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Abstract

Here, we present detailed proofs of all theorems in the main paper, as well as
some observations and experiments which we had to exclude from the main paper
owing to paucity of space.

1 Model and definitions
Here, we provide the proof of Lemma | from Section [2] of the main paper.

Restatement of Lemmal[ll For a two-ouctome forecasting problem where an expert’s report can
be specified in terms of a single probability p € [0,1), if fo(r1,7r2) and fn_1(q1,92, .-, Gn-1)
are valid opinion pools for two probabilistic reports r1,79 and n — 1 probabilistic reports

q1,92;---,qn—1 ”espeﬂ'fi"ely: then f(plap% s 7pn) = fQ(fn—l(plap% s 7pn—1)7pn) is also a
valid opinion pool for n reports.

Proof. Recall from Deﬁnitionin the main paper that a valid opinion pool p = ¢(p1,p2,- - -, Pm),
where p1,pa2,...,pm € [0, 1] are reported expert probabilities of occurrence of binary event X,
must satisfy

1. Unanimity: If p;, = pVi=1,2,...,m, thenp = p.

2. Boundedness: min{pi,pa,...,pm}t < D < max{pi,ps,...,Pm}-

3. Monotonicity: p increases monotonically as p; increases, p; being held constant Vj # i,
1=1,2,...,m,ie. % > 0 everywhere V2.

By the condition of the lemma, all the above three properties are possessed by each each of f5 and
fn—1, and we need to prove that f has each of these properties, too.

To prove the unanimity of f: Letp, =pVi=1,2,...,n. Then,

fp,p,---,p) = fa(fu-1(p,Ds-- -, D), D)
= fa(p,p), by unanimity of f,,_1,
= p, by unanimity of f5.



To prove the boundedness of f: Using the upper bounds on f; and f,,_1,
f(plap2a .. apn) S maX{f’n—l(plpr) CIEa apn—1)7pn}

S max{max{plap27 cee 7pn—1}7pn}
= max{plap27 cee 7pn71apn}-

Similarly, using the lower bounds on f, and f,_1, we can show that f(p1,pa,...,pn) >
min{pl7p27 e 7pn717pn}-
To prove the monotonicity of f: The partial derivative of f with respect to each p;, i =
1,2,...,n— 11is given by
of 9 9fo(fa=1,Pn) Ofn-1(p1,P2;---,Pn-1)
= a5 n— ) yec9yPn—1)yPn) = . >0
o, 8pif2(f 1(p1, P2 Pn—1),Pn) 0Fy O
by the monotonicity of f5 and f,,_1 with respect to their respective inputs. Similarly,
of _ falfripa)
Ipn Opn
by the monotonicity of fs. O

2 A general well-behaved MSR as an Opinion Pool for a general risk-averse
utility

First, we shall recapitulate the mathematical properties of a well-behaved market scoring rule (Defi-
nition 2]in the main paper): The underlying (strictly proper and regular) scoring rule for such a MSR
can be written as

5:(p) = {G(p) +G(P)G—p), Je€{0,1},pe(0,1],p#],
! G(p), p=je{01}

from (T)) in the main paper, where

(1)

1. G:[0,1] — R is a continuous function.

2. G'(+) is real-valued in [0, 1] except possibly that G'(0) = —oo or G'(1) = oc.
3. G"(-) exists and is positive in [0, 1], 0 < G (p) < cofor 0 < p < 1.

4. G"'(-) exists, and |G"'(p)| < oo for 0 < p < 1.

Notice that the positivity of G”(-) implies the strict convexity of G(-) and the increasing mono-
tonicity of G’(-). Property 2| ensures that s, (-) is real-valued except possibly that so(1) = oo or
51(0) = co. G(p) = ps1(p) + (1 — p)so(1 — p) is the expected score function sometimes called the
information measure or generalized entropy function associated with the scoring rule s, (-) (Gneiting
and Raftery|[2007]).

For z € {0, 1}, the first derivative of s, (p), Vp € (0, 1), is

s,(p) =G"(p)(x —p) = s1(p) =G"(p)A—p) >0, s5(p)=-G"(p)p <0,

since G”(p) > 0. Hence, s1(p) and so(p) are strictly increasing and decreasing functions of p
respectively, which is quite intuitive since the reward for predicting a higher probability for the
outcome that actually materialized should be higher.

