Non-convex Statistical Optimization for Sparse Tensor
Graphical Model (Supplementary Material)

In this supplementary note, we provide the proofs of our main theorems in §A, prove the key lemmas
in §B, list the auxiliary lemmas in §C, and illustrate additional simulation results in §D.

A Proof of main theorems

Proof of Theorem 3.1: To ease the presentation, we show that Theorem 3.1 holds when K = 3. The
proof can be easily generalized to the case with K > 3.

We first simplify the population log-likelihood function. Note that when 7 ~ TN(0; X7, 33, %),
Lemma 1 of [9] implies that vec(T) ~ N(vec(0); X3 ® X3 ® X7). Therefore,
E{tr[vec(T)vee(T) (2 ® 2 @ )]} = (S50 550 B7) (2 @ 0y @ Q)]
= tr(Z50)tr(B300)tr(Z7Q),
where the second equality is due to the properties of kronecker product that (A ® B)(C ® D) =

(AC) ® (BD) and tr(A ® B) = tr(A)tr(B). Therefore, the population log-likelihood function can
be rewritten as

tr(X3823)r(3582,)tr(570)

mimams

(21, 22,93) =

1 1 1
— —log || — — log || — — log | 23]
mq mo ms

Taking derivative of g(€21, Q2, Q3) with respect to £2; while fixing 25 and Q3, we have
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Setting it as zero leads to 27 = mamg[tr(X5Q3)tr(X5Q2)] 125, This is indeed a minimizer of
q(921, 2, Q3) when fixing Q5 and 023, since the second derivative V3g(Q1, Qo, Q23) = m; Q7' ®
Qfl is positive definite. Therefore, we have
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tr(2§93)tr(2392)

Mi(Q22,Q3) = Q7. (A1)

Therefore, M7 (€2, Q3) equals to the true parameter f up to a constant. The computations of
M5 (€21, Q3) and M3 (€21, Q2) follow from the same argument. This ends the proof of Theorem 3.1.

Proof of Theorem 3.4: To ease the presentation, we show that (3.5) holds when K = 3. The proof
of the case when K > 3 is similar. We focus on the proof of the statistical error for the sample

minimization function M; (2, Q3).

By definition, ]/\/Yl(ﬂg, Q3) = argming, ¢, (21,22, Q3) = argming L(€2;), where

1
L) = (S1921) — p— log |€21] 4+ A1 || |1,0f,
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with the sample covariance matrix

S, = 1 ZVlVlT with V; = [7; X {]lmu Q;/Q’ Qé/Q}](l)
=1
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For some constant H > 0, we define the set of convergence

1
A= {Aelexml IA:AT,||A||F=H\/(m1+Sl) Ogml}'
nmomms

The key idea is to show that
jnf, {L(M1(2,93) + A) — L(M(Q2,93)) } >0, (A2)



with high probability. To understand it, note that the function L (M, (2, 23)+A) —L(M; (22, Q3))
is convex in A. In addition, since M, (22, Q3) minimizes L(€2;), we have
L(]/\/.Tl(ﬂg, Q3)) - L(Ml(ﬂg, 93)) < L(Ml(ﬂz, Qd)) — L(Ml(ﬂg, Qg,)) =0.

If we can show (A.2), then the minimizer A = ]/\/[\1(92, Q3) — M1(Q2, Q3) must be within the
interior of the ball defined by A, and hence ||A||r < H+/(m1 + s1)logmi /(nmams). Similar
technique is applied in vector-valued graphical model literature [25].

To show (A.2), we first decompose L(Ml(ﬂz, Q3)+ A) — L(Ml(ﬂg, Qg)) = I1 + I + I3, where

1 1
Il = 7tr(ASl) - 7{10g|M1(923Q3)+A| 710g|M1(927Q3)|})
mq mq
Iy = M{|[[M1(Q2,95) + Als, |1 — [I[M1(Q22,23)]s, [|1 },
Is = M {[[[M1(Q2,Q3) + Alse|l1 — [|[[M1(Q2, 23)]sc 1 }-

It is sufficient to show I; 4 Is + I3 > 0 with high probability. To simplify the term I;, we employ
the Taylor expansion of f(t) = log|M; (22, 3) + tA] att = 0 to obtain

