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Appendix A: Schematic illustration of the algorithm

Here we include a schematic illustration of the density aggregation in PART algorithm.

Figure 1: A schematic figure illustrating the density aggregation step of the algorithm. Two trees
in the left share the same block structure and the aggregated histogram is obtained by block-wise
multiplication and renormalization.

Appendix B: Proof of Theorem 1

Let I'x , be a subset of I'xc defined as T'x, = {fo € I'x| ming, Els, > p}. We prove a more
general form of Theorem 1 here.
2log(2K/§)

Theorem 1. For any 6 > 0, if the sample size satisfies that N > max{K, P(l—co)?

probability at least 1 — §, the optimal solution to (8) satisfies that

Y, then with

Drr(fllfarr) < folélligp Dxr(fll fo) + Cp\/% log (%) log (%)7

where C, = 48y/p + I max { log D,log p~' }.

Now choosing p = 1/K'+t1/ ) the condition becomes N > 2(1 — co) 2Kt/ (2P) log(2K/6),
then with probability at least 1 — § we have

S 1 K 3eN 8
Dir(fllfmr) < (Cr+2log K)K™ 2» +Cgmax{logD,210gK}\/N log <67> log (5)’

where Cy = 2log D + 4pLD with L = || f'||cc and Cy = 48/p + L.



When multiple densities f(1)(), - - - , (™) (0) are presented, our goal of imposing the same partition
on all functions requires solving a different problem (9). As long as T > AI(\/Z[)L >E S f }é) o
remains true, where fl(é)p = argming cr,  Dkr (fD] fo), the whole proof of Theorem 1 is also
valid for (9). Therefore, we have the following Corollary.

Corollary 1 (m copies). For any 6 > 0, if the sample size satisfies that N > 2(1 —
co) 2K Y (2P log(2mK /5) and p = 1/ K'Y/ CP)| then with probability at least 1— 8, the optimal
solution to (9) satisfies that

m

K

To prove Theorem 1 we need the following lemmas.
Lemma 1. The optimal solution of (8) is also the optimal solution of the following problem,

K K
A 1
fuvr = argmax — an log 7, s.t. ng > copN, |Ax| > p/D and Zfrk.|Ak| =1 (1
rerie N D k=1
Proof. We write out the empirical log likelihood

K K
1
i an log ), = Z % log 1| Ak | — Z % log | Ag|-
k=1 k=1 ng >0
For any fixed partition { Ay }, under the constraint that Zle 7k| Ak| = 1, one can easily see that
N N
7Tk|Ak| = ﬁ
maximizes the result. O

Next, we show that the optimal approximation
fr,p = argmin Dgp(f|far)
fmMrL€lK,,

is a feasible solution to (1) with a high probability.

Lemma 2. Let fx , be the optimal approximation in 'k ,, then fr , satisfies that miny, |Ay| >
p/D. In addition, with probability at least 1 — K exp(—(1 — ¢)?pN/2), we have ni/N > cop,
i.e, fi.p is afeasible soluton of (1).

Proof. Let ny, be the counts of data points on the partition of fx ,. Notice fx , is a fixed func-
tion that does not depend on the data. Therefore, each nj follows a binomial distribution. Define
P(Ay) = E14,. According to the definition of ' ,, we have P(Ay) > p. Using the Chernoff’s
inequality, we have for any 0 < 6 < 1,

2

P(5<a-0p) <om - ‘SNP(A”)

Taking 6 = 1 — ¢ and union bounds we have
P(mkinrjl\l; > cop> >1— Kexp(—(1 —cp)’pN/2).

On the other hand, the following inequality shows the bound on |A|,

|Ak|=/1z f/D > p/D.
Ay Ay
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Lemma 2 states that with a high probability we have I log farz. > Elog fx.,. This result will be
used to prove our main theorem.

Although the actual partition algorithm selects the dimension for partitioning completely at ran-
dom for each iteration, in the proof we will assume one predetermined order of partition (such as
{1,2,3,---,p,1,2,---}) just for simplicity. The order of partitioning does not matter as long as
every dimension receives sufficient number of partitions. When the selection is randomly taken,
with high probability (increasing exponentially with ), the number of partitions in each dimen-
sion will concentrate around the average. Thus, it suffices to prove the result for the simple
{1,2,3,--- ,p,1,2,--- } case.

