Supplementary Materials for
“Solving Random Systems of Quadratic Equations via
Truncated Generalized Gradient Flow”

G. Wang*' and G. B. Giannakis*

* ECE Dept. and Digital Tech. Center
University of Minnesota
Minneapolis, MN 55455, USA
T School of Automation
Beijing Institute of Technology
Beijing 100081, China
{gangwang, georgios}@umn.edu

October 24, 2016

1 Algorithm and main theorem

For convenience of presentation, we begin with repeating our model and main assumptions: Consider
the noise-free real Gaussian model

wi:|a’irm|a ZG[m] = {la 27"'7m} (1)

where & € R™ is the wanted unknown, and {a;}, are drawn independently and identically from the
n-dimensional real Gaussian distribution, i.e., a; € R ~ N(0, I,,). For notational brevity, define
A:=la; - -am]T, =[P - z/Jm]T, andy :=[y; - ym]T, where y; := 12 stands for the squared
magnitudes or intensity. Assume that the quadratic system admits a unique solution, which indeed
holds true as long as m > 2n — 1 generic measurements are taken [I]. Throughout the subsequent
analysis, fix & to be any solution of the given system in . Note that if x satisfies the system in ,
so does —x; i.e., the solution set for real-valued models becomes {@, —x}. Our theoretical analysis
focuses on x, rather than —x. Introduce the notion of Euclidean distance of any estimate z to
the solution set: dist(z, ) := min ||z + @ for real signals; and dist(z, &) := minge[p 2n) ||z — ze™?||
for complex ones [2]. For concreteness, our results focus on real-valued models, define also the
unrecoverable global phase factor for real-valued signals [2]

¢(z) = { 0, ”Z - :I:|| < ||Z+£BH (2>

w, otherwise.

Henceforth, we always presume ¢ (z) = 0; otherwise, z is replaced by e™J #(2) 2 but for simplicity of
presentation, the constant phase adaptation term is dropped whenever it is clear from the context [3].
Algorithm [T) and Theorem [I] are repeated next.



Algorithm 1 Truncated generalized gradient flow (TGGF) solver

1: Input: Data {¢;}2, and features {a;}"; maximum iterations T'; by default, set constant step
size 11 = 0.6/1 for real/complex-valued models, thresholds |Zo| = [£m] nd v=0.7.

2. Evaluate v;/||a;|, i =1, ..., m, and find Z, comprising indices associated with the |Z,| largest
(Wi/llail])’s. B
3: Initialize zy to \/221 wf/mim where z; is the unit leading eigenvector of Yy :=

1 _ a.a;
7] 2icTo Taill®”

4: Loop: fort=0to T —1
T
i a; z;
Zi41 = 2 — — E a;rzt*%% a;
m ’ai zt|
1€Ly41

where 7,11 = {1 <i1<m “afzt| > ﬁd’i }
5: Qutput: zr

Theorem 1. [J] Let © € R"™ be an arbitrary signal, and consider (noise-free) measurements ; =
la] x|, in which a; i (0, I,), 1 < i < m. Then with probability at least 1 —(m-+5)e™"/2 —e=c0™ —
1/n? for some universal constant co > 0, the initialization zo returned by the orthogonality-promoting
method in Algorithm 1] satisfies

dist(zo, ) < p ||| (3)

with p = 1/10 (or any sufficiently small positive constant), provided that m > c1|Iy| > con for some
numerical constants c1, ca > 0 and sufficiently large n. Further, choosing a constant step size p < pg
along with a fixed truncation level v > 1/2, and starting from any guess zg satisfying , successive
estimates of the TGGF algorithm (tabulated in Algorithm obey

dist (zp, ) < p(1—v)' x|, Vt =1, 2, ... (4)

for some 0 < v < 1, which holds with probability exceeding 1 — (m +5)e™™/2 —8e~%™ —1/n2. Typical
parameter values are p = 0.6, and v = 0.7.

2 Proofs

To prove Theorem [I} this section establishes a few lemmas and the main ideas, while technical
details are deferred to the Appendix. Relative to WF and TWF, our objective function involves
nonsmoothness and nonconvexity, rendering the proof of exact recovery of TGGF nontrivial. In
addition, our initialization method starts from a rather different perspective than the spectral
alternatives, so the thoughts and tools involved in proving performance of our initialization deviate
from those of the spectral methods [5l 2 [3]. Part of the proof is adapted from [2, 3] and [6].

The proof of Theorem [I] consists of two parts: Section [2.1] justifies the performance of the proposed
orthogonality-promoting initialization, which essentially achieves any given constant relative error
as soon as the number of equations is on the order of the number of unknowns, namely, m = nE|

2The notations ¢(n) = O(g(n)) or ¢(n) > g(n) (respectively, ¢p(n) < g(n)) means there exists a numerical constant
¢ > 0 such that ¢(n) < cg(n), while ¢(n) < g(n) means ¢(n) and g(n) are orderwise equivalent.



Section demonstrates theoretical convergence of TGGF to the solution of the quadratic system
in at a geometric rate provided that the initial estimate has a sufficiently small constant relative
error as in (3). The two stages of TGGF can be performed independently, meaning that other
better initialization methods, if available, could be adopted to initialize our truncated generalized
gradient iterations; likewise, our initialization method can also be applied to initialize other iterative
optimization algorithms.

2.1 Constant Relative Error by Orthogonality-promoting Initialization

This section concentrates on proving guaranteed performance of the proposed orthogonality-promoting
initialization method, as asserted in the following proposition.

Proposition 1. Fiz x € R" arbitrarily, and consider the noiseless case ; = |az7_:13\, where a; Pl
N(0, I,,), 1 <i < m. Then with probability at least 1 — (m 4 5)e™"/2 —e~%™ — 1/n? for some
universal constant cq > 0, the initialization zy returned by the orthogonality-promoting method
satisfies

dist(zo, @) < p ] (5)

for p=1/10 or any positive constant, with the proviso that m > ci|Iy| > can for some numerical
constants c1, co > 0 and sufficiently large n.

