8 Appendix

To lighten the notation system, we drop the feature transform f from our equations. The analysis
procedure does not change with or without f.

8.1 Relationship between Trimmed DRE and Binary SVM [23, 4]

Consider a “symmetrized” extension to the criterion (6):

m&inKL [plg-rs] + KLglp-1/rs]
1 ~ i 1 A 7
zc—mgx;Zlogr(wé%é)—i—fZlogrg(a:g);&) (13)

that jointly minimizes the KL divergence from P to () and from ) to P. Similar to (5), we use 75 to
model the ratio ¢/p:

exp(—d,x) -

1 & :
Fo(x;0) = — S No(8) = — ) exp(—4,x()).
2 NQ((S) 2 n, Jz_; p

The minus in front of the § is due to the inversion of the ratio. We can trim the objective function
(13) and add a regularization term AR(d) as we did for the asymmetric one:

1 Np R ; 1 Ng . :
max - ;[log r(wﬁ, ):8) —to]_ + - ;[log 7’2((17((1 ):8) —to]- — AR() (14)
Proposition 2. [fn, =n,,to =1, R(-) = || - |3, the maximizer & of (14) is the same as the primal

solution of a modified SVM using X, and X, as positive and negative class respectively.

It suggests SVM learns an unnormalized and trimmed density ratio function as the decision function.

Proof. By introducing the slack variables as we did in (7). (14) can be rewritten as:

q

st.ValeX, valeX,,
log f(a:g); 0) >ty — €pis
log s (x$); 8) > to — €q.i, (15)

After substituting 7 and 75, (15) can be re—written as

5,e>01, Ng
st Ve eX,, valleX,,
(4, wl(f)> — 1ogN(6) >ty — €pi,
(—8, 2y —log Na(8) > to — €q,i- (16)
Let n, = ng,to = 1, R(8) = ||§]|%, (16) is an SVM (without a bias term) using X,, and X, as

positive and negative samples respectively, except the presences of log normalization terms log N (9)
and log N3 (9). O

8.2 Proof of Proposition 1

Proof. To prove the statement, we construct the dual of (8) which has the exactly same form as (9).
Denote X, = acl(,l), cey a:,(,n”)} € R and X, = [mfll), .. ,:1;((1"") € R¥xnq,
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The Lagrangian of (8) can be written as
o, 0" 8.t €) = —(a, 6 X, —logN(6)-1—t-1+¢)

_<a/7e>_a//,t—|—ni<e, 1) — vt + AR(S) (17)

P
where a € R, a’ € Ry, a” € R. Now we analyze the KKT condition of the above Lagrangian.

Suppose the optimal > 0°, then o’ = 0 by the slackness condition that #'a = 0. The optimality
condition of ¢ in (17) yields:

Vil(a,a', 0", 8,t,€) = (a, 1) —u:O—>Zai =v, (18)
i=1
and the optimality condition of € yields
1
Vel(a,a,a",8,te) =0 —a—a’+—-1=0 (19)
np

From (18) and (19), and the slackness condition of optimization (7), we can see :cg) € X,, if

log f’(mz(f); d) < t, then ¢; > 0 which leads to o} = 0 (the constraint of ¢; > 0 is ineffective) and thus
1

In contrast, if log f(wz(f); d) > t, then we have o; = 0, ¢; = 0 (the constraint of ¢; > 0 is effective).

If log f(wl(f); d) falls right on the boundary ¢, i.e., log r(:cl(f); 8) =t, a; € [0,-1], since the KKT

condition €;o; = 0 indicating o} can take non-negative values as long as - - 1 = o + a’. We

summarize:

a; = n—lp logf(w](f);é) <t
0<a; <L logi(ay);6) =t (20)
a; =0 logf(:cz(,i); d) >t

It can be observed that for (8), (6 = 0,€ = 0.2 1,¢ = 0.1) is a feasible interior point, and it makes
all inequality constraints strict, so the Slater’s condition holds for our original primal problem which
is also convex. Therefore, the lagrangian dual of the original problem (8) is

min max min (o, a’,a”, 8,t,€)
5 a>0,a'>0,0">0 et
:rr%inmax—(a,éTXp —log N(8)) + AR(5) (21)
@
17"
st.a € {0, } 1, a) = v (22)
Np

which is the same as (9) and any points satisfy the KKT condition are both dual (22) and primal (8)
optimal. O

8.3 Lemmal

Lemma 1. If Assumptions I and 2 hold, then

Tw2 * * i 2 ve ||u||%
—u' V3L(6" + u,w*)u > TCEHUH “acz N (23)

where c is the constant determined by Assumption 2.