Proof of Theorem 1. The proof consists of two parts, namely (1) bounding the excess loss com-
pared to the optimal approximation fx , in I'x , and (2) bounding the error between the optimal
approximation and the true density.

For the first part, using the fact that £ log fr,p(0) < IE log far1(6), the excess loss can be expressed
as

Dicr(ffarr) — Dri(fl fx.p) = Elog fx,»(0) — Elog farz(0)
= Elog fx.,(0) — Blog fx. ,(0) + Elog fx ,(6)
—Elog farr(0) + Elog far.(0) — Elog farr ()
< Elog fx,,(0) — ]Elongp(H) + Elog fML(G) — ]ElongL(ﬁ).

Assuming the partitions for fx , and f v are {A;} and {Ak} respectively, we have

K
Dir(fIfmr) = Drr(fllfrp) =Y logmi(Bla, —Ela,) + Zlog NIA |(E1Ak ~E1,,)
k=1 k=1
< max|log7rk|—|—max log ) sup |E14 — k1, [ 2)
( | |Ak\ | {Ax}eF ; * §

Following a similar argument as Lemma 1, for fx , we can prove that 7, = | a,, f(0)d0/[Ayg|, thus
we have pg < m, < D forany 1 < k < K. Similarly for Nmk\ we have p < NT’};‘H < D/p.
Therefore, the first term in (2) can be bounded as

max | log 7| + max | log ’ < 3max{log D, logp~'}.

IAI

The second term in (2) is the concentration of the empirical measure over all possible K-rectangular
partitions. Using the result from [1], we have the following large deviation inequality. For any
€ (0,1), we have

N
P< sup E Ela4, — IE)lAk>e) <4exp{ -5 }, 3)
{Ak}ej:k k=1 2

if N > max{K, (100log6)/€2,2%(p + 1)K log(3eN/K)/e?}. For any § > 0, taking ¢ = 2°(p +
1)K log(3eN/K)/N log(4/), we have that

8
sup Z“EIAI» IElAk|<16\/ p+1\/10g >1g<6)

{Ak}e]:k k=1

with probability at least 1 — §/2. Define C, = 481/2(p + 1) max{log D,log p~'}. When N >
2log(2K/6)

P —co)? , Lemma 2 holds with probability at least 1 — 6/2. Taking the union bound, we have

p K 3eN 8
Dice(ffus) < min Dicr(f1f0) + c,v o (55 e (5) @

holds with probability greater than 1 — 4.



To prove the second part, we construct one reference density f € I'k , that gives the error spec-
ified in the theorem. According to the argument provided in the paragraph prior to this proof, we
assume the dimension that we cut at each iteration follows an order {1,2,--- ,p,1,2,---}. We then
construct fy in the following way. At iteration ¢, we check the probability on the whole region.

i If the probability is greater than 2p, we then cut at the midpoint of the selected dimension.
If the resulting two blocks B; and By satisfy that P¢(B1) > p and P¢(B2) > p, we
continue to the next iteration. However, if any of them fails to satisfy the condition, we find
the minimum-deviated cut that satisfies the probability requirement.

ii If the probability on the whole region is less than 2p, we stop cutting on this region and
move to the next region for the current iteration.

It is easy to show that as long as p < 1/(2K), the above procedure is able to yield a K-block
partition { Ay } before termination. Finally, the reference density f is defined as

_ K - £(6)do
fO)=>" % 14 (6). (5)

k=1

The construction procedure ensures the following property for f € I'k,p. Assuming K € [2¢) 27+1)
for some d > 0, then each A; must fall into either of the following two categories (could be both),

L. p < Pp(Ay) < 2p,

2. Pf(fik) > p and the longest edge of cube A, must be less than 2-l4/p] < 2=d/p+1 <
4k=1/p,

We use I; and I5 to denote the two different collections of sets. Now for any by > 0,let B = {f <

bot UA{ f < bp}. We divide the KL-divergence between f and f into three regions and bound them
accordingly.