Due to homogeneity in (), it suffices to work with the case where ||| = 1. Assume for the
moment that ||| = 1 is known and zg has been scaled such that ||zo| = 1. Subsequently, the

error between the employed @’s norm estimate /= > | y; and the unknown norm |z = 1 will

be accounted for at the end of this Section. Instrumental in proving Proposition [1]is the following
result, whose proof is deferred to Appendix

Lemma 1. Consider the noiseless data 1; = |a] x|, where a; sE- N(0, I,), 1 <i<m. For any

unit vector x € R", there exists a vector u € R™ with u”x = 0 and ||u|| = 1 such that
1 T T2 ||S'0“H2
—|lzx’ — 202 < 6
2 H 0<0 ||F — H50$||2 ( )

for zg = 2o, where the unit vector zy is given by

2y := arg “mHaX 2TY,z (7)
z||=1
with Yy = l%—lgggo, and Sy is formed by removing the rows of S := [a1/ |lai]| -+ am/||aml ]T €
0

R™X" if their indices do not belong to the set Iy specified in Algorithm .

We now turn to prove Proposition Il The first step consists in upper-bounding the term on the
right-hand-side of @ Specifically, its numerator term will be upper bounded, and the denominator
term lower bounded, which are summarized in Lemma 2] and Lemma [3] whose proofs can be found in

Appendix [A72] and Appendix [A-3] respectively.
Lemma 2. In the setup of Lemma if |Zo| > ¢in, then the next

[Sou||* < 1.01|Zo|/n (8)

holds with probability at least 1 — 2e~°K™  where ¢, and cx are some universal constants.



Lemma 3. In the setup of Lemma the following holds with probability at least 1 — (m + 1)6*"/2 -
e~com —1/n?,
0.99|Z,|

[Soa|* = =532 [1+1og (m/ o] | 9)

provided that |To| > ¢in, m > c4|To|, and m > cyn for some absolute constants cy, cy, ¢y > 0, and
sufficiently large n.

Therefore, putting the upper and lower bounds in and @ together, one arrives at

|Soul|” B 2.4
[Soz|* ~ 1+ log (m/|Zo|)

1>

K (10)

which holds with probability at least 1—(m+43)e™/2 —e~%™ —1/n?, with the proviso that m > ¢} |Zo|,
and m > chn, |Zo| > chn for some absolute constants ¢, c, ¢4 > 0, and sufficiently large n.
Apparently, the bound & in is meaningful only when the ratio log(m/|Zs|) > 14, i.e.,
m/|Zo| > 4, because the left hand side expressible in terms of sin? @ enjoys a trivial upper bound 1.
Henceforth, we will work with the case where m/|Zy| > 4. Empirically, |m/|Zo|] = 6 or equivalently
|Zo| = [¢m] in Algorithm |1/ works well when m/n is relatively small. Note further that the bound

can be made arbitrarily small by letting m/|Zy| be large enough. Without any loss of generality, let
us take k := 0.001. An additional step leads to the wanted bound on the distance between zy and x;
similar arguments can be found in [2 Section 7.8]. Recall that

|27 202 = cos?0 =1 —sin® 0 > 1 — &, (11)
so one has

dist? (20, @) < %ol + 2]’ — 207 2
< (2-2vT=5) [l
2
~ (12)

Coming back to the case in which ||z is unknown stated prior to Lemma [T} the unit eigenvector
%o is scaled by the estimate of ||| to yield the initial guess zo = /-1 3™ y;Z. Using the results
in Lemma 7.8 in [2], the following holds with high probability

120 = 2ol = [l[z0l] — 1] < (1/20) ||| . (13)
Summarizing the two inequalities, we conclude that
dist(zo, ) < ||zo — Zo|| + dist(Zo, ) < (1/10) ||z . (14)

The initialization thus obeys dist(zo, «)/||z| < 1/10 for any € R™ with high probability provided
that m > 01|f0| > con holds for some universal constants ¢y, co > 0 and sufficiently large n.

2.2 Exact Recovery from Noiseless Data

We now prove that with accurate enough initial estimates, TGGF converges at a geometric rate
to @ with high probability (i.e., the second part of Theorem . To be specific, with initialization



obeying in Proposition [I}, TGGF reconstructs the solution x exactly in linear time. In this
direction, it suffices to demonstrate that the TGGF’s update rule (i.e., Step 4 in Algorithm
is locally contractive within a sufficiently small neighborhood of x, as asserted in the following
proposition.

Proposition 2 (Local error contraction). Consider the noise-free measurements v; = |az-7—m| with
i.i.d. Gaussian design vectors a; ~ N (0, I,), 1 < i < m, and fix any v > 1/2. Then there erist
universal constants cg, ¢c; > 0 and 0 < v < 1 such that with probability at least 1 — Te=“™  the
following holds

dist? (z + %Vﬁtr(z), m) < (1 —v)dist® (z, x) (15)

for all ¢, z € R™ obeying the condition for sufficiently small p > 0 with the proviso that m > cin
and that the constant step size p satisfying 0 < p < pg for some py > 0.