Moreover, if p;,_; and p; denote respectively the instantaneous price of a MSR immediately before
and after agent ¢ interacts with it, then by the design of a MSR, the agent’s ex post compensation
from the market for any outcome z € {0, 1} is given by

cz(pi, pi—1) = 52(pi) — 82(Pi-1)-
We can readily obtain the following properties of c,:

c1(p, pi-1) — co(p,pi—1) = G'(p) — G'(pi-1); 2

B
aipcx(papifl) =s,(p) =G"(p)(x —p), Vpi—1 €(0,1),z € {0,1}. 3)



Hence, ¢1(p, pi—1) and co(p, pi—1) are also strictly increasing and decreasing in p respectively, re-
gardless of p;_1, as expected.

Next, we shall enumerate, from Section[3]in the main paper, the criteria that an agent utility function
u;(+) must meet in our setting:

min

min
i

! can attain any value in [—o0, 0].

1. Continuity: wu,(-)is continuous over [c}'™, co] where ¢

2. Increasing monotonicity (Non-satiation): ;(-) is continuous and positive real-valued
over [cf™™] 00| except possibly that )} (cmin) = 00 or u}(co) = 0.
3. Strict concavity (Risk aversion): u/(-) is continuous and negative real-valued over

[emin | oo] except possibly that u (cpmin) = —o0 or uf (c0) = 0.

The following is the proof of Lemma 2] from Section [3| of the main paper.

Restatement of Lemma [Z] If [e™%| < oo, then there exist upper and lower bounds, p™® €

(3

[0,p;—1] and p*®* € [p;—1, 1] respectively, on the feasible values of the price p; to which agent i can
drive the market from p; 1 € (0, 1) regardless of her belief m;, where prin = s (e 451 (pi_1))
and pP** = s (0 + so(pi1))-

Proof. Agent i’s ex post wealth for trading in such a way as to revise the market price from p;_; to
any p € [0, 1] is ¢, (p, pi—1) for outcome x but, from the constraints imposed by the utility function,
this wealth cannot be smaller than ¢;*'" for any z.Thus,

a1 (P, pi—1) > ™"
= s1(p) — s1(pi-1) > ™"
= 51(p) > " + s1(pi—1)
= P> sy (A" s1(pior)) = P,

since s1 (+) is strictly increasing (hence invertible). Also, since cg’““ <0,
si(pi™) ="+ s1(pic1) = si(p"") < si(pi-1) = P < pie1.
Similarly, from the inequality co (5, p;—1) > ™ and the decreasing monotonicity of sq(-), we can

show that p < sal(czrv“i“ + 50(pi—1)) = P> > p;_1. O

We shall now provide a detailed, joint proof of Lemmas [3|and ] for completing the proof of Theo-
rem|[I]in Section [3]of the main paper.

Restatement of Lemma [3| If a myopic agent with subjective probability m; and a risk-averse
utility function of wealth w;(+), possessing properties [Z] and|3|above, trades with a well-behaved
market scoring rule for a single Arrow-Debreu security, and updates the market’s instantaneous
price fromp;_1 € (0, 1) to p; in the process, then p; is the unique solution in (0, 1) to the following
fixed-point equation:

mug(c1(piy Pi-1))
muf(c1(pis pie1)) + (1 — m)uf(co(pi, pi-1))

pi = “4)

Restatement of Lemma E} The implicit function p;(p;—1, ;) described by {@) has the following
properties:

1. p; =m; ifand only if m; = p;_1.

2. 0 <min{p;_1,m} < p; < max{p;_1,m;} <1 wheneverm; #p;—1,0 < m;,# p;—1 < L.

3. For any given p;_1 (resp. 7;), p; is a strictly increasing function of 7; (resp. p;_1).
Proof. If agent i’s subjective probability of {X = 1} is 7; € (0, 1) and her utility function is u;(+),

her expected myopic utility for taking a trading action that updates the market price p;_; to any
p € [0,1] is given by

u(p; pi—1,mi) = mui(ci(p,pi—1)) + (1 = m)uilco(p, pi-1))-



The first and second derivatives of the above with respect to p respectively simplify to
' (p;pi—1,mi) = G (p) f (ps Pi1, Ti);
u"(p;pi—1,mi) = G" (p) f(p; pi—1,mi) + G"(p) f' (P pim1, i),
where
i pie1,mi) = mi(1 = plu(er(p,pi-1)) — (1 = mi)pui(co(p,pi-1)) so that
f(p;pic1,mi) = = [miug(er(p, pie1)) + (1 — mi)uj(co(p, pi-1))]
+G"(p) [miuf (c1(p,pi-1))(1 = p)* + (1 = mi)uf (co(p, pi-1))p?]
< Oa Vp € (07 1)7 given any m;, pi—1 € (07 1)7

since G (-) > 0, u}(-) > 0, and u}/(-) < 0 everywhere. Hence, f(-) is strictly decreasing every-
where, its values at p; _; and 7; being given by

fPi—1;pic1,m) = (m — pim1)u; (0); @)
f(mispica,m) = mi(1 — ;) [ug(er(mi, pie1)) — wi(co(mis pi-1))] - (6)