IOg |M1(QQ, Qg) + A| — IOg |M1(QQ, Qg)|

= tr{[Mi (0, Q)] A} — [vec(A)]T {/01(1 —v)M, ! ®Myldy] vec(A),

where M, := M7 (2, Q3) + vA € R™1*™1 This leads to

I = ({81~ (M1 (2, 9) " }A) + —frec(A)] [ | a-vngte M;ldv} vee(A)
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For two symmetric matrices A, B, it is easy to see that [tr(AB)[ = [ 3_, . A; ;B ;|. Based on this

observation, we decompose [1; into two parts: those in the set S; = {(4, j) : [Q2]]; ; # 0} and those
not in S;. That is, |Ill| < Ii11 + 1112, where

Iy = 7‘ Z {Sl [M1(€22, 25)] 1}
(11 €81

Iip = 7‘ Z {Sl (M1 (92, 823)] 1}11A”
(4,5)¢S1

Bound /;1;: For two matrices A, B and a set S, we have

‘ Z A, B, ; <maX\A”|‘ Z i

(i,7)€S (i,7)€S

< VIS|max|Ai;[[Bllr,

where the second inequality is due to the Cauchy-Schwarz inequality and the fact that Z( J)es B? i <
| B||%. Therefore, we have
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where (A.3) is from Lemma B.2, the definition of M7 (Q5, Q3) in (A.1), and the fact that A € A.

Bound 7;5: For any vector v € RP and any matrix A € RP*P, the variational form of Rayleigh
quotients implies Apin(A) = min|y—; x' Ax and hence Apin(A)[|v[> < vT Av. Setting v =

vec(A) and A = fol(l —v)M, ! ® M 'dv leads to

1 1
I3 > mi”VeC(A)”g/ (1 - V))\min (M;l ® MJI) dw.
1 0



Moreover, by the property of kronecker product, we have
Amin (M7 @ M) = i (MG )] = Pmax(M,)] 72,
In addition, by definition, M,, = M; (€22, 23) + v A, and hence we have
Amax[M1 (€22, Q3) + VA] < Apax[M1(Q2, 23)] + Amax (VA).

Therefore, we can bound [;5 from below, that is,

[vec(A)[3 . -2
112 = le 021’/121 [/\max[Ml(Q2a 93)] + Ama.x(VA)]
[[vec(A)|13 -2
M (92,9 A .
> 2 [[1M1(Q2,23)[l2 + | Al2]

On the boundary of A, it holds that ||A|l2 < ||A||r = o(1). Moreover, according to (A.1), we have

1.5
Cy’
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M, (s, Q3) |5 =
1M1 (€25, €23) 2 (50 )r(T582,)

100,
€72 < 8THEIH2 < (A4)

where the first inequality is due to

r(X3Q3) = u[E3(Qs — Q3) + L] > ms — [a[B3(Q3 — Q3)]|
> ma — || Z5][F[Q23 — Q3||r > ma(1 — af|Z3]]2//m3) > 0.9ms,

for sufficiently large mg. Similarly, it holds that tr(35Q5) > 0.9ms. The second inequality in (A.4)
is due to Condition 3.2. This together with the fact that ||vec(A)||2 = ||A||lr = o(1) < 0.5/C} for
sufficiently large n imply that

lvec(A)]3 ((J) _ CRH® (my + 1) logmy

Iip > (A.5)
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which dominates the term 717 for sufficiently large H.

Bound /»: To bound I, we apply the triangle inequality and then connect the ¢; matrix norm with
its Frobenius norm to obtain the final bound. Specifically, we have

o] < A1 [[[As, [l = M |A ;1 <A1 [(s14+m1) A? < MVstFma|Allp,
»J

(i,7)€S1 (4,7)€S1

where the first inequality is from triangle inequality, the second inequality is due to the Cauchy-
Schwarz inequality by noting that s; = |S;| — m1, and the last inequality is due to the definition of

Frobenius norm. By Condition 3.3, A} < Cs \/ log m1 /(nm2mamg). Therefore,

(m1 + s1) logmy
nmimsoimms

L] < CoH -

which is dominated by I, for sufficiently large H according to (A.5).

