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Abstract

We here provide the proofs of the two main results of the paper, and provide
a more in-depth discussion on the relation between our upper bound and that
of [Zhang et al., 2014].

1 Proof of Theorem 1

We use the following inequality between the Kullback-Leibler and χ2 divergences.

Lemma 1 The Kullback-Leibler divergence of any two discrete distributions P,Q satisfies

D(P ||Q) ≤ E

(

(P (X)−Q(X))2

P (X)Q(X)

)

,

with X ∼ P .

Proof. Using the inequality ln(z) ≤ z − 1, we get

D(P ||Q) =
∑

x

P (x) ln

(

P (x)

Q(x)

)

≤
∑

x

P (x)

(

P (x)

Q(x)
− 1

)

= −1 +
∑

x

P (x)2

Q(x)
.

Writing

P (x)2 = Q(x)2 + 2Q(x)(P (x)−Q(x)) + (P (x)−Q(x))2,

we deduce

D(P ||Q) ≤ −1 +
∑

x

Q(x) + 2
∑

x

(P (x) −Q(x)) +
∑

x

(P (x)−Q(x))2

Q(x)
,

=
∑

x

(P (x) −Q(x))2

Q(x)
,

=
∑

x

P (x)
(P (x) −Q(x))2

P (x)Q(x)
.
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Proof of Theorem 1. Let X ∈ {+1, 0,−1}n be any sample under parameters α, θ. We have for
any distinct indices i, j, k ∈ {1, . . . , n},

P((Xi, Xj, Xk) = (0, 1, 1)) = P((Xi, Xj , Xk) = (0,−1,−1)) = (1− α)
α2

4
(1 + θjθk),

P((Xi, Xj, Xk) = (0, 1,−1)) = P((Xi, Xj , Xk) = (0,−1, 1)) = (1− α)
α2

4
(1− θjθk),

P((Xi, Xj, Xk) = (1, 1, 1)) = P((Xi, Xj , Xk) = (−1,−1,−1)) =
α3

8
(1 + θiθj + θjθk + θkθi),

P((Xi, Xj, Xk) = (1, 1,−1)) = P((Xi, Xj , Xk) = (−1,−1, 1)) =
α3

8
(1 + θiθj − θjθk − θkθi).

Now let a ∈ (0, 1) and

θ = (1, a, a, 0, . . . , 0), θ′ = (1 − 2ǫ,
a

1− 2ǫ
,

a

1− 2ǫ
, 0, . . . , 0).

Observe that θ, θ′ ∈ Θa,b for any b ∈ (0, 1). Denote by P, P ′ the distributions of X under parame-
ters θ, θ′, respectively. We use Lemma 1 to get an upper bound on the Kullback-Leibler divergence
D(P ′||P ) between P ′ and P . Observe that we can restrict the analysis to the case n = 3. We
calculate P (x), P ′(x) for all possible values of x ∈ {−1, 0, 1}3:

(a) If x2 = 0 or x3 = 0 then P (x) = P ′(x).

(b) If x = (0, 1, 1) or x = (0,−1,−1),

P (x) = (1 − α)
α2

4
(1 + a2), P ′(x) = (1 − α)

α2

4

(

1 +

(

a

1− 2ǫ

)2
)

.

(c) If x = (0, 1,−1) or x = (0,−1, 1),

P (x) = (1 − α)
α2

4
(1− a2), P ′(x) = (1 − α)

α2

4

(

1−
(

a

1− 2ǫ

)2
)

.

(d) If x = (1, 1, 1) or x = (−1,−1,−1),

P (x) =
α3

8
(1 + 2a+ a2), P ′(x) =

α3

8

(

1 + 2a+

(

a

1− 2ǫ

)2
)

.

(e) If x = (1,−1,−1) or x = (−1, 1, 1),

P (x) =
α3

8
(1− 2a+ a2), P ′(x) =

α3

8

(

1− 2a+

(

a

1− 2ǫ

)2
)

.

