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Abstract

We here provide the proofs of the two main results of the paper, and provide
a more in-depth discussion on the relation between our upper bound and that
of [Zhang et all,2014].

1 Proof of Theorem 1
We use the following inequality between the Kullback-Leibler and x? divergences.

Lemma 1 The Kullback-Leibler divergence of any two discrete distributions P, Q) satisfies
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with X ~ P.

Proof. Using the inequality In(z) < z — 1, we get
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Writing
P(z)* = Q(x)* +2Q(x)(P(x) — Q(z)) + (P(z) — Q(x))?,
we deduce
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Proof of Theorem 1. Let X € {+1,0,—1}" be any sample under parameters o, §. We have for
any distinct indices 7, j, k € {1,...,n},

P((X;, X;, Xx) = (0,1,1)) = P((X;, X, X)) = (0,-1,-1)) = (1 — Oc)az2(1 +6;6),
(X0, X, X0) = (0.1, -1)) = B((Xe. X, X1) = (0.1 1)) = (1- ) 2 (1 - ),
P((Xi, X;, X5) = (1,1,1)) = P((X3, X;, Xp) = (=1, =1, 1)) = %3(1 40,0, + 0,0, + 646,),
P((Xi, X;, X5) = (1,1, —1)) = P((Xs, X;, Xg) = (=1, —1,1)) = %3(1 +0,0, — 0,6, — 646,).

Now let a € (0, 1) and

a a
0=(1 0,...,0 0 =(1-2,——,——,0,...,0).
(7a7a7 ) 7)7 ( 671—2671—267 ) 7)
Observe that 0,60" € ©,; forany b € (0,1). Denote by P, P’ the distributions of X under parame-
ters 6,6, respectively. We use Lemmal[Ilto get an upper bound on the Kullback-Leibler divergence
D(P'||P) between P’ and P. Observe that we can restrict the analysis to the case n = 3. We
calculate P(z), P’ (x) for all possible values of x € {—1,0,1}3:

(a) If xo = 0 or z3 = O then P(x) = P'(z).
(b) Ifz = (0,1,1) orz = (0, —1, 1),

P@)=(1-0) (1 +a?), P/(a:)—(l—a%(u( “ ))

© Ifz=(0,1,~1)orz = (0,-1,1),
a? o2 o \2
P(x):(l—a)z(l—cﬂ), P'(:v):(l—a)z<1—< ))

d Ifz=(1,1,1) orz = (—1,—1,-1),

P(z) = —(1+2a+ad?), Pl(z)=

o<>|53c,J

() Ifz=(1,-1,—1)orz = (-1,1,1),

P(z) = —(1 — 2a + d?),

(f) Otherwise,
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Observing that

2 2 2
a = de(1—e) [ 2 < 4e 2 < 1642,
1—2¢ 1—2¢ 1—2¢

we get in cases (b)-(c),

(P(x) — P'(x))? < 64a2a’te?
P(z) - l—-a ’

and in cases (d)-(f),

(P(x) — P'(x))? < 32a2ate?
P(z) - l—-a



Summing, we obtain

512a%a’e?
D(P'||P) < ————
(Plp) < 220
Now let ¢ < Ty with ¢; = £}5. Denoting by P, P’* the distributions of X (1), ..., X (¢) under the

respective parameters 6, 6, we obtain D(P''||P') = tD(P’||P) < In (45)- Since [|0 — 0| | = 2¢,
it follows from [Tsybakov, 2008, Theorem 2.2] that:

> L >4
~ dexp(D(PT|PY)

min (P (|10 — 0l = €),Pa (110 = ¢'l|oc > ©))

Since 0,0 € O, we get
min P (||é =0l > 6) > 0.
0€0a,b

Now assume that n > 4 so that T, > 0. Let m = n — 4 and ¢ = b/m. Consider the two parameters
0= (a,a,—a,—a,c,...,c), 0 =(—a,—a,a,a,c,...,c).

Observe that 6,0’ € ©,;. Denote by P and P’ the distributions of X under parameters 6, ¢’,
respectively. Again, we use Lemma[Il to get an upper bound on the Kullback-Leibler divergence
between P and P’.

