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A Derivation of P(CYy)
In this appendix, we derive P(Cy) for a general KP model, as well as the NBNB and NBD models.
A1l KP Models
We start with equation 2 and note that
P(Cy) = P(Cn | K) P(K), (D

where K = |Cy|. To evaluate P(Cy | K'), we need to sum over all possible cluster assignments:

P(Cy|K)= > P(Cy|z,....2n,K) P(z1,...,2x | K). 2)
21,..,2N €[K] [(2102n=Cn)
Since Ny, ..., Nk are completely determined by K and z1, ..., zy, it follows that
P(Zl,...,ZNlK):P<Z1,...,ZN‘Nl,...,NK,K)P(Nl,...7NK|K) (3)
K
|
=5 [P K) (4)
k=1
1K
= 1 LT Vel v (5)
k=1
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Therefore,

K
1
P(Cy|K) = Z I(Z17...,ZN:>CN)MHN]€!/LN]€ (6)
21,..,2N €[ K] k=1
1
- NI ( H C|!M|c|> Z I(z,...,2n = Cy) (7)
’ ceCn Zl,..‘,ZNG[K]
K!
=1 LI lelwe. ®)
’ ceCn

Substituting equation [§]into equation[I]and using K ~ k we obtain
\CN| tes
P(Cy) = =TT lelt e ©)
ceCn

A.2 The NBNB Model

For fixed values of r and p, the NBNB model is a specific case of a KP model with
L' (k+a)q" (1—q) L (m+7r)p™(1—p)"

R = and Mm = ) (10)
(1-Q1—-q)*)T (a) k! (1=(1=p)")T(r)m!
for k and m in V' = {1,2, ... }. Combining equations [9]and [L0| gives
[Cn|! F(|CN|+G)Q'CN‘ (1—¢q)" C|+7“)p‘ (1-p)
Cnla,q,rp (11)
PO @) = TN S (1= m T @) [Ow 061}*' =T ]
_I(Cn|+a)d¥(1-q) I (e[ +m)p' (1—p)" (12)
N(A-(1-¢9)I'(a) 5 (@-0=p)")I(r)
ceCn
Conditioning on N and removing constant terms, we obtain
+
P(Cw | N,a,q,r,p) o T (|C| +a) gio~! T ZUd+7), (13)
I'(r)
ceCn
where § = %. Equationleads to the following reseating algorithm:
e forn =1,..., N, reassign element n to

— an existing cluster ¢ € Cy \n with probability o |c| + 7
— or a new cluster with probability o< (|Cn\n|+ a) §.

Adding the prior terms for 7 and p to equation[I2] we obtain the joint distribution of C'y, r and p:

P(Cn,7,p|a, g0, Sr,Up, Up)
= P(r|n:,s) P(p|up,vp) P(Cn |r,p) (14)
el E piel( =yt
B T (n,) s B(up, vp)

I (|Cn|+a) gV (1 —q)* I L (e| +r)pl? (1 —p)"

N1-(-g9T@ o= a-prm ()
_ T |CN‘
F(|C]]:7[‘!+a) H I‘(|c|—|—r)' (16)

ceCn r (7")



Therefore, the conditional posterior distributions over r and p are

rir=le™ 5 (1 — p)rIOn T(le]=1+7)
P C Ty () 17
(T‘ NP, ST)O( (1_(1_p)7")‘CN| H F(T‘) ( )
ceCn
Ntup—1(1 _ p\r|Cn[+vp—1
P(p ‘ CN7T7 U’p7qu) X P ( p) (18)

(1= (1—p)n)ion]
A3 The NBD Model

For fixed p, the NBD model is a specific case of a KP model. Therefore,

rc a) g~ (1 = ¢)
P(Cy|a,q,p) = (JVIZ(VJJ_F(iq_q)agr(a)q) I lelt e (19)

ceCn
Conditioning on N and removing constant terms, we obtain
P(Cn |N,a,q,p) < T (ICx| +a) g™ TT Il pyey-
CElCN ‘
Via Dirichlet-multinomial conjugacy,

M‘CN,OZ,/L(O) ~ Dir (Oéu(lm +L17aﬂ50) +L27) ’ (20)

where L,, is the number of clusters of size m in C'y. Although g is an infinite-dimensional vector,
only the first N elements affect P(Cy | a, g, pt). Therefore, it is sufficient to sample the (N + 1)-

dimensional vector (1, ..., un,1 — ZTanl ) from equation modified accordingly:

N
(ILLl"."ILLN’]‘i Z,U,m)‘CN,CY,/LgO),,p,g\?)
m=1
N
~ Dir <au§0) + Ly, ap) 4 Ly,a (1 Zuﬁf?)) : Q1)
m=1

We can then discard 1 — Zzzl L

B Proof of the Microclustering Property for a Variant of the NBNB Model

Theorem 1. If Cy is drawn from a KP model with k = NegBin (a, q) and p = NegBin (r, p)E] then
foralle >0, P(My /N >¢€) = 0as N — oo, where My is the size of the largest cluster in Cy.
In this appendix, we provide a proof of theorem I}

We use the following fact: T' (x + a) /T (z) < 2% as x — oo for any a € R via Stirling’s approx-
imation to the gamma function. We use f(z) < g(z) to denote that f(x) / g(z) — 1 as x — .

