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that paper.

A Accompanying Lemmas

In this subsection, we collect some lemmas on Gaussian distribution and basic properties of Gaussian
mixture model. Most of them can be derived with fundamental analysis techniques. The following
lemma from [7] bounds the covering number of a unit sphere.
Lemma A.1 (Lemma 5.2 [7]). Let Sn−1 be the unit Euclidean sphere equipped with Euclidean
metric. Denote N (Sn−1, ε) as the covering number with ε-net, then

N (Sn−1, ε) ≤
(

1 +
2

ε

)n
Specifically, when ε = 1/2, we have

N (Sn−1,
1

2
) ≤ exp(2n)

The following lemma is useful while carrying out spherical coordinate transformation.

Lemma A.2. (1) The volume for a d-dimensional r-ball is π
d
2

Γ( d2 +1)
rd;

(2)
∫ π

0
sink(x)dx =

√
πΓ( k+1

2 )

Γ( k2 +1)
, and∫ 2π

θd−1=0

∫ π

θd−2=0

· · ·
∫ π

θ1=0

sind−2(θ1) · · · sin(θd−2)dθ1 · · · dθd−1 =
2π

d
2

Γ
(
d
2

)
(3) If X ∼ N (µ, σ2Id), then

EX‖X − µ‖p = 2
p
2

Γ
(
p+d

2

)
Γ
(
d
2

) σp
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Proof. (1, 2) can be proven by elementary integration. Now we prove (3). By spherical coordinate
transformation,

EX‖X − µ‖p =(2πσ2)−
d
2

∫ ∞
u=0

up+d−1e−
u2

2σ2 du
2π

d
2

Γ
(
d
2

) = 2
p
2

Γ
(
p+d

2

)
Γ
(
d
2

) σp

Lemma A.3 (Gamma tail bound [3]). If X ∼ Gamma(v, c), then P (X >
√

2vt + ct) ≤ e−t. Or
equivalently,

P (X > t) ≤ exp

(
− v

c2

(
1 +

ct

v
−
√

1 +
2ct

v

))

In particular, if ctv ≥ 4,

P (X > t) ≤ exp

(
− v

c2

√
ct

v

)
= exp

(
−
√
vt

c3

)

Lemma A.4. For ∀d > 0, if r ≥ 2
√
d+ 1, then∫ ∞

r

ude−
u2

2 du ≤ 2
d−1
2 Γ

(
d+ 1

2

)
exp

(
−r

2

√
d+ 1

)
For p ∈ {0, 1, 2}, when r ≥ 2

√
d+ p,∫ ∞

r

(u+ x)pud−1e−
u2

2 du ≤ 2
d
2−1Γ

(
d

2

)
(x+ d)p exp

(
−r

2

√
d
)

Proof. By changing of variables v = u2

2 and integration by parts, we have∫ ∞
r

ude−
u2

2 du =2
d−1
2

∫ ∞
r2

2

v
d−1
2 e−vdv

=2
d−1
2 Γ

(
d+ 1

2

)
P (V >

r2

2
)

where V ∼ Gamma(d+1
2 , 1). By Lemma A.3, if r2 ≥ 4(1 + d),

P

(
V >

r2

2

)
≤ exp

(
−r

2

√
d+ 1

)
Hence we have the first inequality. For the second, when p = 0, it follows directly from first part.
When p = 1,∫ ∞
r

(u+ x)pud−1e−
u2

2 du =

∫ ∞
r

ude−
u2

2 du+ x

∫ ∞
r

ud−1e−
u2

2 du

≤2
d−1
2 Γ

(
d+ 1

2

)
exp

(
−r

2

√
d+ 1

)
+ x2

d
2−1Γ

(
d

2

)
exp

(
−r

2

√
d
)

≤2
d
2−1Γ

(
d

2

)
(x+ d) exp

(
−r

2

√
d
)

where we use Γ
(
d+1

2

)
< Γ

(
d
2 + 1

)
= d

2 Γ
(
d
2

)
, and exp

(
− r2
√
d+ 1

)
< exp

(
− r2
√
d
)

in the last
step.
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When p = 2,∫ ∞
r

(u+ x)2ud−1e−
u2

2 du =

∫ ∞
r

ud+1e−
u2

2 du+ 2x

∫ ∞
r

ude−
u2

2 du

+ x2

∫ ∞
r

ud−1e−
u2

2 du

≤2
d
2 Γ

(
d

2
+ 1

)
exp

(
−r

2

√
d+ 2

)
+ 2x · 2

d−1
2 Γ

(
d+ 1

2

)
exp

(
−r

2

√
d+ 1

)
+ x22

d
2−1Γ

(
d

2

)
exp

(
−r

2

√
d
)

≤(d+
√

2dx+ x2)2
d
2−1Γ

(
d

2

)
exp

(
−r

2

√
d
)

≤(x+ d)22
d
2−1Γ

(
d

2

)
exp

(
−r

2

√
d
)

Using Lemma A.4, we can get an easy to use tail bound for Euclidean norm of a Gaussian vector.

Lemma A.5. If X ∼ N (0, Id), for r ≥ 2
√
d, we have

P (‖X‖ ≥ r) ≤ exp(−r
√
d

2
)

Proof. By spherical coordinate transformation,

P (‖X‖ ≥ r) =

∫
(2π)−d/2 exp(−‖x‖2/2)dx

=(2π)−d/2
2πd/2

Γ
(
d
2

) ∫ ∞
r

rd−1e−r
2/2dr

≤ exp
(
−r

2

√
d
)

Lemma A.6. If X ∼ GMM(π,µ∗, σ2Id), then X is a sub-gaussian random vector with sub-
gaussian norm σ +

∑M
i=1 πi‖µ∗i ‖.

Proof. For any unit vector u, consider the random variable Xu = 〈X,u〉. By the definition in [7], it
suffices to show that Xu has a sub-gaussian norm upper bounded by σ +

∑M
i=1 πi‖µ∗i ‖.

‖Xu‖φ2 = sup
p≥1

(E|Xu|p)1/p

For any p ≥ 1, let Z be the latent variable in the mixture model, we have

p−1/2 (E|Xu|p)1/p
=p−1/2

(
M∑
i=1

E[|Xu|p|Z = i] · P (Z = i)

)1/p

≤p−1/2
M∑
i=1

πi (E[|Xu|p|Z = i])
1/p

(i)

≤p−1/2
M∑
i=1

πi

(
E[|Xu − µ∗i |p|Z = i]1/p + ‖µ∗i ‖

)
≤p−1/2

(
M∑
i=1

πip
1/2σ + ‖µ∗i ‖

)
≤ σ +

M∑
i=1

πi‖µ∗i ‖

where (i) follows from Minkovski’s inequality.
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The following lemma characterize the relation between ‖µ∗max‖ and Rmax.
Lemma A.7. If X ∼ GMM(π,µ∗, σ2Id) with EX = 0, let ‖µ∗max‖ = maxi ‖µ∗i ‖, then

‖µ∗max‖ ≤ Rmax ≤ 2‖µ∗max‖

Proof. We first prove ‖µ∗max‖ ≤ Rmax by contradiction. Assume ‖µ∗max‖ > Rmax, by definition of
Rmax, all the cluster centers lies in the ball B(‖µ∗max‖, Rmax), but the origin is outside of the ball,
which contradicts the fact that EX =

∑
i πiµ

∗
i = 0.

The second inequality follows from triangle inequality, assume Rmax is achieved at Rij , then

Rmax ≤ ‖µ∗i ‖+ ‖µ∗j‖ ≤ 2‖µ∗max‖.

Lemma A.8. A function f : Rn → R is
√
nL Lipschitz if there exists a constant L such that the

restriction of f on a certain coordinate is L-Lipschitz.