Define y = (1,1,—1,—1), kt = S0 1{es = b, k= = S0 W{w = —uyib b = kT + &k,
h =k —k = 1 + T2 — T3 — X4, = Ei>4 1{mi:+l} and ¢/~ = Zi>4 1{%:_1}, and
¢ =0% 4+ ¢~. We have:

1 ke + - - +
P(z) = Wakﬂ(l — )t ((1 +a)" (1—a)* ppr -+ (1+a) (1-a) Pé:ﬁ) ;
1 _ _
= Wo/”f(l —a)" M1+ a)" (1-a)" (A +a) - + (1 —a)'pe-4+).
and
1 _ _
P'(x) = Wakﬂ(l — )it ((1 +a)" (1 - a)t pe- v +(1+a)" (1- a)k+p€+,é*) ;
1 _ _
_ WakJrl(l _ a)nfkfl(l 4 a)k (1 _ a)k ((1 + a)hplf,fr + (1 _ a)hp£+.’li) ,
where . .
Vi,jeN, pi;=(14¢)(—-c),
Define: P ” )
P(z)P'(z)
We have:

(1+a)" — (1 —a)")?(pp- o+ — pev o-)?
(14 a)rpe- o+ + (1 = a)rper - ) (1 + a)rpes - + (1 —a)rpe- 4+)

Notice that F is invariant (a) when £ is replaced by —h and (b) when one exchanges £ and ™. So
we can assume that & > 0 and ¢ > £~ so that pp+ ;- > py— o+. Now:

(1+a)" = (1= a)") ey = peer)”

F(z) =

Flw) < (1—a)"(1+a) Py o
Define n = (1 — ¢)/(1 + ¢). Then:
(p#,*_p*,*)Qf + -\ —\2 2 _ —\2 4c? 2 —\2
e lPZ,ﬁ — = (1_772 e ) < (=P At = (=) (1+c)2 A=)
Moreover, using the fact that h < 4,
(I+a)"—(1-a)")? _((1+a)!-(1-a)!)?® (da(l+a?)? a’
T i—a) = Thoap SYaTor



By Lemmal[ll

2.2

D(P||P') < E(F(X)) < 256——

WEW(XW*(X) — 17 (X))%),

where X has distribution P and we make explicit the dependency of h, £*, £~ in the state X. The
random quantity h?(X)(¢+(X) — £~ (X))? does not change when X is replaced by — X, so:

E(h?(X)(0F(X) — 7 (X))?) = E(h*(X))E(((*(X) — £7(X))?).

Now
E(h?(X)) = var(h(X)) = var(h(X)|G = 1) = 4var(X;|G = 1) = 4a(1 — aa?)
and
E((£*(X) = €7(X))?) = var(£*(X) — €7 (X)),
=var((T(X) — 07 (X)|G = 1),
= mvar(X;5|G = 1) = ma(l — ac?)
o that , ma?a®c? a?a’b?

Now let t < Ty with c2 = 157 Denoting by P*, P'* the distributions of X (1),..., X (¢) under the
respective parameters 0, ', we obtain D(P*||P"") = tD(P||P’) < In (). Since ||6 — ¢'||c = 2a,
it follows from [Tsybakow, 2008, Theorem 2.2] that:

N A 1
in (Pe(|10 — 0| > a),Por(||0 — O[]0 > > >4
i (P19 = 0oc > @), P10 = ¥l > ) > s >

Since 0,6 € ©, and a > €, we get

min P (||é =0l > 6) > 0.
0€Oa,b

2 Proof of Theorem 2

We use the following preliminary results.

A concentration inequality. Define:

IC = Clloe = max |Ci; — Cyyl.
]

%,

Lemma 2 We have:
(i) Foralli =1,... ,nandall e > 0,

P(| ;(C‘ij —Cyj)| > ¢€) < 2exp (- o mafg(z)an)) + 2nexp <—8(:LL_21)) .

(ii) Forall j # i and all € € (0,1),

R 2 2t t 2
P(|Cij — Cijl =€) < 2exp <—E - ) +4exp (-%) :

(iii) For all € € (0, 1),




Proof. We first prove (i). Let Z = Y .,,(Cij — Cy;), for some fixed 4. The distribution of Z

is independent of G(1),...,G(t) so we fix G(1) = ... = G(t) = 1 until the end of the proof.
Note that, given G(¢) = 1, the random variables X/ (), ..., X,,(¢) are independent, with respective
expectations 61, ...,6,. Let U = (U;(t));+ be i.i.d Bernoulli random variables with E(U;(t)) =
aand V = (V;(t));. be independent random variables on {—1,1} with E(V;(¢)) = 6,. Then
(X,(t)), has the same distribution as (U;(¢)V;(t)),.¢. Define:

Ui(s)U;(s)Vi(s)V;(s)
N; ’

Z(s) =

with
t

Nj =Y Ui(s)Uj(s)-

Observe that Z has the same distribution as 3X°_, Z(s).
Conditioning

Let us first condition on U. We denote by E;; and P the corresponding conditional expectation and
probability. We upper bound the cumulant generating function of Z(s). Consider s fixed and drop s
for clarity. Consider A € R and:

In(Ey (e*|V;)) = In(Ey (eNViYs iz UiVi/Ni |17

= D In(Ey (X))
i
< Zhl(EU(eAUinViej/NjJrAzUin/(QNf)|‘/l_))
i
U;U; v 0. /N
= XY DR (B (N B U 1),
g# T
using the independence of V1, ..., V,,, and the fact that, if Y is a random variable with |Y'| < 1, then
In(E(e*)) < AE(Y) + A2/2 by Hoeffding’s lemma. Taking expectation over V;:

U;U;0,0; N2 U;U;0;
1 E >‘U1VVZE]¢1 UjOj/Nj <)\ ] o t~3Y)
n(Eue LR D R O Pk vl I
JFi J#i
where we have used Hoeffding’s lemma once again. Putting it together, we have proven:

2

U;U;0,0; N> U,U; U:U,0;
AZ 1YYy 1Y A
In(Ey (e ))S/\ZTJ'F? Z N + ZTJ
J#i Jg#Fi J#i
2
Define N = min;; N;, S = ', (Z#i Ui(s)Uj(s)b‘j) and 02 = ("7}\,# It is noted that
N, S and 02 depend on (U;(t)),+ but not on (V;());.

Using independence,

In(Ey (€)= Y In(Ey (X)),

2
A2 1< Us(s)U;(s)0
< N\E(Z)+ = — Rt R
GEarl PSR B DBy ’
j#i s=1 \ j#i <
A2o2




Chernoff bound
We now derive a Chernoff bound for Z. For all € > 0, we have

]P)U(Z . E(Z) > E) < min e—)«sEU(ek(Z—]E(Z))) < mine_)‘5+’\2‘72/2 _ 6_82/027
A>0 A>0

the minimum being attained for A = 2¢ /0.

Controlling the fluctuations of 2

To remove the conditioning on U, so that we need to control the fluctuations of o2, thus those of N

and S. First consider N. Since [V; is the sum of ¢ independent Bernoulli variables with expectation

a?, we have by Lemma[3]

ta2
P(N; < a’t/2) <e 5.
Using a union bound,

ta?

P(N < o’t/2) <Y P(N; <a’t/2) < (n—1)e” 5.
J#i
We turn to S. S is a sum of ¢ positive independent variables bounded by (n — 1)? with expectation
2

p=E|D> UU;0)0; | =a’(@Bi(0)*+(1—a))_6),
J#i J#i
where B;(#) = 3", 6;. We have y1 < i = o® max(B;(6)®,n — 1). By Lemma[3]
s 21
>
(n—1)2 7 (n— 1)2)

< exp (-tD ((n 2_ﬂ1) ] (n f1)2)>
(

gem)(%D (n%ﬂp“@zflv)>

P(S > 2tf) :IP’(

G 7"
<e 3(n—1)2

_ ta2
< e 3n-D),

If both events S < 2tjz and N > azt/2 occur we have:
_ (02 (M2 .
o2 < 2(n—1) n 8max(B;(0)*,n—1) < 10 max(B;(0)?,n 1)'
- o?t ot - ot

Estimation Error
Finally,

_ _ _ _ 10 B;(0)%,n —
P(Z -E(Z)>e) <P (Z—IE(Z) > ¢, 2 < L0max(Bi(0), n

- a?t

1)> +P(N < a?t/2) +P(S > 2tq)

e2a’t

<e B e2a’t tne B ta?
=P\ T 0max(B0)2n—1) ) T "TP T8 -1 )

Doing the same reasoning for P(Z — E(Z) < —¢) yields
- - e2a’t ta?

P(|Z —E(Z)| z ) < 2exp (— 10 max By (02,7 = 1)) + 2nexp (—m> :
Statement (i) then follows from the fact that max(B;(0)?,n — 1) < 3max(B(6)%,n). Indeed,
max(B;(0)%,n — 1) < max(B;(0)?,3n), and if B;(0) > +/3n > 3,

Bi(6)’ _ _ Bi(6)
B(0)> — (Bi(0) —1)?

9
< -<3.
S7=



Statement (ii) is obtained by setting n = 2 in statement (i); statement (iii) follows from a union
bound over all pairs 7, j of statement (ii), on observing that

A e2a?t
P(|Cij — Cij|l 2 €) < 6exp <— 120 ) :

O

Lemma 3 (Chernoff’s Inequality) Let Y1, ...,Y; be i.i.d. random variables on [0, 1] with expecta-
tion p. Denote by D(u'|| ) the Kullback Leibler divergence between two Bernoulli distribution with
parameters ' and pu.