CaseI p;,_; < m;: From (2),
c1(mi, pie1) — co(mi, pic1) = G'(m;) — G'(pi—1) > 0
due to the increasing monotonicity of G’(-). But
c1(mi, piz1) > co(mi,pic1) = U;(Cl(ﬂ'i,pi—l)) < U;(Co(ﬂupz‘—ﬁ)
due to the decreasing monotonicity of u(-). Hence, from (@), f(m;; pi—1,m:) < 0.

Also, from (), since u}(0) > 0, f(pi—1;pi—1, i) > 0.

These values, along with the decreasing monotonicity of f(-), imply that f(p; p;—1, 7;) has
a unique zero in (p;—1, 7;).

Case Il p;_; = 7;: From () or (6),
f(mispim1,m) = f(Pi-1;pi-1,m) =0,
and m; = p;_1 is the unique zero of f(p;p;—1,7;) due to its monotonic nature.
CaseIIl p;_; > m;: By symmetry, we can argue exactly as for that f(p;p;—1,7;) has a
unique zero in (7;, pi—1).
Thus for any 7;, p; 1, there exists a unique solution in (0, 1), say p*, to the equation f(p; p;—1,7;) =
0. Since |G” (p*)|,|G"" (p*)| < oo, we must have
U (P ipie1, ™) = 0;
a" (p*spi-1,mi) = G (p") f (0" pie1,mi) <O,

since G’ (p*) > 0 and f'(p*;p;—1,m) < 0. In other words, rational risk-averse agent ¢’s price-
update p; = arg max,e(o,1] U(p; pi—1, ;) is given by p; = p* so that

f(pispic1,m) =0

= m(1—pi)ui(c1(pi,pi-1)) = (1 — m)pius(co(pi, pi—1)), from definition
i T u;(c1(pi, pi—1))
= 7
T Ton Tom W pi) @

U i(Cl(PmPifl))
u;(c1(pi, pi-1)) + (1 — m)ul(co(pis pi-1))

The last step facilitates the interpretation of p; as a risk-neutral probability. However, for most
subsequent proofs, we shall recall the more convenient odds ratio formulation provided in (7).

= Di=



Moreover, it is easy to see that the findings in [Case 1| [Case II| and [Case III| above jointly imply
properties and in the theorem statement. To prove property |3| first note that, for 2 € {0, 1},

i (s N ;. — < (. Ipi i ‘ Op;
o = i1, ™), pic1) = 2 (Pi) 5 = = G (pi) (2 = pi) =
0 (s Ry — & (. Op; o (o
api_l C:r(pz(pzflaﬂ—z%pzfl) = Sx(pz)(')pi_l Sz(pzfl)
opi

=G"(pi)(x —pi)am — G"(pi—1)(x — pi—1)

Now, taking the partial derivative with respect to 7; of both sides of (7),

L opi 1 ui(e) m O\ uf(e) §2ul(co) — uj(er)uy (o) Ge
(1 =p)?om (1 —m)? ujco) 1—m (uf(co))?
ap; . o
= o1 G = v+ u (e () G (i) (1= ) G i) ()G (po)p 5
— / 2 ' /
where v; = 1-m M ,UQZM’
i l_pl 7T7;(].—7T,L')
8pi _ Vo
Omi o1 = G"(py) [ (ex)ui(co) (1 = pi) + wjler)ui (co)pi]
> 0.

This is because 0 < m;, p; < 1, uj(c1), w}(co), G"(p;) > 0, and u;’('cl'), ul/(co) < 0 in our model
so that v1, v > 0, hence both the numerator and denominator are positive.

Similarly, taking the partial derivative with respect to p;_1 of both sides of (7),

1 oy _< m; )M’(Cﬂiﬁ%(%)UQ(Cl)UQ’(Co)aZ?OI

(1—pi)? Opia (uj(co))?

