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Note: Background and preliminaries are provided in Appendix D.

A Appendix to Proof of Theorem 1

A.1 Proof of Theorem 5

Statement of Theorem 5:
Let |Q > cdwZ(Er)logd, for large enough constant co. There exists a RSC parameter k., > 0

with k., = 1 — 0( \/kl)@), and a constant ¢; such that, the following holds w.p. greater that

1— exp(fclwé(&g)),

dyds
)

Proof: Recall that T = {A : R(0* + A) < R(0*) and Egr = Tr N Sh%~1 Using the
properties of norms, it can be easily verified that for the non—trivial case of ©* # 0, T is a cone
with non—empty interior.

VX € Tr NA(Be,), 1P(X)I3 > fic [ X |17

We use Theorem 2 as a key result in this proof.

Define £r = Tr N B4z,

Er is a compact subset of T with non—empty interior, which satisfies the conditions of Theorem 2.
Also, since Tr N A(B,, ) is a cone, the following can be easily verified:

wQﬂ(gR n A(ﬁco)) = wQ’g(gR n A(ﬁco))

_ (19)
wa(Er NA(Be,)) = wa(Er NA(Be,)) < wa(Er)

We define a random variable V' (§2) = SUD X £ NA(Bey) dlls—fﬁ | Pa(X)|3 -

Note that: IEdllgglf | Po(X)|* = 1; and

5.
for X € A(Beo): 1 Xlloo < 2%

A.1.1 Expectation of V()

Recall that Q = {E} : s = 1,2,...|Q|} are sampled uniformly form standard basis for R%* 9z,
(ex) are a sequence of independent Rademacher variables, and w¢(.) denotes the Gaussian width.
For constant k1, ko, k3 not necessarily same in each occurrence:

12| 12
(@) 2d,d Vdid
EV(Q) < 2R sup ‘Z (X, Ey) ek‘ < k1Beq 12k sup ‘Z<X,Ek>€k‘
Q] " xeerna( (Be) ' 11 1€2] XEERNA(Beo) | 1y
Vdidy & © QW& (ER) 3 ks
= k18s, ———waq.(Er N A < kg 2 kg2 < —————— 20
15,0 |Q| wQ,,( R (ﬁco)) = 1 |Q| 2|Q‘ CO ﬁlogd ( )

where (a) follows from symmetrization (Lemma 18), (b) from contraction principle as

or((X, Eg)) = 2SUPXEs<ijfﬁ>jo) 7<= is a contraction (Lemmal9), and (c) follows from Theo-

rem 2.
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A.1.2 Concentration about EV ()

Let ' C [m] x [n] be another set of indices that differ from 2 in exactly one element. We have:

did did
VO -VE) = swp TS XE -1 - swp [TER Y xR

XeERNA(Beg) €2 ijen XEeERNA(Beg) €2 kleQ!
dyds 2 2

<= sup ‘ X5 — Xkl‘
€2 X€EERNA(Bey) 1-;2 ’ kleZQ’
2d,d 2

<o Lo sup XS < SaR 1)
| | X€eERNA(Bey) | ‘

282,

By similar arguments on V(') — V(Q), [V(Q) — V()| < o~ Therefore, using Mc Diarmid’s

inequality (34), we have P(V(Q2) > EV(Q2) + §) < exp (—0’1 6;!4?‘) Using § = 607\/}0@, we have

P(V(Q) > c()\flg;@ ) < exp ( - Clwé(gR))’

where cg is a constant that can be chosen independent of k3. Choosing ¢y large enough, we can set

Feg  =1—10q =1— CO\Z%)@ close to 1. O

A.2 Proof of Lemma 6

Recall that n € RI®l is a vector of centered, unit variance sub-Gaussian random variables with
17&]lw, < b. Combining Lemma 25 and Lemma 26, we have that 7 and  — 1 are sub—exponential
with |72 — 1|, < 2|[nillw, < 4|nk|lw, < 4b%. Thus, using Lemma 24, for a constant ¢}, we have:

€2 2
1 ) , ) T T
P(’@ k:1nk - 1' ” T> < 2exp ( B 62|Q|mm{16b4’ 452 }) (22)

Choosing 7 to be an appropriate constant, we have || Po(0*) — y)|2 < 264/|Q| < Acp W.p. greater
than 1 — exp(—ca7|9?|), and the lemma follows from the optimality of ©, and triangle inequality.