Bound I3 — |I112|: We show I3 — |I112| > 0. According to (A.1), we have that M; (Q5, €23) equals
Q7 up to a non-zero coefficient. Therefore, for any entry (7, j) € S§, we have [M;(Q2, 23)]; ; = 0.
This implies that

I3y =X\ Z { [[M (92, Q23)]5,5 + A s — [[M1(Q2,2)]i 5]} = M Z |A;
(4,5)€S% (i,5)€8%

This together with the expression of 1712 and the bound in Lemma B.2 leads to

Is— I = Z {)\1 —my {81 — [M1(92793)]_1}i,]—} 1A
(4,5)€SY
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as long as 1/C5 > C for some constant C', which is valid for sufficient small C5 in Condition 3.3.

Combining all these bounds together, we have, for any A € A, with high probability,
L(M;(Q2,9Q3) + A) — L(M1(22,93)) > Iio — 111 — |I2| + Is — 112 > 0,

which ends the proof Theorem 3.4. ]

Proof of Theorem 3.5: We show it by connecting the one-step convergence result in Theorem 3.1
and the statistical error result in Theorem 3.4. We show the case when K = 3. The proof of the

K > 3 case is similar. We focus on the proof of the estimation error Hﬁl - Q7|

To ease the presentation, in the following derivation we remove the superscript in the initializations
Qéo) and Qéo) and use 25 and 3 instead. According to the procedure in Algorithm 1, we have

_ L M (92, Q) M, (22, Q)

I -ail, = |= T
(| M1 (€22, Q23) HF ||M1(Q2,93)HF F
M1 QQ,Q‘; _ Ml(QQ,Q{s) + M1(92793) _ M1(92593)
e P S A [ ST R

T | Mi(Qs,Q5) — My(Qs,95)]| .,
HM1(92,93 HFH 1( 2,€23) 1(22 3)HF

where the last inequality is due to the triangle inequality ||a| — |b|| < |a — b| and the summation of
two parts. We next bound HM 1(22, Q3) H - By triangle inequality,
||J\/4\1(92,Q3)||F > ||M1(Q2, Q3)||F — HMl(Qz, Q3) — M\1(92793)HF > 27| My (Q2,923) |,
since || M1 (22, Q3) — M\l(ﬂg, Q)| » = op(1) as shown in Theorem 3.4. Moreover, by the Cauchy-
Schwarz inequality, we have

w(350) < [[Z3[|7[[Q)lr < ma[3Z5l2[[Q2]l2 < 2ms/Cy,

due to Condition 3.2 and the fact that Q5 € B(€23). Similarly, we have tr(X5Q3) < 2mg3/Cy. This
together with the expression of M (€25, Q3) in (A.1) imply that || M; (€25, Q3)|| . > CF /4 and hence

0 * 8 77 my(my + s1)logm
||ﬂl—nl||F§C2||M1<ng,ng>_M1(92,93)||F_op<\/ 1(ma + 51) log )
1
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according to Theorem 3.4. This ends the proof Theorem 3.5. ]

Proof of Theorem 3.9: We prove it by transferring the optimization problem to an equivalent
primal-dual problem and then applying the convergence results of [27] to obtain the desirable rate of
convergence.

Given the sample covariance matrix §k defined in Lemma B.3, according to (2.3), for each k =

1,..., K, the optimization problem has a unique solution Q r which satisfies the following Karush-
Kuhn-Tucker (KKT) conditions

Sk — Qi + meAiZy =0, (A.6)
where Z . € R™& X% belongs to the sub-differential of || Q|1 o evaluated at Q &, that is,
0, ifi=j
(Z)sj = 4 sign([xli;) ifi # jand [Qli; # 0
€[-1,41] ifijand [ lij =0.

Following [27], we construct the primary-dual witness solution (ﬁ ks Z %) such that

Q= argmin {r(8x82) — 10g 82| + muAel| Rl o |
Qy, >O7Qk=n;7[nk]§z =0



where the set Sy, refers to the set of true non-zero edges of €2;. Therefore, by construction, the
support of the dual estimator £2;, is a subset of the true support, i.e., supp(£2;,) C supp(£2). W
then construct Zj, as the sub-differential Z;, and then for each (1,7) € S¢, we replace [Zk] i w1th
([ﬁ; lii — [Sk]w)/(mk)\k) to ensure that (Qk, Zk) satisfies the optimality condition (A.6).