F f f f f
Dir(fIf) /Qf 87 /Bf 87 +/ch(u11)f ng+/ch(U12)f %87
= M; + My + M;.

We first look at M. Because fis a block-valued function, { f< bo } must be the union of all the
Ay, that satisfies fAk £(0)dO < bg| Ag|. Therefore, we have

/.., S 2 [t < > bol Ax| < bo.

<b x - JA - _
J<bo Aps [z, £(0)d0<bo| Ax| " Ap: f5, F(0)d0<bo| Ay]

Therefore, we have

[ 1@< [ s@a0+ [ 5o = b+ bolo = 2.
B f<bo f<bo

Because f > miny, P(Ay)/|Ax| > P(AL) > p, we have

MlZ/ flogié/f(9)logb—°§2b0\1ogb£|,
B f B 14 P

Next, we look at Ms. It is clear that

0)do < 0)do < card(11)2p,
/ch(uh)f” /(Uh)fu < card(1)2p



and hence we have

MQ:/ flOgiﬁ/ f(9)10g2§card(fl)2p| log2| §2Kp|log2|,
Ben(UL) I Ben(UL) bo bo bo

Now for M3, we first use the inequality that log z < x — 1 for any = > 0,

_ ! <f > f - D .
Ms = 1 Z—-1)< (f-f)< = — fl.
: /Bm(%)f %= [ oG —/ch(ub) U I
Using the mean value theorem for integration, we have fAk f(0)/|Ax] = f(6p) for some 6, €

Ay. Also because f € C1(Q), || f' ]l is bounded, i.e., there exists some constant L such that
|f(21) = fla2)| < LY7Y_, |x1; — 295 Therefore, we have

/U REDY / Ol= 3 [ 156)~ 0] < 3 4pLkF L] < apLi .

A€l Apel, " ¥ Apel
and thus
4dpL.D
My < P22 -3,
bo
Putting all pieces together we have
- b 4pLD 1
D (F1) < 20| log 22| + 2K p|log 1] + L2 K.
bo

Now taking by = K~/2P) and p = K—'1-1/(2P)  we have

D (f1f) < (log K)K % + 2(log

log K , )

%8 VK~ % + 4pLDK %
2p

< (2log K + 2log D + 4pLD)K "% .

Now defining C; = 2log D + 4pL D and C5 = 48+/p + 1 and combining with (4), we have

R 1 K 3eN 8
DKL(foML)S(C’1+210gK)K_2p+C’2max{logD,210gK}\/Nlog §(>log<§)

O

Appendix C: Proof of Theorem 2

The KD-tree f x p always cuts at the empirical median for different dimensions, aiming to approxi-
mate the true density by equal probability partitioning. For fx p we have the following result.

Theorem 2. For any ¢ > 0, define r. = log, (1 + 2+31L/€) Forany 6 > 0, if N >
32¢%(log K)? K log(2K/3), then with probability at least 1 — &, we have

A _re 2K 2K
lfxp — feplh <e+pLK™» +4elog K log< 3 >

If the function is further lower bounded by some constant by > 0, we can then obtain an upper

bound on the KL-divergence. Define rp, = log, <1 + 2+31L/bo) and we have

pLD " 2K 2K
DKL(f||fKD)<TK 7+ 8elog K 1082( 5 >



When there are multiple functions and the median partition is performed on pooled data, the partition
might not happen at the empirical median on each subset. However, as long as the partition quantiles
are upper and lower bounded by « and 1 — « for some « € [1/2, 1), we can establish similar theory
as Theorem 2.