(f) Otherwise,

P (x) =
α3

8
(1− a2), P ′(x) =

α3

8

(

1−
(

a

1− 2ǫ

)2
)

.

Observing that

(

a

1− 2ǫ

)2

− a2 = 4ǫ(1− ǫ)

(

a

1− 2ǫ

)2

≤ 4ǫ

(

a

1− 2ǫ

)2

≤ 16a2ǫ,

we get in cases (b)-(c),
(P (x) − P ′(x))2

P (x)
≤ 64α2a4ǫ2

1− a
,

and in cases (d)-(f),
(P (x) − P ′(x))2

P (x)
≤ 32α2a4ǫ2

1− a
.
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Summing, we obtain

D(P ′||P ) ≤ 512α2a4ǫ2

1− a
.

Now let t ≤ T1 with c1 = 1
512 . Denoting by P t, P ′t the distributions of X(1), . . . , X(t) under the

respective parameters θ, θ′, we obtain D(P ′t||P t) = tD(P ′||P ) ≤ ln
(

1
4δ

)

. Since ||θ− θ′||∞ = 2ǫ,
it follows from [Tsybakov, 2008, Theorem 2.2] that:

min
(

Pθ(||θ̂ − θ||∞ ≥ ǫ),Pθ′(||θ̂ − θ′||∞ ≥ ǫ)
)

≥ 1

4 exp(D(P ′t||P t))
≥ δ.

Since θ, θ′ ∈ Θa,b, we get

min
θ∈Θa,b

P

(

||θ̂ − θ||∞ ≥ ǫ
)

≥ δ.

Now assume that n > 4 so that T2 > 0. Let m = n− 4 and c = b/m. Consider the two parameters

θ = (a, a,−a,−a, c, . . . , c), θ′ = (−a,−a, a, a, c, . . . , c).

Observe that θ, θ′ ∈ Θa,b. Denote by P and P ′ the distributions of X under parameters θ, θ′,
respectively. Again, we use Lemma 1 to get an upper bound on the Kullback-Leibler divergence
between P and P ′.

Define y = (1, 1,−1,−1), k+ =
∑4

i=1 1{xi = yi}, k− =
∑4

i=1 1{xi = −yi}, k = k+ + k−,

h = k+ − k− = x1 + x2 − x3 − x4, ℓ+ =
∑

i>4 1{xi=+1} and ℓ− =
∑

i>4 1{xi=−1}, and

ℓ = ℓ+ + ℓ−. We have:

P (x) =
1

2k+ℓ
αk+ℓ(1− α)n−k−ℓ

(

(1 + a)k
+

(1− a)k
−

pℓ+,ℓ− + (1 + a)k
−

(1− a)k
+

pℓ−,ℓ+

)

,

=
1

2k+ℓ
αk+ℓ(1− α)n−k−ℓ(1 + a)k

−

(1− a)k
− (

(1 + a)hpℓ+,ℓ− + (1 − a)hpℓ−,ℓ+
)

.

and

P ′(x) =
1

2k+ℓ
αk+ℓ(1− α)n−k−ℓ

(

(1 + a)k
+

(1− a)k
−

pℓ−,ℓ+ + (1 + a)k
−

(1 − a)k
+

pℓ+,ℓ−

)

,

=
1

2k+ℓ
αk+ℓ(1− α)n−k−ℓ(1 + a)k

−

(1− a)k
− (

(1 + a)hpℓ−,ℓ+ + (1− a)hpℓ+,ℓ−
)

,

where
∀i, j ∈ N, pi,j = (1 + c)i(1− c)j ,

Define:

F (x) =
(P (x)− P ′(x))2

P (x)P ′(x)

We have:

F (x) =
((1 + a)h − (1− a)h)2(pℓ−,ℓ+ − pℓ+,ℓ−)

2

((1 + a)hpℓ−,ℓ+ + (1− a)hpℓ+,ℓ−)((1 + a)hpℓ+,ℓ− + (1− a)hpℓ−,ℓ+)

Notice that F is invariant (a) when h is replaced by −h and (b) when one exchanges ℓ+ and ℓ−. So
we can assume that h > 0 and ℓ+ ≥ ℓ−, so that pℓ+,ℓ− ≥ pℓ−,ℓ+ . Now:

F (x) ≤ ((1 + a)h − (1− a)h)2

(1− a)h(1 + a)h
(pℓ+,ℓ− − pℓ−,ℓ+)

2

p2ℓ+,ℓ−
.