Denote A := €2, — Qr and R(A) := ﬁ e 1AQ !, According to Lemma 4 of [27],

in order to show the strict dual fea51b111ty Q) = =0 k» 1L 1S sufﬁ01ent to prove

. QM Ak
il IR(A) oo} < SR,
with oy, defined in Condition 3.7. As assumed in Condition 3.3, the tuning parameter satisfies

1/Cy\/logmy/(nmmy) < A, < Coy/log my/(nmmy,) for some constant Cy > 0 and hence
arpmiAg/8 > Csv/my log my /(nm) for some constant Cs > 0.

In addition, according to Lemma B.3, we have

ISk - =il = O ( max \/(mj Jrsj)bgmj) :
o j=1,..K nm

Under the assumption that s; = O(m;) for j =1,..., K and m; < mg < --- < mg, we have

8- il = 0n (/"0 ).
nm

Therefore, there exists a sufficiently small constant Cs such that H/S\k -3 ||Oo < agmpAi/8.

maX{H/S\k —

Moreover, according to Lemma 5 of [27], |R(A)|lc < 1.503;€||A||C2>0/f§Jz as long as ||Allee <
(Sngdk)’l. According to Lemma 6 of [27], if we can show

= 2KF2(|/S\k_EZ||oo+mk>\k') Smin{ 1 L },

3&2261]@’ Ii?)’:zli[‘zdk
then we have || Al < r. By Condition 3.8, kr; and rx: EZH +

my A is in the same order of /my, log my /(nm), which is in a smaller order of d by the assump-
tion of dj, in Condition 3.8. Therefore, we have shown that |IR(A)]|oo < mk)\k for a sufficiently
small constant Cy.

Combining above two bounds, we achieve the strict dual feasibility ﬁk -Q .. Therefore, we have
supp(£2;) C supp(€2;) and moreover,

el 11 -0 ()

nm

This ends the proof of Theorem 3.9. ]

B Proof of key lemmas

The first key lemma establishes the rate of convergence of the difference between a sample-based
quadratic form and its expectation. This new concentration result is also of independent interest.

Lemma B.1. Assume i.i.d. data X, X, ..., X, € RP*? follows the matrix-variate normal distribu-
tion such that vec(X;) ~ N(0; ¥* ® 3*) with ¥* € R?7%9 and £* € RP*P. Assume that 0 < C <
)\min(E*) < )\max(E*) < 1/01 <ooand 0 < Oy < )\min(‘I’*) < )\max(‘I’*> < 1/02 < oo for
some positive constants C, Cs. For any symmetric and positive definite matrix € RP*P, we have

max{ ZXTQX—]E(XTQX)} :op< k’gq).
]

1,] np



Proof of Lemma B.1: Consider a random matrix X following the matrix normal distribution such
that vec(X) ~ N(0; T* @ £*). Let A* = ¥*~! and Q* = T* 7L Let Y := (Q%)1/2X(A*)Y/2.
According to the properties of matrix normal distribution [30], Y follows a matrix normal distribution
such that vec(Y) ~ N(0; 1, ® 1,,), that is, all the entries of Y are i.i.d. standard Gaussian random
variables. Next we rewrite the term X " QX by Y and then simplify it. Simple algebra implies that

XTQX — (A*)_l/QYT(Q*)_1/QQ(Q*)_1/2Y(A*)_1/2.
When Q is symmetric and positive definite, the matrix M := (*)~1/2Q(2*)~1/2 € RP*? is also
symmetric and positive definite with Cholesky decomposition U U, where U € RP*P, Therefore,
XTOX = (A*)"V2yTuTuy(A*) V2,

Moreover, denote the column of the matrix (A*)~/2 a (A*)( 1/2 and denote its row as (A*"); 1/2
fori,5 =1,...,q. Define the standard basis e; € IRY as the vector with 1 in its ¢-th entry and 0 in all
the rest entries. The (s, ¢)-th entry of matrix X " 2X can be written as
* *\—1/2
{XTQX}s,t = e/ X 0Xe, = (A7);/?YTUTUY(A )(t)/ ’
For the sample matrices X, . . ., X,,, we apply similar transformation that Y; = (£2*)/2X;(A*)"/2,
We apply the above derivation to the sample-based quadratic term X, QX;. Let A = (ay,...,a,) €

RPX" with a; = UY;(A*); /2 € RP and B = (by,...,b,) € RP*" with b; = UY; (A*) 12 ¢
RP. Then we have