Proposition [2| demonstrates that the distance of TGGF’s successive iterates to  is monotonically
decreasing once the algorithm enters a small-size neighborhood around z. This neighborhood is
commonly referred to as the basin of attraction; see further discussions in [2, [7, [3]. In other words,
as soon as one lands within the basin of attraction, TGGF’s iterates remain in this region and will
be attracted to & exponentially fast. To substantiate Proposition |2} recall the concept of the local
regularity condition, which was first developed in [2] and plays a fundamental role in establishing linear
convergence to global optimum of nonconvex optimization approaches such as WF/TWF [2, [7, [3].
Now consider the update rule of TGGF

Ziy1 = 2t — %Vftr(zt)y vt >0, (16)

where the truncated gradient V4, (z;) (See Remark 1 in [8] for more discussion) evaluated at some
point z; € R™ is given by

1 a1 al z
—Vla(z) = — > (a;rzt — i : ) a;.

i€z laf 2|

The truncated gradient V¢, (2) is said to satisfy the local regularity condition, or LRC(u, A, €) for
some constant A > 0, provided that
2
1 1% 1 A 2
= > B 2 1
(vtut) b) = 5| Lve)| + 5 nl ")
holds for all z € R™ such that ||h|| = ||z — | < €||z|| for some constant 0 < € < 1, where the ball

|z — || < ellz| is the so-called basin of attraction. Simple linear algebra along with the regularity
condition in leads to

dist? (z - %Vﬁtr(z),m) = Hz - %Vﬁtr(z) B xH2

1 2
— 1?20 {1 290 ) + [0t (18)
p 1 ?
< ||h||* = 2=
< | 2u<2Hmwm<z>

+5 ||h||2> +[Even@)|

= (1= ) [R]]? = (1 - M) dist®(z, @) (19)

for all z obeying |h|| < €||x|. Clearly, if the LRC(u, A, €) is proved for TGGF, our goal follows
upon letting v := Ap.



2.2.1 Proof of the local regularity condition in ((17)

By definition, justifying the local regularity condition in ([17]) entails controlling the norm of the
truncated gradient L V/,(2), i.e., bounding the last term in (I8). Recall that

1 1 al z Al

— Vi (2) = — al z — 1 —2 a; = —Av 20

m t() mzezz<z ¢|al7-zy> m ( )
where Z = {1 < i < mlla]z| > |a]z|/(1+7)}, and v := [v; -+ vy]T € R™ with v; :=
al 2 .
|a:Tz| (|al7—z| - z/;i) 1{\ajz\2\ajm\/(1+y)}' Now, consider

2
oil? = |(|a7 2| = a7 ) L arsisiazayaany| < a7zl = [aT||” <|aTh[* = a2, [R)P, (21

where h = z — x. Observe that ail obeys the Chi-square distribution with &k = 1 degrees of freedom;
yet due to our working assumption |la;| < v/2.3n, it has mean E[a7 ;] < k = 1. So fixing any
0<d <1and apg)lying the one-sided Bernstein-type inequality, the following holds with probability
at least 1 — e~ /2 [9, Proposition 5.16]

m m
Il =" vf <Y af llhl® < (1+8)m|h>. (22)
i=1 =1

On the other hand, standard matrix concentration results confirm that the largest singular value of
A=la; - a]” withiid. Gaussian {a;} satisfies o1 := ||A| < (1+§")y/m for some §” > 0 with
probability exceeding 1 — 2e~°°"" as soon as m > cin for sufficiently large ¢; > 0, where ¢; > 0 is a
universal constant depending on ¢” [9, Remark 5.25]. Putting together (20), (21)), and yields

1 1
Hmw“(z) < — [l A]-floll < 1+ )1+ 0" IAll < (L+0)* [|All, 0= max{d",6"}  (23)

which holds with high probability. This condition essentially asserts that the truncated gradient of
the objective function £(z) or the search direction is well behaved (the function value does not vary
too much).

Notice that to prove the LRC, it suffices to show that the truncated gradient %Vﬂtr(z) ensures
sufficient descent, i.e., it obeys a uniform lower bound along the search direction h taking the form

(29he(2). 1) 2 ]2 (24)

which occupies the remaining of this section. Formally, this can be stated as follows.

Proposition 3. Consider the noiseless measurements 1; = |al7—:1:| and fir any sufficiently small
constant € > 0. There exist universal constants cg, c1 > 0 such that if m > cin, then the following
holds with probability exceeding 1 — 4e~ %™

(h e ¥6u(2)) 220G - o - 20) 0] (25)

for all x, z € R™ such that |k|| / ||z]] < p for 0 < p <1/10 and any fized v > 1/2.



Figure 1: The geometric understanding of the proposed truncation rule on the i-th gradient component
involving a] = 1;, where the red dot denotes the solution x and the black one is the origin.
Hyperplanes a] z = ¢; and a] z = 0 (of z € R") passing through points z = x and z = 0,

respectively, are shown.

Lemma 4. Fiz any v > 0. For each i € [m], define the following events

-
(k)
T
D, = { :ZTZ}’ > m} (27)
T T
and ;= {;?; ;?2} (28)
where h = z — x. Under the condition ||k|| / ||z|| < p, the following inclusion holds
&ENK; CD;. (29)

Proof. From Fig. |1} it is clear that if z € ¢2, then the sign of a/ z will be different than that

-

of al . The region ¢2, however, can be specified by the conditions that |a = a;z| and
Th

% >14 1+v = ﬁjy Under our initialization condition ||kl /||x|| < p, it is self-evident that D;

describes two spherical caps that contain £2. Hence, it holds that & NK; = ¢2 C D;. O

Rewrite the truncated gradient as

1
QmV&r(z):Z(a z—‘a sc‘| )
al z a

T RS ! T
po— Zaiai hlg, — - Z <|aTz| |aTw|> ’a w’ a;lg,. (30)
i=1 i=1 i




Using the definitions and properties in Lemma [4] one further arrives at

1 1 &« 2 2 &
CACOIEE > (alm)* e 3 a7 o] laT B e,
1 m 9 2 m
> — (a?h) 1gi - — ’aZ—w’ ’a?h’ 1Di
1 & 2 1+ 2 & 2
> (alh) e, —72+7-E2(az—h) 1p, (31)

i=1

where the last inequality arises from the property ‘a?m‘ < ;i—'WV ’afh| by the definition of D;.
Proving the regularity condition boils down to lower bounding the right-hand side of ,
specifically, to lower bounding the first term and to upper bounding the second one. Apparently,
the first term approximately gives Hh||2 by the SLLN as long as our truncation procedure does not
eliminate too many generalized gradient components (i.e., summands in the first term). Regarding
the second, one would expect its contribution to be small under our initialization condition in
and as the relative error ||h|| /||| decreases. Specifically, under our initialization, D; is provably a
rare event, thus eliminating the possibility of the second term exerting a noticeable influence on the
first term. Rigorous analyses concerning the two terms are elaborated in Lemma [5] and Lemma [6]

whose proofs can be found in Appendix [A.4] and Appendix respectively.