Proof. We first relax the norm of difference via a chain of triangle inequalities where each pair of
terms only vary on one dimension.

|f(x1, x2, · · · , xn)− f(y1, y2, · · · , xn)|

≤
n∑
i=1

|f(y1, y2, · · · , yi−1, xi, xi+1, · · · , xn)− f(y1, y2, · · · , yi−1, yi, xi+1, · · · , xn)|

≤
n∑
i=1

L|xi − yi| ≤
√
nL ‖x− y‖

B Proofs in Section 4

Proof of Lemma 1. By (2), ∇µiq(µ) = EXwi(X;µ∗)(X − µi). Without loss of generality, we
only show the claim for i = 1. That is equivalent of saying, if X ∼ GMM(π,µ∗), we have
E[w1(X;µ∗)(X − µ∗1)] = 0. Denote N (µ∗i ,Σ) as Ni and its distribution as φi(X). Decompose
the left hand side with respect to the mixture components, we have

E[w1(X)X] =
∑
i

πiEX∼Ni [w1(X)X]

=
∑
i

πi

∫
φi(X)

π1φ1(X)∑
k πkφk(X)

Xdx

=π1EX∼N1
X = π1µ

∗
1

Similarly E[w1(X)] = π1. Hence∇µ1
q(µ) = EXw1(X;µ∗)(X − µ1) = π1(µ∗1 − µ1).

This completes the proof.

Proof of Theorem 3. Define By Lemma 1, the GS condition is equivalent to∥∥∇Q(µ|µt)−∇q(µ)
∥∥ ≤ γ‖µt − µ∗‖

By triangle inequality,∥∥µt+1
1 − µ∗1

∥∥ =
∥∥µt1 − µ∗1 + s∇Q(µ|µt)

∥∥
≤
∥∥µt1 − µ∗1 + s∇q(µ)

∥∥+ s
∥∥∇Q(µ|µt)−∇q(µ)

∥∥
≤πmax − πmin

πmax + πmin

∥∥µt1 − µ∗1
∥∥+

2

πmax + πmin
γ
∥∥µt1 − µ∗1

∥∥
≤πmax − πmin + 2γ

πmax + πmin

∥∥µt1 − µ∗1
∥∥
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To see why the last inequality hold, notice that q(µ) has largest eigenvalue −πmin and smallest
eigenvalue −πmax. Apply the classical result for gradient descent, with step size s = 2

πmax+πmin

guarantees ∥∥µt1 − µ∗1 + s∇q(µ)
∥∥ ≤ πmax − πmin

πmax + πmin

∥∥µt1 − µ∗1
∥∥

B.1 Proofs of Theorem 4

We start with two lemmas.

Lemma B.1. For X ∼ GMM(π,µ∗, Id), if Rmin = Ω̃(
√
d), and µi ∈ B(µ∗i , a),∀i ∈ [M ] where

a ≤ Rmin

2
−
√
dmax(4

√
2[log(Rmin/4)]+, 8

√
3).

Then for p = 0, 1, 2 and ∀i ∈ [M ], we have

EXwi(X;µ)(1− wi(X;µ))‖X − µi‖p ≤ 2M

(
3

2
Rmax + d

)p
exp

(
−
(
Rmin

2
− a
)2√

d/8

)

Using the same techniques, for the cross terms, we have the following lemma.

Lemma B.2. Assume X ∼ GMM(π,µ∗, Id), and µi ∈ B(µ∗i , a),∀i ∈ [M ]. Under the same
conditions as in Lemma B.1, we have for ∀i 6= j ∈ [M ],

EX [wi(X;µ)wj(X;µ)‖X − µi‖ · ‖X − µj‖] ≤(1 + 2κ)

(
3

2
Rmax + d

)2

exp

(
−
(
Rmin

2
− a
)2√

d/8

)

Proof of Lemma B.1. Without loss of generality, we prove the claim for i = 1. Recall the definition
of wi(X;µ) from Equation 1. For p ∈ {0, 1, 2},

EXw1(X;µ)(1− w1(X;µ))‖X − µ1‖p

=
∑
i∈[M ]

πiEX∼N (µ∗i )w1(X;µ)(1− w1(X;µ))‖X − µ1‖p

≤π1EX∼N (µ∗1)w1(X;µ)(1− w1(X;µ))‖X − µ1‖p +
∑
i 6=1

πiEX∼N (µ∗i )w1(X;µ)‖X − µ1‖p

(B.1)

First let us look at the first term. Define event E(1)
r = {X : X ∼ N (µ∗1); ‖X − µ∗1‖ ≤ r} for some

r > 0. We will see later that we need r < Rmin

2 − a. Then for X ∈ E(1)
r using triangle inequality,

we have

‖X − µi‖
{
≤ ‖X − µ∗i ‖+ ‖µ∗i − µi‖ ≤ r + a i = 1

≥ ‖µi − µ∗1‖ − ‖X − µ∗1‖ ≥ ‖µ∗i − µ∗1‖ − ‖µ∗i − µi‖ − r ≥ Rmin − r − a i 6= 1

(B.2)

EX∼N (µ∗1)w1(X;µ)(1− w1(X;µ))‖X − µ1‖p

=E[w1(X;µ)(1− w1(X;µ))‖X − µ1‖p|E(1)
r ]P (E(1)

r )

+ E[w1(X;µ)(1− w1(X;µ))‖X − µ1‖p|E(1)c
r ]P (E(1)c

r )
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In view of the fact that w1(X;µ) is monotonically decreasing w.r.t. ‖X − µi‖ and increasing w.r.t.
‖X − µ1‖, we have

1− w1(X;µ) ≤
(1− π1) exp

(
− (Rmin−r−a)2

2

)
π1 exp

(
− (r+a)2

2

)
+ (1− π1) exp

(
− (Rmin−r−a)2

2

)
≤1− π1

π1
exp

(
−1

2
Rmin(Rmin − 2r − 2a)

)
Also notice that w1(X;µ) ≤ 1, we have

E[w1(X;µ)(1− w1(X;µ))‖X − µ1‖p|E(1)
r ]P (E(1)

r )

≤1− π1

π1
exp

(
−1

2
Rmin(Rmin − 2r − 2a)

)
(r + a)p

For E(1)c
r , note w1(X;µ)(1− w1(X;µ)) ≤ 1

4 , we have for p = 1,

E[w1(X;µ)(1− w1(X;µ))‖X − µ1‖|E(1)c
r ]P (E(1)c

r )

≤1

4

∫ ∞
u=r

(u+ a)(2π)−
d
2 exp

(
−u

2

2

)
· 2π

d
2

Γ
(
d
2

)ud−1du

≤1

4
(2π)−

d
2

2π
d
2

Γ
(
d
2

) ∫ ∞
u=r

(u+ a) exp

(
−u

2

2

)
ud−1du

(i)

≤ a+ d

4
exp

(
−r

2

√
d
)

The inequality (i) follows from Lemma A.4 when r > 2
√
d+ 1. Similarly, for p = 2,

E[w1(X;µ)(1− w1(X;µ))‖X − µ1‖2|E(1)c
r ]P (E(1)c

r )

≤2−
d
2−1

Γ
(
d
2

) ∫ ∞
r

(u+ a)2ud−1e−
u2

2 du
(ii)

≤ (a+ d)2

4
exp

(
−r

2

√
d
)

The inequality (ii) follows from Lemma A.4 when r > 2
√
d+ 1 and p = 2. Therefore for the first

mixture we have,

π1EX∼N (µ∗1)w1(X;µ)(1− w1(X;µ))‖X − µ1‖p

≤(1− π1)(r + a)p exp

(
−1

2
Rmin(Rmin − 2r − 2a)

)
+ π1

(a+ d)p

4
exp

(
−r

2

√
d
)

(B.3)

Next we bound EX∼N (µ∗i )w1(X;µ)‖X − µ1‖p for i 6= 1. For some 0 < r < R
2 − a, we have

πiEX∼N (µ∗i )w1(X;µ)‖X − µ1‖p

=

∫
X

π1φ(X;µ1) · πiφ(X;µ∗i )∑
j πjφ(X;µj)

‖X − µ1‖pdX

=

∫
X∈B(µ∗i ,r)

π1φ(X;µ1) · πiφ(X;µ∗i )∑
j πjφ(X;µj)