B Appendix to Proof of Theorem 2

B.1 Results from Generic Chaining

In this section, K denotes a universal constant, not necessarily the same at each occurrence.

Definition 7 (Gamma Functional (Definition 2.2.19 in [33])). Given a complete pseudometric space
(T, d), an admissible sequence is an increasing sequence (.A,,) of partitions of 7" such that |Ag| = 1
and |A,| < 22" for n > 1. For a > 0, we define the Gamma functional 7, (7, d) as follows:

o(T,d) = inf su 2" A y(A, (1)), 23
YolT, d) (An)nzot&)g a(An(t)) (23)

where inf is over all admissible sequences (A,), A,,(t) is the unique element of .4,, that contains ¢,
and A4(A) is the diameter of the set A measured in metric d.

Lemma 10 (Majorizing Measures Theorem (Theorem 2.4.1 in [33])). Given a closed set T in a
metric space, let (Xy)ier be a centered Gaussian process indexed by t € T, i.e. (X;) are jointly

Gaussian. For s,t € T, let dx (s,t) :== /E(Xs — X;)? denote the canonical pseudometric associ-
ated with (X). We then have :
1

—72(T,dx) < Esup Xy < Lyo(T, dx).
K teT
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In particular, considering the canonical Gaussian process (Y, t;g;)icT, we have:

1

72T HF) < we(T) < Kve(T | llF)-
Lemma 11 (Theorem 2.4.12 in [33]). Let (X;)ier be a centered Gaussian process with canonical
distance dx = \/E(Xs — X;)2. Let (Y:)ter be another centered process indexed by the same set

T, such that it satisfies the following condition:
2

u
Vs, t€T,u>0, P(Y,—-Y:>u)<2 -t ),
s u (1 i > u) < 2exp ( 2d§<(s,t))

then, we have Esup, ;e |Ys — Yi| < KEsup,er X
If further, (Y;)ier is symmetric, then Esup, |Y;| < Esup; ye7 |Ys — V3| = 2Esup,er Vs

Note that from the properties of sub—Gaussian random variables, the above lemma can be directly
bound canonical sub—Gaussian complexity measures using canonical Gaussian complexities.

Lemma 12 (Theorem 3.1.4 in [33]). Let T' be a compact group with non—empty interior. Con-
sider a translation invariant random distance d,,, that depends on a random parameter w and let

d(s,t) = \/Ed?(s,t), then :

(EN3(T,d))"* < Kna(T.d) + K (E sup &2 (s,t))
s,teT

1/2

B.2 Proof of Lemma 8

Statement of Lemma 8
For a compact subset S C R9*92 with non—empty interior, 3 constants &, ko such that:

Q
wa.¢(S) = E sup Xo ¢(X) < ky —d| d|
Xes 1d2

wG(S)+k2\/E sup_|[Pa(X — Y)Il3 =
X,Yes

Proof: Recall definition of (Xq 4(X))xecs from (18), such that X ,(X) = >, (X, Ei)gs.

By Fubini’s theorem Eq 4 sup xcg Xo,q(X) = EqE, sup xcg Xao,q6(X).

Also, we have the following results:

e For a fixed €2, (Xq 4(X)) is a Gaussian process with a translation invariant canonical dis-
tance given by do(X,Y) = ||Po(X — Y)|3.

o d(X,Y) = \/Eqdj(X,Y) = /44 IX = V]|r

Using Lemma 10 we have: E; supxcg X, q(X) < K7v2(S, da), and the following holds:

(b) Q
<K ‘7|72(5, |.lF) + K |E sup [[Po(X —Y)|3, 24
dids X,Yes

where (a) follows from Jensen’s inequality, (b) from Lemma 12 and noting that by definition VM >
0, y2(T, Md) = M~>(T,d). Lemma 8 now follows from (24) and Lemma 10. a

(a)
wa,¢(S) = EqE, )s(u% Xa,g(X) < KEqv2(S,da) < \/Eav3(S,dq)
E

B.3 Proof of Lemma 9

Statement of Lemma 9
There exists constants ks, k4, such that for compact S C Bd1d2 with non—empty interior