Corollary 2. Assume we instead partition at different quantiles that are upper and lower bounded
by aand 1 — « for some o € [1/2,1). Define r. = log, <1 + mils_;/liﬂ> and 1y, = log, (1 +

(1-a)

Sa13L/beiT |- Forany 0>0if N> (11322)2 K (log K)?log(K/d), then with probability at least

1 — 6 we have

2 _re 2elog K i _joe. 0t |3K 2K
|fxp — fxplh <e+pLK™ 4 26982 pri-logya “log | —
11—« N )

and if the function is lower bounded by by, then we have

' pLD __mo  delogK 4 . oo [3K (2K
D <P K TCOBR gislogyant 000 (24 )
kr(fllfxp) < b . v log (5

Following the same argument for Theorem 1, we will prove Theorem 2 by assuming a predetermined
order of partition (such as {1,2,3,---,p,1,2,---}) for simplicity, though in the actual precedure,
the dimensions are selected completely at random. We need the following two lemmas to prove
Theorem 2. Let fxp have the same partition as fx p but with function value replaced by the true
[a, £(0)d0 1. (0

iy La0).

Lemma 3. With fxp defined above, for any § > 0, if N > 32¢%(log K)?K log(K/J), then with
probability at least 1 — §, we have

probability on each region divided by the area, i.e., fxkp = > Ax

A 2K K
lfxp — frpl1 < 4delog K Wlog <5>

Dir(fllfxp) < Drr(f||fxp) + 8elog K % log (16()

If we instead partition at some different quantiles, which are upper bounded by o and lower bounded
by 1 — « for some o € [1/2,1), then for any 6 > 0, if N > %K(log K)?log(K/$), with
probability at least 1 — § we have

and

. 2108 K 1 1n at 3K (K
- < 2608 N pitogant [0 (B
Ifkp = frplh < —F—> v los| 5 )

A delog K -1 [3K K
Dir(fllfxp) < Drr(fl fxp) + %Kl_logw \ v o8 (5)

Proof. The proof is based on how close the data median is to the true median. Suppose there are
N; points in the current region, condition on this region, and partition it into two regions A; and

Ag by cutting at the data median point M;. Denote the true median by M; and two anchor points
M; — €1, M; + €3 such that P(X < M; —e;) =1/2—tand P(X < M; 4+ e5) = 1/2 4t for some
0 < t < 1/2. By Chernoff’s inequality we have

and

. t2N;
P(Mi<Mi—61)<exp{— 1—|—2t}



and

142t

The above two inequalities indicate that with high probability M; is within the interval (M; —
€1, M; + €5). Therefore, the probabilities on A; and A, also satisfy that

1 t2N;
P(‘ElAi—2|>t)<exp{—1+2t}. (6)

Now consider the K regions of f kp and fr p. Each partition will bring an error of at most 1/2 + ¢
to the estimation of the region probability. Therefore, assuming K € [2¢ + 1,29*!) we have for
each region Ay, (A is a random variable) that

() o 1)

1 d+1 1 d+1
(3-1) =/ sows(3+e)
2 " 2

if ny/N = 1/29+1, Notice that for all iterations before the current partition, we always have

N; > N/K. Therefore the probability is guaranteed to be greater than 1 — K exp { _ EN/K }

« t2N;
P(MiZMi+€2)§€XP{— }

if ng /N = 1/2%, or

12t
The above result indicates that

o= [ o] ms{ ()= (3) (-9 ()]

1 d+1
= <2> max {(1 +20) 11— (1 - 2t)d+1}

= (;)dH ((d + 1)1+ 2£)d2t),

where £ € (0,t). Soif t < 1/(2d), then (1 + 2£)? < (1 + 1/d)? < e and we have

max
Ag

d+1
A 1 detlog K
max| [ fxn(0) = [ Ffxp(®)| <2(d+ 1)e<> p< B (7)
Ay Ay Ap 2 K

This result implies that the total variation distance satisfies that
HfKD_fKDHI—Z/ | fkp(0) = frp (6 / frp(6 fKD(g)‘ < detlog K.
Similarly, one can also prove that

7‘&’“ ficol0) ’ < Ja, Jrcol6) - f“‘k Jio(®) ’ < detlog K.

fA fxp(® A0 L4, fKD
Denote fAk = fAk fKD ) by P(Ay) and 'fAK frpf(0) by P(Ay). The KL-divergence can

then be computed as

Dra({lfiw) = Dral o) = 3 / £(6)(1og fxcp(6) — log fxp(9))