Lemma 5. Fiz v > 1/2 and p < 1/10, and let & be defined in . For independent random
variables W ~ N(0, 1) and Z ~ N(0, 1), set

=1 s El|1l _ )E Z21 ~ . 39
) mm{ {{'Wlﬁ] { {ls5e+ 12505 ]} 32)

Then for any € > 0 and any vector h obeying ||h|| / ||z| < p, the following holds with probability
exceeding 1 — 2e—cse’m

alh)’1e > (1—G —e) ||, (33)

3|~
|'M

provided that m > (cg - € 2loge~1)n for some universal constants cs, cg > 0.

To have a sense of how large the quantities involved in are, when v = 0.7 and p = 1/10, it holds

p(1+7) P p(1+7)

Having derived a lower bound for the first term in the right-hand side of , it remains to deal
with the second one.

E 1{\%”+%|2 STt } ~ 0.92, and E [Z21{|1_p+vg|> VIOt } ~ 0.99, hence leading to (; ~ 0.08.

Lemma 6. Fiz v > 0 and p < 1/10, and let D; be defined in . For any constant € > 0, there
exists some universal constants cs, cg > 0 such that

m

LS (@Th)* 10, < (¢ + ) P (31)
=1

holds with probability at least 1 — 2e—csem provided that m/n > (66 e 2log e’l) for some universal
constants cs, cg > 0, where ¢4 = 1.37851/p7/(0.9972 — p2) with 7 := (2+7)/(1 + 7).




With our TGGF default parameters p = 1/10 and v = 0.7, we have ¢} ~ 0.3483. Taking results
in , , and together, choosing m/n exceeding some sufficiently large constant such that
co < cse?, and denoting (o == ¢4(1 +v)/(2 + 7), then with probability exceeding 1 — 4e=%™ the
following

<h, Qinvgtr(z)> > (1—=¢C— G —2¢) Hh”2 (35)

holds for all & and z such that ||h|| /||z|] < p for 0 < p < 1/10 and any fixed v > 1/2. This combining
with and (|19)) proves Proposition |2| for appropriately chosen > 0 and A > 0.
To conclude this section, an estimate for the working step size is provided next. To be specific,

plugging the results in and into suggests that
dist? (= - %V@tr(z),a:) — b))% - 24 <h = V(2 > + H Ve ( H (36)
<{1—p[4(1—& —&—20) = p(1+3)"]} ||
21 -v)|h|?. (37)
Taking € and ¢ to be sufficiently small, one obtains the feasible range of the step size for TGGF
4(099-& — &) o

thus concluding the proof of Theorem [I]
A Proof details
By homogeneity, it suffices to work with the case where ||z| = 1.

A.1 Proof of Lemma [1]
It is easy to check that

1 1 1, -
5 lea” ~ 227 | = Slol + 1ol o7 5
—1— |27z
=1—cos?d (39)

where 0 < 6 < 7 is the angle between the spaces spanned by ® and Z;. Then one can write
x = cosf 2y + sin 6 25, (40)

where Z3- € R™ is a unit vector that is orthogonal to Zy and has a nonnegative inner product with x.
Likewise, one can express
xt = —sinf 2y + cos b zy, (41)
in which £+ € R" is a unit vector orthogonal to x.
Since zg is the solution to the maximum eigenvalue problem

%0 :=arg max 2z’ Ypz (42)

|z[|=1



for Yy := l%—lgggg, it is the leading eigenvector of Yy, i.e., YyZo = A1 2o, where \; > 0 is the largest
0

eigenvalue of Y. Premultiplying and by So yields

Sox = cosf SpZy +sin 0 Sz, (43a)
Soxt = —sinf Spzo + cos 0 Spz;-. (43b)
Pythagoras’ relationship now gives
IS0/ = cos? 6| Sozo||” + sin? ]| Sz ||, (44a)
|Soz || = sin?6]|Sozo||* + cos? 0| Sz ||, (44b)

where the cross-terms vanish because 2] S Sozi- = |Zo|2] Yozs = M|Zo|2] 25 = 0 following from
the definition of zg .
We next construct the following expression

sin? ¢9||S'0:c||2 — ||S‘09al||2
= sin? 6 cos? 9“5’020"2 + sin* HHS'O,%OLHQ — sin? 9H.§020H2 — cos? GHS’QEOL

= sin? 0 ((cos? 0]|SoZo||” — | Soo|” + sin? 0] Sozg-||”) — cos? 0] S|

I

— sin® 0(||Soze-||” — || SoZo||*) — cos? 0| Sozs ||’

<0

where S7 Sy = 0, 5o ||SoZg-||? — ||SoZo|? < 0 holds for any unit vector Z3- € R™ arising from the fact
that zp maximizes the term in , hence yielding

| Soz |

sin?6 =1 —cos?9 < == >
| Soz|

(45)
Upon letting w = at, the last inequality taken together with concludes the proof of @

A.2 Proof of Lemma 2

Recall that rows in Sy € RIZo/*" hereafter denoted by s] € R1*™ Vi € [|Z|], are drawn uniformly
on the unit sphere. The uniformly spherical distribution is rotationally invariant, so it suffices to
prove the results in the case where = e; with e; being the first canonical vector in R™. Indeed,
any unit vector & can be expressed as & = Ue; for some orthogonal transformation U € R**™. To
see this, consider the following [10]

(s, )" = [(si, Uen)” = [(UT si,e1)|* £ |(si, e1) [, (46)

where % means terms involved on both sides of the equality have the same distribution. Thus, the
problem of finding any unit-normed « is equivalent to that of finding e;. Henceforth, we assume
without any loss of generality that x = e;.