‖X − µ1‖pdX︸ ︷︷ ︸
I
(p)
1

+

∫
X 6∈B(µ∗i ,r)

π1φ(X;µ1) · πiφ(X;µ∗i )∑
j πjφ(X;µj)

‖X − µ1‖pdX︸ ︷︷ ︸
I
(p)
2

(B.4)

When ‖X − µ∗i ‖ ≤ r, since by assumption ‖µi − µ∗i ‖ ≤ a,

φ(X;µ∗i )

φ(X;µi)
= exp

(
‖X − µi‖2

2
− ‖X − µ∗i ‖2

2

)
= exp

((
X − µi + µ∗i

2

)T
(µi − µ∗i )

) (B.5)
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Since by Cauchy-Schwarz we have |(X− µi+µ∗i
2 )T (µi−µ∗i )| = |(X−µ∗i +

µ∗i−µi
2 )T (µi−µ∗i )| ≤

(r + a/2)a, we have:

exp
(
−(r +

a

2
)a
)
≤ φ(X;µ∗i )

φ(X;µi)
≤ exp

(
(r +

a

2
)a
)

(B.6)

For such X , φ(X;µ1) ≤ (2π)−
d
2 exp

(
− (Rmin−r−a)2

2

)
, and we have

I
(p)
1 =

∫
X∈B(µ∗i ,r)

π1φ(X;µ1)πiφ(X;µ∗i )∑
j πjφ(X;µj)

‖X − µ1‖pdX

≤
∫
X∈B(µ∗i ,r)

π1φ(X;µ1)πiφ(X;µi) exp
(
(r + a

2 )a
)∑

j πjφ(X;µj)
‖X − µ1‖pdX

≤π1 exp
(

(r +
a

2
)a
)∫

X∈B(µ∗i ,r)

φ(X;µ1)‖X − µ1‖pdX

≤π1(2π)−d/2 exp
(

(r +
a

2
)a
)

(Rmax + a+ r)p exp

(
− (Rmin − r − a)2

2

)
πd/2

Γ(d2 + 1)
rd

≤ π12−d/2

Γ(d2 + 1)
exp

(
(r +

a

2
)a− (Rmin − r − a)2

2

)
(Rmax + a+ r)prd

≤π121−d exp

(
Rmin

(
a− Rmin

2
(1− r/Rmin)2

))
(Rmax + a+ r)prd

The last inequality follows from the fact that Γ
(
d
2 + 1

)
≥ ([d2 ])! ≥ 2

d
2−1. On the other hand, for

I2, since w1(X;µ) ≤ 1, taking spherical coordinate transformation we have,

I
(p)
2 ≤

∫
‖X−µ∗i ‖≥r

πiφ(X;µ∗i )‖X − µ1‖pdX

≤πi
∫
‖X−µ∗i ‖≥r

(2π)−d/2 exp(−‖X − µ∗i ‖2

2
)‖X − µ1‖pdX

≤πi2
1−d/2

Γ(d2 )

∫ ∞
u=r

ud−1 exp

(
−u

2

2

)
(u+Rmax + a)pdu

Apply Lemma A.4, when r ≥ 2
√
d+ 2, for p ∈ {0, 1, 2}

I
(p)
2 ≤πi (Rmax + a+ d)

p
exp

(
−r

2

√
d
)

(B.7)

Summing up I1 and I2, for any 0 < r < Rmin/2, from (B.4) we get:

πiEX∼N (µ∗i )w1(X;µ)‖X − µ1‖p

≤π121−d exp

(
Rmin

(
a− Rmin

2
(1− r/Rmin)2

))
(Rmax + a+ r)prd + πi (Rmax + a+ d)

p
exp

(
−r

2

√
d
)

(B.8)

7



Now plugging Eq. (B.3) and Eq. (B.8) into Eq. (B.1) gives,

EXw1(X;µ)(1− w1(X;µ))‖X − µ1‖p

≤(1− π1)(r + a)p exp

(
−1

2
Rmin(Rmin − 2r − 2a)

)
+ π1

(a+ d)p

4
exp

(
−r

2

√
d
)

+ π1(M − 1)21−d exp

(
Rmin

(
a− Rmin

2
(1− r/Rmin)2

))
(Rmax + a+ r)prd

+ (1− π1) (Rmax + a+ d)
p

exp
(
−r

2

√
d
)

≤ (1− π1)(r + a)p exp

(
−1

2
Rmin(Rmin − 2r − 2a)

)
︸ ︷︷ ︸

(A)

+ (Rmax + a+ d)
p

exp
(
−r

2

√
d
)

︸ ︷︷ ︸
(B)

+ 2π1(M − 1) exp

(
Rmin

(
a− Rmin

2
(1− r/Rmin)2

)
+ d log(r/2)

)
(Rmax + a+ r)p︸ ︷︷ ︸

(C)

Note that in order to have a negative term inside exponential of (A), we require r + a < Rmin

2 . In
order to ensure the same for (C), we need:

a <
Rmin

2

(
1− r

Rmin

)2

(B.9)

If r2 ≥ 2d log(r/2), then we have:

exp

(
Rmin

(
a− Rmin

2
(1− r/Rmin)2

)
+ d log(r/2)

)
≤ exp

(
Rmin

(
a− Rmin

2
(1− r/Rmin)2

)
+ r2/2

)
≤ exp

(
Rmina−

(
R2

min

2
− rRmin +

r2

2

)
+
r2

2

)
= exp

(
−1

2
Rmin(Rmin − 2r − 2a)

)
Therefore, (A) + (C) ≤ (1−π1 + 2π1(M − 1))(Rmax +a+ r)p exp

(
− 1

2Rmin(Rmin − 2r − 2a)
)

Finally, if r ≤ Rmin
Rmin/2−a
Rmin+

√
d/2

, we have:

exp

(
−1

2
Rmin(Rmin − 2r − 2a)

)
≤ exp(−r

2

√
d)

Hence,

(A) + (B) + (C) ≤(2− π1 + 2π1(M − 1))

(
3

2
Rmax + d

)p
exp

(
−r

2

√
d
)

≤2M

(
3

2
Rmax + d

)p
exp

(
−r

2

√
d
)

Set

r =
Rmin/2− a

4
, a ≤ Rmin

2
(B.10)

then Eq (B.9) and a + r ≤ Rmin

2 are automatically satisfied. When Rmin ≥
√
d

6 , we have r ≤
Rmin

Rmin/2−a
Rmin+

√
d/2

. Finally in order to meet the constraints

r ≥ 2
√
d+ 2⇐ r ≥ 3

√
d (B.11)

r2 ≥ 2d log r/2 (B.12)

8



we need
Rmin/2− a

4
≥ max(

√
2d[log(Rmin/4)]+, 2

√
3
√
d)

a ≤ Rmin

2
−
√
dmax(4

√
2[log(Rmin/4)]+, 8

√
3)

The right hand side of last inequality is non-negative whenRmin = Ω̃(
√
d). Under these conditions,

with Eq. (B.10) plugged in, we have

EXw1(X;µ)(1− w1(X;µ))‖X − µ1‖p ≤ 2M

(
3

2
Rmax + d

)p
exp

(
−
(
Rmin

2
− a
)2√

d/8

)

Proof of Lemma B.2. For any r ≤ Rmin

2 − a, define E0 = {X : ∃i, such that ZX = i, ‖X − µ∗i ‖ >
r} and Ek = {X : ZX = k, ‖X − µ∗k‖ ≤ r}.

