Supplementary material

1 Illustrations of the algorithms

1.1 Nonbacktracking upper bounds (NB-UB)
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Figure 1: The step-wise illustration of NB-UB algorithm on the example network.
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Table 1: The values of the key variables in NB-UB algorithm on the example network in Figure

In Figure |1, we describe how NB-UB algorithm runs on a small independent cascade model
IC(G,P,Sy) defined on an undirected graph G = (V, E), where V = {a,b,c,d}, Sy = {b},
and every edge has the same transmission probability p. For each [, Table [1| shows the values of
the key variables, S}, Mcurr, and UBy, in the algorithm and UB;(u— v) for every pair u, v such that
u € Spandv € Nt (u)\ So.

For example, at | = 2, since Sa = {d}, node d is processed. Recall that, at [ = 1, node a sent the
message (a, UB1 (a—d)) to d, and node ¢ sent the message (¢, UB1(c—d)) to d. Thus,

MCurr(d) = {(a>UB1(a_>d>)’(C7UB1(C%d))} = {(a,pQ),(c,p2)} 1
MSre(d) = {a,c}, (2)
and node d is processed as follows. First, compute UB2(d) as
UBy(d) = ProcessIncomingMsgy;(Mcur(d)) 3)
= 1—(1-UBi(a—d))(1—UBi(c—d)) = 2p* — p™. 4)

Next, set S3 = N1 (d)\So = {a, ¢, e} and compute the following messages. Since a, c € MSrc(d)
and e ¢ MSrc(d),

UB2(d—a) = GenerateOutgoingMsg,;(UB1(a—d), UB2(d), Puqa) 5)
1 — UBsy(d) ,

= a ]_ _— ) = 6

Pial = =B as ) ~ 7 ©

UBs(d—¢) = GenerateOutgoingMsg;(UB1(c—d),UB2(d), Pac) (7
1 — UB3(d) 3

= 1—- — =27 ) =
Pac( 11— UBl(c%d)) p ®)
UB2(d—e) GenerateOutgoingMsg;(0, UB2(d), Pae) 9
1 —UB2o(d
= Pae(l - ?(2)()) = Py.UBy(d) = 2p® — p°. (10

Then, node d send messages (d, UB2(d—a)) to a, (d, UB2(d—c¢)) to ¢, and (d,UBa(d—e€)) to e,
concluding the process of the [ = 2 step.



1.2 Nonbacktracking lower bounds (NB-LB)
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Figure 2: The step-wise illustration of NB-LB on the example network.
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Table 2: The values of the key variables in NB-LB on the example network in Figure

In Figure[2] we show an example for the lower bound computation by NB-LB on a small network
IC(G, P, Sp) defined on an undirected graph G = (V, E), where V = {a, b, ¢,d}, Sy = {a}, and
every edge has the same transmission probability p. For each k, Table[2|shows the values of the key
variables, M(vy), LB(vy), and (LB(vg), P, ,, ) for the out-neighbors v; € N (vy) \ So, and shows

the changes in o~
We obtain MDAS from the network as follows. Since d(So, a) = 0, d(So,b) = d(Sp,c) = 1 and

d(Sp,d) = 2, we order the vertices as {v1 = a, vy =b,v3 = ¢,v4 = d} to satisfy that d(Sp, v;) <
d(So, v;), for every i < j.

k'Ul)

NB-LB algorithm processes the nodes {v; =a, va =b, v3 =c, v4 =d} sequentially. For example, at
k=3, node c is processed. Recall that at k = 1, node a sent the message (LB(a), P...) to node ¢, and
at k = 2, node b sent the message (LB(b), P;.) to node c. Thus,

M(c) = {(LB(a), PL,), (LB(4). Pfo)} = {(L,p). (p.p)}- (an
Then, it computes LB(c) with the function ProcessIncomingMsg; ;.
LB(¢) = ProcessIncomingMsg;;(M(c)) (12)
= PLB(a) + P LB(b)(1 = Pp.) = p+p° —p’. (13)
Recall that 0~ = 1 + p, at the end of iteration £ = 2. Thus,
0" =1+4+p+LB(c)=1+2p+p*—p (14)

Next, since N (c) \ Sp = {d}, node ¢ sends the message (LB(c), P.q) = (p + p? — p,p) to node
d, concluding the process of the k = 3 step.