Define η = (1− c)/(1 + c). Then:

(pℓ+,ℓ− − pℓ−,ℓ+)
2

p2ℓ+,ℓ−
=
(

1− ηℓ
+−ℓ−

)2

≤ (ℓ+−ℓ−)2(1−η)2 = (ℓ+−ℓ−)2
4c2

(1 + c)2
≤ 4c2(ℓ+−ℓ−)2.

Moreover, using the fact that h ≤ 4,

((1 + a)h − (1− a)h)2

(1− a)h(1 + a)h
≤ ((1 + a)4 − (1− a)4)2

(1− a)4
=

(4a(1 + a2))2

(1− a)4
≤ 64

a2

(1− a)4
.
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By Lemma 1,

D(P ||P ′) ≤ E(F (X)) ≤ 256
a2c2

(1− a)4
E(h2(X)(ℓ+(X)− ℓ−(X))2),

where X has distribution P and we make explicit the dependency of h, ℓ+, ℓ− in the state X . The
random quantity h2(X)(ℓ+(X)− ℓ−(X))2 does not change when X is replaced by −X , so:

E(h2(X)(ℓ+(X)− ℓ−(X))2) = E(h2(X))E((ℓ+(X)− ℓ−(X))2).

Now

E(h2(X)) = var(h(X)) = var(h(X)|G = 1) = 4var(X1|G = 1) = 4α(1− αa2)

and

E((ℓ+(X)− ℓ−(X))2) = var(ℓ+(X)− ℓ−(X)),

= var(ℓ+(X)− ℓ−(X)|G = 1),

= mvar(X5|G = 1) = mα(1− αc2)

so that

D(P ||P ′) ≤ 1024
mα2a2c2

(1− a)4
= 1024

α2a2b2

m(1− a)4
.

Now let t ≤ T2 with c2 = 1
1024 . Denoting by P t, P ′t the distributions of X(1), . . . , X(t) under the

respective parameters θ, θ′, we obtain D(P t||P ′t) = tD(P ||P ′) ≤ ln
(

1
4δ

)

. Since ||θ− θ′||∞ = 2a,
it follows from [Tsybakov, 2008, Theorem 2.2] that:

min
(

Pθ(||θ̂ − θ||∞ ≥ a),Pθ′(||θ̂ − θ′||∞ ≥ a)
)

≥ 1

4 exp(D(P t||P ′t))
≥ δ.

Since θ, θ′ ∈ Θa,b and a ≥ ǫ, we get

min
θ∈Θa,b

P

(

||θ̂ − θ||∞ ≥ ǫ
)

≥ δ.

�

2 Proof of Theorem 2

We use the following preliminary results.

A concentration inequality. Define:

||Ĉ − C||∞ = max
i,j:i6=j

|Ĉij − Cij |.

Lemma 2 We have:
(i) For all i = 1, . . . , n and all ε > 0,

P(|
∑

j 6=i

(Ĉij − Cij)| ≥ ε) ≤ 2 exp

(

− ε2α2t

30max(B(θ)2, n)

)

+ 2n exp

(

− tα2

8(n− 1)

)

.

(ii) For all j 6= i and all ε ∈ (0, 1),

P(|Ĉij − Cij | ≥ ε) ≤ 2 exp

(

−ε2α2t

120

)

+ 4 exp

(

− tα2

8

)

.