Q
E sup [[Po(X ~ V)3 < kst au() +ky sup X — ¥ loown(S)
X, YeS 162 X, yes
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Proof: Using triangle inequality, we have:
E sup [[Po(X-Y)[5<E sup [[|[Po(X-Y)[3-ElPo(X-Y)[3]+ sup E[Po(X-Y)|3
X,yes X,yes X,Yes

(25)
Further,
E|[Po(X -Y i X-Y L 2 2
sup E[Po( )|z = SupH 5 < === (S, 1ll#)%, (26)
X,Yes dida dids
where the last inequality follows from the deﬁmtlon of .
Finally, we have the following set of equations:
2] )
E sup_[IPa(X ~Y)I3 ~ EllPa(X = V)3 =E sup_|3(X ~ ¥, Bx)? ~ E(X - Y, By)’|
X,yes XYes 1
() €2 ®) 1]
< 2B,y sup | D (X =Y, Ep)e| < Kysup | X —Y|wEa, sup [ Y (X =Y, Ey)gsl
Xyes (= Xes XYes 5
(© 1]
< 2k:4Xsup | X — Y||OOEQg)S(up \Z (X, Ex)gil < 4k} S 1X = Yloowa,g(S), 27)

where (i) are standard Rademacher variables, i.e. €, € {—1, 1} with equal probability, (a) follows
from symmetrization argument (Lemma 18), (b) follows from contraction principles Lemma 19 and

using ¢((X, Ey)) = % as a contraction, (c¢) follows from triangle inequality, and (d)
€ =)
follows from gj, being symmetric (Lemma 2.2.1 in [33]). O

The lemma follows by combining Lemma 10 and equations (25), (26), and (27).

B.4 Remaining Steps in the Proof of Theorem 2

From Lemma9, we have the following:

Q
E sup [[Po(X -Y)|3 S K [ we(S) 4+ [ka( sup [|X —Y|oo)wa,g(5)
X,YeSs dyds X,YeS

® el

1
< K\l or Swa(S), (28

w6(S) + Kal sup_|IX V] +
X,Yes
where (a) follows from triangle inequality, (b) using v/ab < a/2 + b/2.

Bound on wg_4(.S) in Theorem 2 follows by using (28) in Lemma 8.

C Spectral k—Support Norm

Recall the following definition of spectral k—support norm ||© || from (8):
O]y = inf {Z legllz = Y- vy = a(©) . (29)
9€GkK

where G, = {g C [d] : |g| < k} is the set of all subsets [d] of cardinality at most k, and V(Gy,) =
{(vg)geg. : vy € R™, supp(vy) C g}

Proposition 13 (Proposition 2.1 in [2]). For © € R with singular values o(©)

{o1,092,...,03}, suchthat o1 > o9 > ..., > oz Then,
k—r—1 d 2\ 3
[Olk-sp = ( Z g +r—|—1< Z 02> ) (30)
i=k—r
where r€{0,1,2,...,k—1} is the unique integer satisfying oy—,_1 > T+1 i O > Oy O
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C.1 Proof of Lemma 3

Statement of Lemma 3
If rank of ©* is s and £ is the error set from R(O) = ||O||x_sp, then
(r+1)?|lo7,1I3

2 < s(2d —
b (E) <ol =)+ (e

+ |11|)(2J7 5).

]

Proof We state the following lemmas from existing work.

Lemma 14 (Equation 60 in [29]). Let z be an s > k sparse vector in RP, and let Z is the vector
z sorted in non increasing order of |z;|. Denote r € {0,1,2,...,k — 1} to be the unique integer
satisfying

. I
|Zk—r—1] > 1 Z |Zi| > |Ze—r|-
i=k—r
Define In = {1,2,... ) k—r—1}, 1 = {k—r,k—r+1,...,s},and Iy = {s+1,5s+2,...,p}; and
let Z1 denote the vector Z restricted to indices in I. Then the sub—differential of the vector k—support
norm denoted by ||.||vk-sp at w is given by:

1 - 1 .
Olallesy = {20+ g M0l sign(zn) + hny): hlloe < 1},
vk-sp

Lemma 15 (Theorem 2 in [38]). Let R : R¥* — R be an orthogonally invariant norm;
ie. R(X) = ¢(o(X)) such that ¢ : R — R, is a symmetric gauge function satisfying:
(a) p(x) > 0Vx # 0, (b) p(ax) = |a|d(z), (c) oz +y) < ¢(x) + ¢(y), and (d) p(x) = ¢(|z|).