EX [wi(X;µ)wj(X;µ)‖X − µi‖ · ‖X − µj‖]
≤EX [wi(X;µ)wj(X;µ)‖X − µi‖‖X − µj‖|E0]P (E0)︸ ︷︷ ︸

I0

+
∑
k∈[M ]

πkEX∼N (µ∗k) [wi(X;µ)wj(X;µ)‖X − µi‖‖X − µj‖|‖X − µk‖ ≤ r]︸ ︷︷ ︸
Ik

First we look at I0, this again can be decomposed as the sum over mixtures. Similarly as in Eq. (B.7),
we have

I0 ≤ (Rmax + a+ d)
2

exp
(
−r

2

√
d
)

For Ik, by Eq. (B.6),

Ik =

∫
X

πiφ(X;µi)πjφ(X;µj)πkφ(X;µ∗k)

(
∑
` π`φ(X;µt))2

‖X − µi‖ · ‖X − µj‖dX

≤
∫
X

πiφ(X;µi)πjφ(X;µj)πkφ(X;µk) exp((r + a/2)a)

(
∑
` π`φ(X;µ`))2

‖X − µi‖ · ‖X − µj‖dX

≤κπk2π−
d
2 exp(−

R(min − r − a)2

2
) exp((r + a/2)a)(Rmax + r + a)2 πd/2

Γ
(
d
2 + 1

)rd
≤πkκ2−d/2

1

Γ
(
d
2 + 1

)rd exp

(
(r + a/2)a− (Rmin − r − a)2

2

)
(Rmax + r + a)2

≤2πkκ exp

(
Rmin

(
a− Rmin

2

(
1− r

Rmin

)2
)

+ d log(r/2)

)
(Rmax + r + a)2

(B.13)

Adding up Ik’s and I0, we have
EX [wi(X;µ)wj(X;µ)‖X − µi‖‖X − µj‖]

≤ (Rmax + a+ d)
2

exp
(
−r

2

√
d
)

+ 2κ exp

(
Rmin

(
a− Rmin

2

(
1− r

Rmin

)2
)

+ d log(r/2)

)
(Rmax + r + a)2

Take r = 1
4

(
Rmin

2 − a
)
, we have Rmin

(
a− Rmin

2

(
1− r

Rmin

)2
)

+ d log(r/2) ≤ − r2
√
d. There-

fore,
EX [wi(X;µ)wj(X;µ)‖X − µi‖ · ‖X − µj‖]

≤(1 + 2κ)

(
3

2
Rmax + d

)2

exp

(
−
(
Rmin

2
− a
)2√

d/8

)
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Proof of Theorem 4. Consider the difference of the gradient corresponding to µi, without loss of
generality, assume i = 1.

∇µ1
Q(µt|µt)−∇q(µt) =E(w1(X;µt)− w1(X;µ∗))(X − µt1) (B.14)

For any given X , consider the function µ→ w1(X;µ), we have

∇µw1(X;µ) =


w1(X;µ)(1− w1(X;µ))(X − µ1)T

−w1(X;µ)w2(X;µ)(X − µ2)T

...
−w1(X;µ)wM (X;µ)(X − µM )T

 (B.15)

Let µu = µ∗+u(µt−µ∗),∀u ∈ [0, 1], obviously µu ∈ ⊗Mi=1B(µ∗i , ‖µti−µ∗i ‖) ⊂ ⊗Mi=1B(µ∗i , a).
By Taylor’s theorem,

‖E(w1(X;µt1)− w1(X;µ∗1))(X − µt1)‖ =

∥∥∥∥E [∫ 1

u=0

∇uw1(X;µu)du(X − µt1)

]∥∥∥∥
=

∥∥∥∥∫ 1

u=0

Ew1(X;µu)(1− w1(X;µu))(X − µu1 )T (µt1 − µ∗1)(X − µt1)du

−
∑
i 6=1

∫ 1

u=0

Ew1(X;µu)wi(X;µu))(X − µu2 )T (µt2 − µ∗2)(X − µt1)du

∥∥∥∥∥∥
≤U1‖µt1 − µ∗1‖2 +

∑
i6=1

Ui‖µti − µ∗i ‖2

(B.16)

where

U1 = sup
u∈[0,1]

‖Ew1(X;µu)(1− w1(X;µu))(X − µt1)(X − µu1 )T ‖op

Ui = sup
u∈[0,1]

‖Ew1(X;µu)wi(X;µu)(X − µt1)(X − µu2 )T ‖op

For U1 by triangle inequality we have,

U1 ≤ sup
u∈[0,1]

‖Ew1(X;µu)(1− w1(X;µu))(X − µu1 )(X − µu1 )T ‖op

+ sup
u∈[0,1]

‖Ew1(X;µu)(1− w1(X;µu))(µu1 − µt1)(X − µu1 )T ‖op

≤ sup
u∈[0,1]

‖Ew1(X;µu)(1− w1(X;µu))(X − µu1 )(X − µu1 )T ‖op

+ a sup
u∈[0,1]

‖Ew1(X;µu)(1− w1(X;µu))(X − µu1 )‖ (B.17)

We now develop an uniform bound for the operator norm. For any u ∈ [0, 1], there exists a ro-
tation matrix O, such that all Rµui , i ∈ [M ] have non-zero entries in the leading min{d,M}
coordinates, and zeros for the remaining [d − M ]+ coordinates. Denote X̃ := OX , then
X̃|Z = i ∼ N (Oµ∗i , Id). Let

Oµui = [µ̃ui , 0[d−M ]+ ] and Oµ∗i = [v
min{d,M}
i , v

[d−M ]+
i ], µ̃ui ∈ Rmin{d,M}

For ease of notation, we assume d ≥ M for now, the other case can be derived without much
modification. We can rewrite

(X − µu1 )(X − µu1 )T = OT
[
(X̃M − µ̃u1 )(X̃M − µ̃u1 )T (X̃M − µ̃u1 )(X̃d−M )T

(X̃d−M )(X̃M − µ̃u1 )T (X̃d−M )(X̃d−M )T

]
O

Note by the rotation,wi(X;µ) only depend on the firstM coordinates. And by isotropicity, X̃M and
X̃d−M are independent. By EX̃d−M = 0 (since we assume that the centroid of the means is at zero,
and a rotation does not change that) and EX̃d−M (X̃d−M )T = Id−M +

∑
i πi(v

d−M
i )(vd−Mi )T , we

have,

10



‖Ew1(X;µu)(1− w1(X;µu))(X − µu1 )(X − µu1 )T ‖op =

∥∥∥∥[D1 0
0 D2

]∥∥∥∥
op

≤max{‖D1‖op, ‖D2‖op}
D1 and D2 are defined below. Applying Lemma B.1 with dimension min{d,M}, when Rmin =

Ω(
√

min{d,M}),

‖D1‖op = ‖Ew1(X̃; µ̃u)(1− w1(X̃; µ̃u))(X̃min{d,M} − µ̃u1 )(X̃min{d,M} − µ̃u1 )T ‖op

≤2M

(
3

2
Rmax + min{d,M}

)2

exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)

For D2, by independence and Lemma B.1, when Rmin = Ω(
√

min{d,M}),

‖D2‖op =

∥∥∥∥∥Ew1(X̃; µ̃u)(1− w1(X̃; µ̃u))

(
I[d−M ]+ +

∑
i

πi(v
[d−M ]+
i )(v

[d−M ]+
i )T

)∥∥∥∥∥
op

=
∥∥∥(EX̃min{d,M}

w1(X̃min{d,M}; µ̃
u)(1− w1(X̃min{d,M}; µ̃

u))
)

·EX[d−M]+

(
I[d−M ]+ +

∑
i

πi(v
[d−M ]+
i )(v

[d−M ]+
i )T

)∥∥∥∥∥
op

≤(R2
max + 1)2M exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)
Combining the two and plugging in Eq. (B.17),

U1 ≤2M exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)
·(

max

{(
3

2
Rmax + min{d,M}

)2

, (R2
max + 1)

}
+ a

(
3

2
Rmax + min{d,M}

))

≤2M (2Rmax + min{d,M})2
exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)
The max will always be achieved at the first term as min{d,M} ≥ 1. Similarly, with the same
rotation, for Ui, i 6= 1,
Ui ≤ sup

u
‖Ew1(X;µu)wi(X;µu)(X − µu1 )(X − µui )T ‖op + a‖Ew1(X;µu)wi(X;µu)(X − µui )‖

By Lemma B.2, when Rmin = Ω(
√

min{d,M}), we have

Ui ≤ exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)
·(

max

{
(1 + 2κ)

(
3

2
Rmax + min{d,M}

)2

, 2M(R2
max + 1)

}
+ 2Ma

(
3

2
Rmax + min{d,M}

))

≤ exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)(
3

2
Rmax + min{d,M}

)
·
(

max{(1 + 2κ), 2M}
(

3

2
Rmax + min{d,M}

)
+ 2Ma

)
≤ exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)(
3

2
Rmax + min{d,M}

)2

·max{3M,M + 2κ+ 1}

≤M(2κ+ 4)

(
3

2
Rmax + min{d,M}

)2

exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)

11



The second inequality is because R2
max + 1 ≤

(
3
2Rmax + min{d,M}

)2
and the third inequality is

because 2a ≤ 3
2Rmax + min{d,M}. Taking back to Eq. (B.16), and summing over i ∈ [M ], we

have
‖∇µiQ(µ|µt)−∇µiq(µ)‖

≤M(2κ+ 4) (2Rmax + min{d,M})2
exp

(
−
(
Rmin

2
− a
)2√

min{d,M}/8

)
M∑
i=1

‖µti − µ∗i ‖

This completes the proof.