(iii) For all ε ∈ (0, 1),

P(||Ĉ − C||∞ ≥ ε) ≤ 3n2 exp

(

−ε2α2t

120

)

.
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Proof. We first prove (i). Let Z̄ =
∑

j 6=i(Ĉij − Cij), for some fixed i. The distribution of Z̄

is independent of G(1), ..., G(t) so we fix G(1) = ... = G(t) = 1 until the end of the proof.
Note that, given G(t) = 1, the random variables X1(t), ..., Xn(t) are independent, with respective
expectations θ1, ..., θn. Let U = (Uj(t))j,t be i.i.d Bernoulli random variables with E(Uj(t)) =
α and V = (Vj(t))j,t be independent random variables on {−1, 1} with E(Vj(t)) = θj . Then
(Xj(t))j,t has the same distribution as (Uj(t)Vj(t))j,t. Define:

Z(s) =
Ui(s)Uj(s)Vi(s)Vj(s)

Nj
,

with

Nj =

t
∑

s=1

Ui(s)Uj(s).

Observe that Z̄ has the same distribution as
∑t

s=1 Z(s).

Conditioning

Let us first condition on U . We denote by EU and PU the corresponding conditional expectation and
probability. We upper bound the cumulant generating function of Z(s). Consider s fixed and drop s
for clarity. Consider λ ∈ R and:

ln(EU (e
λZ |Vi)) = ln(EU (e

λUiVi

∑
j 6=i UjVj/Nj |Vi))

=
∑

j 6=i

ln(EU (e
λUiUjViVj/Nj |Vi))

≤
∑

j 6=i

ln(EU (e
λUiUjViθj/Nj+λ2UiUj/(2N

2
j )|Vi))

= λ2
∑

j 6=i

UiUj

2N2
j

+ ln(EU (e
λUiVi

∑
j 6=i

Ujθj/Nj |Vi)),

using the independence of V1, ..., Vn, and the fact that, if Y is a random variable with |Y | ≤ 1, then

ln(E(eλY )) ≤ λE(Y ) + λ2/2 by Hoeffding’s lemma. Taking expectation over Vi:

ln(EU (e
λUiVi

∑
j 6=i

Ujθj/Nj )) ≤ λ
∑

j 6=i

UiUjθiθj
Nj

+
λ2

2





∑

j 6=i

UiUjθj
Nj





2

,

where we have used Hoeffding’s lemma once again. Putting it together, we have proven:

ln(EU (e
λZ)) ≤ λ

∑

j 6=i

UiUjθiθj
Nj

+
λ2

2







∑

j 6=i

UiUj

N2
j

+





∑

j 6=i

UiUjθj
Nj





2





.

Define N = minj 6=i Nj , S =
∑t

s=1

(

∑

j 6=i Ui(s)Uj(s)θj

)2

and σ2 = (n−1)N+S
N2 . It is noted that

N , S and σ2 depend on (Uj(t))j,t but not on (Vj(t))j,t.

Using independence,

ln(EU (e
λZ̄)) =

t
∑

s=1

ln(EU (e
λZ(s))),

≤ λE(Z̄) +
λ2

2







∑

j 6=i

1

Nj
+

t
∑

s=1





∑

j 6=i

Ui(s)Uj(s)θj
Nj





2





,

≤ λE(Z̄) +
λ2σ2

2
,

where we used the fact that EU (Z̄) = E(Z̄) = θi
∑

j 6=i θj .
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Chernoff bound

We now derive a Chernoff bound for Z̄. For all ε > 0, we have

PU (Z̄ − E(Z̄) ≥ ε) ≤ min
λ≥0

e−λε
EU (e

λ(Z̄−E(Z̄))) ≤ min
λ≥0

e−λε+λ2σ2/2 = e−ε2/σ2

,

the minimum being attained for λ = 2ε/σ2.

Controlling the fluctuations of σ2

To remove the conditioning on U , so that we need to control the fluctuations of σ2, thus those of N
and S. First consider N . Since Nj is the sum of t independent Bernoulli variables with expectation

α2, we have by Lemma 3,

P(Nj ≤ α2t/2) ≤ e−
tα2

8 .