—;/Ak f(@)(log/ f(6) —log fKD(9)>
_ ZP Ap) <log Ej’;;) < ZP(M)(?E?Z; - 1)

Ak

. AZ) (P(Ak) - P(Ak)>

< (1 +4etlog K)4etlog K < 8etlog K,




aslong ast < min {zwl;gK’ %gl;zK} with probability at least 1—K exp {— } Consequently,

for any § > 0, if N > 32¢2K (log K)? log(K/J), then with probability at least 1 — &, we have

. 2K K
| fxp — frplh < 4elog K  log ()

)
and
. 2K K
Drr(fllfxp) < Drr(fllfxp)+ 8elog K N log (5)
When the partition occurs at a different quantile, which is assumed to be «; for iteration ¢, we have

d+1 d+1

a—t /f d9<Ha+t

where o = «; if Ay, takes the region containing smaller data values and o, = 1 — «; if Ay, takes
the other half. First, (6) can be updated as

t2Ni t2Ni
P |E1A-—04H >t) <expq — 5 <expq — , (8)
! 3a 3

if t <1 — o Then we can bound the difference between [, f(6)and [, frp(0) as

R a+1 d+1 d+1 d+1
fKD(e)_/A fKD(G)‘ <max{ [T(ai+0) Ha - H(aé—t)+Ha;}
d+1 d+1 . lt d+1 Z:did . =
<max{Ha{H< ,)—1}, Haé{l—H(l—(M)H
i=1 i i=1 =1 i
dt1 N
<Ha d—i—l( l—a) —

where € (0,t). Thus if t < (1 — «)/d, then we have

max
Ak

Ak

e(d+ 1)tad*? 2etlog K
<
mox| [ feo® / frp(0 ‘_ e < e
and
Ja, TrD(0) ‘ 2¢tlog K
max |—2—— - 1| < ————.
Ay fAk fKD(a) 11—«
The total variation distance follows
- 2etlog K 2etlog K 4, -1
- <K- = K782
Ifkp = frpllh < 1= o) K& —a
and the KL-divergence follows
A 2etlog K\ 2etlog K 100 ot _ 4etlog K | oe. o1
Dkr(fllfxp) — Drr(fllfxp) < (1+ 1_ga ) 1_ga KiTleee s < %Kl e

ift < 1/(2e(1—a)log K). Consequently, for any § > 0, if N > (11322)2 K(log K)?log(K/d), then
with probability at least 1 — 0, we have

s 2elog K 1 _1oe. a1 [3K K
Ifxp — frplh < =2 1 -lo8 — log ;
1l -« N

]

and

. 4elog K - 3K K
Dicaffin) < Drcs(l o) + T2 k0w (B g (),



Our next result is to bound the distance between fx p and the true density f. Again, the proof
depends on the control of the smallest value of f and the longest edge of every block. One issue
now is that each partition might not happen at the midpoint, but it should not deviate from the
midpoint too much given the bound on the f’, i.e., we have the following proposition.

Proposition 1. Assume we aim to partition an edge of length h (on dimension q) of a rectangular
region A, which has a probability of P and an area of |A|. We distinguish the resulting two regions
as the left and the right region and the corresponding edges (on dimension q) as hies and gy (i.e.,
Niefr + Pyigne = h). Suppose the partition ensures that the left region has probability of P, where
v > 1/2. If | f'llsc < L, then the longer edge h* = max{ e, hrign:} satisfies that

* 1_
higl_iryA_
h 1+ Lh'4l

Proof. Tt suffices to bound hy as v > 1 — ~. Let g(¢t) = fz:(t 2)eA f(t,x), where t represents
the variable of dimension ¢ and z stands for the other dimensions. We then have ft: R9(t) = P,
fz:(t’z)eA 1dz = |A|/h and

l9(t1) — g(ta2)| < / (f(t1, @) = f(t2,2)) < Llts — ta|Al/h.

z:(t,x)
Therefore, using the mean value theorem for the integration, we know that