Ipi / o .,
= U1 01571 = uy (1) ug(co) {G"(pi)(l - pi)@ii -G (pi_1)(1 pi_l)}

1—7Ti

o,
el o) |G (G — G pica)pica|

L O _ —G"(pi—1) [uwi (c1)ui(co) (1 — pi—1) + uj(er)uy (co)pi-1]
Opi—1 v1 — G"(pi) [uf (e1)ui(co) (1 — pi) + wj(er)uy (co)pi
>0

9pi
87155 ‘

for the same reasons as
Hence p;(p;—1, ;) is increasing in each of p;_; and 7;, the other remaining constant. O
Corollary 1. If m; > p;—1 (resp. m; < pi—1), then p;—1 < p; < m; (resp. w; < p; < pi—1), i.e. a
myopic risk-averse agent moves the market price in the direction of her belief but not all the way.

This intuitive result follows from the analysis in[Case I| and [Case III| of the above proof.

Corollary 2. The agents’ beliefs as well as the market’s initial price put bounds on the instantaneous
price at the end of every episode:

min{pg, T, T2, ..., ™} < p; < max{pg, 1, T2,..., T}, Vi=1,2,....

For the logarithmic market scoring rule (LMSR),

i 1—p;
c1(pi,pi—1) = bln < P > , co(pi, pi—1) =bln <p>

Pi—1 I —pia
so that equation (7)) can becomes
! _Pi
pi ™ i (bln (Pi—l)) ®)

e (o ()



2.1 LMSR as LogOP for CARA utility agents

The following is the proof of Theorem [2]from Section [3.1] of the main paper.

Restatement of Theorem If myopic rational agent i, having a subjective belief ; € (0,1) and
a risk-averse utility function satisfying criteria[l} [2] and[B|in Section [2|above, trades with a LMSR
market with parameter b and current instantaneous price p;_1, then the market’s updated price p; is
identical to a logarithmic opinion pool between the current price and the agent’s subjective belief,
ie.

Di = Wz'aip,l__lm/ [Wiylpzl__{h +(1—m)* (1 —pi—)'"*], i €(0,1), )]
if and only if agent i’s utility function is of the form

ui(c) =7, (1 —exp(—c¢/m)), c¢€RU{—o0,00}, for some constant 7; € (0, 00),
(10)

Tri/b

the aggregation weight being given by o; = T /b

Proof. Sufficiency: If agent ¢’s utility is of the form specified in the theorem, then the first and
second derivatives of the utility function are respectively

u,(c) = exp(—c/7;) >0, and
"(c) = —exp(—c/7;) /7 <0 Ve € [—o0, ).

Uy

Hence, Lemma3]is applicable. Making appropriate substitutions in (g,

b i —b/T: T
pi T exp (—Tfiln (;qu)) B ( 7Ti > ( i ) b/T; ( 1—p; )b/ i
L=pi 1= oxp (—i,ln (1*729)) 1—=mi) \Ppi—1 1—=piaa

1-pi—1

) 1+b/7'7; ) . b/Ti
Thus, Di _ T Pi—1
1—pi 1—m; 1—pi1

Exponentiating both sides by ﬁ/r,

1 b/T; a 1—
Pi ( 4 )1“’/” ( Pi-1 >1“’/” _ ( T ) ' ( Pi-1 ) '
1—p; 1—m 1—pia 1—m 1—pia ’

where o; = ﬁ = lf T/ ”/b. Simplifying, we get the required LogOP formulation in the theorem

statement; alternatively, by taking the logarithm on both sides, we obtain the equivalent additive
log-odds ratio formulation.

Necessity: Since we have restricted ourselves to the class of utility functions satisfying criteria
and[3] a utility function that results in a logarithmic opinion pool on interacting with LMSR must
satisfy Lemma 3] with

p; = wf’pll__f“/ [W?ip%__lai + (1= m)*(1—pj—1)' "] for some constant o; € (0, 1),

or, equivalently, with

i

a1 1-a;
T _ bi i (l=pi—1)
1—m 1—p; Di—1

Making the requisite substitutions in (§)) and simplifying, we see that /() must satisfy

() el ) -5 o (1520)
Pi—1 Pi—1 1—pia 1—pi1
Vpi, pi—1 € (0,1) (11)

since, owing to the fact that each of 7; and p;_ is allowed to attain any value in (0, 1), p; defined
as the LogOP above can lie anywhere in (0, 1) as well.