B.2 Proof of Theorem 1

Proof of Theorem 1. By Theorem 4 and Theorem 3, it suffices to check γ ≤ πmin. Solving the
inequality we have

a ≤ Rmin

2
− 2

√
2

4
√

min{d,M}

√
log

(
M2(2κ+ 4)(2Rmax + min{d,M})2

πmin

)
Combined with the condition in Theorem 4, we have

a ≤Rmin

2
−max

{
2
√

2
4
√

min{d,M}

√
log

(
M2(2κ+ 4)(2Rmax + min{d,M})2

πmin

)
,

√
min{d,M}max(4

√
2[log(Rmin/4)]+, 8

√
3)
}

=
Rmin

2
−
√

min{d,M}o(Rmin)

because

max

c
√

log(c1
M2κ

πmin
+ 2 log (2Rmax + min{d,M}),

√
min{d,M}max{c2

√
log(Rmin/4)+, 8

√
3}


≤max

c
√

log(c1
M2κ

πmin
+ c2Rmax + c3min{d,M}), c′

√
min{d,M}

√
log(Rmax + e)


≤
√

min{d,M}O

(√
log

(
max

{
M2κ

πmin
, Rmax,min{d,M}

}))
The condition in Theorem 4 can be rewritten as

a ≤ Rmin

2
−
√

min{d,M}O

(√
log

(
max

{
M2κ

πmin
, Rmax,min{d,M}

}))

C Proofs for sample-based gradient EM

In this section we develop the error bound for sample-based gradient EM. Our proof is based on the
Rademacher complexity theory and some new tools for contraction result. In [5], Maurer has the
following contraction result for the complexity defined over countable sets.
Lemma C.1 (Theorem 3 [5]). Let X be nontrivial, symmetric and sub-gaussian. Then there exists
a constant C < ∞, depending only on the distribution of X , such that for any countable set S and
function hi : S → R, fi : S → Rk, i ∈ [n] satisfying ∀s, s′ ∈ S, |hi(s)−hi(s′)| ≤ L‖f(s)−f(s′)‖.
If εik is an independent doubly indexed Rademacher sequence, we have,

E sup
s∈S

∑
i

εihi(s) ≤ E
√

2L sup
s∈S

∑
i,k

εikfi(s)k,

where fi(s)k is the k-th component of fi(s).
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We prove Lemma 3 by generalizing this result to any subset of separable Banach space.

Proof of Lemma 3. First note that a subset of a separable subspace is separable, and has a dense
countable subset; lets call this S0. Now note that if the Lipschitz condition holds for s, s′ ∈ S, then
it also holds for s, s′ ∈ S0. Now applying Lemma C.1, we see that

E sup
s∈S0

∑
i

εihi(s) ≤ E
√

2L sup
s∈S0

∑
i,k

εikfi(s)k,

All we need to prove is that the two supremas over S0 on the LHS and RHS of the above equation
can be replaced by supremum over S. We will only show this for the LHS. The argument for the
RHS is identical. In order to show this, we need to also make sure that g(s) :=

∑
i εihi(s) over S

is measurable. We show this using standard tools from measure theory.

We want to show that:

sup
s∈S

g(s) = sup
s∈S0

g(s). (C.1)

Since g(s) is continuous, its also measurable for all s ∈ S . The above statement, once proven,
essentially implies that the sup over S is the same as the sup over a countable set S0. Since pointwise
sup over measurable functions is measurable, we are done. We now prove Eq. (C.1). It is clear that,
sups∈S g(s) ≥ sups∈S0 g(s). So all we need is to prove that for all ε > 0.

sup
s∈S

g(s) ≤ sup
s∈S0

g(s) + ε (C.2)

Since g(s) is continuous, let D1(s) = {s′ ∈ S : |g(s)− g(s′)| ≤ ε}. Furthermore, since S0 is dense
in S, we also have D2(s, ε) := D1(s) ∩ S0 6= φ. So for each s ∈ S , and ε > 0, ∃s′ ∈ S0 (to be
precise, s′ ∈ D2(s, ε)) such that g(s) ≤ g(s′) + ε. Taking a sup over the LHS over S and a sup of
RHS over S0, we get Eq. (C.2). This completes the proof.

Proof of Proposition 1. For any unit vector u, the Rademacher complexity of F is

Rn(F) =EXEε sup
µ∈A

1

n

n∑
i=1

εiw1(Xi;µ)〈Xi − µ1, u〉

≤EXEε sup
µ∈A

1

n

n∑
i=1

εiw1(Xi;µ)〈Xi, u〉︸ ︷︷ ︸
(D)

+EXEε sup
µ∈A

1

n

n∑
i=1

εiw1(Xi;µ)〈µ1, u〉︸ ︷︷ ︸
(E)

(C.3)

We bound the two terms separately. Define ηj(µ) : RMd → RM to be a vector valued function with
the k-th coordinate

[ηj(µ)]k =
‖µ1‖2

2
− ‖µk‖

2

2
+ 〈Xj ,µk − µ1〉+ log

(
πk
π1

)
We claim

|w1(Xj ;µ)− w1(Xj ;µ
′)| ≤

√
M

4
‖ηj(µ)− ηj(µ′)‖ (C.4)

This vectorized Lipschitz condition simply follows from the fact that

w1(Xj ,µ) =
1

1 +
∑M
k=2 exp([ηj(µ)]k)

∂w1(Xj ,µ)

∂[ηj(µ)]k
=

exp([ηj(µ)]k)

(1 +
∑M
k=2 exp([ηj(µ)]k))2

≤ 1

4

sow1(Xj ,µ) is 1
4 -Lipschitz continuous w.r.t. [ηj(µ)]k. By Lemma A.8,w1(Xj ,µ) is

√
M
4 Lipschitz

w.r.t ηj(µ). Now let ψj(µ) = w1(Xj ;µ)〈Xj , u〉.
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With Lipschitz property (C.4) and by Lemma C.1, we have

E

sup
µ∈A

1

n

n∑
j=1

εjw1(Xj ;µ)〈Xj , u〉

 ≤ E

 1

n
sup
µ∈A

n∑
j=1

M∑
k=1

εjk[ηj(µ)]k

√
2M

4
〈Xj , u〉


=E

√2M
1
2

4n
sup
µ∈A

n∑
j=1

M∑
k=2

εjk

(
‖µ1‖2

2
− ‖µk‖

2

2
+ 〈Xj ,µk − µ1〉+ log(

πk
π1

)

)
〈Xj , u〉


≤E

√2M

4n
sup
µ∈A

n∑
j=1

M∑
k=1

εjk

(
‖µ1‖2

2
− ‖µk‖

2

2
+ log(

πk
π1

)

)
〈Xj , u〉


︸ ︷︷ ︸

(D.1)

+ E

√2M

4n
sup
µ∈A

n∑
j=1

M∑
k=1

εjk〈Xj ,µk − µ1〉〈Xj , u〉


︸ ︷︷ ︸

(D.2)

(C.5)

To bound (D.1), note that the sum over k = 1, · · · ,M can be considered as an inner product of two
vectors in RM . The supremum of ‖µ‖ can be bounded as maxµ∈A ‖µi‖ ≤ ‖µ∗max‖+ a ≤ 3

2Rmax.