2 Proofs of the theorems

We start by defining the following events for the independent cascade model IC(G, P, Sy), where
G=(V,E)and |V| = n.
Definition 10. For any u,v € V, 1 € {0,...,n—1}, and S CV, we define

A(w) = A{wvisinfluenced} (15)
A(v) = Upe P (So—) {P is open} (16)
Af(u—v) = Upep,(Sou),Pgol P is open and edge (u,v) is open} 17
A1s(v) = Upe{PreP (Sym):P'Fw,ywes}i P is open}. (18)

In other words, A;(v) is the event that node v is influenced by open paths of length I, A;(u—v) is
the event that v is influenced by node u with open paths of length [ + 1, i.e. there exists an open path
of length | + 1 from a seed to v that ends with edge (u, v), and A, s(v) is the event that node v is
influenced by length [ open paths which do not include any node in S.



Lemma 1. Foranyv €V,

n—1

p) < 1-J]Q-p). (19)
1=0
Foranyv € Vandl € {0,...,n —1},
p(v) < 1-— H (1 =pi(u—v)). (20)
weN—(v)

Proof. Recall that p(v) = P(A(v)), pi(v) = P(4;(v)), and p;(u—v) = P(4;(u—v)).

plv) = P Ai(v)) 1)
= 1PN Av)0) (22)
< 1-[]PA®°) (23)
— 1[0 (24)
=0

Equation follows from the positive correlation among the events A;(v)¢ forall v € V. Similarly,

pl(v) = P(UueN*(q;)Al(u_)U)) (25)

= 1—P(Nuen-(Ailu—v)%) (26)

< 1— J] PA(u—v)9) 27)
ueEN ~ (v)

= 1- [[ a-pu—v). (28)
ueN~ (v)

O

Theorem 2. For any independent cascade model IC(G, P, Sy),

o(S0) < S (- [[0 - UB(w) = o*(S0). 29)
veV =0

where UB;(v) is obtained recursively as in Definition 7.

Proof. We provide a proof by induction. The initial condition, for [ = 0, can be easily checked. For
every s€Sg, sTENT(s), ueV\Sp, andve N*(u),

po(s) =1 < UBg(s)=1 (30)
po(s—sT) =Per < UBp(s—st) =Pyt 31
po(u) = 0 < UBg(u) =0 (32)

v)=0 < UBg(u—wv)=0. (33)

po(u—
For each [ < L, assume that p;(v) < UB;(v) and p;(u—v) < UB;(u—v) for all u,v € V.

Since p(s) = pi(s—sT) =pi(s™ —s) =0foreveryl > 1, s€Sy, stTeNT(s), and s" e N~ (s),
it is sufficient to show pL+1(v) < UBp+1(v)and pryi(u—v) < UBpiq(u—v) forallue V\ Sy,
and ve N (u),

For simplicity, for any pair of events (A, B), use the notation AB for AN B.
Forany v € V' \ S,

PL11(v) = P(Uyen- () Bu AL (v} (1)), (34)



where E,,, denotes the event that edge (u, v) is open, i.e. P(Ey,) = Pyy. Thus,

pr+1(v) = 1 —=P(Nuen- (o) (BuvAL (v} (u ))C) (35
< 1= ] 0-PELALL W) (36)
weEN~(v)
= 1- H (1 =pr(u—v)) 37
u€N~(v)
< 1- J] (@-UBL(u—v))=UBLu(v), (38)
uweEN~(v)

where Equation (36) is obtained by the positive correlation among the events Ey, Ap, 1., (u), and
Equation (38) comes from the assumption.