Since 0 < 2+, 1:’7;‘1 < 00, we claim that relation (TT)) is true if and only w(-) satisfies

1—«ay

y = ul(bIn(y)) = M;, Wy € (0,00), where constant M; = u}(0). (12)

The sufficiency is obvious. To establish the necessity, suppose there exists a risk-averse utility
function satisfying but not (I2). Then, there must exist y1,y2 € (0,00), such that y; > yo
without loss of generality, and

h(y1) # h(y), where h(y) =y = uj(bln(y)) ¥y € (0,00).

But, if 0 < yo < 1 < y; < 0o, we can obtain @ = yo(y; — 1)/(y1 — y2) € (0,1) and p =
(y1 —1)/(y1 — y2) € (0,1) for which (TI) is violated, giving us a contradiction. Thus, any u;(-)
satisfying must also obey

h(y1) = h(y2) Vyi,y2:0<yo <1<y < oo.

This also means that for any two values y1,ys € (1,00), and any given y2 € (0, 1), we must have

h(y1) = h(y=2) as well as h(ys) = h(y2), implying that A(y1) = h(ys) Yy1,ys € (1, 00). By similar

reasoning, we can deduce that h(y2) = h(ys) Yy2,y4 € (0,1). Finally, by the continuity of h(y)

aty = 1, which in turn follows from the continuity of u}(c) at ¢ = 0 in our model and the obvious
1—ay

continuity of y % aty = 1, we arrive at (12).

Now, applying the transformation ¢ = b1n(y), we obtain the first-order ordinary differential equation

1 — o
u;(c):Miexp(— 0[»510), —00<c¢ <00
1

where the extreme values of ¢ have been included for continuity. Solving the above, we get

Miazb 1—a
ui(c) = i oxp (— i c) + C;, O, being the constant of integration

_1 — Q4 O[ib
a;b Tz/b

—— i =
].7041' @ 1+Tl/b

= —M;7; exp(—c/7;) + C;, where 7; =
=7, (1 —exp(—c/m))

since a utility function is strategically equivalent to any positive-affine transformation of itself. [

2.2 LMSR as LinOP for an atypical utility with decreasing absolute risk aversion

Here, we present the proof of Theorem [3|from Section [3.2] of the main paper.

Restatement of Theorem If myopic rational agent i, having a subjective belief 7; € (0,1) and
a risk-averse utility function satisfying criteria[l} [2] and[B|in Section [2|above, trades with a LMSR
market with parameter b and current instantaneous price p;_1, then the market’s updated price p;
is identical to a linear opinion pool between the current price and the agent’s subjective belief, i.e.

p; = Bimi + (1 — Bi)pi—1, for some constant 3; € (0,1) (13)
if and only if agent i’s utility function is of the form
u;(c) = In(exp((c+ B;)/b) — 1), ¢> —B;, (14)

where B; > 0 represents agent i’s budget, with the aggregation weight being given by 5; = 1 —
exp(—B;/b).



Proof. If agent i’s utility is of the form specified in the theorem, then by Lemma 2] we can obtain
the lower and upper bounds on the feasible values of p; as follows:

Sl(pgnin) _ Cznin 4 51 (pifl)
= bIn(p{"™) = —B; +bln(p;_1)
= bln(pi_y exp(—By/b))
=bln(p;—1(1 — p;)), since B; =1 —exp(—B;/b)
= pM"=p, 1(1—4;), from the monotonicity of In(-); (15)
S0 (p?lin) = C?in + s0(pi—1)
= bln(l —p™)=—-B;+bln(l —p;—1) = bln((1 — p;—1) exp(—B;/b))
= 1-p" =1 —-pi—1)exp(=B;/b) = (1 —pi—1)(1 = B)

= P =1-(10-pi-1)1-5) =8+ (1~-Bi)pi (16)
Sufficiency: For —B; < ¢ < oo,
iy exp((c+Bi)/b)
u;(c) = b (exp((c+ By)/b) —1) >0, and
u(/(c) _ exp((c + Bi)/b)

0 (exp((e + B)/b) — 1)’
Hence we can invoke Lemma[3] Now,

ci(pi,pi-1) + Bi\ _ i Bi
exp( 5 )—exp(ln(pi_l)—&— b)
= exp (ln (pi >)
pi—1exp(—B;/b)

pi—1(1 = i)
i, Pi-1) + Bi i
~ e (Cl(p pb1)+ ): P fom (T3).
i
iy Vi— B; 1—p;
Similarly, exp (co(p pi-1) + Z) = ﬁgx from (T6).
b L —pj
a7
L. 7pi/p§ﬂin max
wi(c1(pi; pi-1)) b pi/ppnl pi_ PP —pi