(D.1) =E


√

2M

4
sup
µ∈A


‖µ1‖2

2 − ‖µ1‖2
2 + log(π1

π1
)

...
‖µ1‖2

2 − ‖µM‖
2

2 + log(πMπ1
)


T 

1
n

∑n
j=1 εj1〈Xj , u〉

...
1
n

∑n
j=1 εjM 〈Xj , u〉




≤cM(9R2
max/4 + log(κ))E

∥∥∥∥∥∥∥


1
n

∑n
j=1 εj1〈Xj , u〉

...
1
n

∑n
j=1 εjM 〈Xj , u〉


∥∥∥∥∥∥∥ (C.6)

By Lemma A.6, and ‖u‖ = 1, we know 〈Xj , u〉 is sub-Gaussian with parameter upper bounded by
1 + Rmax. So each element of the vector in Equation C.6 is the average of n independent mean 0
sub-Gaussian random variables with sub-gaussian norm upper bounded by 1 + Rmax (since w.l.o.g
we have assumed that σ = 1 and maxi ‖µ‖ ≤ Rmax, by Lemma A.7). Consequently, ∀k ∈ [M ],
E
∣∣∣ 1
n

∑n
j=1 εjk〈Xj , u1〉

∣∣∣ ≤ c(1 +Rmax)/
√
n for some global constant c [7], and

(D.1) ≤ cM3/2(9R2
max/4 + log(κ))(1 +Rmax)

1√
n
≤ cM3/2(1 +Rmax)3 max{1, log(κ)} 1√

n

On the other hand, for (D.2), we have

(D.2) =E

√2M

4n
sup
µ∈A

n∑
j=1

M∑
k=1

εjk〈Xj ,µk − µ1〉〈Xj , u〉


= E

√2M

4n
sup
µ∈A

M∑
k=1

(µk − µ1)T

 n∑
j=1

εjkXjX
T
j

u


≤

M∑
k=1

E

√2M

4
sup
µ∈A
‖µk − µ1‖

∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXjX
T
j

∥∥∥∥∥∥
op


≤

M∑
k=1

√
2M

2
‖µmax‖E

∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXjX
T
j

∥∥∥∥∥∥
op



(C.7)

For each k ∈ [M ], the operator norm ‖ 1
n

∑n
j=1 εjkXjX

T
j ‖op can be bounded by the same dis-

cretization technique with the 1/2-covering of the unit sphere. To be specific, since for any matrix
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A, ‖A‖op = supu∈Sd−1 ‖Au‖,

∀u,∃uj s.t. ‖Au‖ ≤ ‖Auj‖+ ‖A‖op‖u− uj‖ ≤ max
j
‖Auj‖+

1

2
‖A‖op

Taking supu∈Sd−1 on the left side, we get ‖A‖op ≤ 2 maxj ‖Auj‖. Therefore
‖ 1
n

∑n
j=1 εjkXjX

T
j ‖op ≤ 2 max`

1
n

∑n
j=1 εjk〈Xj , u`〉2. The square of sub-gaussian random

variable 〈Xj , u`〉 is sub-exponential, from Lemma 5.14 in [7] we know

E

exp

 1

n

n∑
j=1

εjk〈Xj , u〉2t

 ≤ exp

(
c4t

2(1 +Rmax)4

n

)
With the 1/2-covering number of Sd−1 bounded by exp(2d), we have

E

exp

t · ‖ 1

n

n∑
j=1

εjkXjX
T
j ‖op

 ≤ exp

(
2d+

c5t
2(1 +Rmax)4

n

)
Hence,

E

∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXjX
T
j

∥∥∥∥∥∥
op

 =
1

t
log

exp

tE
∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXjX
T
j

∥∥∥∥∥∥
op

 , ∀t > 0

≤1

t
log

E

exp

t
∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXjX
T
j

∥∥∥∥∥∥
op


≤2d

t
+
ct(1 +Rmax)4

n

Taking t = c
√
nd

(1+Rmax)2 ,

E

∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXjX
T
j

∥∥∥∥∥∥
op

 ≤ c√ d

n
(1 +Rmax)2

Plugging back to Eq. (C.7), and use supµ∈A ‖µ‖ ≤ supk ‖µ∗k‖+ a ≤ 3
2Rmax, we have

(D.2) ≤cM(1 +Rmax)3
√
d√

n

Plugging the bound back to Eq. (C.5), we have

(D) ≤cM
3/2(1 +Rmax)3

√
dmax{1, log(κ)}√

n

Apply Lemma C.1 on the (E) term in Eq. (C.3), we have

(E) =E

sup
µ∈A

1

n

n∑
j=1

εjwi(Xj ;µ)〈µi, u〉


≤E

√2M

4n
sup
µ∈A

n∑
j=1

M∑
k=1

εjk

(
‖µ1‖2

2
− ‖µk‖

2

2
+ 〈Xj ,µk − µ1〉+ log(

πk
π1

)

)
〈µi, u〉


≤
√

2M

4
Eε

sup
µ∈A

1

n

n∑
j=1

M∑
k=1

εjk

(
‖µ1‖2

2
− ‖µk‖

2

2
+ log

πk
π1

)
〈µi, u〉


︸ ︷︷ ︸

E.1

+

√
2M

4
EX,ε

sup
µ∈A

1

n

n∑
j=1

M∑
k=1

εjk〈Xj ,µk − µ1〉〈µi, u〉


︸ ︷︷ ︸

E.2
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We will now bound (E.1) and (E.2).

(E.1) ≤
√

2M

4
Eε

sup
µ∈A

1

n

n∑
j=1

M∑
k=1

εjk

(
‖µ1‖2

2
− ‖µk‖

2

2
+ log

πk
π1

)
sup
µ∈A
〈µi, u〉



≤
√

2M

4
RmaxEε

sup
µ∈A


‖µ1‖2

2 − ‖µ1‖2
2 + log(π1

π1
)

...
‖µ1‖2

2 − ‖µM‖
2

2 + log(πMπ1
)


T 

1
n

∑n
j=1 εj1
...

1
n

∑n
j=1 εjM




≤ cMRmax(9R2
max/4 + log κ)Eε

∥∥∥∥∥∥∥


1
n

∑n
j=1 εj1
...

1
n

∑n
j=1 εjM


∥∥∥∥∥∥∥ (C.8)

Note that each element of the vector in Equation C.8 is the average of n i.i.d mean 0 Radamacher
random variables, which are essentially sub-gaussian radnom variables with subgaussian norm upper
bounded by 1. Consequently, ∀k ∈ [M ], E

∣∣∣ 1
n

∑n
j=1 εjk

∣∣∣ ≤ c′/
√
n for some global constant c [7],

and

(E.1) ≤ c′M3/2Rmax(9R2
max/4 + log κ)/

√
n

As for (E.2), we have

(E.2) ≤
√

2M

4
EX,ε

sup
µ∈A

1

n

n∑
j=1

M∑
k=1

εjk〈Xj ,µk − µ1〉 sup
µ∈A
〈µi, u〉


≤ 3
√

2M

8
RmaxEX,ε

sup
µ∈A

M∑
k=1

(µk − µ1)T

 1

n

n∑
j=1

εjkXj


≤ 3
√

2M

8
Rmax

M∑
k=1

EX,ε

sup
µ∈A

(µk − µ1)T

 1

n

n∑
j=1

εjkXj


≤ 9
√

2M

8
R2

max

M∑
k=1

EX,ε

∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXj

∥∥∥∥∥∥ (C.9)

In Eq (C.9), the vector 1
n

∑n
j=1 εjkXj is the average of n independent mean zero isotropic subgaus-

sian random vectors. Another using of the discretizing technique along with the moment generating
function with t ≥ 0 gives:∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXj

∥∥∥∥∥∥ ≤ 2 max
`
〈 1
n

n∑
j=1

εjkXj , u`〉

E

exp t

∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXj

∥∥∥∥∥∥
 ≤∑

`

E

exp

2
t

n

n∑
j=1

εjk〈Xj , u`〉

 ≤ exp

(
2d+

c′(1 +Rmax)2t2

n

)

E

∥∥∥∥∥∥ 1

n

n∑
j=1

εjkXj

∥∥∥∥∥∥ ≤ c′′ + 2d+ c′(1+Rmax)2t2

n

t
Using Jensen’s inequality

Taking t = Θ
√
nd/(1 +Rmax),

(E.2) ≤ cM3/2R2
max(1 +Rmax)

√
d/
√
n

Thus, combing (E.1) and (E.2) we get:

(E) ≤cM
3/2(1 +Rmax)3 max{1, log(κ)}

√
d√

n
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The final bound follows by combining (D) and (E):

Rn(F) ≤ cM3/2(1 +Rmax)3
√
dmax{1, log(κ)}√

n

For proving Lemma 2 we first recall the following symmetrization lemma in learning theory.
Lemma C.2 (See e.g. [6]). Let F be a function class with domain X. Let {X1, X2, · · · , Xn} be a
set of sample generated by a distribution P on X. Assume σi are i.i.d. Rademacher variables, then

E

(
sup
f∈F

(Ef − 1

n

n∑
i=1

f(Xi))

)
≤ 2Rn(F)

Here Rn(F) = E
[
supf∈F | 1n

∑n
i=1 σif(Xi)

]
is the Rademacher complexity.

Proof of Lemma 2. Consider for some r > 0, the set in which X lies in the r-ball of its correspond-
ing center. If Zi denotes the hidden cluster assignment of Xi, we denote Yir = {X1, · · · , Xn :
‖Xi − µ∗Zi‖ ≤ r}.

Yr := {X1, . . . Xn : ‖Xi − µ∗Zi‖ ≤ r, ,∀i ∈ [n]} = ∩iYir

By Lemma A.5 and union bound, for r = Ω(
√
d),

p := P (X 6∈ Yr) ≤
n∑
i=1

P (X ∈ (Yir)c) ≤ cn exp

(
−r
√
d

2

)
. (C.10)

Let mr := E[g(X)|X ∈ Yr], we want to show mr is close to E[g(X)] and is close to g(X) with
high probability.

Let X and X′ be two samples which only differ on one data-point, then

g(X)− g(X′) = sup
µ∈A

(
1

n

n∑
i=1

w1(Xi;µ)〈Xi − µ1, u〉 − EXw1(X;µ)〈X − µ1, u〉

)

− sup
µ∈A

(
1

n

n∑
i=1

w1(X ′i;µ)〈X ′i − µ1, u〉 − EXw1(X ′;µ)〈X ′ − µ1, u〉

)
Assume µ̃ be the maximizer for the supremum of X , then

g(X)− g(X′)
(i)

≤ 1

n
(

n∑
i=1

w1(Xi; µ̃)〈Xi − µ̃1, u〉 − Ew1(X; µ̃)〈X − µ̃1, u〉)

− 1

n

n∑
i=1

(w1(X ′i; µ̃)〈X ′i − µ̃1, u〉 − Ew1(X ′; µ̃)〈X ′ − µ̃1, u〉)

=
1

n
w1(Xi; µ̃)〈Xi − µ̃1, u〉 − w1(X ′i; µ̃)〈X ′i − µ̃1, u〉

where (i) is by definition of supremum. The inequality holds when we change the order of X and
X ′, hence for X,X ′ ∈ Yr,

|g(X)− g(X′)| ≤ 1

n
|w1(Xi; µ̃)〈Xi − µ̃1, u〉 − w1(X ′i; µ̃)〈X ′i − µ̃1, u〉|

≤ 2

n
sup

µ∈A,X∈Yr
|w1(Xi;µ)〈Xi − µ1, u〉|

≤ 2

n
sup
X∈Yr

(‖X − µ∗ZX‖+Rmax)

≤2(r +Rmax)

n
:= L
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By Theorem 6, we have

P (g(X)−mr ≥ ε) ≤p+ exp

(
−2

(ε− nLp)2
+

nL2

)
≤c1n exp(−c

√
dr) + exp

(
−2

(ε− nL · c1n exp(−c
√
dr))2

+

nL2

)

= cn exp(−c
√
dr)︸ ︷︷ ︸

P1

+ exp

(
−
c1n(ε− c2n(r +Rmax) exp(−c

√
dr))2

+

(r +Rmax)2

)
︸ ︷︷ ︸

P2

(C.11)

Let r = Θ((1 +Rmax) log2(n)
√
d) and ε = c0(1 +Rmax)d log5/2(n)/

√
n. Since, for large n,

n(r +Rmax) exp(−cr
√
d) ≤ c2(1 +Rmax) exp(log n+ log log n− c log2 n) = o((1 +Rmax)/

√
n)

for some constant c0, which yields for large n, (ε− c2n(r+Rmax) exp(−cr
√
d))+ ≥ ε/2. Finally,

for large n, we can have the following bounds on P1 and P2.

P1 = O
(
exp(log n− c(1 +Rmax)2(log n)2)

)
= O

(
exp(−c′(1 +Rmax)2d log n)

)
P2 ≤ exp

(
− cnε2

d(log2 n(1 +Rmax))2

)
= O (exp(−c′′d log n)) (C.12)

where c, c′, c′′′ are some global constants. The last line uses the fact r + Rmax = O(
√
d(1 +

Rmax) log2 n).

Now we bound the difference between Eg(X) and the conditional expectation mr. By the total
expectation theorem,

Eg(X) = mrP (X ∈ Yr) + E[g(X)1(X 6∈ Yr)]
E[g(X)](P (X ∈ Yr) + P (X 6∈ Yr)) = mrP (X ∈ Yr) + E[g(X)1(X 6∈ Yr)]

Eg(X)−mr =
E[g(X)1(X 6∈ Yr)]− E[g(X)]P (X 6∈ Yr)

P (X ∈ Yr)

⇒|mr − Eg(X)| ≤ p|Eg(X)|+ |E[g(X)1(X 6∈ Yr)]|
1− p

(C.13)

p is defined in Eq (C.10). Note that by Proposition 1, and the symmetrization result Lemma C.2,
Eg(X) ≤ 2Rn(F) ≤ cn−1/2M3

√
d(1 + Rmax)3 max{1, log(κ)}. On the other hand, as g(X) is

the sup over a class of quantity, which is centered at zero. So g(X) ≥ 0. We also have 1(X ∈
∪i(Yir)c) ≤

∑n
i=1 1(X ∈ (Yir)c). Hence,

E[g(X)1(X 6∈ Yr)] = E[g(X)

n∑
i=1

1(X ∈ (Yir)c)] ≤
n∑
i=1

E[g(X)1(X ∈ (Yir)c)]

Note for each sample Xi and µ,
∣∣supµ∈A w1(Xi;µ)〈Xi − µ1, u〉

∣∣ ≤ supµ∈A w1(Xi;µ)‖Xi −
µ∗Zi‖+ ‖µ∗Zi − µ1‖ ≤ ‖Xi − µ∗Zi‖+ 2Rmax. Thus,

|g(X)| =| sup
µ∈A

1

n

n∑
j=1

w1(Xj ;µ)〈Xj − µ1, u〉 − EXw1(X;µ)〈X − µ1, u〉|

≤ 1

n

n∑
j=1

(‖Xj − µ∗Zj‖+ 2Rmax) + EX‖X − µ∗ZX‖+ 2Rmax

≤ 1

n

n∑
j=1

‖Xj − µ∗Zj‖+ EX‖X − µ∗ZX‖+ 4Rmax

18



Therefore we have,

E[g(X)1(X 6∈ Yr)] ≤
n∑
i=1

EX[(
1

n

n∑
j=1

‖Xj − µ∗Zj‖+ EX‖X − µ∗ZX‖+ 4Rmax)1(X ∈ (Yir)c)]