(i) Forall ' > 11, P30, Yy > tp') < e~ tPW 1),
(ii) Forall i/ < i, P(Y_, Yy < tp!) < e~ tDW 1),
(iii) For all ju > 0, D(2p||pt) > /2 and D(p/2||12) > /8.

Estimation of absolute value. For all i # j # k, define

Lemma 4 If ||C — C||s < ¢, then

€

pr (i, 5) = 1Ok < 107=—.

|Cijl

Proof. Without loss of generality, assume that |6;| > |6;] so that |Cjx| > |Cj|.

a) If € > |Cy;|/2, the inequality holds since 1077— = 5 and lox(i,7) — 10k]] < 2.

b) Assume € > C;;/2 and € > Cj, /2. Then
O = Cji/10;] < 2e/10;] < 2¢/|Cy51.
Furthermore, |éjk| S |Ojk| + e, |ézk| S |Ojk| + € and |OZJ| Z |OU| — & Z |CZJ|/2 So

pilig) < ¢2<|cik|+s><|cjk|+s>/cij—¢ (106] + ) (0] + 15)
1 1 4e
< 2|0k| + 2¢ + <2|0k| + —
O+ 22y + o) = 20+ 12
and
€
19 3) = 10k]] < 19 )] + 6] < 310 + = < 10—
|CU| |Cij|
¢) Finally, let ¢ < min(|Cj;|, |Cixl,|Cjk|)/2. Define
A= |O¢k0jkéij — C*lkéjkCzﬂ
We have
A < |Cikcjk||éij - Oij| + |Cijéik||éjk - Cjk| + |O’chjk||élk - Oik|7
< e(|CikCji| + 2[C3;Cir| + |Ci; k)
Further,
.. A 2A 2e 8|6 |
lpe(i,5)? — 0] = —— < =5 < —— (0% + 2|0:01| + |0,;0x]) < :
g |Cijcij| Ci2j |Cij| g ’ |Cij|

Finally, py.(i, 7)* — 05 = (pk (i, §) + 10k]) (px (i, 5) — [6k]), so that

. lok(i,5)* — 07 _ |pn(i,j)? — 02 _ 8¢
% (7, 7)| — |0&]] < < < :
pr(iy 5) + |0k 10| Cij]




Lemma 5 If ||C — C||s < ¢, then

N 20¢e
Or| — 10k|| < ——.
1841 =101 < i35
Proof. a) If ¢ > A%(0)/4,
A 20¢e
— <2<5H<

so that the inequality holds.

b) Consider ¢ < A2(6)/4. By definition, 0y, = pi (ix, ji). By assumption, there exists i, j # k such
that C; ; > A%(6). Further:

Ci gl +€ > 1Ciy ] > 1Cijl > |Cij| — e > A%(0) —e.

So G, j, > A%(0) — 2e > A?(6)/2. Using Lemma[]

ks>Jk
10e 20e
<

O] — 10k]| = |k (in, jx) — |0k]| <
1Ok] — 16k]| = lpw(ir, jr) — [Ok]] < Corr = A200)

Sign estimation. We will use the following fact:

Fact1 Let u,v € R™ and define e = max; |u; — v;|, @ = max; |u;|, i* € argmax; |v;|. If e < @/4

then (i) sign(v;« ) = sign(u;+) and (ii) |u;| > @/2.

Proof. (i) We proceed by contradiction. Assume that sign(u;«) # sign(v;«). Since i* €
arg max; |v;|, we have |v;+| > @ — e. On the other hand, since sign(u;+) # sign(vi+), |v;] < e
Hence 2¢ > 4, a contradiction.

(ii) We have |u;+| > v+ — € > max; |v;| — e > a4 — 2e > /2. O

In the rest of the proof, we define ¢ = max; |6;].

Lemma 6 Assume that ||C — C||oe < e < AZQ(H). Then forallk=1,...,n,
- 8e?
02 — 02| < ——.
| k k| = A2(9)
Proof. We have
A
|pk(27¢7)2_9i|: A ;
|Cii Cigl
with . o
A = |CiCjrCij — Ci.C1,Cij .
Now,

A < |Ciijk||CA'ij - Oij| + |Cijéik||éjk - Cjk| + |O’chjk||élk - Oik|7
< e(|CikClk] + |Ci; Cin| + |Ci;Circ ),

since ||C' — C|oe < &. We have [Cip| < |Cir +¢| < ¢? + ¢ < 2¢2, since ¢* > A%(6) > e. Further,
using the fact that |C;,Cjx| < ¢?|Ci;|, we get |Cy;Cx| < $?|Ci;|. Replacing, we obtain

A < 4¢%¢|Cy)
and )
. 4¢°c
o (i,5)* = Of] = —=—-
|1
We have A
max |Cy;| > max |Cy;| — e > A%(0) — A%(0)/2 = A%(9)/2.
©,J#k ©,J#k
Setting (i, /) € argmax; jz |Cy;|, we get the announced result. O



Estimation error. We can now control the estimation error.