%if t = 0 is the optimal and assume R(0) = 0, we only have a trivial solution § = 0, € = 0, which is easy
to verify and rules out.
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Proof. First, we write down -V3L£ (6" + u, w*):

—V3L(6" 4+ u,w*) = —V? wa : logf(a:g); 6% +u)

i=1
Np =R
= wa;‘ -V21og N (8" + u)
i=1
—v-V? log]\Af(é* +u),

S ) B ) S )

i=1

where e/) := exp [(6" + u,a}(j)ﬂ , S = Z?ll eld),

i T[S e , " (i) N
v Z?.wm (x(z)> _{Zs.(wm)}{ - .(mu))} u

=1 1=1 =1
@De , , , AT
YT ZZ € (xu) _ m(])) (wu) _ xm) u
i=1 j#i

Due to Assumption 1, ei > ﬁ Let &, = (:c(i) —z) (z® — af;(j))T , then we have the
following inequalities

(@) (J e
VT elYe T
ZZ T TCQU = ZZ{W u = —ZCQu cov(Xq)u
=1 j#i g =1 j#i

We then invoke Assumption 2 to obtain 5z u ' cov(Xo)u > vy ||lul|? — O

> 2 a2 — et

8.4 Proof of Theorem 1

Proof. First, we define the S and S° are the set of indices of non-zero and zero elements of §*. The
cardinlity of S'is k.

Define it := & — 6*. From the Lemma | we can see that,

<V§£(8,’w*) - V(;E((s*,w*)7’d> > /<;1H1},H2 - Tl(nvd)‘lﬁlli

where we set k1 := ’2’812 ,71(n,d) = Using Holder’s inequality,

202f
(VoL(d,w"), @) + [VsL(0", w) ool tt]l1 + i (n. d)pllaf > rr e

The introduction of p is due to the bounded optimization region. Due to (11), we can convert the
above inequality into

(V5L(8, @), a) + ro||al|* + r2(n, d)||ally + | VsL(E",w")|oo [l + pri(n, d) @]y > k|,

and because of the setting of \,,,

N ~ )\n ~ ~
(VsL£(0, ), @) + T at]l1 > (51 = ha)| ]|, 24)

Note that in the first term, d is obtained at the stationary condition, which implies that there is a
subgradient, denoted by V/||d]|1, such that

VsL(d, ) = =N\, V5|1 = =\, Vi@t + 671,
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(the second V is the subgradient notation) thus we can obtain the upper-bound of <V5£(3 , W), o)
using the following standard procedure:

(VsL(8, ), @) = —An(Vs||a+ 8|1, @)

< =M ([|8]l1 = [|6* 1) due to convexity of ||8]| and the definition of subgradient.
= (187 n + [ldese [l = [ldese [l = [16]1)
= M ([16" + e |l — [l@ese |l — [16]11)
= A (16" + dusel|y + lius|l — llaes |l — [|4ese |l — [|8]]1)
A (|67 + ts + @usellr + |||y — [[se]l — 18]]1)

< An(llasly = lltse 1) (25)
Combining (24) and (25) we have

N N An o "
Anlleslly = aese ) + ZFllalh > (51 = ko) |1 @]?

3\, An N
=5 Ml = Frllise ]l > (s = wa) @] (26)
3V N
5 llalla > (k1 = wa)@]”
1 3N, _ .
: > [la].
(/il — Iig) 2
Substituting 1 and 71 (n, d) according to Lemma 1, we have the conclusion in Theorem 1. O

8.5 Proof of Theorem 2

Now let’s specify ko and 7 in Theorem | under the outlier setting and derive the consistency.
Let’s consider (11). It is easy to see that
VsL(6, W) — VsL(8, w* Zwlf - — Zf ), where G := {a:](f)mi # 0}.
icQ@ Piea

It is obvious that if & = G and Vi € G, i; = nip, andVi € B, w; = 0, V5sL(8, W) — Vs L(8, w*) =
0.

Lemma 2. [fthere exists a “cleamnce between the good samples and the bad samples, such that
minjep 26~ (mg)) max;cq 25 ( ) > 3Ciipp, then VsL(,w) — VsL(6,w*) = 0.

Proof.
in zse () () — () A2 > 30
min zs (x))) — max z¢- (x,) = %1113125 (")) — rlneagcza (') > 3Ciipp 27
Due to Assumption 3 and (27),
Vie G,j € B,and u € Ball(p), 25+ 1u(x)) > 250 o (x?). (28)

According to the optimality condition of (9), we should simply assign non-zero weights w; to the vn,,

samples corresponding to the smallest 25+, values. Therefore, from (28) we can see that G=0aG.