Using a union bound,

P(N ≤ α2t/2) ≤
∑

j 6=i

P(Nj ≤ α2t/2) ≤ (n− 1)e−
tα2

8 .

We turn to S. S is a sum of t positive independent variables bounded by (n− 1)2 with expectation

µ = E





∑

j 6=i

Ui(t)Uj(t)θj





2

= α2(αBi(θ)
2 + (1− α)

∑

j 6=i

θ2j ),

where Bi(θ) =
∑

j 6=i θj . We have µ ≤ µ̄ ≡ α2 max(Bi(θ)
2, n− 1). By Lemma 3,

P(S ≥ 2tµ̄) = P

(

S

(n− 1)2
≥ 2tµ̄

(n− 1)2

)

≤ exp

(

−tD

(

2µ̄

(n− 1)2
|| µ

(n− 1)2

))

≤ exp

(

−tD

(

2µ̄

(n− 1)2
|| µ̄

(n− 1)2

))

≤ e
− tµ̄

3(n−1)2

≤ e−
tα2

3(n−1) .

If both events S ≤ 2tµ̄ and N ≥ α2t/2 occur we have:

σ2 ≤ 2(n− 1)

α2t
+

8max(Bi(θ)
2, n− 1)

α2t
≤ 10max(Bi(θ)

2, n− 1)

α2t
.

Estimation Error

Finally,

P(Z̄ − E(Z̄) ≥ ε) ≤ P

(

Z̄ − E(Z̄) ≥ ε, σ2 ≤ 10max(Bi(θ)
2, n− 1)

α2t

)

+ P(N ≤ α2t/2) + P(S ≥ 2tµ̄)

≤ exp

(

− ε2α2t

10max(Bi(θ)2, n− 1)

)

+ (n− 1) exp

(

− tα2

8

)

+ exp

(

− tα2

3(n− 1)

)

≤ exp

(

− ε2α2t

10max(Bi(θ)2, n− 1)

)

+ n exp

(

− tα2

8(n− 1)

)

.

Doing the same reasoning for P(Z̄ − E(Z̄) ≤ −ε) yields

P(|Z̄ − E(Z̄)| ≥ ε) ≤ 2 exp

(

− ε2α2t

10max(Bi(θ)2, n− 1)

)

+ 2n exp

(

− tα2

8(n− 1)

)

.

Statement (i) then follows from the fact that max(Bi(θ)
2, n − 1) ≤ 3max(B(θ)2, n). Indeed,

max(Bi(θ)
2, n− 1) ≤ max(Bi(θ)

2, 3n), and if Bi(θ) ≥
√
3n ≥ 3,

Bi(θ)
2

B(θ)2
≤ Bi(θ)

2

(Bi(θ)− 1)2
≤ 9

4
≤ 3.
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Statement (ii) is obtained by setting n = 2 in statement (i); statement (iii) follows from a union
bound over all pairs i, j of statement (ii), on observing that

P(|Ĉij − Cij | ≥ ε) ≤ 6 exp

(

−ε2α2t

120

)

.

�

Lemma 3 (Chernoff’s Inequality) Let Y1, ..., Yt be i.i.d. random variables on [0, 1] with expecta-
tion µ. Denote by D(µ′||µ) the Kullback Leibler divergence between two Bernoulli distribution with
parameters µ′ and µ.

(i) For all µ′ ≥ µ, P(
∑t

s=1 Ys ≥ tµ′) ≤ e−tD(µ′||µ).

(ii) For all µ′ ≤ µ, P(
∑t

s=1 Ys ≤ tµ′) ≤ e−tD(µ′||µ).

(iii) For all µ ≥ 0, D(2µ||µ) ≥ µ/2 and D(µ/2||µ) ≥ µ/8.