Considering a unit vector £ such that 7 z+ = e] z+ = 0, there exists a unit vector d € R"~!

such that z+ = [0 d7]”. So it holds that

Sz = [[Solo a”

7| = ap, (a7)

10



where F € R%o/x(n=1) i5 obtained through deleting the first column in Sy, denoted by 3’0,1, ie.,

Sy = [5‘0,1 F} Letting F := [f1 f\fol]T’ one can readily write s; = [si,l fiT]T, Vi €
[1Zo]] := {1,...,]|Zo|}- Uniformly spherically distributed s; € R™ has statistics E[s;] = 0, and
Elsis]] = LI, [11]. Leveraging the linearity of expectation operator, one arrives at
E[si] = E [Sfl} _ {EE[ffﬂ — 0, Vi (48)
to yield
E[f:] =0, Vi. (49)
A similar argument holds for the second-order moment
2 L fT
E[sisl] = [ Ei[lelf]ﬁ Eéf}zlff%]] ] - %Im vi (50)
leading to
E[fif]] :% 1, Vi. (51)

Recall that a random vector z € R™ is said to be isotropic if it has zero-mean and identity
covariance matrix [9, Definition 5.19]. Then recognize, from and , that a proper scaling of
fi renders v/nf; isotropic. Further, it is known that a spherical random vector is subgaussian, and
its subgaussian norm is bounded by an absolute constant [9]. Indeed, this comes from the following
geometric argument: using rotational invariance of the uniform spherical distribution S*~! in R",
it holds that, given any € > 0, the spherical cap {s; € S"!: s;1 > €} consists of at most e—e’n/2
proportion of the total area on the sphere. A similar argument carries over to f;, and thus, f; is
subgaussian as well.

Standard concentration inequalities on the sum of random positive semi-definite matrices composed
of independent isotropic subgaussian rows [0, Remark 5.40] confirm that

L

—— (VaF)" (VaF) — L|| < o ||| (52)
|Zo|

holds with probability at least 1 —2e~°5" as long as |Zo|/n is sufficiently large, where ¢ is a numerical
constant that can take arbitrarily small values and cx > 0 is a universal constant. Without loss
of generality, let us work with o := 0.01 in , so for any unit vector d € R"™!, the following
inequality holds with probability at least 1 — 2e K™

2 4TFTFd - d"d| <0.01d7 d, (53)
|Zo|
or equivalently, _
|Fd|* = |d7 FT Fd| < 1.01|Zy| /n. (54)

Combining the last with , one readily concludes that
[Soz*||* < 1.01|Zo| /n (55)

holds with probability at least 1 — 2e~°%" provided that |Zy| / n exceeds some constant. Note that
ck depends on the maximum subgaussian norm of the rows of v/nF', and we assume without loss of

generality cx > 1/2. Hence, ||Sou||? in (6) is upper bounded simply by letting u = = in (55).

11



A.3 Proof of Lemma [3

We next pursue a meaningful lower bound for ||Sox||* in (). When = = ey, one has || Sox|*> =

|Soer||? = le@ll s7,. It is further worth mentioning that all squared entries of any spherical
random vector s; obey the Beta distribution with parameters a = 7 and 8 = ;, ie., sij ~
Beta(%, ”7_1) , Vi, j, [I1, Lemma 2]. Although they have closed-form probablhty density functions
(pdfs) that may facilitate deriving a wanted lower bound, we shall take another easier route detailed

as follows. A simple yet useful inequality is established first.

Lemma 7. Given m fractions obeying 1 > % > Z’—j > > ’q)—’" > 0, in which p;, ¢; > 0, Vi € [m],
the following holds for all 1 < k <m

‘ hS]

(56)

k k -

where py;) denotes the i-th largest one among {p;}i~,, and hence, q1 is the mazimum in {q;}i~,.

Proof. For any k € [m], according to the definition of g}, it holds that pj;) > pg; > - -+ > ppy, 50

z[[—i]] > % > > Z[’“ Considering g1 > ¢;, Vi € [m], and letting j; € [m] be the index such that
Pj; _ Pl . k Pi; __ k Pli k Pli

pj. = ppij» then i = # > H holds for any ¢ € [k]. Therefore, >~ ; i =>. # >3 q[[l}.

k m
Note that {p i } comprise a subset of terms in {%} On the other hand, according to our
= 1

aj; i:l i

assumption, Z is the largest among all sums of k£ summands; hence, ZZ 1 ql L > Zle %] yields

=1 q
ko pg ko pu
Yici =3 ‘IH concluding the proof. O

Without loss of generality and for simplicity of exposition, let us assume that indices of a;’s have
been re-ordered such that

2 2 2
ar az A1
5 > 5> > (57)
larl|” a2l llamll

|Io|

1=1

a?y/|la|[?, the next

task amounts to finding the sum of the |Zy| largest out of all m entities in . ). Applying the result

in Lemma [7| gives

where a; 1 denotes the first element of a;. Therefore, writing ||Spe; ||? = Z

o] a?, 1o a[Q,] |

7, 1,
D) —— (58)
i=1 ”a'l” i—1 MaXicm] ”al”

in which a[QZ.] , stands for the i-th largest entity in {a%l}zl

Observe that for i.i.d. random vectors a; ~ N(0,1I,), the property P(lla:|l> > 2.3n) < e /2
holds for large enough n (e.g., n > 20), which can be understood upon substituting £ := n/2 into the
following standard result [12) Lemma 1]

P (lail® —n = 21/ +2¢) < e, (59)

In addition, one readily concludes that P (max;c(y [la:|| < v2.3n) > 1—me~"/2. We will henceforth
build our subsequent proofs on this event without stating this explicitly each time encountering it.