ﬁ,;hleﬂ g(t) _ j;s:h,,ghl g9(t)

hlefl hri ght

] < 14|

which implies that

‘ vh (1—7)h’ < L|A|h.
Piefe higne |~ P
Now if we solve the following inequality
|v/a—(1—=7)/b|<c¢ and a+b=1,a>0,b>0,
with some simple algebra we can get
|
1+c¢

a<l1l-—

Plug in the corresponding value, we have
P 177 -
h 1+ Lhl4l

With Proposition 1, we can now obtain the upper bound for || f — fxpll1 and Dk (f|| fxD)-

Lemma 4. For any ¢ > 0, define r. = log, <1 + 24_31L/E) If N > 72K log(K/9) for any 6 > 0,
then with probability at least 1 — 0, we have
If = fxply < e+ pLK 7.
If the f is further lower bounded by some by > 0, the KL-divergence can be bounded as
pLD Tbg

Dir(fllfxp) < - K
0

where 1, = log, (1 + 2+31L/bo)

Now suppose we instead partition at different quantiles, upper and lower bounded by o and 1 — «

Sor some o € (1/2,1). Forany § > 0, if N > ﬁKlog(K/d) then the above two bounds hold

with different r. and rp, as
(1-a) (1-a)
=1 1+ — d =1 14 ——m———).
e = 082 ( Toaysrer1) M e lem MY o T T



Proof. The proof for the total variation distance follows similarly as Theorem 1. For any € > 0, we
consider B = {fxp < €/2}. We then partition the total variation distance formula into two parts

||fKD—f||1:/B|fKD—f|+/BC\fKD—f|:M1+M2-

It is straightforward to bound M;. B is a union of A;’s which satisfies fAk f(8) < e|Ag]/2.

l]lelelOIe,

Ar:UAL=B Ak

Now for M>, the usual analysis shows that our result depends on the longest edge of each block, i.e.,

M2:/BC|fKD_f‘_

where hj is the longest edge of each block contained in B¢. Now using Proposition 1, we know for
iteration ¢ the partitioned edge at each block follows

11— 11—
hi<(1———7 Vp < (1- i 1.
_< 1+Lh';‘§) ' ( 1+L/€) '

When K € (2¢,29+1], each dimension receives | d/p| stages of partitioning; therefore, we have for
each block, the longest edge satisfies that

) /|fKD—f\< S° pLhi|Ax] = pLIB*|maxhi < pLmpshi,
Ap:UAR= Ai:UAL=B k k

logg K
1—’}/ P _re
h*<(1- <K
<(verE) o

where r. = log, (1 + (=) ) This implies

y+L/e
My, <pLK~% and |fxp— flli<e+pLK %

Now, according to (6), we know with probability at least 1 — K exp{—t>*N/(2K)},

<l
7_2 .

Taking ¢t = 1/6, we get

1
=logy (14— ),
" ng( +2+3L/5)

with probability at least 1 — K exp{—N/(72K)}. Soif N > 72K log(K/d), then the probability
is at least 1 — §. For the case when v = a + ¢, we choose t = (1 — «)/3, then

(1-a)
=1 1+ —r
e T 082 ( + 20+ 3L/c + 1
with probability at least 1 — § if N > ( ) K log(K/9).

For KL-divergence, if f is lower bounded by some constant by > 0, then we know that

DierlIin) = / F6) 1o fff() 5 < 10 (fif()m - 1)

5 150 = 5o < 215 = Frol
0

fKD

Because f and fx p are both lower bounded by by, we can follow the proof for ||f — fxpl|1 with
€ = bg and ignore M;. Thus we have

LD b
DKL(foKD <%K 0

10



where 7, = log, (1 + v(+1£7lzo ) Similarly, if we take v = 2/3 and N > 72K log(K/¢), then with

probability at least 1 — §, we have

1
Tbo :1Og2 <1+2—F3L/b0>

If we take v = (2ae+ 1)/3 and N >
have

= Q)Q K log(K/d), then with probability at least 1 — §, we

(1-0a)
=] 1 _ |
0g2< + 200+ 3L /by + 1

Theorem 2 and Corollary 2 follow directly from Lemma 3 and 4.