IG\

Moreover, since the inequality of (28) holds strictly and v = Llﬂ , all weights must be set to

ni in order to minimize the inner problem of (9), i.e., Vi € G, w; = n— and Vi e B, w; =0. O
P P

Now we can set kg = 0, 72(n,d) = 0 to make (11) hold.

As explained in Section (5.1), we need to confirm||Vs£(8*, w*)||o converges to 0 as the sample
size goes to inifinity where Vs£(6*, w*) = - ZieG VsZs (zc}(f)). Since

1 1
||*ZV525* <o H*Zvaz,s* (@) = H|G|ZV525* N loe:

Piea P iea i€G
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we only need to bound H Itel Y ica Veis(x (i )) H . As samples in G are i.i.d. samples drawn from
P, here can we invoke the Lemma 2 from [14]. First we need the following conditions:

Assumption 6. For any vector u € R¥"(8") such that §* +u € Ball(p), the Hessian of the likelihood
function, V2L(8* + ), has a bounded spectral norm, i.e., ||V2L(6" + u)|| < Amax-

Assumption 7 (Smooth Density Ratio Model Assumption). For any vector u € R4"™(8") sych that
8" + u € Ball(p) and every a € R, the following inequality holds:

Eq [exp (a (r(x, 6" +u) — 1))] < exp (Ka?).

If n, = Q(|G?), and \,, > /%, according to Lemma 2 from [14] we have

([

where K and c¢; are constants. Finally, we can re-state the Theorem | using xke = 0, 72 = 0 and (29)
to obtain Theorem 2.

6] 2 Vo (@

i€G

o = )\n> < exp (_Cl|G|) y (29)

8.6 Proof of Theorem 3

First we verify (11).

Lemma 3. Under Assumptions 4 and 5,

N . 2L - C,
IVsL£(3,w) = V5L(8, w")loo < 2Ccpr - [[ul|C + ﬁpv

P

where L is a positive constant. The second term reflects the cost of using the empirical sample to
control the v-th quantile in (28).

Therefore

. o 2L C,

(VsL(3. i) — VL(8,w0"),u) > — (2ccm Jlic, + 22 G ) ull
-

2L - Cyluls

v

The proof of Lemma 3 uses a fact that

> — 2vkCoprCylul]® -

2L-Cp
N
) are “dangerous” as they may be mistakenly included or missed out
np

It can be seen that ko = QICCDFCP, To(n,d) =
Ly

only x, in the “zone” T'(u,
under small perturbation of u. See Section 8.8 in Appendix for the proof.

To show | VsL(6*, w*)|lcc — 0, we need some extra procedures since zs= (x,) are not necessarily
upper-bounded by ¢(d™). The following lemma bounds |VsL£(8*, w*)||o-

Lemma 4. Under Assumptions 1, 5, 6 and 7 holds, and if

Kilogd | 202C,[X,\X"(5")
xr(5)] n,

(30)
Vs L(6*,w*)|loo < A\ with probability at least 1 — exp(cy|XP(8%)|)), where ¢} and K| are
constants,

See Section 8.7 in Appendix for the proof.

Finally, we can restate Theorem | as Theorem 3 using k1 = %, T1(n,d) =

205\6/@’ ke =
QVECCDFCP, To(n,d) = 2\Lﬁc‘” and (30), making sure that K1 > Ko.
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Figure 4: An illustration of B and G in the case of truncation setting. In this setting, we treat
X\ X (") as a kind of outlier of ) and only appear in very small quantity.

8.7 Proof of Lemma 4

First, we recycle some notations from the previous section: G := X' (8*), B := X,\X"(6"). The
reason for this arrangement can be seen from Figure 4.

Denote e/) := exp [(6*733(({))} ;5= 10 e and 5 =Y, el Note that

1 ) ~
VsL(@'w) = — 3 [2l) = Vslog N(8")| .
P iexr(67)
- 1 i .
IVs£06" w)lloe =ll— > |a) = Vslog N(&")] [|ue
pieyz’(a*)
! Lo e
S B DR DE s L
(R —
1€XP(6*) | J
1 [ NON )
= > |=) - 2 -y |
Piexren) | JEG j€B
e DDA D= LD D A
np = s < S 4 S
i€EXP(6*) | JjEG jJEB
1 , RO s ) o)
SN LR SRR e I
P . < . - N
i€eXP(6*) | JjeG JjEG JjEB
1 i o NG o
= an Z xl()) - Z ?x(gj)”oo +H[(1 - ;) Z ?:cé]) — Z Tm«(f)Hoo
Piexr(ev) JEG jeG jEB
a(n,d)
<a(n,d) + ——=>_ I =2l + 3 Il
jea jEB
CrB| 1 : C, ,
<a(md) + == gy L eVl + 553 [l oo
El J€G " jen
c2?|B|c, C,|B|C.
<a(n,d) + -IB 4 4 |B|Cq
’/lq nq
2C?%|B|C
Sa(n7 d) + @