Estimation of absolute value. For all i 6= j 6= k, define

ρk(i, j) =

√

√

√

√

∣

∣

∣

∣

∣

ĈikĈjk

Ĉij

∣

∣

∣

∣

∣

.

Lemma 4 If ||Ĉ − C||∞ ≤ ε, then

|ρk(i, j)− |θk|| ≤ 10
ε

|Cij|
.

Proof. Without loss of generality, assume that |θi| ≥ |θj | so that |Cik| ≥ |Cjk|.
a) If ε ≥ |Cij |/2, the inequality holds since 10 ε

|Cij | ≥ 5 and |ρk(i, j)− |θk|| ≤ 2.

b) Assume ε ≥ Cij/2 and ε ≥ Cjk/2. Then

θk = Cjk/|θj | ≤ 2ε/|θj| ≤ 2ε/|Cij|.
Furthermore, |Ĉjk| ≤ |Cjk|+ ε , |Ĉik| ≤ |Cjk |+ ε and |Ĉij | ≥ |Cij | − ε ≥ |Cij |/2. So

ρk(i, j) ≤
√

2(|Cik|+ ε)(|Cjk|+ ε)/Cij =

√

2(|θk|+
ε

|θi|
)(|θk|+

ε

|θj |
)

≤ 2|θk|+ 2ε(
1

|θi|
+

1

|θi|
) ≤ 2|θk|+

4ε

|Cij |
and

|ρk(i, j)− |θk|| ≤ |ρk(i, j)|+ |θk| ≤ 3|θk|+
4ε

|Cij |
≤ 10

ε

|Cij |
.

c) Finally, let ε ≤ min(|Cij |, |Cik|, |Cjk|)/2. Define

∆ = |CikCjkĈij − ĈikĈjkCij |.
We have

∆ ≤ |CikCjk||Ĉij − Cij |+ |CijĈik||Ĉjk − Cjk|+ |CijCjk||Ĉik − Cik|,
≤ ε(|CikCjk|+ 2|CijCik|+ |CijCjk|).

Further,

|ρk(i, j)2 − θ2k| =
∆

|ĈijCij |
≤ 2∆

C2
ij

≤ 2ε

|Cij |
(θ2k + 2|θiθk|+ |θjθk|) ≤

8ε|θk|
|Cij |

.

Finally, ρk(i, j)
2 − θ2k = (ρk(i, j) + |θk|)(ρk(i, j)− |θk|), so that

||ρk(i, j)| − |θk|| ≤
|ρk(i, j)2 − θ2k|
ρk(i, j) + |θk|

≤ |ρk(i, j)2 − θ2k|
|θk|

≤ 8ε

|Cij |
.

�
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Lemma 5 If ||Ĉ − C||∞ ≤ ε, then

||θ̂k| − |θk|| ≤
20ε

A2(θ)
.

Proof. a) If ε ≥ A2(θ)/4,

||θ̂k| − |θk|| ≤ 2 ≤ 5 ≤ 20ε

A2(θ)

so that the inequality holds.

b) Consider ε ≤ A2(θ)/4. By definition, θ̂k = ρk(ik, jk). By assumption, there exists i, j 6= k such
that Ci,j ≥ A2(θ). Further:

|Cik,jk |+ ε ≥ |Ĉik ,jk | ≥ |Ĉi,j | ≥ |Ci,j | − ε ≥ A2(θ) − ε.

So Cik ,jk ≥ A2(θ) − 2ε ≥ A2(θ)/2. Using Lemma 4,

||θ̂k| − |θk|| = |ρk(ik, jk)− |θk|| ≤
10ε

Cikjk

≤ 20ε

A2(θ)
.

�

Sign estimation. We will use the following fact:

Fact 1 Let u, v ∈ R
n and define ǫ = maxi |ui − vi|, ū = maxi |ui|, i∗ ∈ argmaxi |vi|. If ǫ ≤ ū/4

then (i) sign(vi∗) = sign(ui∗) and (ii) |ui∗ | ≥ ū/2.