(paoxiox] = oY Ly yoaum,

np

=1 =1 j=1
1 &
= Inp SO> {(Ai; +Biy)? - (Ai; - Bij)*}
i=1 j=1

1
— M{H\/ﬁtC(A)—&—Vec(B)H§+Hvec( —vec(B)[3}. (B.1)

Next we derive the explicit form of vec(A) and vec(B) in (B.1). Remind that (A*);l/2 is a vector

of length ¢. By the property of matrix products, we can rewrite a; = [(A*)s 12 Ulvec(Y;), where
® is the Kronecker product. Therefore, we have

vec(A) = [1,®(A%) Y2 @ Ult:=Qut,
vec(B) = [1,®(A");? @ Ut := Qut,
where t = {[vec(Y1)]",..., [vec(Yn)]T}T € R"1 is a vector with npq i.i.d. standard normal

entries. Here Q; :=1,, (X)(A*)S_l/2 ®@Uand Qy := 1, ®(A*)t_1/2 ® U with Q1, Q, € R™Pxnpa,
By the property of multivariate normal distribution, we have

vec(A) 4+ vec(B) ~ N(0;(Q1 +Q2)(Q1 +Q2) ") :=N(0; Hy),
vec(A) —vec(B) ~ N(0;(Q1 —Q2)(Q:1 — Q2) ") := N(0; Hy).

Next, we bound the spectral norm of two matrices H; and Hy. By the property of matrix norm and
the fact that one matrix and its transpose matrix have the same spectral norm, we have

[Hyl2 < |QiQ1 [l2 +2/1Q1Q3 [I2 + [1Q2Q3 |2,

then we bound each of these three terms individually. According to the definition of Q; and the
property of matrix Kronecker products, we have

QQ] = [1,8(A")20U][1, ®(A"); 1/2®U]
L, @(A")2AN)T?T @ M,

where the last equality is due to the fact that (C; ® Co) T = C] ® CJ and (C; ® C3)(C3® Cy) =
(C1C3) ® (C2C,4) for any matrices Cy, ..., Cy such that the matrix multiplications C;C3 and



C4Cy are valid. Moreover, we also use the Cholesky decomposition of M, i.e., M = UTU. Remind
that (A*)s Y 2[(A*) 1 2] € R, therefore, the spectral norm Q;Q; can be written as
1QiQT la = [(AM)TVEIAND) T L [l Ml
< ¥ 2Mll2 < (1 +a/Cr) /Co.
Here the first inequality is because || 1,, || = 1 and
|(A*):1/2[(A*):1/2]T’ _ ||[(A*>;1/2]T(A* —-1/2 <max|| \Il*)Jl/Q] (‘IJ* 1/2
J

I, I
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and the second inequality is because ||[®¥*||2 < 1/C5 and
M. = @) 2@ = @) TR - @) T 4 1,

IN

1) 2131182 — 27|z + 1 < [IZ*]2|2 - 2*||F + 1 < 1+ a/Ch.

Similarly, we have ||Q2Qg ||2 < (1 + a/C4) /Ca. For ||Q1Q; |2, similar arguments imply that
QiIQ; = 1, ®(A"); (A, T e M,
and hence its spectral norm is bounded as
*\ — x\—1/2
[QuQI12 = I(AY A 7] |1 [a]|M]
< 2 Mllz < (14 a/Ch) /Cs,

where the first inequality is because the above derivation and the Cauchy-Schwarz inequality. Specifi-
cally, let ¥* = (W7 ), we have

(A VAT = (@) T = | Z‘P* o )

q q 1/4
< (e e < VTR <o
j=1 j=1
Applying the same techniques to ||Hz||2, we have
[Hillz < 4(1+a/C1) /0, (B.2)
[Hallz < 4(1+a/Ch)/Co. (B.3)

Next, we apply Lemma C.3 to bound the (s, t)-th entry of the differential matrix between the sample-
based term and its expectation. Denote ps ; := [p~!E(X " Q2X)], ;. According to the derivation in
(B.1), we have

I « 1
— 3 X/ 0X; - ~E(XTQX)
P b st

1 9 Agi+pst 1 9 DAgi— Psy
= me ZZJ-(% +by)" - ———| — I izj(%' —by)t - ——— |, B4
where A ; is defined as
A= E{(4np)_1 > lai; +bij)* + (ai; — bij)z]}-
i,
Furthermore, according to the definition of p; ; and (B.1), we have E{(4np)~" 31 37 [(ai; +
bij)? — (aij — bij)?]} = ps.+. Therefore, we have
A+ psit