Proof of Theorem 2 and Corollary 2. For any ¢ > 0, define . and 7}, as in Lemma 4. Thus, for
any § > 0, if N > 32¢?(log K)?K log 2%, then with probability 1 — §/2 we have

A 2K 2K
| fxp — fxpl1 < 4elog K Wlog (5

and

P 2K 2K
Dica o) < Dicafl o) + Setog 16| 55 10 (%

Also, with probability 1 — §/2 we have

If = fxpli <e+pLK™ 7,

and
LD T
Drr(flfxp) < %K b
Putting the two equations together we have
2K
|fxp — fxpllh < e+pLK~% +4elog K N 1og (5)
and
_Th 2K
Dii(fllfxp) < 7K » + 8elog K —log T

Using the same argument on random quantiles, if N > (1122)2 K(log K)?log(2K/6), then with
probability at least 1 — § we have

F _re 2elogK 3K 2K
Ifkp — fxpl1 <e+pLK p+7gKl—log2 o ( )

11—« N 1)

and

P pLD _ _ b 4elogK 1—-lo K 2K
< — go - -
Dir(flfxp) bo K 1o —K N 5

where 7. and 7, are defined as

(1-a) (1-a)
—logy (14— ) and rp, —log, (14— )
°g2< Tat3rjer1) M e TR\ o3I 1 1

11



Appendix E: Proof of Theorem 3 and 4

Lemma 5. Assume || f||cc < D. Under the same condition as Theorems 1 and 2, if
: N
¢N>w%12@+nK%$%%<%r)%(g,

then we have || farz ||so < 2D and if

N > 128¢*K (log K)? log(K/$),

we have || fxplloe < 2D.

Proof. Assume || f||oc < D. We want to bound || far1 ||sc and || fx p||os. Define
- f A f(6)do
= k14, (6
f Z |Ak;‘ Ak ( )7
A
which clearly satisfies f < D. Notice that if there exists some ¢ such that

max |P(Ay) — P(4y)] <,
k

where P(Ay,) = E14, and P(A,) = E14,, then we have

P P(Ay)  P(Ay)| _ 1 2
< max </(0) < max Ai
A, P(Ay) A P(Ag) — €

Now if we can pick € = min,, P(Ag)/2, then the upper bound becomes 2D. We deduce the
corresponding condition for ML-cut and KD-cut respectively. For maximum likelihood partition,
plug in e = K ~1=1/(27) /2 into (3). Under the condition of Theorem 1, if

3eN 8
¢N>w%12@+nK%$%%<;r)%(Q,
then with probability at least 1 — §/2, we have

I farllso < 2D.

For median partition, choose ¢ = K ~1 /2 and apply (7). Under the condition of Theorem 2, if
N > 128¢*K (log K)? log(K/$),

then with probability at least 1 — §, we have

I fxplles < 2D.
O

Proof of Theorem 3. Assume the average total variation distance between f () and f® is . It can
be calculated directly as

[0 - 1179

i€l i€l

l=i+1

w<y [1190 -0 [ 20 ] i00)

<oy 3 [1500 - )

< m(2D)m_15.
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Letting Zr = [ [[,c; f®, we have

21— 2] - ] / (H £9(0) - Hf@(e)) ) <
=1 =1

Thus

11~ Fila = [
g
7l

e 2Dm1
5-m(2D)

df <m(2D)™!

o) -1/ 0)
=1

Zi ﬁf(i) 0) - ﬁf@)(g) d ZiLier f9 = Zr i, £
! Z

i=1 I =1 N / ZIZI

ZI Hie] f(i) - ZI Hie] f(i) + ZI Hie[ f(i) — 71 Hie[ f(i)
Z1%Z;

do

f(i)

1, -
[1r- do+ 121 = 71|
i€l ze] Z1

IN

O

Proof of Theorem 4. Assuming m € [2°,2°T1), then after s + 1 iterations, we will obtain our final

aggregated density. At iteration [, each true density is some aggregation of the original m densities,

which can be represented by f1/, where I’ is the set of indices of the original densities. Let 5511’12)

be the total variation distance between the true density and the approximation for the pair (I, I2)
caused by combining. For example, when | = 1, I, I5 contain only a single element, i.e., [ = {i1}
and Iy = {i}. Recall that Cy = maxjcpcy Zy» Zy\ v/ Zp, using the result from Theorem 3, we
have