Hence = = — .

i / e 1 (A=pi)/A—pP>) 1—n; . _ pmin
U/Z(CO(pzypz 1)) - W Pi Di pl
It is precisely for obtaining the above ratio that we require the scaling factor of 1/b, dependent on
the market maker parameter, in the exponential in the utility function. Substituting in (§), and noting
that p; /(1 — p;) # 0for0 < p;—1 < 1, we get

max
— Di

1= L
L—m pi—p™®

= pi=(1—m)p"™ + mp™

= pi=Bimi+ (1= Bi)pi-1,
on plugging in the expressions for pi™ and pi*®* from (T3)) and (T6)), and simplifying.

K2

Necessity: Since we have restricted ourselves to the class of utility functions satisfying criteria[I] [2]
and 3] a utility function that results in a linear opinion pool on interacting with LMSR must satisfy
Lemma with p; = B;m + (1 — Bi)pi—1 for some constant 3; € (0,1). Making the requisite
substitutions in (§) and simplifying, we see that «(-) must satisfy

u (ot (8 (25) +1-8)) i (om (8 (£52) +1-5))
Bi+ (1= Bt a Bi+ (1 — B) (F2=L)

1771'1'

Vpi—1,m; € (0,1). (18)




Since 0 < izt 17Pisl < oo we claim that relation (I8) is true if and only w}(-) satisfies

1771'1‘
1-5;
Y

wmww»wmz&@w ),Weum, (19)

where constant K; = u/(0), and the (negative) lower bound on the domain of u;(-) is given by
—B; = bIn(1 — ;) with u(—B;) = od]]

The sufficiency is obvious. To establish the necessity, suppose there exists a risk-averse utility

function satisfying but not (T9). Then, there must exist y1,y2 € (0,00), such that y; > yo

without loss of generality, and

u;(bIn(Biy +1 - B;))
Bi + 71;/3

g(y1) # g(y2), where g(y) = Vy € (0,00).

But, if 0 < yo < 1 < y1 < o0, we can obtain @ = yo(y; — 1)/(y1 — y2) € (0,1) and p =
(y1 — 1)/(y1 — y2) € (0,1) for which (T8) is violated, giving us a contradiction. Thus, any u;(-)
satisfying (I8) must also obey

g(y1) = g(y2) Yy1,92:0<y2 <1<y <oo.

This also means that for any two values y1,ys € (1,00), and any given y» € (0, 1), we must have

g(y1) = g(y=2) as well as g(y3) = g(y2), implying that g(y1) = g(y3) Yy1,y3 € (1,00). By similar
reasoning, we can deduce that g(y2) = g(y4) Yy2,v4 € (0,1). Finally, by the continuity of g(y) at
y = 1, which in turn follows from the continuity of w}(c) at ¢ = 0 in our model and the obvious

continuity of (3; + (1 — ;) /y) at y = 1, we arrive at (19).

Now, applying the transformation ¢ = bln(S;y + 1 — 3;), we obtain the first-order ordinary differ-
ential equation

KB exp(c/b)
exp(c/b) — (1 —Bi)’

where the extreme values of ¢ have been included for continuity. Solving the above, we get

bln(l —B;) <c <

ui(c) = K;B;(bln(exp(c/b) — (1 — B;)) + C;i),  C; being the constant of integration
= K;B;(bln(exp(c/b) — exp(—B;/b)) + C;), since —B; = bln(1l — f;)
— KifidIn(exp((c + Bi)/b) — 1) + K;6:(Ci — By)
= In(exp((c + B;)/b) — 1)

since a utility function is strategically equivalent to any positive-affine transformation of itself. [

3 LMSR with logarithmic utility agents

In this section, we shall explore our idea, mentioned in Section of the main paper, that agents
with logarithmic utility induce an approximate linear opinion pool in a LMSR market under certain
conditions.

Comparison of utility function with logarithmic utility: The two utility functions under
consideration are

Uatyp(¢; B, b) = In(exp((¢c+ B)/b) — 1), ¢> B,
uog(c;w) =In(c+w), c¢>w

where constants B, w € (0, 00) are the respective budgets. First note that both are strictly increasing
and strictly concave functions with decreasing absolute risk aversion. Moreover, uatyp(c) behaves
approximately as a logarithmic utility for small values of (¢ + B)/b and as a linear utility (corre-
sponding to risk-neutrality) for large values thereof.