]E{(4np)71 Z(ai]’ + bij)Q} = #, (BS)
4,J
As - Fs,t
]E{(4np)71 Z(aij — bij)Q} = #’07# (B6)

.3



Therefore, (B.4) implies that, for any § > 0,
1 n - o 1 -
P[‘{;in X — (X QX)}

> 9] <

s,t

H* (ai5 +5i5)* — 2(Aas + po)

> 26} —HP’Hnip Z(aij — bij)2 —2(Ast — ps,t)
2%

>25].

I, Iz
Remind that 37" | >, (ai; + bij)* = vec(A) + vec(B) ~ N(0;Hy) and 327", 3% (aij —
bij)* = vec(A) —vec(B) ~ N(0; Hz). According to (B.5) and (B.6), we apply Lemma C.3 to obtain

2
np 0 2 )}
L < 2ex - — - — + 2exp(—np/2),
L, < 2e { ”p< 0 2 >2}+2e (—np/2)
Xpq — — - — xp(—n .
PSP 2 U v e

Finally, in order to derive the convergence rate of the maximal difference over all index (s, t), we
employ the max sum inequality. That is, for random variables x1, ..., x,, we have P(max; x; >
t) <> P(x; > ) < nmax; IP’(Q:Z- > t). This together with (B.2) and (B.3) imply that

P X, QX; - 715 XTOX } >5]
Rt xrax)p
§C,C 2 12
< afep] TP 201G 2 expl(—np/2). |
< 4q eXp{ 5 [8(Cl+a) np} }+4q exp(—np/2) (B.7)

Let § = 8(C) + a)(C1Cy) 4+ log ¢/ (np) + 3(np)~1/?] in (B.7) which satisfies the condition in
Lemma C.3 since § > 2(np)~1/2 when ¢ is sufficiently large. Therefore, we obtain the desirable
conclusion that, with high probability,

1 log q
X, QX; - 4@ XTOX = .
wiim s wam} -or({5)

t P

S,

This ends the proof of Lemma B.1. |
Lemma B.2. Assume i.i.d. tensor data 7,71, ..., 7, € R™Mxm2XXmxK follows the tensor normal
distribution TN(0; X7, ..., X% ). Assume Condition 3.2 holds. For any symmetric and positive

definite matrices Q; € R™7 %™ j # k, we have
mi ([ ;00 r(3595)] ,

E[S.] = X
[ k] m k>
for Sy = £ 5"V, V] with V, = [T; x {Q}/Q,...,n}/j,nmk,nifp...,91/2}}(k) and
m = [1_, mx. Moreover, we have
m o tr( 25 1
maX{Sk o[l T (55 J)]E;;} _0p ( my ogmk> ' (B.8)
s,t m st nm

Proof of Lemma B.2: The proof follows by carefully examining the distribution of V; and then
applying Lemma B.1. We only show the case with K = 3 and k£ = 1. The extension to a general K
follows similarly.

According to the property of mode-k tensor multiplication, we have V; = [Ti] 4, (Q:I))/2 ® 95/2),
and hence

1 - -
1 = 3 [Tl (@57 @ 2 (0y% @ 9 [T

nmois i1

I
M:

-
nmems 121 Tilw) (923 ® 22) [Til ) -



When tensor 7; ~ TN(0; X7, 335, 3%), the property of mode-k tensor multiplication shown in
Proposition 2.1 in [31] implies that

[Ty € R™ > (m2ma)  MN(0; 57, 55 ® X3),

where MN(0; 37, 3% @ 3%) is the matrix-variate normal [32] such that the row covariance matrix of
[T:](1) is X7 and the column covariance matrix of [7;]1) is 33 ® X3. Therefore, in order to show
(B.8), according to Lemma B.1, it is sufficient to show

_ tr(z;ﬂg)tr(ESQQ) 5+

E[S4] T (B.9)

moms
According to the distribution of [7;](1), we have
Vi~ MN (01, (95 @ 0)%) (35 @ 35 () 0 94%)),
and hence
VI~ MN (0; (25 0 2% (35 @ 35)(95 0 95), Bt
Therefore, according to Lemma C.1, we have
E[V.V]] = Zi (2 @ Q) (Th @ T5)] = Zitr(T50)a(T30Q),

which implies (B.9) according to the definition of S;. Finally, applying Lemma B.1 to S; leads to the
desirable result. This ends the proof of Lemma B.2. |