Forany v € V' \ Spandw € N*(v),
prii(v—=w) = P(EywAri1 {wy(v)). (39)
= PowP(ALi1,{w)(v)) (40)

Equation follows from the independence between the events ., and Az 1 (v).
Ifwe N~ (v),

pL—i—l(U_)w) = ,vaP(UuEN*(v)\{w}EuvAL,{v,w}(u)) (41)
< Pow 1= H (1 - P(EuvAL,{v,w}(u))) (42)
wEN=(v)\{w}
< Pow |[1- H (1 _pL(U%U)) (43)
wEN—(v)\{w}
< Pow |1- ] A=UBL(u—v)) |, (44)

ueN~ (v)\{w}

Equation (@) holds, since the two events satisfy Eyy A, (4.0} (1) C Euw AL (v ().
Recall that, if w € N~ (v),

1-UB
UBL i (v—w) = vau—l_mm) (45)
= Puul(l— [I @-UBL(u—v))). (46)

ueN~ (v)\{w}
Thus, pr4+1(v—w) < UBLii(v—w), forallw € N*(v) N N~ (v).

Ifw¢ N~ (v),
pLJrl('U_)w) = vaP(UuEN—(v)EuUAL,{v,w} (U)) 47
< Pow [ 1-]] (1= UBL(u—v)) (48)
ueN~(v)
= vaUBL+1(U) = UBL+1(’U—>IU), (49)

Hence, py1+1(v—w) < UBp41(v—w), for all w € Nt (v), concluding the induction proof.
Finally, by Lemma 1,

o(50) < (- [[0-nw) (50)
veV =0
n—1

< Y- JL0 - UB@)) = o* (5. (51)
veV =0



Theorem 3. For any independent cascade model IC(G, P, Sy) and its directed acyclic subnetwork
I1C(G', P, S),

0) > Y LB(ux) =0 (o), (52)
v eV’
where LB(uvy,) is obtained recursively as in Definition 9.
Proof. We provide a proof by induction. For any v, € V', let A(vy) be the event that node vy, is

influenced in MDAS IC(G’,P’, Sp), and for every edge (v;, vx), let £, ., be the event that edge
(vj,v) is open, i.e. P(Ey, v, ) = P, ,, - Recall that p(vy) = P(A(vy)).

VUL
The initial condition k£ = 1 holds, since p(v1) = 1 > LB(v1) = 1 (v; is a seed).
For every k < K, assume p(vg) > LB(vy).

For the node vg 1,

p(vK+1) = P(U'Uj EN_(UK+1)E”ij+1A(vj))' (53)
We re-label vertices in N~ (vi 1) = {u1,...,un} where m = in-deg(vg41), and let Q;x 41 =
73; VK41 . Then, for any integer m’ < m,
p(UK-H) = P( i= 1Eu 1)K+1A(ui)) (54)
> P( 1Eu UK+1A(U")) (55)
m’ i—1

'MS

P(EuriUK+1A(ui)) - Z Z P(EuiUK+lA(ui)EujUK+1A(uj)) (56)

i=1 i=1 j=1
!’

m m’ 1—1

= Z QiK+1P Z Z Q¢K+1 QjK+1P(A(ui)A(uj)) (57
i=1 i=13j
m’ i—1

> Y Qi r1P(Aw)(1 =) Qjieta)- (58)
i=1 j=1

Equation (36) follows from the principle of inclusion and exclusion. Equation (37) results from the
Independence between the event that an edge ending with vk is open and the event that a node v;
is influenced where ¢ < K + 1. Equation holds since P(A(u;)) > P(A(u;)A(u;)).

Now, define m* = max{m’ < m : Z;ﬂ:'fl Qjk+1 < 1}. Then,

m* i—1
p(Vky1) > Z Qix+1P(A(u;))(1 — Z Qjk+1) (59)
> Z Qirc 1 LB(u;)( Z Qjk+1) (60)
= LB(UK+1). (61)

Equation follows since 1 — E;;ll Qik+1 > 0for all i < m* by the definition of m*. Thus,
p(v;) > LB(v;) for all v; € V, concluding the induction proof.

Finally,
a(S0) = Y p(v) (62)
i=1
> > LB(v;) =0 (Sp). (63)

Equation holds since its right hand side equals to the influence of the MDAS, IC(G’, P’, Sp). O



3 Tunable nonbacktracking bounds

We present here the parametrized algorithms for NB-UB and NB-LB described in Section 3.3.