(11)f(l2) f(h)f(ié) ) fo(il) ff(iz)
Hff(“ (i2) ff i1) 12) ff(il)f(iz)QDE - ff(il)f(iz)

We prove the result by induction. Assuming we are currently at iteration [ + 1, and the paired two
densities are fr, and fr, where I, I; C I. By induction, the approximation obtained at iteration !

are f 7, and f 1, which satisfies that

If1, = frllh < (4CoD)'e, | f1, — fr 1 < (ACoD)'e
Using Theorem 3 again, we have that
S(hla) H frfn  fufn
o Jinfn [ fnfelh

f Hze[l 7) f HZEIZ f( R
B fH’LGIlUIQ f 2

Consequently, the final approximation satisfies that

11 I)

2De < 4CyDe.

2 I f1, f11||1+|f12f121}
N ffllffz (2D){ 2

(4D) - (4CoD)'e < (4Cy D) e

Ifr— f[|\1 < (4CyD)*He < (4Cy D)2 ™+,

Appendix D: Supplement to Two Toy Examples

Bimodal Example Figure 2 compares the aggregated density of PART-KD/PART-ML for several
alternative combination schemes to the true density. This complements the results from one-stage
combination with uniform block-wise distribution presented in Figure 1 of the main text.

13
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——True density
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= 0.6 [ ——PART-ML (onestage)

0.8F

é 04 - = PART-ML (pairwise)
0.2F
oL ; ]
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X

Figure 2: Bimodal posterior combined from 10 subsets. The results from PART-KD/PART-ML mul-
tiscale histograms are shown for (1) one-stage combination with local Gaussian smoothing (2) pair-
wise combination with local Gaussian smoothing.

Rare Bernoulli Example The left panel of Figure 3 shows additional results of posteriors aggre-
gated from PART-KD/PART-ML random tree ensemble with several alternative combination strate-
gies, which complement the results presented in Figure 2 of the main text. All of the produced
posteriors correctly locate the posterior mass despite the heterogeneity of subset posteriors. The
fake “ripples” produced by pairwise ML aggregation are caused by local Gaussian smoothing.

Also, the right panel of Figure 3 shows that the posteriors produced by nonparametric and semipara-
metric methods miss the right scale.

1000 prrrrrrrr IREEEE R REEEEEE S IREEEE RS 7 100 T T T
r ——True posterior 1 r ——True posterior ]
800 ——PART-KD (one-stage) 80 ——Nonparametric
r - = PART-KD (pairwise) 1 s Semiparametric ]
2 600F ——PART-ML (one-stage) { 2 60 F B
o E \ - - PART-ML (pairwise) a b ]
g 400F X 18 4o ]
200F 1 20 3
) ar—— i I ] 0: ............... | ]
0 2 4 6 8 0.1 -0.05 0 0.05 0.1
0 %107 [4

Figure 3: Posterior of the probability € of a rare event combined from M = 15 subsets of in-
dependent Bernoulli trials. Left: the results from KD/ML multiscale histograms are shown for (1)
one-stage combination with local Gaussian smoothing (2) pairwise combination with local Gaussian
smoothing. Right: posterior aggregated from nonparametric and semiparametric methods.

Appendix F: Supplement to Bayesian Logistic Regression

Figure 4 additionally plots the prediction accuracy against the length of subset chains supplied to
the aggregation algorithms, for Bayesian logistic regression on two real datasets. For simplicity,
the same number of posterior samples from all subset chains are aggregated, with the first 20%
discarded as burn-in. As a reference, we also show the result for running the full chain. As can
be seen from Figure 4, the performance of PART-KD/ML agrees with that of the full chain as the
number of posterior samples increase, validating the theoretical results presented in Theorem 1 and
Theorem 2 in the main text.
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Figure 4: Prediction accuracy versus the length of subset chains on the covertype and the MiniBooNE

dataset.
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