The following lemma establishes the rate of convergence of the sample covariance matrix in max
norm.
Lemma B.3. Assume i.i.d. tensor data 7,71, ..., 7, € RmMixmzXxXmx follows the tensor normal

distribution TN(0; X7, - - - , ¥%-), and assume Condition 3.2 holds. Let ﬁj € R™iX™i 5 =£ k. be the
estimated precision matrix from Algorithm 1 with iteration number 7" = 1. Denote the k-th sample
covariance matrix as

n
~ mp S ST
S =— g Vv, V,,
nm “
=1

with m = [[r_, my, and V; := [T: x {ﬁi/z,...,ﬁ}c/fl,]lmk,ﬁlﬂ ...,Q%Q}}(k).We have

k41
~ . (mj + s;) logm;
max [S, — ;] , =O0p | max /L) (B.10)
5.t 8 =1, K nm

Proof of Lemma B.3: The proof follows by decomposing the Sk — 33} into two parts and then
applying Lemma B.2 and Theorem 3.5 for each part to bound the final error.

Note that the triangle inequality implies that

~ ~  m L (2 m (20
I Iy

Note that here the covariance matrix S k 1s constructed based on the estimators Q i3 # k. According
to (B.8) in Lemma B.2, we have
my logm
[1 — OP ( kgk) .
nm

The remainder part is to bound the error . Note that tr(37€27) = tr(1,,;) = m;. Therefore,

Mk * ) * () * *
1= | TT w(59) — T o(595)] 19
J#k J#k

I3



Given that || X7} |loc = Op(1), it is sufficient to bound the coefficient I3. We only demonstrate the
proofs with K = 3 and k& = 1. The extension to a general K follows similarly. In this case, we have

I; = % ‘tr(z;ﬁg)tr(z;ﬁg) — (S5O tr(Z560)

a[E3(Q — )] (305)
moms

tr(S500)ulS5 (s — 9]
moms

According to the proof of Theorem 3.5, we have C1 < tr(X7€2;)/m; < 1/Cy forany j =1,..., K
and some constant C; > 0. Moreover, we have tr(25€2%) = ms. Therefore, we have

I3 <

u{S5(9s — 93)] ‘ N

w23 (Q2 — 23)]
ms '

ma

Here {355 (€}, — 20)] < [ 1| @ — 23 |, < vy |15 |, — 2
3.2, |I=%|l2 = Op(1). This together with Theorem 3.5 implies that

I3 = Op <\/(m3 + s3) logmg + \/(m2 +82)10gm2) .
nm nm

By generalizing it to a general K and k, we have that

I;=0p (max \/(mj i sj)logmj> )
7k nm

- According to Condition

and hence
. 1 , 31 ,
ISk — = =0p <\/mk 08 Tk +maX\/(mJ+8j) ogm]>7
o0 nm j#k nm
which leads to the desirable result. This ends the proof of Lemma B.3. ]

C Auxiliary lemmas

Lemma C.1. Assume a random matrix X € RP*? follows the matrix-variate normal distribution
such that vec(X) ~ N(0; ¥* ® X*) with ¥* € R?%? and X* € RP*P. Then for any symmetric and
positive definite matrix € RP*?, we have E(X T QX) = ¥*tr(QX*).

Proof of Lemma C.1: Since the matrix €2 is symmetric and positive definite, it has the Cholesky
decomposition £ = VTV, where V is upper triangular with positive diagonal entries. Let Y := VX
and denote the j-th row of matrix Y asy; = (y;.1,---,Yjq)- Wehave E(XTQX) =E(Y'Y) =

. E(y, y;). Here y; = v;X with v; the j-th row of V. Denote the i-th column of matrix X as
X(i)» we have y; ; = v;X(;). Therefore, the (s, ¢)-th entry of ]E(ijyj) is

[E(y; ¥i)] (o) = EVix(o)vix(n] = ViElxx(lv] = v, ¥;, 5],
where W7 ; is the (s, t)-th entry of W*. The last equality is due to vec(X) = (x(Tl), e ,X(Tq)
N(0; ¥* ® 3*) Therefore, we have

)T

p p
EXT0X) =Y E(y]y,) =Y v;3*v] = ‘I’*tr(Zv;erE*) — T (D).
j=1 j=1 j=1

This ends the proof of Lemma C.1. ]

The following lemma is stated by [24].