Ngq
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Now, as Yp(ci *) and G contains only i.i.d. samples and due to the definition of §*, we can invoke
Lemma 2 again from [14] to bound a(n, d). That is if Assumptions 6 and 7 hold and n, = Q(n),

K] logd
and An 2/ T=ten)

P (a(n,d) > \,) < exp (—c’1 |Yp(6*)|) , (31)

2C2|B|C,
n

where K| and ¢ are constants. By taking the extra < into account, we obtain Lemma 4.

8.8 Proof of Lemma 3

Before we start, we need to define a few empirical counterparts of population quantities used in
Section 5.3.

e P, is the empirical distribution of P.

£(8) is the empirical version of (&) and is defined according to

P, [25 <1,(0))|X,] < v, P, [25 <1,(8)|X,] > v

The set X ,,(8) is similar to X( ) but defined by 2 and ¢:
n(8) = {z € RYzq(x) < i(6)} .
X7 (8) := X, N X,(8).

The “borderline points” of X,,: Xporder(d) := {x € X,|2s(x) = £,(5))}.

Proof. We first expand | V5£(8, W) — Vs L£(8, w*)| oo as
IVsL(8" + @, 1 ) = Vs L(6" + @, w")|oo

= > il —— > 2l

i,w; 70 ZGXP((;)
1 (i) 1
< Z Il + - > [ES P
i€ X, (6" + @)\ X" (57) "X (6N\X (8" + @)
My (@) Mg (@)

1 7
D DI 0l

P i€ Xporder (6 +1)

1 )
= Ilw<”||oo+f DI o ol (32)

p €M (@) 'Le)(border((s +a)

where M (u) := My (u)U M (u), given u € Ball(p). Note we isolate the borderline points Xporder
in our analysis as they may have interior weights, i.e., w;€[0, 2-].

)
np

We first figure out the cardinality of M (u), a set where samples are likely to be “misplaced” to the
other set under a small perturbation. However, direct quantifying M (w) is hard but we now show that
M(u) C X, N T(u, €) whose cardinality is bounded by our assumptions. See Figure 5 for details.

First, we show that if z5«(z,,) > £(8") + 2C,||ul| + €, then &, ¢ X' (8") U X" (6" + u).As we
will see, € € (0,1) is chosen afterwards.

Under this setting, obviously, , ¢ X (6*), thus it is suffice to show that &, ¢ X" (8" + u). Note
that for any constant c, the quantile of 2’ := 2(6") + cis t(6*) + c.

Since zgs+ and Zs- differ only by their normalization functions, we have z5- (x,) —t(8") = 25+ (x)) —
t'(6"), where t'(6”) is defined as P [25« < t',(87))|X,] <vand P[25- </, (8%))|X,] > vfora
given X, so we have Zg- () > t/(0") 4 2C};p||u|| + €. Combining this inequality with Assumption
4, we have

S5 pu(@y) = 2o+ (@) — Cupllul] = £(87) + Chipllul| + ¢ 33)
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Figure 5: The relationship of YP(J*), Yf(d* +u), X, NT(u,€) and Xporder(6™ + w).

From Dvoretzky—Kiefer—Wolfowitz inequality if n, is large enough, with high probability

* . Ly . .. . _ L
|t/(5 ) —t(d )‘ < T < 1 which is independent of the choice of X,. Thus we set ¢ = \/;7, and

* L 7 *
'(8%) + le + Ciiplu]| > £(8") + Cuip||u|| wh.p. (34)
P

N

From Assumption 4, 25+ 1, and 25+ differ only by Cj;,,||w||, which means their v-percentile £(5* +u)
and #(8*) differ by Cyip||u|| at most. Thus,

£07) + Ciip|lull = #(8" + u) (35)

From (33) (34) and (35), we now have 25+ 4, (x,) > t(6" + u) which means
z, ¢ X, (6" +u)

with high probability. As we have mentioned earlier, it is obvious that &, ¢ X' (8*), so

@, & X (8 UXL(8" + u). (36)
Similarly, one can show if z5+(a,) < t(6™) — 2Chip||u|| — €, then

x, € Xo(8" +u)NX"(8%) (37)
(which is the center-most region in Figure 5) with high probability. Now we can conclude that:

M(u) € X, NT(u, j;%) w.h.p. (38)

Due to Dvoretzky—Kiefer—Wolfowitz inequality,

P, (z, € T(u, L ) — Pz, € T(u, i)) < Ls

? N VT N
holds with probability at least exp PQL%} ,VLo > 0. Thus, using Assumption 4 we have

L L L
) < Cepr - ul + —= + —2
N Top n

P, (x, € T(u,

p

w.h.p.
i

Now we know the cardinality of X, N T'(u, \%17) can be bounded by (C’CDF ||| + %) My

with high probability. Finally, we have

1 . 1 L+ L
il (4) <—(C . T2 Lo
=Y el <o (Cone- - Eo2) e
iGXpﬁT(u,ﬁ)
(L1+L2)-Cp

<C . C
< Ccpr - |[u]|Cp + N

(39)
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Now, we show Xporder (0" +u) C X, N T (u, \/L%) The proof for this is similar to the arguments
above. Using Assumption 4, it can be shown that

L,

=]
P

Ly ]

t/(d*) + C’Hp||u|| + \/?_

)

5(6* + u) < |:t/(5*) — ClipHuH

and from definition, V& € Xporder (0" + ), 25+ o () = (6" + 1),

i

. e Ly L
forsul@) € 167~ Cilull - T 3 + Ciglul + 2
P P

and due to Assumption 4,

. . L . L
25+ (z) € {t’(d ) — 2Chip||ull — w17,#(5 ) + 2Cp | ull + \/nL .
P i

Again, this relationship does not change if we replace 2 and ¢’ at the same time with z and ¢

* L # L L
25+(x) € [t(é ) — 2Chp|lul| — \/—%,t(& ) + 2Chp |l + \/—% C T(u, w%). (40)
P

P P

Inequalities (32), (38), (39) and (40) complete the proof. O

9 Numerical Analysis

In this section, we present a few numerical experimental results under outlier and truncation setting.

In all experiments, we set n, = ny = 5000, A = 0, and the solution of & was obtained using
Algorithm 1. We let f(x) = x. Note this is the correct log-ratio model for two Gaussian distributions
with different means.

Outlier Setting In this setting, we first generate two “good” datasets G b p(z) = N(0,1),
and X, RN q(z) = N(—.75,1). The outlier set B, is generated from a uniform distribution
U(-0.44b,0.4 4+ b),b € [0,6]. The density ratio estimation is performed using two sets of data:

X, = {G, By} and X, where the cardinality of B is 1000. We repeat the estimation using different

choices of b and test its influence on our estimate #(x; 3b). The results can be seen from Figure 6,
where the histograms of G and X, are colored red and green respectively. The true density ratio
p(z)

o) is plotted as a dotted line. The histograms of B; with different choices of b was plotted using

gradient colors from light blue to purple (we skipped some choices of b for better visualization).
For each b, we run the density ratio estimation, and plot learned #(; Sb) using the same gradient
color. In the figure, we resale 7(x; 8;,) and the true density ratio using a same constant, so they can
be plotted alongside with the histogram. Here, we test two methods: the log-Linear KLIEP and the
robust estimator proposed in this paper.

It can be easily seen that as b — 6, KLIEP (Figure 6a) tends to significantly overestimate the density
ratio and is sensitive to the change of b. The proposed method (Figure 6b), tends to underestimate the
density ratio when b is small. However, as b gradually shifts away from the center of X, leaving the
“gap” between inlier and outlier, the robust estimator converges to the true density ratio function.

i.d.

Truncated Setting In this setting, we generate samples X, "< p(z) = N(0,1) without any
contamination. Usually, the v-th quantile of z(x,; ") cannot be analytically computed as we do not
know the true density ratio. However, it can be seen that for a strictly monotone increasing z(x,, "),
samples in the v-th quantile of z(x,, ") must be in the v-th quantile of x,, since the relative order
among x,, is preserved after a strictly monotone transform. Thus, we obtain the truncation domain
X(6") = {—oo <z <@ '(v)}, where & is the inverse CDF of N(0,1). We then generate
samples X, ~ TN(—0.5,1, —oco, ®~1(v)), where T'N is a truncated Gaussian distribution and the
last two parameters are the truncation borders. Note we set the mean of () to be a negative value so
that the true density ratio /g is a monotone increasing function.

The results for v = 0.5 are plotted on Figure 7 where the true truncated ratio is plotted as a dotted
line. It can be seen that the learned #(x; 9) is fairly close to the true truncated density ratio.
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Figure 6: Outlier Setting
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Figure 7: Truncated Setting
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