Proof. (i) We proceed by contradiction. Assume that sign(ui∗) 6= sign(vi∗). Since i∗ ∈
argmaxi |vi|, we have |vi∗ | ≥ ū − ǫ. On the other hand, since sign(ui∗) 6= sign(vi∗), |vj | ≤ ǫ.
Hence 2ǫ ≥ ū, a contradiction.

(ii) We have |ui∗ | ≥ vi∗ − ǫ ≥ maxi |vi| − ǫ ≥ ū− 2ǫ ≥ ū/2. �

In the rest of the proof, we define φ = maxi |θi|.

Lemma 6 Assume that ||Ĉ − C||∞ ≤ ε ≤ A2(θ)
2 . Then for all k = 1, . . . , n,

|θ̂2k − θ2k| ≤
8εφ2

A2(θ)
.

Proof. We have

|ρk(i, j)2 − θ2k| =
∆

|ĈijCij |
,

with
∆ = |CikCjkĈij − ĈikĈjkCij |.

Now,

∆ ≤ |CikCjk||Ĉij − Cij |+ |CijĈik||Ĉjk − Cjk|+ |CijCjk||Ĉik − Cik|,
≤ ε(|CikCjk|+ |CijĈik|+ |CijCjk|),

since ||Ĉ −C||∞ ≤ ε. We have |Ĉik| ≤ |Cik + ε| ≤ φ2 + ε ≤ 2φ2, since φ2 ≥ A2(θ) ≥ ε. Further,
using the fact that |CikCjk| ≤ φ2|Cij |, we get |CijCjk| ≤ φ2|Cij |. Replacing, we obtain

∆ ≤ 4φ2ε|Cij |
and

|ρk(i, j)2 − θ2k| =
4φ2ε

|Ĉij |
.

We have
max
i,j 6=k

|Ĉij | ≥ max
i,j 6=k

|Cij | − ε ≥ A2(θ)−A2(θ)/2 = A2(θ)/2.

Setting (i, j) ∈ argmaxi,j 6=k |Ĉij |, we get the announced result. �
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Estimation error. We can now control the estimation error.

Lemma 7 Assume that ||Ĉ − C||∞ ≤ ε ≤ A2(θ)min(12 ,
B(θ)
64 ) and maxi |

∑

j 6=i Ĉij − Cij | ≤
A(θ)B(θ)

8 . Then

(i) sign(θ̂k∗) = sign(θk∗),

(ii) for all i such that |θi| ≥ 2ε
A(θ) , sign(θ̂i) = sign(θi),

(iii) ||θ̂ − θ||∞ ≤ 24ε
A2(θ) .

Proof. (i) Let ui = θ2i +
∑

j 6=i Cij = θiB(θ) and vi = θ̂2i +
∑

j 6=i Ĉij . We have

|ui − vi| ≤ |θ̂2i − θ2i |+ |
∑

j 6=i

(Ĉij − Cij)|.

Using Lemma 6,

|θ̂2i − θ2i | ≤ min

(

φ2B(θ)

8
, 4φ2

)

≤ φ2B(θ)

8
≤ φB(θ)

8
.

Further, since A(θ) ≤ φ,

|
∑

j 6=i

(Ĉij − Cij)| ≤
φB(θ)

8
.

So, for all i,

|ui − vi| ≤
φB(θ)

4
=

maxi |ui|
4

.

Applying Fact 1 statement (i) ensures that sign(θ̂k∗) = sign(θk∗).

(ii) Fact 1 statement (ii) gives |θk∗ |B(θ) ≥ φB(θ)
2 , so that |θk∗ | ≥ φ/2 ≥ A(θ)/2. Consider i 6= k∗

and |θi| ≥ 2ε/A(θ). We have |Cik∗ | = |θi||θk∗ | ≥ ε since |θk∗ | ≥ A(θ)/2. Since |Ĉik∗−Cik∗ | ≤ ε,

we have sign(Ĉik∗) = sign(Cik∗). So sign(θ̂i) = sign(θi) which proves the second claim.