Further let 0¢(x) denote the sub—differential of ¢ at x. Then for X € RI* ypith singular value
decomposition (SVD) X = UxXxVy and ox = diag(Xx), the sub—differential of R(X) is given
by:

OR(X) = {UxDVy : D = diag(d), and d € 0®(ox)}.

Since spectral k—support norm of a matrix X = UxXx V; is the vector k—support norm applied to
the singular values o x = diag(Xx ), Lemma 14 and 15 can be used to infer the following:

0| X lhesp = {Ux DVY : diag(D) € -————{ox,, + Joxe e g, ) il < 1}}.
T e L% T 70
- 3D
where 1 € R? denotes a vector of all ones.
The error cone for R(.) = ||.||k—sp is given by the tangent cone:

Tr = cone{A : |07 + Allsp < |0%[sp}
and the polar of the tangent cone — the normal cone is given by

T = Nr(©%) = {Y : (Y, X) <0VX € Tr} = cone(dR(0"))

Let ©* = U*2*V*T be the full SVD of ©*, such that o* = diag(X*) € R and oy >05...> 03.

Let u} and v} for i € [d] denote the i™ column of U* and V'*, respectively. Further, let the rank of

O* be rk(©*) = ||o*|0 = s.

Like for the vector case, denote r» € {0, 1,2, ..., k—1} to be the unique integer satisfying o}, _,._; >
1 p

e ; of > oj_,.Definel, ={1,2,....k—r—1} I ={k—nr,k—r+1,...,s}, and

Ip={s+1,s+2,...,p}; Also define the subspace:

T =span{uz' :ic LU,z € RJ} Uspan{yv;' i€ L UL,y € R‘Z}
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Let T be the subspace orthogonal to 7" and let Pr and Pp. be the projection operators onto 7" and
T respectively. From (31) we have,

1
NR(@ ) {Y U DV*T D = dlag( 0'12 +t1[1 +th[0) ot Z O, Hh”oo S 1}7

o7, 1lx

Finally, from Lemma 21, we have that

w2 (Tr NS¥1) < Bq el IG — X||%

. T-l— 1 * % *T * *T * *T
<Eg %gg HPT( “71 L ZUZ u;v; —|—tZu + Pr. (G —tz hiu} H
Ihlloo <1 1 i€l i€l

Let Pro(G) = > iy, 0;(PpiG)ufvy" be the decomposition of Pi(G) in the basis
of of {ujvi"}ier,. Taking t = ||Pri(G)llp = maxier, 03(Pro(G)), and h; =
oi(Pr.(@))/||Pr.(G)|lop < 1, we have:

__ r 2 * |2
wé(TRded—l><EGPT<G>||%+<( ”)”;2”2+|11>EG||PT<G>|%. 32
95

Lemma 3 follows by using E¢||Pr(G)||% = s(2d — s) and Eq|Pr(G)|2, < 2(2d — s) from [10].

D Preliminaries

D.1 Probability and Concentration

Lemma 16 (Bernstein’s Inequality (moment version)). Let X;,i = 1,2, ..., N be independent zero

mean random variables. Further, let 0*> = Y, E[X?], and M > 0 be such that the following
moment conditions are satisfied for p > 2,

! 2Mp—2

E[X?] < 1%

Then the following concentration inequality holds:

P

Lemma 17 McDiarmid’s Inequality). Let X;,i = 1,2, ..., N be independent random variables.
Consider a function f : RN — R:

Ir Vi, sup |f(X1, X, .., XN) = f(X0, Xoy oo, X, X X, Xv) < g,
X1, Xa, Xy X!