≤
n∑
i=1

EX[(
1

n

n∑
j=1

‖Xj − µ∗Zj‖1(X ∈ (Yir)c)]] + (EX‖X − µ∗ZX‖+ 4Rmax)P (X ∈ (Yir)c)]

≤
n∑
i=1

1

n

n∑
j=1

EX[‖Xj − µ∗Zj‖1(X ∈ (Yir)c)] + c′(Rmax + d)p

(C.14)

where the last inequality follows from Lemma A.2. Note that when j 6= i, the expectation factors
due to independence of the sample points and by Lemma A.5,

EX[‖Xj − µ∗Zj‖1(X ∈ (Yir)c)] = EXj‖Xj − µ∗Zj‖ · P (‖Xi − µ∗Zi‖ ≥ r) ≤ cde
− r
√
d

2

When j = i, from Lemma A.4,

EX[‖Xj − µ∗Zj‖1(X ∈ (Yir)c)] ≤cn
∫ ∞
v=r

v · vd−1(v +Rmax + a) exp(−v2/2)dv · 2πd/2

Γ
(
d
2

)
≤c1d exp

(
−r
√
d

2

)
Putting back to Eq. (C.14), we have

E[g(X)1(X 6∈ Yr)] ≤c1nd exp

(
−r
√
d

2

)
+ c2d exp

(
−r
√
d

2

)
+ c3n(Rmax + d) exp

(
−r
√
d

2

)

≤cn(Rmax + d) exp

(
−r
√
d

2

)

Following from Eq. (C.13), we have

|mr − Eg(X)| ≤
c1n exp(− r2

√
d)Rn(F) + c2n(Rmax + d) exp(− r2

√
d)

1− c3n exp(−c4r
√
d)

(C.15)

Recall that we take r = Θ(
√
d(1 + Rmax) log2 n), for large enough n, we have 1 −

c3n exp(−cr
√
d) ≥ 1/2, and ne−cr

√
d ≤ C/n. Finally for the second part of the numerator in

Eq. (C.15) we have:

n(Rmax + d) exp(−
√
dr/2) ≤ (Rmax + 1) exp(log n+ log d−Θ(d(1 +Rmax) log2 n))

≤ C ′(Rmax + 1)/
√
n.

Eq (C.15) becomes,

mr ≤ 2Rn(F)(1 +O(1/n)) +O((Rmax + 1)/
√
n) (C.16)

Thus using Eqs (C.11), (C.12) and (C.16) the final bound becomes:

P (g(X) ≤ 2Rn(F)(1 +O(1/n)) +O((Rmax + 1)/
√
n) + (1 +Rmax)d

√
log5 n/n)

≥1− P1 − P2

≥1− c exp
(
−c′min((1 +Rmax)2d log n, d log n)

)
≥ 1− exp (−cd log n)

Finally we have,

P (g(X) = Õ(max{Rn(F), (1 +Rmax)dlog5/2(n)/
√
n})) ≥ 1− exp (−cd log n)
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Proof of Theorem 5. Denote Zi = supµ∈A

∥∥∥G(i)(µ)−G(i)
n (µ)

∥∥∥ where

G(µ) =


Ew1(X;µ)(X − µ1)
Ew2(X;µ)(X − µ2)

...
EwM (X;µ)(X − µ3)

 .

Assume Sd−1 is d-dimensional unit sphere. Recall the definition gui (X) = supµ∈A〈G(i)(µ) −
G

(i)
n (µ), u〉 = supµ∈A

1
n

∑n
i=1 w1(Xi;µ)〈Xi − µ1, u〉 − Ew1(X;µ)〈X − µ1, u〉. Then Zi =

supu∈Sd−1 gui (X). Without loss of generality, we assume i = 1, the proof for other clusters follows
similarly. Let {u(1), u(2), · · · , u(K)} be a 1

2 -covering of the unit sphere Sd−1, then ∀v ∈ Sd−1,∃j ∈
[K], s.t.

∥∥v − u(j)
∥∥ ≤ 1

2 . Hence we have

gv1(X) ≤ gu
(j)

1 (X) + |gv1(X)− gu
(j)(X)

1 | ≤ max
j
gu

j

1 + Z1

∥∥∥v − u(j)
∥∥∥

As a result, Z1 ≤ 2 maxj=1,··· ,K g
u(j)

1 (X). Therefore it is sufficient to bound g(X) for a fixed
u(j) ∈ Sd−1. By Lemma A.1, covering number K ≤ exp(2d).

By Lemma 2, we have with probability at least 1− exp (−cd log n), guj1 = Õ(max{Rn(Fu1 ), (1 +
Rmax)d/

√
n}). Plugging in the Rademacher complexity from Proposition 1, and applying union

bound, we have

Z1 ≤2 max
j
g
uj
1 ≤ Õ(max{n−1/2M3(1 +Rmax)3

√
dmax{1, log(κ)}, (1 +Rmax)d/

√
n})

with probability at least 1− exp (2d− cd log n) = 1− exp (−c′d log n).

Proof of Theorem 2. We show the result by induction. When t = 1,∥∥µ1 − µ∗
∥∥

2
=
∥∥Gn(µ0)− µ∗

∥∥ ≤ ∥∥G(µ0)− µ∗
∥∥+

∥∥Gn(µ0)−G(µ0)
∥∥

≤ ζ
∥∥µ0 − µ∗

∥∥+ εunif(n)

If ‖µti − µ∗i ‖ < a and εunif(n) ≤ (1−ζ)a, we have
∥∥µt+1

i − µ∗i
∥∥ ≤ a. So µt lies in the contraction

region for ∀t ≥ 0.

Then iteratively we get ∥∥µt − µ∗
∥∥ ≤ ζ ∥∥µt−1 − µ∗

∥∥+ εunif(n)

≤ ζt
∥∥µ0 − µ∗

∥∥+

t−1∑
i=0

ζiεunif(n)

≤ ζt
∥∥µ0 − µ∗

∥∥+
1

1− ζ
εunif(n)

with probability at least 1− δ.

D Initialization

This section provides the number of initializations needed for the condition in Theorem 1.

Proposition D.1. Let πi = 1
M ,∀i ∈ [M ], Rmin = Ω(

√
d), and let a satisfy the conditions in

Theorem 1. Then with log(1/δ)√
2πM

(
e

1−e−a
√
d/2

)M
initializations, the probability of having at least one

good initialization is greater than 1− δ.

The proof follows directly from some combinatorial arguments and Lemma A.5.
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Proof of Proposition D.1. Define event Einit(a) = {µ0
i ∈ Bµ∗i (a), ∀i ∈ [M ]}. By equal weights

assumption, the probability of randomly sampled M points having exactly one from each cluster is
M !
MM . By Sterling’s formula, we have M ! ≥

√
2πMe−M . For each center, by Lemma A.5 we have

the probability of it lying in Bµ∗i (a) is no less than 1− e−a
√
d/2. Hence

P (Einit(a)) ≥
√

2πM

(
1− e−a

√
d/2

e

)M
=: p

Now assume the number of initializations is T , in order to satisfy the required property, we need
(1− P (Einit(a)))T ≤ δ. A sufficient condition is

T ≥ log(1/δ)

log (1− p)

Note that log(1 − x) ≥ −x, ∀0 ≤ x ≤ 0.5. Since p < .5 for M ≥ 2, we see that as long as

T ≥ log(1/δ)√
2πM

(
e

1−e−a
√
d/2

)M
, with probability 1− δ we will have a good initialization.

Remark D.1. Perhaps not so surprisingly, the above theorem requires a stronger separation
condition, i.e. Rmin = Ω(

√
d), whereas all our analysis requires Rmin = Ω(

√
d0) where

d0 := min(d,M) can be thought of as effective dimension. This difficulty can be alleviated by
using projections schemes similar to those in [1, 4]. We leave this for future work.
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