —v 2

l[oll3 T 4s?
From we can also get:
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_ (1 B z|u||2) (nmzm) < lolglod 4)
s|vi| s s

Thus,
2 _ ollglloll,  ~IPhsyRiel: VN |o||;
£Qu(0) — of}2 < el e Nl
(85)
It follows that
EllQs(v) —v 2
1Qs(w) = olf, _ v )
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Combining and (86), we have
2
E[Qi) —of; _ <N W) &7
- s

ol

This result suggest that s = g can achieve g = 1.
However, this number is not the actual quantization level of this function, because / has a smaller bound %

To illustrate this point, we present an equivalent quantization function @), as follows:

For a gradient vector v, we first identify ||v||_ and divide it into % intervals of size ¢ = % The
absolute value of other components will fall into one of the intervals. Suppose a component v; is in interval
[lo, (I + 1)¢), its quantized value is either the upper bound or the lower bound based on a Bernoulli distribution

defined as

P{b; = (I+1)} =2l -1

v Il (88)
P{bi =1} =1- 12l 4y

The quantized value of v; is defined as Qq(v;) = b; - sign(v;) - ¢. Because

N2 ) (il = 19)? Jif by =1
||Qa('Uz) U7,”2_ {(|U1|—(l+1)¢)2 ,lflh:(l-‘rl)
we have

E||Qa(vi) — vill5 = (Jvi] — 19)o — ([vi| — 19)* <

which implies EHQa (v) — vuz < ||v||2,¥v € RY. Thus, Qq ensures ¢ = 1. It is not hard to see that Q,, is
unbiased.

#
T forv; € [lg, (1 4+ 1))

Q. is actually equivalent to () s proposed by Alistarh ef al. because both function use interval of size ¢ = %

LA LIPS , which means that the number of

The presentation of (), shows that the number of intervals is actually 3ol

bits to represent the quantized value is {logz (%)W :
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C Error bound of TernGrad proposed by Wen et al. [46]

For a gradient vector v, they first identify the component with the largest absolute value (i.e., ||v|| ). Then, the
gradient components are quantized to either 1 or O based on a Bernoulli distribution defined as

P{bi = 1} = |vil/ [[v]l
P{b; =0} =1 — |us|/ ||v]l

The quantized value of v; is defined as Q;(vi) = b; - sign(vs) - ||v|| . Because E [Q:(vi)] = sign(v:) -
lollog - 0il/ 10l o0 +0 - (1= fesl/[loll., ) = v, Q¢ is unbiased

We now consider its error bound. Because

2 Jo? ,ifb; =0
Qe =i, = {(||v|oo ol it =1
we have ) )
E||Qc(vi) — vi|2 = lvll |vi] — 3
and thus,
E||Qc(v) — |3 = vl lvll, = Ilv]2

Since [[v]|, < |[v[ly, < [Jv]l; < VN|v|l,, Vv € RY, we have IEHQt(v) - ’UH; < (VN = 1)||v||3. Therefore,
g = VN — 1, and TernGrad cannot achieve O(1/v/ M K) convergence rate in general.

26



D More experimental results on image classification
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Figure 2: More results on image classification

Figure [2aland [2b|validate that sparse parameter averaging can achieve O(1/+v/ M K) convergence rate. Figure E
and m validate that 1) QSGD can achieve O(1/+v/ M K') convergence rate if configured properly, 2) our PQASGD

can achieve O(1/v M K) convergence rate with even less communication overhead, and 3) partitioned training
data does have a negative effect to the convergence rate of distributed SGD with quantized gradients.
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E Results on speech recognition

