A Proof of Theorem 3.1

Proof. In order to prove that the new dictionary is still optimal, we only need to show that new
dictionary is still primal and dual feasible: xj;. + AT > 0 and 2. + A* 2y > 0.

Case I. When calculating A* given by (3.10), if the constraint corresponds to an index ¢ € B, then
Zar« + A Zn > 0 is guaranteed by the way of choosing entering variable. It remains to show the
primal solution is not changed: zj; + \*Zp = 3. + A\ Tp-.

We observe that Ag+ is obtained by changing one column of Ag to another column vector from Ay,
and we assume the difference of these two vectors are u. Without loss of generality, we assume that
the k-th column of Ap is replaced, now we have Ag- = A + ueg. Sherman-Morrison formula says
that

T 4—1
ey Ay

T 4—1

14+e, Agu

. Now consider the following term:

AgAzl =1 =1 — Oue] Ag', (A.1)

where 0 = m
Aplrg —xp. + X (Zp — Tp-)]
=Ap(Ag' — Agh)b+ N Ap(Ag' — Agl)b
=b— AgAgtb+ \*(b— ApAglb) (A.2)
=(Que, Ag' )b+ N*(Ouel Ag")b
=0(ue, Ag'b+ N uel Ag'h).
Recall in this case, we have

Tl el Az'h
A= max __78, =k Ijr~ (A.3)
i€B,i5,>0 Tp, eZAB b

Substitute the definition of A* from (A.3) into (A.2), we notice that the expression in (A.2) is 0. Since
Ap is invertible, we have z}; + A\*Tp = x3. + A*Zp~, and thus the new dictionary is still optimal at
¥,

Case II. When calculating \* given by (3.10), if, on the other hand, the constraint corresponds to an
index j € N, then z3. + \*Zg > 0 is guaranteed by the way we choose leaving variable. It remains
to show that it is still dual feasible.

Again, we observe that Ag- is obtained by changing one column of Ag (say, a;) to another column
vector from A s (say, aj), and we denote u = a; — a; as the difference of these two vectors. Without
loss of generality, we assume the replacement occurs at the k-th column of Ai. Sherman-Morrison
formula gives

__p
1 1+;k
Aztuel pe; - :
B* 1B 1—|—62Aglu 1—|—€2p 1+‘pk ( )
i)m '
T 1+pe 1

where p = Aglu, and p; denotes the [-th entry of p. Observe that in (A.4), only the k-th column is
different from the identity matrix.

Dual feasible requires that 2% = (A" Ax) Teg—cpr > 0. Since (Az' Ap) T es—ci = 0, we slightly
change the dual feasible condition to: (AglA)TCB — ¢ > 0. In the parametric linear programming
sense, ¢ ¢ c+Aéand c5 < c5+Acs. We only need to show that (Az'A) T (cg+A*eg) —(c+A*E) =
(AglA)T (cp- + A ) — (c + A*€). Consider the following term:
(A5 A) e —c+ N [(A5EA) Tese — o — {(A5'A) Tes — e+ M [(A5'A) Tes — 2}
=AT(Agh) " (ep- + \ep-) — AT(Ag") T (cs + \*eg)
=AT(Az") T (Ag!Ap) T (cp- + Nep-) — AT(Ag") " (cs + A\*eg)

=—aAT(Agh) e,

(A.5)
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where « is a constant. According to (A.4), we have

\*E A*
a= 3 (ca+Xep ¢+ C]+CZ

+ ¢
14 pg 1+p

leB*\j

Z (cr + Ne)p n ci + A —cj — A'¢
e R L+ pr
(e + A ep)TAglu+ ¢ + A6 — ¢ — A'g
a L+ pr
(e + A ep) T Agt(a; — ai) + i + NG —¢j — NG (A.6)
B L+ pr
:(CB +Aeg) T (Aglaj —ex) + ¢ + NG — ¢; — \*E; since Azla; = e
1+ pk
(e + eg) T (Agla;) — ¢j — NG
B 1+ py
_(cgAp'a; — ) + A" (e Ap a; — &)
B 1+ py
where ¢; and c; are the entries in ¢, with indices corresponding to a; and a;, and ¢; and ¢; are the
entries in ¢ and defined similarly .