(c+B)/b < 1= tatyp(c; B,b) ®In(1+ (c+B)/b—1) =In(c+ B) —Inb = In(c+ B);
(¢c+ B)/b> 1= uatyp(c; B,b) = Inexp((c+ B)/b) = (c+ B)/b=c,



—Log utility: B=1
---Our atypical utility: B=1,b=0.1
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Figure 1: Comparison of a logarithmic utility function wieg(c; B) = In(c + B), ¢ > —B, where
B = 1 is the (positive) budget, with various instances of the atypical decreasing absolute risk
aversion utility function (I4) waiyp(c; B, b) = In(exp((c+ B)/b) — 1) with the same budget B = 1
but different scaling factors b = 0.1,1,10. Note that for b = B = 1, the two functions are very
close to each other for small (negative and close to —B) values of wealth c¢. From the graphs, it
appears to be a reasonable conjecture that the two utility functions are most similar, in the sense that
the switch in the nature of (T4) from approximately logarithmic to approximately linear occurs at a
higher value of wealth, for values of b that are comparable to B.

using first order approximations, and applying the fact that a utility function is (strategically) equiv-
alent to any positive affine transformation of itself. We provide a visual contrast of the above utility
functions in Figure|[I}

Proposition 1. For a myopic agent with a subjective probability w; € (0, 1) and a logarithmic utility
Sunction with budget w; € (0,0), ie.

ui(c) = In(w; + ¢), ¢ > —w;,

the updated instantaneous price of a LMSR market with loss parameter b after interaction with the
agent can be written as

pi =pi+ A, (20
where p; is a LinOP of m; and p;_1 given by
Di = (1 — exp(—w;))m; + exp(—w;)pi—1, Wi = w;/b,

and the error term is

max __ min

\J o min\ J
A=mi(l—p) Z;i2 % ( Z1fpip1y) — (1 —m)pi Z;iz% (pl p]?' ) )

min

with p™* = p;_1 exp(—w;) and p** = 1 — (1 — p;_1) exp(—w;) being the lower and upper
bounds on the price p; imposed by the budget constraint.

Proof. Proceeding exactly as in the proof of Theorem [3|in Section 2.2} we can deduce the bounds

Pt = p;_y exp(—w;) and p*** =1 — (1 — p;—1) exp(—w;), W; = w;/b on the feasible market
price at the end of trading episode ¢, and hence rewrite

min max

Di = (1 —m)pi™ + mipy™™.

For the logarithmic utility, u}(c) = 1/(c+w;) > 0and v} (c) = —1/(c+w;)? < 0 for —w; < ¢ < 00
so that Lemma [3| can be invoked, and from (8], we can show that

. 1—p;
(1—=m)piln (pﬁlm> =m(l —p;)In (15;)() : 21

% — D

"This constraint is necessary since limy o+ K (,Bi + %) = o00; also note that K; is positive real-

valued since u;(c) € (0, 00) for ¢ € (—B;, o).
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min max
Pi—P; p; —Pi

Since 0 < < 1, we can use the well-known Maclaurin series expansion of the

pi 7 1-p;
logarithmic function
e J+1 xJ
n(l+x) Z , —l<z<1

Jj=1

to obtain the following:

) mzn min
hl( fzzzn) =—In (1 ) pl + ;3
p;
1

+5i7

1—np: max max _
in S/ In{1-—
L= pie® - Di

o . —p! J - IS prat _p,\J
where §; = 777 <%) cand 6; = 777 = (%) .
Substituting in Equation (ZI)) and simplifying,
p’L = I/)\l + Ai7

1_pz

where p; = (1 — m;)pi™i® + m;pa%, and A; = 7;(1 — p;)0; — (1 — m)pid;. O

Approximation of actual p; by p;:  If, instead of the Maclaurin series in the above proof of
Proposmon we had used the first-order approx1mat10n —In(1 — z) = z, which is reasonable for
|£C| < 1 we would have obtained p; ~ p;. Informally, the smaller the agent’s normalized budget
W;, the smaller the range [pi™", pi®X] of feasible values of p;, hence the smaller the fractions
(pi — p™in) /p; and (p®* — p;) /(1 — p;) are, hopefully leading to a better approximation. But this
might not even be necessary for achieving a small magnitude of A; which is the difference of two
terms of comparable orders. On eyeballing the expression for A, it appears to be roughly two orders
of magnitude smaller than p;. Since the exact dependence of the approximation error on the value
of w; is hard to figure out analytically, we adopt a simulation-based approach towards exploring
this relationship, described in Section But, before that, we perform a quick sanity check on the
approximation under consideration. From (21, it is evident that

lim p; = p™" = lim p;; li max — lim p;
mlgopl D; mlgop“ 19 Pi =p; mlgllpu

indicating that the actual and approximate updated market prices coincide for extreme agent beliefs.