Tunable nonbacktracking upper bounds (tNB-UB): The algorithm inputs the parameter ¢, which
indicates the maximum length of the paths that the algorithm considers in order to compute the exact,
rather than the upper bound on, probability of influence. That is, the algorithm computes p<;(u) that
node u is influenced by an open path whose length is less than or equal to ¢.

p<t(u) = P(Upequt_, P, (So—u)} {F is open}). (64)

Then, we start (non-parameterized) NB-UB algorithm from [ = ¢ 4 1 with the new initial conditions:
forallu € Vand v € Nt (u),

UB,(u) = p<t(u) (65)
UB:(u—v) = pe(u—v) (66)

Finally, the upper bound by tNB-UB is computed as |, (1 — ;:tl (1 —UB,;(v))).

Algorithm Tunable NB-UB (tNB-UB)

parameter: non-negative integer t < n — 1
Initialize: UB;(v) = Oforallt <l <n-—1landv eV
for u € V do
UBy(u) = p<i(u)
forve N (u)\ Sp do
if p,(u—v) > 0 then
Si41.insert(v)
Miexi(v).insert(u, p:(u—v))
fori=t+1ton—1do
for v € S; do
Mcurr(u) = Mnext(u)
Clear Myexi(u)
UB;(u) = ProcessIncomingMsgy, (Mcur(u))

for u € S; do
forv e N*(u)\ Sy do

Sp+1.insert(v)

if v € Moy (u) then
UB,(u—v) = GenerateOutgoingMsg;(Mcyr(u)[v], UB; (1), Pyuy)
Mexi(v).insert((u, UB;(u—v))).

else
UB,(u—v) = GenerateOutgoingMsgy; (0, UB;(u), Pyuy)
Miexi(v).insert((u, UB;(u—v))).

Output: UB;(u) foralll = {¢t,t+1,...,n—1},ueV

Tunable nonbacktracking lower bounds (tNB-LB): We first order the vertex set as V' =
{v1,...,v,}, which satisfies d(Sp,v;) < d(So,v;), for every i < j. Given a non-negative in-
teger parameter ¢ < n, we obtain a ¢-size subnetwork IC(G[V;], P[V4], So N V;), where G[V¢] is
the vertex-induced subgraph which is induced by the set of nodes V; = {v1,..., v}, and P[V{]
is the corresponding transmission probability matrix. For each v; € V;, we compute the exact
probability p;(v;) that node v; is influenced in the subnetwork IC'(G[V;], P[V¢], So N V4). Then, we
start (non-parameterized) NB-LB algorithm from k = ¢ 4 1 with the new initial condition: for all
k <t,

LB(vx) = pe(vs). (67)

Finally, tNB-LB computes the lower bound as } _, . LB(vg).



Algorithm Tunable NB-LB (tNB-LB)

parameter: non-negative integer t < n
Initialize: 0~ =0
fork =1totdo
LB(vk) = pe(vk)
o~ +=LB(vy)
for v; € {N*(vx) N{v; : j > t}} do
M(v;).insert((LB(vx), Py, ,,,))
fork=t+1tondo
LB(vy) = ProcessIncomingMsg; ;(M(vy))
o += LB(’Uk)
for v; € NT(vg) \ Sp do
M(v;).insert((LB(vx), Py, ,,,))

Output: o~

Experimental results: In Figure[3a] we show tNB-UB on a sample network. We consider a 3-regular
network with 100 nodes and a single seed. Since the NB-UB gives a tight bound on p < 0.4, we plot
tNB-UB on p € (0.4,0.5) where it shows some improvements with small ¢.

In Figure [3b} we present tNB-LB on a scale-free network with 3000 nodes, a = 2.5, and a single
seed. We compare tNB-LB with various choices of ¢ € {1,12,100, 300}, and tNB-LB approaches
the MC estimation as ¢ grows.
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Figure 3: (a) NB-UB, tNB-UB with ¢t = 3, and MC estimation with 10000 simulations on a 3-regular network
with 100 nodes.

(b) NB-LB, tNB-LB with various ¢t € {12,100, 300}, and MC estimation with 3000000 simulations on a
scale-free network with 3000 nodes.
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