12



Therefore, can be lower bounded by
IZol 2 |Zo| 2 |Zol

_ a’i, ai7
Bl =3 otz 2 3 T = S (50)

= llaill” = maxiep llail®

which holds with probability at least 1 —me~"/2. The task left for bounding ||Sx||? is to derive

a meaningful lower bound for Z|I1 a[zz] . Roughly speaking, because the ratio |Zg|/m is small,

g., |Zo|/m < 1/5, a trivial result consists of bounding (1/|Zo|) Z‘lzoll aj; , by its sample average

(1/m)>, a,[Qi],l. The latter can be bounded using its ensemble mean, i.e., E[a? ] = 1, Vi € [Zy], to
yield (1/m) Y, a[QZ] , > (1 —€)E[a?,] = 1 — ¢, which holds with high probability for some numerical
constant € > 0 [10, Lemma 3.1]. Therefore, one has a candidate lower bound Z‘Il a[l] L > (1=e) [Tyl
Nonetheless, this lower bound is in general too loose, and it contributes to a relatively large upper
bound on the wanted term in @

To obtain an alternative bound, let us examine first the typical size of the maximum in {a?,}"
Observe obviously that the modulus |a; 1| follows the half-normal distribution having the pdf

p(r) =+/2/m - e*’”2/27 r > 0, and it is easy to verify that
Ellai1]] = V2/7. (61)

Then integrating the pdf from 0 to +o0o yields the corresponding accumulative distribution func-
tion (cdf) expressible in terms of the error function P (|a; 1| > &) = 1 — erf (£/2), i.e., erf (§) :=
2/ fog ~m*dr. Appealing to a lower bound on the complimentary error function erfc (&) :=1—erf (§)
from [I3, Theorem 2], one establishes that P (Ja; 1| > §) =1 — erf (£/2) > (3/5)e™ ¢/2. Additionally,
direct application of probability theory and Taylor expansion confirms that

P(g% lai1| >€) =1~ [P(lai1] <™

>1-(1- O.6e’§2/2)m

£2/2

> 1— efo.Gmc’ (62)
Choosing now ¢ := /2logn leads to
P( max lai1]| > v/2logn) > 1 —e 00m/" > 1 o(1) (63)
e|m

which holds with the proviso that m/n is large enough, and the symbol o(1) represents a small constant
probability. Thus, provided that m/n exceeds some large constant, the event mMax;em) af,l > 2logn

occurs with high probability. Hence, one may expect a tighter lower bound than (1 — €q)|Zo|, which
is on the same order of m under the assumption that |Zo|/m is about a constant.

Although a?,l obeys the Chi-square distribution with & = 1 degrees of freedom, its cdf is rather
complicated and does not admit a nice closed-form expression. A small trick is hence taken in the
sequel. Postulate without loss of generality that both m and |Z| are even. Grouping two consecutive
a[Zi]yl’s together, introduce a new variable ¥[i] := a[Q%_l],1 + a[22k],1, Vk € [m/2], hence yielding a
sequence of ordered numbers, i.e., Iy = Jpg) = -+ = U2 > 0. Then, one can equivalently write

the wanted sum as
| Zo] |Zol/2

Zaz]lf Zﬁ (64)

13



On the other hand, for i.i.d. standard normal random variables {ai,l}?;p let us consider grouping
randomly two of them and denote the corresponding sum of their squares by i := a%i,l + a%jm
where k; # k; € [m], and k € [m/2]. It is self-evident that the x;’s are identically distributed obeying

the Chi-square distribution with & = 2 degrees of freedom, having the pdf

1 -
pr) = 2o 120 (65)
and the following complementary cdf (ccdf)
<1 .
P(xs = &) i= / S Hdr= =5, ve>o. (66)
£

Ordering all x;’s, summing the |Zy|/2 largest ones, and comparing the resultant sum with the one
in confirm that

Zo| /2 |Zol/2 |Zo| _
Soxw < Y, 9= atyy, VITo| € [ml. (67)
=1 =1 =1

Upon setting P(xx > &) = |Zp|/m, one obtains an estimate of X(Z,| /2 the (|Zo|/2)-th largest value
in {xx}1/? as follows
leol/Q :=2log (m/|Zy|). (68)

Furthermore, applying the Hoeffding-type inequality [9, Proposition 5.10] and leveraging the convexity
of the ccdf in , one readily establishes that

0 7lm§26_5 Tol/m)2
P<X\fo|/2 “XZ2 ” 5) S<ed (Lol/m)™ " e > 0. (69)

Taking without loss of generality & := 0.05)2|f0|/2 =0.1log (m/|f0|) gives

P(leow < 0.952@0‘/2) < ocom 70)

for some universal constants cg, ¢, > 0, and sufficiently large n such that |Zy|/m > ¢, > 0. The
remaining part in this section assumes that this event occurs.
Choosing & := 4logn and substituting this into the ccdf in leads to

P(x <4logn)=1—1/n% (71)

Notice that each summand in Z‘i[’ll/ 2 X[ = Z;.z/f xilg, is Chi-square distributed, and hence could

be unbounded, so we choose to work with the truncation 22/12 xilg,, where the 15 s are independent
copies of 1z, and 1z denotes the indicator function for the ensuing events

£ = {szﬁo‘/Q}ﬂ{Xﬁéllogn}. (72)

Apparently, it holds that ZE"I‘/ 2 X[i] = Z?i/f Xilg . One further establishes that

logn
E[ 1~]_ tloe - 7r/2d
xilg | := re r
l X\Zo1/2 2
= ()A(‘fo‘/Q + 2) e XiZo12/? _ (4logn + 2) e 2losn
2|Zo| = (4logn + 2)
= 20 1+ log (m/|To) | - 2= (73)
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The task of bounding Z‘i"l‘ a[gi] ; in now boils down to bounding 22/12 xilg, from its
expectation in . A convenient way to accomplish this is using the Bernstein inequality [9]
Proposition 5.16], that deals with bounded random variables. That also justifies the reason of

introducing the upper-bound truncation on x in . Specifically, let us define
Vi :=xilg — E [Xilgj , Viem/2]. (74)