Lemma C.2. Let random variables z1,...,z, € R be i.i.d. drawn from standard normal N(0; 1)
and denote x = (x1,...,7,) € R™ be arandom vector. For a function f : R™ — R with Lipschitz
constant L, that is, for any vectors vy, vy € R™, there exists L > 0 such that |f(vy) — f(v2)| <
L||vy — va||2. Then, for any ¢ > 0, we have

P70 - B/ G0l > 1) < 20w (57 ).

The following lemma is useful for the proof of Lemma B.1. A similar statement was given in Lemma
1.2 of [33].

Lemma C.3. Suppose that a d-dimensional Gaussian random vector y ~ N(0; Q), Then, for any
t > 2/+/d, we have
1 d(t —2/vd)*
L1185y > 1l < 2o - =20 o epi-apa

Proof of Lemma C.3: Note that E(||y]||3) < [E(||y||2)]? and hence

I¥13 = E(llyl12) < lllyll2 = ECyl2)]lyll2 + E(lly]l2)]-

The term (||y||2 — E(]ly|l2) can be bounded via the concentration inequality in Lemma C.2 by noting
that ||y||2 is a Lipschitz function of Gaussian random vector y. The term ||y||2 + E(||y||2) can also
be bounded by the large deviation bound since y is a Gaussian random vector. This ends the proof of
Lemma C.3. ]

D Additional simulation results

In this section, we explain the details in generating the true precision matrices and then show additional
numerical results.

Triangle: For each k = 1, ..., K, we construct the covariance matrix X; € R™**"* guch that its
(4, j)-thentry is [X]; ; = exp(—|h; — h;|/2) with hy < hg < --- < hyy,, . The difference h; — h; 1
with 7 = 2,...,my is generated independently and identically from Unif(0.5, 1). This generated
covariance matrix mimics the autoregressive process of order one, i.e., AR(1). We set QF = 2,;1.

Nearest neighbor: For each £ = 1,..., K, we construct the precision matrix 2 € R™k*™Mk
directly from a four nearest-neighbor network. We first randomly pick my, points from a unit square
and compute all pairwise distances among the points. We then search for the four nearest-neighbors
of each point and a pair of symmetric entries in the precision matrix €2, that has a random chosen
value from [—1, —0.5] U [0.5, 1]. To ensure its positive definite property, we let the final precision
matrix as 25 = Qp + (| Amin () +0.2] - 1, ), where Ay (. refers to the smallest eigenvalue.

The additional error criterions for comparison are the averaged estimation errors in Frobinusm norm

and max norm, i.e.,
1 & A 1 & A
OIS U - D (U v
k=1 k=1

Note that these two criterions are only available to the P-MLE method and our Tlasso. The direct
Glasso method estimate the whole Kronecker product and hence could not produce the estimator for
each precision matrix.

oo’

Remind that, as we show in Theorem 3.5 and Theorem 3.9, the estimation error for the k-th precision
matrix is O (\/mu(my + sy) logmy,/(nm)) in Frobenius norm or Oy, (y/my, log my, /(nm)) in max
norm, where m = mymsomsg in this example. These theoretical findings are supported by the
numerical results in Figure 2. In particular, as sample size n increases from Scenario sl to s2, the
estimation errors in both Frobenius norm and max norm expectedly decrease. From Scenario sl
to s3, one dimension m; increases from 10 to 100, and other dimensions ms, m3 decrease from
10 to 5, in which case the averaged estimation error in max norm is decreasing, while the error in
Frobenius norm increases due to its additional \/my, + sj, effect. Moreover, compared to the P-MLE
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Figure 2: Averaged estimation errors of the precision matrices in Frobenius norm and max norm of
each method in Simulations 1&2, respectively. The left two plots are for Simulation 1, and the right
two are for Simulation 2.

method, our Tlasso is better in Scenarios s1 and s2 and is worse in Scenario s3 in Frobenius norm.
However, in terms of the max norm, our Talsso delivers significant better performance in 4 scenarios
and comparable results in the rest 2 scenarios.
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