Lemma 1. Foranyk € {1,2,...}, P(K =k|N =n) —» 0asn — oc.

Proof. Because N | K = k ~ NegBin (kr, p),
I'k+a I'(n+kr
k:(‘ FJ(ra)) (1-a)q" n(' FJ(rkr)) (1=p)"p".
Via the fact noted above, I' (n + kr) /T (n+ kr+r) <1/ (n+ kr)” — 0asn — oo, so
P(K =k,N =n) F'(k+a)(k+1) T(kr+7) T (n-+kr)
P(K=k+1LN=n) T(k+a+1l)q T(kr) T (n+kr+r)
Therefore,

P(K =k N =n)=

— 0asn — oo.

_ P(K=kN=n)
Y= P(K=F,N=n)

P(K =k, N =n)
4>
P(K=k+1,N=n)

P(K =k|N =n) <

O

2We have not truncated the negative binomial distributions, so this is a minor variant the NBNB model.



Lemma 2. For any e € (0, 1), there exist c1, ca, ... > 0, not depending on n, such that ¢, — 0 as
k—ocoand kP(Ny /n>e|K =k,N=n)<cyforalln>2/eandk € {1,2,...}.

Before proving lemma[2] we first show how theorem|T]follows from it.

Proof of theorem[l} Let € € (0,1) and choose c1, ¢z, . .. by lemma[2] For any n > 2 /e,
P(M,/n>¢€|N =n)

(]2 T[]

P(Ni/n>e€eor---orNg /n>e|K=k,N=n)P(K=k|N=n)

IA

M-

P(Ni/n>¢e|K =k N=n)P(K=k|N=n)

£
Il
-
-
Il

1

EP(N1/n>¢e¢|K=kN=n)P(K=Fk|N=n)

M

T

<Y & P(K=k|N=n)<sup{cy:k>m}+) ¢ P(K=k|N=n)
k=1

=

—

for any m > 1. (We note that we only summed over k > 1 because P(K = 0| N = n) = 0 for
any n > 1.) Therefore, via lemmal[l] limsup,, P(M,, /n > €| N =n) < sup{cx : k > m}. Finally,
because sup {c;, : k > m} — 0asm — oo, theorem|l|follows directly from lemma as desired. [

To prove lemma[2] we need two supporting results.
Lemma 3. Ifb> (r+1) /r and 0, ~ Beta (r,(k — 1)r), then k P(0), > bl%(k)) —0ask — oo.

Proof. Let a;, = (blog (k)) / k, and suppose that k is large enough that a;, € (0,1). First, for
any 0 € (ag,1), we have "1 < 1/ay. Second, B (r,(k—1)r) =T (r)T (kr —r) /T (kr) <
L (r)(kr)~" as k — oo, via Stirling’s approximation, as we noted previously. Third, because
1+ 2 < exp(z)forany z € R, (1 — ax)*" < exp (—az)™" = k~"°. Therefore, we obtain
kP60 > ay)
k g (k=1)r—1
=—— [ 7" (1-0)\""7do
om0
- / (1—g)=Dr—1gg = k[ a (1 —ag)=r
~B(r,(k=1)r) J,, B(r,(k—1)r) (k—=1)r
k/ay k(1 —ap)™ _ k?/(blog(k)) k=" pr—tpbrerl
~ B(r,(k—=1)r) (k=1)r T T(r)(kr)"  kr T (r)(blog(k))
as k — O because b > (r+1) /. O

Lemmad4. Letb > 0ande € (0,1), aswellask > 1 andn € {1,2,...}. If (blog (k)) / k < 1 and
X ~ Bin(n, (blog (k)) / k), then P(X > ne) < (14 blog (k)™ / k™.

—0

Proof. Let Z, ..., Zn * Bern ((blog (k)) / k). Because z — k® is strictly increasing,

Y] I, BIR7) _ (Lt blog (k)"
€ ke - kne
via Markov’s inequality. O

k).
P(X > ne) = P(kX > k™) < ]E][C]fl

Proof of lemma[2] First, let e € (0,1). Next, let b = (r + 2) /r and choose k* € {2,3,...} to
be sufficiently large that (1 + blog (k)) / k < 1 and (blog (k)) / k < € for all k& > k*. Then, for
k=1,2,...,k* — 1, define ¢y = k, and, finally, for k = k*, k* + 1, ..., define

bloi (k;)) |

e =k~ 11+ blog (k) + kP (9k >

4



where 0, ~ Beta (r, (k — 1) r).