Thus, {191-};7;/12 are 1.i.d. centered and bounded random variables following from the mean-subtraction
and the upper-bound truncation. Further, according to the ccdf and the definition of sub-

exponential random variables [9], Definition 5.13], the terms {191-};1/12 are sub-exponential. Then, the

following
m/2

> | = (75)

holds with probability at least 1 — 2e™“ min(r/K,,7%/K? ), in which ¢5 > 0 is a universal constant, and
K := maX;e[m 2] |Villy, represents the maximum subexponential norm of the 1J;’s. Indeed, K can
be found as follows [9 Definition 5.13]

R )
(4logn —2log (m/|f0|)) Uf(ﬂ/m - 1/n2]
21%| log (nﬂfd/m)

m
“logn. 76
— logn (76)

IN

IN

4|Zo|

IN

Choosing 7 := 8|Zy|/(csm) - log® n in yields

m/2

S Xilg, = [To| [1 +log (m/[Tol)| — 8/Tol/(csm) - log?n — m (2log n + 1)/n*
i=1

> (1— &)\ ol |1+ log (m/|To]) | (77)

for some small constant e, > 0, which holds with probability at least 1—me~"/2 —e~¢™ _3 /n? as long
as m/n exceeds some numerical constant and n is sufficiently large. Therefore, combining , ,
and , one concludes that the following holds with high probability

& a;y |Zo| 7
.t >(1—es)—[1+log(m/|Io|)}. (78)

2
H P IIaiHQ = 2.3n

|Sox
Taking €, := 0.01 without loss of generality concludes the proof of Lemma [3]

A.4 Proof of Lemma [l

Let us first prove the argument for a fixed pair h and x, so h and z are independent of {a;},,
and then apply a covering argument. To start, introduce a Lipschitz-continuous counterpart for the
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discontinuous indicator function [3, A.2]

15 |0| Z 1];31a
— 0
xe(0) =1 100(1 + ~)%6? — 100, ﬁ < 19\ < llﬂl, (79)
0, 0] < 5
. . . a,Tz aTz
with Lipschitz constant O(1). Recall that &; := { v 1+ } so it holds that 0 < xg ( T ) <
1g, for any « € R™ and h € R™, thus yielding '
Lo~ 702 1 « al z Lo~ 702 alh
E;(aih) le, Ez:: (ah>:m¥(aih) XE()I—&—T) (80)

By homogeneity and rotational invariance property of normal distributions, it suffices to prove
the case where = ey and ||h||/||z|| = ||h|| < p. According to (B0]), lower bounding the first term

. . . m T1.\2 Th .

in can be achieved by lower bounding » " | (a; h)*xg L ) instead. To that end, let
S ;

us find the mean of ((leh)2 XE ( G;Z ) Note that (aZ—h)2 and xg (‘

Introduce an orthonormal matrix Up, that contains h” /||h| as its first row, i.e.,

mﬁz[hng'] (s1)

Th
- ) are dependent.

for some orthogonal matrix ﬁh e R(=1xn gych that Uy, is orthonormal. Moreover, define h:= Uph,
and a; := Upa;; and let a; 1 and a;\; denote the first entry and the remaining entries in vector a;;

likewise for vector h. Then, for any h such that ||| < p, the next holds

S = L
e o )] efi el )
)] e -2

(7% ai,1
)

> (il% + HiL\1H2> min{E la?’IXE < )

(o))

a; \1
2 . 2 a; 2
>l win € [ a2 (|1 22

= h2E {d?,lm (’1 +

,\1h\1

;1

1+hy+

Elxe||[1+h+

a1
7,1

= (1-G)[nl? (82)

where the second equality follows from the independence between diT\lfl\l and afh, the second
inequality holds for p < 1/10 and v > 1/2, and the last equality comes from the definition of ¢y

in (74). Notice that ¢ := (a] h)*xg (‘

and thus its subexponential norm | ol|y, := sup, > [E(|o[?)]

2
a;z ) < (a]h)? < [h|[?a? , is a subexponential variable,

1P is finite.
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Direct application of the Berstein-type inequality [9, Proposition 5.16] confirms that for any € > 0,

the following
alh
L+ —2—1)| —e€|h|?
+aral)] e

>(1-G—e Rl (83)

T

LS () o

9

holds with probability at least 1—e~¢™¢ for some numerical constant c5 > 0 provided that € < lloll
by assumption.

To obtain uniform control over all vectors z and x such that ||z — x| < p, the net covering
argument is applied [ Definition 5.1]. Let S, be an e-net of the unit sphere, L, be an e-net of [0, pl,
and define

Ne:={(z, h, t) : (20, ho, to) € Se X Se X L} (84)

Since the cardinality |S¢| < (1 +2/¢)" [9, Lemma 5.2], then
Nl < (L+2/)*" pfe < (1+2/)™ " (85)

due to the fact that p/e < 2/e <14 2/efor 0 < p < 1.
Consider now any (z, h, t) obeying ||h|| =t < p. There exists a pair (2o, ho, to) € N such that
llz — zoll, [ — hol|, and |t — to| are each at most e. Taking the union bound yields

1 o T 2 az—ho 1 o T 2 a2
E; ((M hO) XE <‘1+ (1,;-7—113 > > E; (Cl,i ho) XE (‘1 —to + ai71to )

Y

(1=G =€) |holl®, VY (2o, ho, to) € Ne (86)
with probability at least 1 — (1 + 2/¢)*" "' e=es€m > 1 — ¢=e0m which follows by choosing m such

that m > (06 -e 2log 671) n for some constant cg > 0.
Recall that x g (7) is Lipschitz continuous, thus