(iii) We have:

|θ̂i − θi| ≤ ||θ̂i| − |θi||+ 2|θi|1{sign(θi) 6= sign(θ̂i)} ≤ 20ε

A2(θ)
+

4ε

A(θ)
≤ 24ε

A2(θ)
.

where we applied the previous statement and Lemma 5. �

Proof of Theorem 2. Let θ ∈ Θa,b, ǫ ∈ (0,min(b/3, 1)) and assume that the following two events
occur:

{

||Ĉ − C||∞ ≤ ǫA2(θ)

24

}

and







max
i=1,...,n

∣

∣

∣

∑

j 6=i

(Ĉij − Cij)
∣

∣

∣ ≤ A(θ)B(θ)

8







.

We may readily check that

ǫA2(θ)

24
≤ A2(θ)

24
min

(

b

3
, 1

)

≤ A2(θ)

24
min

(

B(θ)

3
, 1

)

≤ A2(θ)min

(

B(θ)

64
,
1

2

)

.

Thus Lemma 7 guarantees that ||θ̂ − θ||∞ ≤ ǫ. By a union bound,

P(||θ̂ − θ||∞ ≥ ǫ) ≤ P

(

||Ĉ − C||∞ ≥ ǫA2(θ)

24

)

+

n
∑

i=1

P





∣

∣

∣

∑

j 6=i

(Ĉij − Cij)
∣

∣

∣ ≥ A(θ)B(θ)

8



 .

Now let t ≥ max(T ′
1, T

′
2) with c′1 = 120× 242 and c′2 = 30× 82. Applying Lemma 2,

P

(

||Ĉ − C||∞ ≥ ǫA2(θ)

24

)

≤ 3n2 exp

(

− ǫ2A4(θ)α2t

120× 242

)

≤ δ

2
.
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Applying Lemma 2 once again, we get

P





∣

∣

∣

∑

j 6=i

(Ĉij − Cij)
∣

∣

∣ ≥ A(θ)B(θ)

8



 ≤ 2 exp

(

− A(θ)2B(θ)2α2t

30× 82 max (B(θ)2, n)

)

+2n exp

(

− tα2

8(n− 1)

)

.

Since
A(θ)2B(θ)2α2t

30× 82 max(B(θ)2, n)
≥ a2α2t

30× 82
max

(

1,
b2

n

)

≥ ln

(

4n2

δ

)

and
tα2

8(n− 1)
≥ ln

(

4n2

δ

)

,

we get

P





∣

∣

∣

∑

j 6=i

(Ĉij − Cij)
∣

∣

∣ ≥ A(θ)B(θ)

8



 ≤ δ

n2
,

and summing we get P(||θ̂ − θ||∞ ≥ ǫ) ≤ δ as announced. �

3 Upper bounds: relation with prior work

Consider n ≥ 5, a = 1/2 , b =
√
n−4
2 and θ = (a,−a, a,−a, b

n−4 , ...,
b

n−4 ). We have maxi |θi| ≤
1
2 .

For Theorem 4 of Zhang et al. [2014] to hold, one requires the following inequality to be satisfied:

n ≥ c4
ln(tn/δ)

D

where c4 > 0 is a universal constant and:

D =
1

n

n
∑

i=1

KL

(

1 + θi
2

,
1− θi

2

)

,

where KL(p, q) denotes the Kullback-Leibler divergence between Bernoulli distributions with pa-

rameters p and q. From inequality ln(z) ≤ z − 1, we have KL(p, q) ≤ (p−q)2

q(1−q) for all p, q in (0, 1).

Since maxi |θi| ≤ 1/2 we get:

D ≤ 16

3n

n
∑

i=1

θ2i =
20

3n
.

Therefore n must satisfy n ≥ c4(3n/20) ln(tn/δ) and there can exist no such n when t or 1/δ are
sufficiently large.
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