)

Recall in this case

—1 T
A = max _ZNj _ (AB a’j) CB —Cj (A7)
JEN ZN; >0 Zp; (Aglaj)Tég —Cj

Substitute the definition of A* from (A.7) into (A.6), we observe that o = 0 and thus the dual feasible
is guaranteed in the new dictionary. This proves Theorem 3.1. O

B Proof of Theorem 3.5

For notational simplicity, we omit the superscript \’ in i Before we proceed with the statistical
properties of the Dantzig selector, we first introduce the following lemmas.

Lemma B.1 (Bithlmann and Van De Geer (2011)). Suppose that Assumptions 3.2 and 3.4 hold.
Define A = 6 — 6*. We have

1Azl < I1As]. (®B.1)
Moreover, we have
ATV? A _(s* 42
min v £g9) > p—(s" +25)
laslli<llAsl: 1A]5 4

(B.2)

The proof of Lemma B.1 is provided in Bithimann and Van De Geer (2011), and therefore is omitted.

Note that (B.1) in Lemma B.1 implies that 0 lies in a restricted cone-shape set, and (B.2) implies that
(B.1) combined with Assumption 3.4 implies the restricted eigenvalue condition. The next lemma
presents the statistical rates of convergence of the Dantzig selector.

Lemma B.2 (Candes and Tao (2007)). Suppose that Assumptions 3.2 and 3.4 hold. We have

Cl S*A CQS*/\

8= Ty md Al = s

p—(s* +25)

The proof of Lemma B.2 is provided in Candes and Tao (2007), and therefore is omitted. Based on

Lemmas B.1 and B.2, we can further characterize the statistical properties of Vﬁ(é) in the following
lemma.

(B.3)

Lemma B.3. Suppose that Assumptions 3.2 and 3.4 hold. We have
~ 3\ — ~
{i1w,e@1=%. jes}| <3 .4
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Proof. By Assumption 3.2, we have A > 8||V L(6*)]| 0, which further implies
{3 | IV;£(6%)] > \/8, j € S}| = 0. (B.5)
We then consider an arbitrary set S’ such that
8" ={j|IV;L0) - V;L(6")| > 5\/8, j € S}.
Let s’ = |S’|. Then there exists v such that
[vlle =1, |Jvllo <&, and B5s5'A/8 <o (VL(A) — VLO)).

Since L(#) is twice differentiable, then by the mean value theorem, there exists some z1 € [0, 1] such
that

-~ o

=20+ (1-2)0" and VL@O)—VLO*) = V2LO)A.
Then we have

!
% <0 V2L@H)A <\ T V2L /ATV2L)A.

Since we have |[v]jo < s', then we obtain
% < \/m@\/AT(VE(@\) — VL(6%))
< Vor WV IBL - IVED) - VLEO) oo
< Vor WAV I IVED) oo + IVED") 1)
< VoW IAIIVED) — Ao + Al + VL0 1)

[ 115s*)\2
< / W —.

By simple manipulation, we have

5v/s’ 115s*
3 SVerEW =

12p_(s* +3)’

which implies
o W)
~ 15p_(s* +3)

Since s’ = |.S’| attains the maximum value such that s’ < for arbitrary defined subset S’, we obtain
s’ < 5. Then by simple manipulation, we have

‘{j ‘ |Vj£(§) — V,L(6%)| > 5\/8, j € 8}| < 13rs" < 5. B.6)
Thus, (B.5) and (B.6) imply
{3 [1V,£(0) = 3)/4, j € S} < 5.
[

By the complementary slackness, we have ﬁj(VjC(g) —A) =0and :y\j(fvjﬁ(é) —A)=0.By
(B.3), we know

{717 #00r7; #0, j €S} <5 (B.7)
Thus, we show that the optimal dual variables are sparse. The cardinality is at most 2s* + 5.
To control the sparsity of the primal variables, we directly use the following lemma.
Lemma B.4 (Gai et al. (2013)). Suppose that Assumptions 3.2 and 3.4 hold. Given the design matrix
satisfying

X5 Xs(Xg Xs) oo <1,

where ¢ > 0 is a generic constant, we have é\J =0 foranyj € S.

The proof of Lemma (B.4) is provided in Gai et al. (2013). Lemma B.4 guarnatees that 8 does not
select any irrelevant coordinates. Thus, we complete the proof.
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