1 & Th Th
(e [+ 22 (a1

i=1 ( a; x
1 o TN (T 2‘
- ; (a7 ) = (al o)

1 m
~ > lal (hhT — hoh{) ail

i=1

N

m
Ser Y [hhT — hoh{ |
i=1
< 2.5¢7 ||h = hol| [ Al
< 2.5¢7pe (87)
for some numerical constant ¢; and provided that e < 1/2 and m > (06 e ?log 6*1) n, where the

first inequality arises from the Lipschitz property of xg(7), the second uses the results in Lemma 1
in [3], and the third from Lemma 2 in [3].
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Putting all results together confirms that with probability exceeding 1 — 2e~ <™, the following
holds

m T
=3 (@7m) e (|14 2] ) 2 1= = (1 25 Il (58)
i=1 i

for all vectors ||h|| /||| < p, concluding the proof.

A.5 Proof of Lemma

Similar to the proof in Section [A-4] it is convenient to work with the following auxiliary function
instead of the discontinuous indicator function

L 61 = 15
2 Ly
e 1+ 2+ 2+
xp(f) = 100 (52) 6%+ 100, V099 H2 < || < 32 (89)
0, 6] < v/0.99 - £

alh

which is Lipschitz continuous in 6 with Lipschitz constant O(1). For D; = {

24~ :
> m} it holds
alh

that 0 S 1Di S XD (
Then for v > 0 and p < 1/10, it holds that

for any € R" and h € R™. Assume without loss of generality = e;.

1 & 1 & a’h 1 & alh
— > 1.7 <—)> Xxp ( : ) =— > XD ( . )
mizz1 {%2%} mi:Z1 aZT:c mi_z1 a;,1

Il
3=
(]
=<
vl
7 N\
>
+
L
L
=S
=

&
Il
—

I
3=
M-

@
Il
-

o [+ 22 |

a; 1

)

1 ag
{|m+552 Inal|> V099352 }

aq,1

—
=

A
3=
hE

(90)

=1

where the last inequality arises from the definition of xp. Noting that a;2/a; 1 obeys the standard
Cauchy distribution, i.e., a;2/a;1 ~ Cauchy(0, 1) [14], and particularly, transformation properties of
Cauchy distributions assert that hy + 22 ||h\; || ~ Cauchy(h1, [|[h\1]]) [15]. Recall that the cdf of a

i1

Cauchy distributed random variable w ~ Cauchy (0, ) is given by [14]

1 — 1
F(w; pg, ) = - arctan (wauo) + 7 (91)

It is easy to check that when |hy\;]| = 0, the indicator function 1p, = 0 due to |hi| < p <
v0.99(2 +)/(1 + 7). Consider only ||h\;| # 0 next. Define for notational brevity w := a;2/a; 1,
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a:= ||h\1||, as well as pg := h1/a and wg := v/0.99 (Q'M) to yield

E [Ljuotwlzwor] = 1 — [F(wo; po, 1) — F(—wo; po, 1)]

1
=1 — = [arctan(wy — po) — arctan(—wo — po)]
7

(i 1 2w
= — arctan ———
@ wg — Hy — 1

(ii) 1 2wy
< N S E—
- U)O /~LO -1
() 1 2v/099p(2+7)/(1+)
o 0.99247)2/(147)2 - p?

< 0.0646 (92)

forall vy > 0 and p < 1/10. In deriving (i), the property arctan(u)+arctan(v) = arctan(lqu”U) (mod )
for any uwv # 1. Concerning (ii), the inequality arctan(x) < z for > 0 is employed. Plugging given
parameter values and using [|hy;|| < [|h|| < p confirms (iii). Apparently, 1{|,o+w|>w,} is bounded;
and it is known that all bounded random variables are subexponential. Thus, upon applying the
Bernstein-type inequality [9, Corollary 5.17], the next holds with probability at least 1 — e=ome for
some numerical constant c; > 0 and any sufficiently small € > 0

1 m
SE; |h1

m

I|zvommsz ) < (1 OE [ {[m+ainal >¢W2+”}}

T+

3=
[EEY
—
B
S
K
v
N
s
2
——

-
+
2

1+e 20099 p(2 +7)/(1+7) (93)
= o 09924 7)2/(1+7)% — p*
On the other hand, one can easily establish that the following holds true for all h
4
E[(alh)"| =Efal ] IR)" = 3]n]" (94)
which has also been established in Lemma 1 [3] and Lemma 6.1 [I6]. Further recalling our working

assumption ||a;|| < 2.3n, then random variables (al—Th) are bounded, and thus they are subexpo-
nential [9]. Appealing again to the Bernstein-type inequality for subexponential random variables
and provided that m/n > cs - € 2loge™! for some numerical constant cg > 0, then

%ij (aTh)" <3(1+¢) |h* (95)

which holds with probability exceeding 1 — e~%™m< for some universal constant cs > 0 and any
sufficiently small € > 0.

Collecting together results in and and leveraging the Cauchy-Schwartz inequality, one
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establishes that for any p < 1/10 and 7 > 0, the following

1 — T2 1 & 4] 1 =
o2 (@l h) o < |2 (alh)'\ | D Lppera s
mai4 mi4 ' mei4 {la?mlz%}
< /3(1+€)Hh||4 ].-‘1-6. 2¢/0.990(2 +7v)/(1 4+ 7)
- s 0.99(2 +7)2/(1 4+ v)2 — p?
A
=G+ |n? (96)

where ¢} := 1.3785./p7/(0.9972 — p2) with 7 := (2 + v)/(1 + ), which holds with probability at
least 1 — 2e~°"™ . The latter arises if choosing ¢y < cs€? in 1 — 2e_c5m€2, which can be accomplished
by taking m/n sufficiently large.
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