2

) < Zexp (202:—u2Mu> (33)

—2u2
then, P(|f(X1,Xa, ..., Xxn) —Ef(X1, Xa,. .., Xn)| > u) < 2exp (27722) (34)

i Ci
Lemma 18 (Symmetrization (Lemma 6.3 in [23])). Let F' : Ry — R, be a convex function,
and X;,1 = 1,2,... be a sequence of mean zero random variables in a Banach space B, s.t
Vi, EF|| X;|| < co. Denote a vector of standard Rademacher variables of appropriate dimension as

(i), then
BF (51 Y aXil) < BFIY. Xl < BF (2] Y axi) (9)

Further, if X; are not centered, then IEF(H > Xi— E[Xl]H) < IEF(2|| > eiXZ-||)

Lemma 19 (Contraction Principle). Consider a bounded T C RY, a standard Gaussian and stan-
dard Rademacher sequence, (g;) € RN and (¢;) € RY, respectively. If ¢; : R — R, i < N are
i(s) — ¢i(t) , and with ¢;(0) = 0, then for any convex
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Sfunction F : Ry — R, the following results are from Corollary 3.17, Theorem 4.12, and Lemma
4.5, respectively in [23]:

N N
1
EF(* su ‘ non ti ) S EF(Q su ‘ ,‘ti ) (36)
55U ;gqﬁ( ) sup ;g
1 N N
EF(* su ’ €Dy ti ) S ]EF(Q su ’ Eiti ) (37)
2 5p| 2 et P

EF (| iemn) < EF(\EH igz«tin) (38)
i=1 i=1

D.2 Gaussian Width

Gaussian width plays a key role high dimensional estimation, and plenty of tools have been de-
veloped for computing Gaussian widths of compact subsets [12, 23, 33, 10]. The existing work is
specially well adapted for computing Gaussian widths for intersection of convex cones with unit
norm balls [10], and recent work of [3] propose a mechanism for exploiting these tools for arbitrary
compact sets. We briefly note some of the key results that aid in computing Gaussian widths. Recall
that S¥92~1 is a unit Euclidean sphere in R“* % Further, for a cone C € R%*% we define the
polar cone as C° = {X : (X,Y) <0,VY € C}.

D.2.1 Direct Estimation

The Gaussian width of a compact set T’ can be directly estimated as a supremum of Gaussian process
over dense countable subset T of 7" as wg (1) = supx (X, G).

We state the following properties are often used in direct estimation. These properties are consoli-
dated from [33], [10] and [3]. In the following statements, k is a constant not necessarily the same
in each occurrence:

e Translation invariant and homogeneous: for any a € R, wg(S + a) = we(S); and .
o wg(conv(T)) < wa(T)

o wa(Th + 1) < wa(Th) + wa(Ts)

o If 71 C Ty, then we(Th) < we(T3).

e If Ty and T are convex, then wg (Th U T) + we(T1 NTa) = we(Th) + wa(Te)

D.2.2 Dudley’s Inequality and Sudakov Minorization

Definition 8 (Covering Number). Consider a metric d defined on S C R%*9_ Given € > 0,
the e—covering number of .S with respect to d, denoted by N (S, €,d), is the minimum number of
points { X1, Xs,..., Xxr(s,c,q)} such that V X € S, there exists i € {1,2,...,N(S,¢,d)} with
d(X,X;) < e Theset {X1,Xs,..., X (s, } is called the e~cover of S.

Lemma 20 (Dudley’s Inequality and Sudakov Minoration). If S is compact, then for any € > 0,
there exists a constant c s. t.

ce\/Iog N(S, ¢, |.||lF) < wa(S) < 24/ VIN(S, e, ||| F)de.
0

The upper bound is the Dudley’s inequality and lower bound is by Sudakov minoration.

D.2.3 Geometry of Polar Cone

Lemma 21 (Proposition 3.6 and Theorem 3.9 of [10]). IfC C R%*% s g non—empty convex cone
and C° be its polar cone, then:

Distance to polar cone : wg(C NST%~1) < Eq [Xin(f: G — X||F]
6 o
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4
vol(C° N Sdida—1)

Volume of polar cone : wg(C N Sdldrl) < 3\/

D.2.4 Infimum over Translated Cones

Lemma 22 (Lemma 3 of [3]). Let S C R4*% and given X € S, define p(X) = supycg || X —
Y || as the diameter of S measured along X. Also define G(X) = cone(S — X) N p(X )B4z,
where B9 jg the unit Euclidean ball. Then,

we(S) < nf we(G(X))

D.2.5 Generic Chaining

Lemma 10 (from [33]) gives the tightest bounds on the Gaussian width of a set. The definition of -
(23) can be used derive tight bounds on the Gaussian width that are optimal upto constants. Further
results and examples on using y—functionals for Gaussian width computation can be found in the
works of Talagrand [31, 32, 33].