% - FULLSGD — PSGD (p=38) ool --- FULLSGD _ --- FULLSGD
— PSGD(p=2) — RSGD(p=2) TN — QSGDS (s = VA2 o — QSGD-P (s = VinN/2)
g % — PSGD (p=1) RSGD (p = 4) @ w0 — QSGD-P (s = VN2 ool — POASGD-P (p = 8. s = V/iipN/2)
) B —— QSGD-P (s = VinN/ 1) w I
>y Y — PQASGD-P (p=8. s = 2 50
T 60 16 T 60 =
o o g’AU
g 14}, g 90 19 £,
Gy [T 17\ py g 30 —
ye H \ 5
s Lol Al B };W ol b x10°
B A 10L—— B nk— o 2.2x faster
% 60 70 80 9 100 2 W 60 70 80 00 100 of hpwr—
2 { AT \ 4x faster
e ) W ST e sty
0 20 0 60 50 100 0 20 40 60 80 100 0.0 05 1.0 15 20 25 3.0
Epochs Epochs Time (sec) x10°
(a) 8 GPUs (b) 8 GPUs (c) 8 GPUs
100
=
" - FULLSGD PSGD (p - 5) ool A -~ FULLSGD ~ -~ FULLSGD
PSGD (- 2) RSGD (y - 2) G\ QSGD-S (s = V2, ce = 0.245) 70 QSGD-P (s = VinN/2)
& %0 PSGD (p = 1) RSGD (p = 4) & %0 QSGD-P (s = V. 0.245) P POASGD-P (5 - 8. s
2 4 . QSGD-P (s = VinN/2, e = 0.271) w”
Y Y PQASGD-P (p = 8, s = V/iiph /2, ce = 0.044) & 50) 0.2]
T 60 T 60 -
Cf 15 % ~ 240 01
g 1 § im T = a
s | 1 E LA A < i 0
40 13, = 15 V\&\ LAY =L 52
s | 12 3 Mj%w' WA 200\,
B ] S— = % b= : 2.3 faster
A\ , 60 70 80 920 100 60 70 80 90 100 10| 5,
o N (RN » : Lixfaster,
. Riaa” A ATL S| ) v W&&WML ol e | — R
0 20 10 60 80 100 0 20 10 60 80 100 0.0 0.2 0.4 0.6 08 10 1.2 14 1.6
Epochs Epochs Time (sec) x10*
(d) 16 GPUs (e) 16 GPUs (f) 16 GPUs

Figure 3: WER and training loss for a 5-layer LSTM on AN4.

We train a 5-layer LSTM of 800 hidden units per layer on AN4 dataset. The total mini-batch size M is set to
128. The learning rate is initialized to 3¢~ * and decays in each epoch with annealing rate 1.01 (the learning rate
is constant over iterations within an epoch).

Figure[3a|compares the word error rate of FULLSGD with PSGD and RSGD with different settings of p on partitioned
training data. We can see that, as the learning rate decreases, PSGD and RSGD match FULLSGD after 50 epochs.

This validates our claim in Theoremthat sparse parameter averaging can achieve O(1/v/MK) convergence
rate if K is large enough.

Figure[3b|compares the word error rate of FULLSGD with different versions of QSGD and our PQASGD. We can
observe a clear gap on the zoomed figure between FULLSGD and QSGD-P with s set to v/ N, /2. This validates our
claim that data partitioning affects the convergence rate of distributed SGD with gradient quantization. This
effect is eliminated by setting s to v/mN /2 for QSGD-P as we can see that all the other versions have similar
WER after 50 epochs. Though our PQASGD converges slower than other versions in the first 40 epochs, it matches

the WER of FULLSGD after 50 epochs. This validates our claim that our PQASGD converges at rate O(1/vV M K).
Our PQASGD requires only 4.5% communication data size compared with FULLSGD in this case.

‘We then remove the validation at the end of each epoch and measure the execution time for training. Figure
shows the training loss over time for FULLSGD, QSGD and PQASGD on partitioned training data. We can see that
our PQASGD runs 1.4x faster than QSGD and 2.2x faster than FULLSGD.

As shown in Figure[3d]to[3f] the results on 16 GPUs follow a similar pattern.
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