3.1 Simulations with LMSR and logarithmic utility agents

We ran 5 x 9 sets of 1000 simulations each for getting a rough idea about the quality of the
approximation p; ~ p;. For each simulation, we generated a sequence of n = 100 agents
defined by their time-invariant belief-budget pairs {(m;, w;)}? ;. Since the parameter of inter-
est is the normalized budget w;, the exact value of the LMSR loss parameter b is immaterial,
and we set it to 1. We sampled the w;’s uniformly at random from the interval [0, Wiax],
Wmax € {0.1,0.2,0.25,0.5,0.75}. The beliefs were random samples from the distribution
BETA (Dtrues 1 — Derue)s Prrue € {0.1,0.2,...,0.9}. Thus our knowledge model was that there
was a “true” underlying distibution, Pr(X = 1) = ptyye, according to which nature would decide
the forecast event X in the future, and each agent had some idiosyncratic noisy version 7; of this
Dirues the variability of the agents’ beliefs being represented by the above BETA distribution with
mean + 15 = Ptrue and pseudo-sample size (confidence) parameter («+ /) held constant at 1 (« and
[ denote standard parameters of a BETA distribution). Over the n trading episodes, we computed
two price trajectories starting at py = 0.5 each, one induced by each agent maximizing her myopic
expected logarithmic utilit and the other by the approximate price update equation that always

z—f(z)
f(=)

Note that the relative error of the linear approximation of the logarithmic function, i.e.

f(x) = —In(1 — ), is at most 10% for x < 0.193.

3For agent 7, we discretized the possible range of p;, i.e. [pi™", p®*] in steps of 10~*, computed the vector
of expected logarithmic utility values for these discrete p; values, and chose the p;-value corresponding to the
maximum entry in this vector as the updated price.
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Averaged over 1000 simulations; trader beliefs ~ Beta(p,  ,1-p,.,)
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Figure 2: Panel (a): The error measure increases with increasing difference between py,.. and pg =
0.5 for any fixed Wy, ax, and also with an increase in Wy, for any given py,...-value; nevertheless,
the error appears to be small even for higher values of wy,,x (less than 0.03 for 0.1 < ppye <
0.9, Wmax < 0.75). Error bars are not shown since standard errors are consistently two orders of
magnitude smaller than corresponding sample means. Panels (b) and (c): Price trajectories for two
sample simulations with Wy, = 0.2 and Wy, = 2 respectively are displayed, pypye = 0.7 for
both. On eyeballing, the path of approximate prices (dashed black) seems quite close to the path
of true prices (solid green), more so for the lower value of wy,,y, as expected. Also note the high
price volatility in panel (c) corresponding to the higher agent budgets, which is also understandable
since the agent is now closer to being risk-neutral. “Lower bound” (dashed blue curve) and “Upper
bound” (dashed red curve) for each trading epsiode i correspond to price bounds p™i* and pax
respectively.

rejects the error term in . At the end of each simulation, we evaluated the root-mean-squared
deviation between these two price trajectories, and averaged these values over all 1000 simulations
in the set to obtain the “mean RMSD between true and approximate price processes” which serves
as our error measure for the approximation. We report our results in Figure 2| The main takeaway
message is that the approximation seems reasonable for a wide range of values of Py and Wy ax.

We also studied the dependence of the error measure on the parameter (« 4+ 3) which is inversely
related to the variance of the traders’ beliefs. We fixed pyrye = 0.7 and varied (o + ) over
{0.1,0.25,0.5,1,1.5,2.5,5,7.5,10}. The results are reported in Figure For both w4, = 0.2
and 0.5, we see that this error measure peaks at 1 and then drops off slowly as (« + () increases
further.
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Mean RMSD between true and approximate price processes
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Figure 3: Variation of the approximation error measure in our simulations with respect to the pseudo-
sample size (confidence) parameter of the distribution of agent beliefs.
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