Via lernrna ¢ — 0as k — oco. Trivially, for k < k*, k P(N1 /n>¢e¢|K =k,N =n) <k = ¢.
Let k > k* and suppose that n > 2 / €. Via a straightforward calculation, we can show that Ny | K =
k,N = n ~ BetaBin (n,r, (k — 1) 7). (This follows from the fact that if Y ~ NegBin (r, p) and,
independently, Z ~ NegBin (r’,p), then Y | (Y + Z) = n ~ BetaBin (n,r,’).) Therefore, if we
define 6 ~ Beta(r, (k —1)7), X |6 ~ Bin(n,0), and a = (blog (k)) / k, then we have

kEP(N1/n>¢|K =k, N=n)=FkP(X > ne)
=kP(X >nef<a)+kP(X >neb>a)

k
note that as a function of §, P(X = x| ) is nondecreasing on (0, €) whenever xz /n > € because

P10 = (") 61 (1 - 0)" =1 (x — nd). Therefore, P(X >ne|0) =3, P(X =z 0)
is nondecreasing on (0, €). Finally, because our choice of £* means that a € (0, €),

kP(X > ne 6 <a)

However, k P(X > ne, 0 > a) <kP(0 >a)=kP <0k > m). To handle the first term, we

:k/ P(X > ne|0) P(0) d0 < k P(X > ne|0 = a)
0

< k(1+blog (k)" / k" = k <1+b;0g(k)>”

2/e
- (Hb;g(k)) — k1 (1+ blog (k)°,

where the second inequality is via lemmaand the third inequality holds because n > 2 /e and (1 +
blog (k)) / k¢ < 1 because of our choice of k*. Thus, k P(N; /n > €| K =k,N=n) <c¢,. O

This completes the proof of theorem

C The Chaperones Algorithm

For large data sets with many small clusters, standard Gibbs sampling algorithms (such as the one
outlined in section 3) are too slow. In this appendix, we therefore propose a new Gibbs-type sampling
algorithm, which we call the chaperones algorithm. This algorithm is inspired by existing split—
merge Markov chain sampling algorithms [[1} 2} 13]]; however, it is simpler, more efficient, and—most
importantly—likely exhibits better mixing properties when there are many small clusters.

In a standard Gibbs sampling algorithm, each iteration involves reassigning each data point z,, for
n =1,..., N to an existing cluster or to a new cluster by drawing a sample from P(Cxy | N,Cn\
n,x1,...,xy). When the number of clusters is large, this step can be inefficient because the prob-
ability that element n will be reassigned to a given cluster will, for most clusters, be extremely small.

The chaperones algorithm focuses on reassignments that have higher probabilities. If ¢,, € Cy
denotes the cluster containing data point x,,, then each iteration consists of the following steps:

1. Randomly choose two chaperones, 4,7 € {1,...,N} from a distribution
P(i,j|x1,...,xN) where the probability of ¢ and j given x1,...,xx is greater than
zero for all ¢ # j. This distribution must be independent of the current state of the Markov
chain C'y; however, crucially, it may depend on the observed data points z1, ...,z .

2. Reassign each z,, € ¢; U ¢; by sampling from P(Cn | N,Cn\n,c;Ucj,x1,...,ZN).

In step 2, we condition on the current partition of all data points except x,,, as in a standard Gibbs
sampling algorithm, but we also force the set of data points in ¢; U ¢; to remain unchanged—i.e.,
T, must remain in the same cluster as at least one of the chaperones. (If n is a chaperone, then this
requirement is always satisfied.) In other words, we view the non-chaperone data points in ¢; U ¢; as
“children” who must remain with a chaperone at all times. Step 2 is almost identical to the restricted
Gibbs moves found in existing split-merge algorithms, except that the chaperones ¢ and j can also
change clusters, provided they do not abandon any of their children. Splits and merges can therefore



occur during step 2: splits occur when one chaperone leaves to form its own cluster; merges occur
when one chaperone, belonging to a singleton cluster, then joins the other chaperone’s cluster.

The chaperones algorithm can be justified as follows: For any fixed pair of chaperones (4, j), step 2
is a sequence of Gibbs-type moves and therefore has the correct stationary distribution. Randomly
choosing the chaperones in step 1 amounts to a random move, so, taken together, steps 1 and 2 also
have the correct stationary distribution (see, e.g., [4]], sections 2.2 and 2.4). To guarantee irreducibility,
we start by assuming that P(z1,...,2n | Cn) P(Cy) > 0 for any Cy and by letting C’, denote
the partition of NV in which every element belongs to a singleton cluster. Then, starting from any
partition C'y, it is easy to check that there is a positive probability of reaching C'; (and vice versa) in
finitely many iterations; this depends on the assumption that P(i,j | z1,...,2n5) > 0 forall ¢ # j.
Aperiodicity is also easily verified since the probability of staying in the same state is positive.

The main advantage of the chaperones algorithm is that it can exhibit better mixing properties than
existing sampling algorithms. If the distribution P(¢, j |21, ..., 2 ) is designed so that x; and z;
tend to be similar, then the algorithm will tend to consider reassignments that have a relatively high
probability. In addition, the algorithm is easier to implement and more efficient than existing split—
merge algorithms because it uses Gibbs-type moves, rather than Metropolis-within-Gibbs moves.

D The Syria2000 and SyriaSizes Data Sets
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Figure 1: Cluster size distributions for the Syria2000 (left) and SyriaSizes (right) data sets.
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