Lemma 7 Assume that ||C — C||s < ¢ < A%(0) min(3, %) and max; |, Ciy — Ciy| <
%. Then

(i) sign(fy+) = sign(fy-),

(ii) for all i such that |0;| > %, sign(0;) = sign(6;),

(iii) |10 = ]| 0 < 55
Proof. (1) Let u; = 912 + Zj;éi Cij = 913(9) and v; = 6‘? + Zj;éi éij. ‘We have
i —vi] <167 = 67+ 1>_(Cij — Cij).
J#i
Using Lemmal6]

107 — 67| < min <@,4¢2) < $2B(0)

_ ¢B(O)
8 -8

Further, since A(6) < ¢,

. B(6
1> (Ciy = Ciy)l < ¢T()'
J#i
So, for all i,
i — 1] < ¢B(0) _ max; |u1|

4 4
Applying Fact[T] statement (i) ensures that sign(fy- ) = sign(6y- ).
> ¢/2 > A(6)/2. Consider i # k*
and |6;| > 2e/A(6). We have |Cip- | = |6;]|0x-| > € since [0x-| > A(#)/2. Since |Cig+ —Cip- | < €,
we have sign(Cjx+ ) = sign(Cix- ). So sign(6;) = sign(6;) which proves the second claim.
(iii) We have:

(ii) Fact[T] statement (ii) gives |0~ |B(6) > %@, so that |6y~

20e 4e 24e

éi—ei < él —16; 210;|1{si 0; i éi < < .
=011 < 111 = 164+ 206411 {san(6,) # sien ()} < s + 55 <
where we applied the previous statement and Lemma[3] 0

Proof of Theorem 2. Let6 € O, € € (0, min(b/3, 1)) and assume that the following two events
occur:
A(0)B(6)

8

2
{HO—CHOO < €A24(9)} and max

(]
¥
SQ
e

We may readily check that

GA;EQ) < Azf) min (g 1) < Azf) min (Bf),l) < A%(f) min (%, %) .

Thus Lemmal[7] guarantees that ||§ — 6||oc < €. By a union bound,

. . eA%(0) = A A(0)B(0)
(100l > 9 <P (1€ Clle > ) + 3P (| (6 - )| 2 2220
i=1 i
Now let t > max(Ty, Ts) with ¢} = 120 x 242 and ¢}, = 30 x 82. Applying Lemmafl2]

A €A%(0) 9 €2A%(0)a’t 4]
— > )< —— | < =
P<“C Clle 2 =55 )-3" eXp( 120 x 242 ) =3



Applying Lemmal[2 once again, we get

‘ ;(C’w - Cij)’ > 714(9)83(9) < 2exp <— 30 XAégfli((?);(C;?i’n)>+2n exp <_8(%—21)> .

Since
A(9)2B(6)%a’t < a’a’t ax (1 b2 - 4n?
max — n|\—
30 x 82max(B(0)%,n) — 30 x 82 "n )~ 5
and
7t042 >1In 4—712
8(n—1) — 5 )’
we get
A(G)B(G) 5
D e
J#i
and summing we get P(||0 — 0]|o > €) < 4 as announced. O
3 Upper bounds: relation with prior work
Considern > 5,a=1/2,b= ”;4 and 0 = (a, —a,a, —a, 2, ..., ﬁ). We have max; |0;| <

1

5
For Theorem 4 of |Zhang et al! [2014] to hold, one requires the following inequality to be satisfied:
In(tn/d)
Cp——
where ¢4 > 0 is a universal constant and:

- 1 & 146; 1—91-
N

where KL(p, ¢) denotes the Kullback-Leibler divergence between Bernoulli distributions with pa-

rameters p and g. From inequality In(z) < z — 1, we have KL(p, q) < (’Zl qzz) for all p, q in (0, 1).
Since max; |60;] < 1/2 we get:
16 &
3_n
Therefore n must satisfy n > ¢4(3n/20) In(tn / 6) and there can exist no such n when ¢ or 1/4 are
sufficiently large.
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