D.3 Sub-Gaussian and Sub-Exponential Random Variables

Recall the definition of sub—Gaussian random variables from Definition 2.

Definition 9 (Sub—Exponential Random Variables). A random variable X is said be sub-exponential
if it satisfies one of the following equivalent conditions for ki, k2, and k3 differing from one other
by constants [Definition 5.13 of [36]].

1. P(IX| >t) <el"t/k vt >0,

2. p > 1, (B[ X PP < kop, or

3. E[eX/*3] <e.

The sub—exponential norm is given by:

. X -
| X|lw, = inf {t > 0: Eexp (| ; |) < 2} = supp I(EHXV)DUP- (39)

p>1

The following results on sub—Gaussian and sub—exponential variables are from [36].

Lemma 23 (Hoeffding—type inequality, Proposition 5.10 in [36]). Let X1, Xo,..., Xy be inde-
pendent centered sub-Gaussian random variables, and let K = max; | X | v,. Then, Ya € RY and
t > 0, d constant c s.t.,

N —ct?
P(|;aiXi’ Zt) < 2exp (Wallﬁ) 40)

Lemma 24 (Bernstein—type inequality, Proposition 5.16 in [36]). Let X1, Xo, ..., Xy be indepen-
dent centered sub-exponential random variables, and let K = max; || X;||w,. Then Ya € RN, and
t > 0, there exists a constant c s.t.

N 2
. t t
IP’(| E aiXi| > t) < 2exp ( — CIHIH{KQHCL”%’ Ka] }) 41
=1 ']

Lemma 25 (Lemma 5.14 in [36]). X is sub—Gaussian if and only if X? is sub—exponential. Further,
1X13, < 1X? (e, <20X[f5,

Lemma 26 (Remark 5.18 in [36]). If X is sub—Gaussian (or sub—exponential), then so is X —EX.
Further, | X —EX g, <2|Xw.: X ~EX[la, < 2|X]a,.

E Extension to GLMs

This section provides directions for extending the work to matrix completion under generalized
linear models. This section has not been rigorously formalized. An accurate version will be included
in a longer version of the paper.
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We consider an observation model wherein the observation matrix Y is drawn from a member of
natural exponential family parametrized by a structured ground truth matrix ©*, such that:

P(Y|0") = [ [ p(¥ij) &m0, (42)
ij

where A : dom(©,;) — R is called the log—partition function and is strictly convex and analytic,
and p(.) is called the base measure. This family of distributions encompass a wide range of common
distributions including Gaussian, Bernoulli, binomial, Poisson, and exponential among others. In a

generalized linear matrix completion setting [16], the task is to estimate ©* from a subset of entries
QofY,ie. (2, Po(Y)).

A useful consequence of exponential family distribution assumption for observation matrix is that
the negative log-likelihood loss over the observed entries is convex with respect to the natural pa-
rameter ©*, and have a one-to-one correspondence with a rich class of divergence functions called
the Bregman Divergence [15, 4]. The negative log likelihood is proportional to:

La(©)= Y AOy) - Y0y
(3,7)€Q

We propose the following regularized matrix estimator for generalized matrix completion:

~ d
O, = argmin ﬁﬁg(@) + AeR(O). (43)
10l <

Hypothesis 1. Let O, = O* + A,,. In addition to the assumptions in Section 2, we assume that for
somen >0, V2A(u) > e~ 4, € R. The following result holds for any fixed ~ > 1. We define:

~ 1 ~ _
Tr = cone{A : R(O* + A) < R(O¥) + ;R(@*)}, and Er~y=Tr,N Shdz=1  (44)

2 ~
Let A\, > ’}/%R*(Vﬁg(@*)), and for some cy, || > (:Yy—ﬂ) cAw? (Er ) logd. There exists a

constant k1 such that for large enough co, there exists k., > 0, such that with high probability,

A v (712 A2U2, (TR Rwl(Er.-)logd
HAre”%SZLOé 2<f1) R(* 2"/), 0 G( Q’y) 7
2 C(n,a*)k2, Q|

—4na*

n
where ((n, ) = eV@e2 and o, wg(.), and Y (.) are notations from Section 3.

The conjectures follows by combining the results in this paper along with the results from [3], and
[16]. This result is beyond the scope of this paper and will be dealt with more rigorously in a longer
version of the paper.
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