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1 Proofs

Before we prove Theorem 2, we need the following lemma for comparing two curves.

Lemma 4 Let Sy, S2 be two bounded smooth curves in R®. Let w15 : S1 — So and wa1 : So — Sy
be the projections between them. For a € Sy and b € Sy, define g1(a) and g2(b) as the unit tangent
vectors for S1 and Sy at a and b respectively. Assume S1 and Sy are similar in the following sense:

(S1) w9 and moq are one-one and onto,

(S2) the projections are similar:

max { sup | mia(2) — 73 (@) ], sup ran () — w;(x)} — O),
T€eS, TESy

(S3) the tangent vectors are similar:

maX{Sup l91(2)" g2(m2(2))], sup Igz(I)Tm(ﬂzl(x))l} =1+ 0(er),
TE€S) €S2

(S4) the length are similar:
length(S1) — length(S2) = O(e3)

with €1, €2, €3 being very small. Let Ty = [g ||lv — mi2(2)|]?dz and I = [g |y — ma1(y)|dy.
Then we have

Ty — To| = \/T20(e1) + T2O(ea + €3).

Moreover, if we further assume
(S5) the Hausdorff distance Haus(S1, S2) = O(e4) is small,

then for any function ¢ : R? + R that has bounded continuous derivative, we have

/ £l (1))dt = / E(va(t))dt(1 + Ofes + €5 + €x)).
0 0



PROOF. Since S; and Sy are two bounded, smooth curves. We may parametrized them by ~; :
[O7 ].] — S7 and Yo - [07 1] — Sy with

71(t) = g1(n (1), 1(0) = s1,

V3(t) = G2(72(t)),72(0) = s2 = m12(71(0)),
where g1 = ¢1g1 and go = 29 for ¢4, {5 being the length of S and S5 and s; one of the end point

of Si. The constant £; works as a normalization constant since g; is an unit vector; it is easy to
verify that

(1)

1 1
engtn(5;) = [ G0l = [ Gl ol =
The starting point so € S must be the projection 712 (s1) otherwise the condition (S1) will not hold.

Let
1

1
Li= | Im@) = men®)d, I = / [72() = 21 (2(1)) | *dt. 2)
0 0
Then the goal is to prove Z; — Iy = O(e2) + O(e3).

Now we consider another parametrization for So. Let 72 : [0, 1] — S such that 1o (¢) = m12(71(2)).
By (S1), 12 is a parametrization for So. The parametrization 72 (t) has the following useful proper-

ties:
° 172(0) = T12(71(0)) = s2,
(1) = g2(n2(£))g2(n2(£)) 71 (8) = ga(n2())g2(mi2(m (1)) T G1 (71 (1))
By condition (S3) and (S4), we have

g2(m2(m (1)) g1(n (1)) = ga(ma(n () g1 (11 (1))

3)

:€1(1+O(62)) 4)
= gg(]. + 0(62) + 0(63))
uniformly for all ¢ € [0, 1]. Now apply this result to n}(t), we obtain that
15(t) = g2(n2())(1 + O(e2) + O(es)). )
Together with 72(0) = v2(0), we have
sup |n2(t) — 72(t)[| = O(e2) + O(es). (6)
te0,1]

Now by definition of Z; and the fact that 75" (2(t)) = 71 (t), we have
1
Zi= [ () = maln () Pt
0

B /o 171t (12(£)) — 2 (t)||*dt )

= /01 1721 (112(1)) + O(er) — m2(t)|*dt by (S2)
=TI, + VL;0(er),
where T} = [/ [[man (12(£)) — m2() .
Now we bound the difference between Z), and Z,. Let U be an uniform distribution over [0, 1] and

define h(z) : [0,1] = Ras h(x) = ||m21(12(x)) — y2(x)]||. Note that it is easy to see that h(z) has
bounded derivative. Then,

Ty = E|m21(72(U)) = 72(U)|* = ER(U). ®)



Since both 2 and 7, are parametrization for the curve Sa, 75 ! is well defined for all image of 7;.
We define the random variable W = v, (12(U)). Then by definition of Z},

Ty = El|mar (n2(U)) = n2 (V)| = ER(W). ©)
Since sup;e(o.1) [15(t) — n5(t)|| = O(ea) + O(es), we have v, ' (112(2)) = @ + O(e2) + Oes).

Thus, the py (t) —pu (t) = O(e2) +O(e3), where pyy and py are the probability density for random
variable W and U. Since U is uniform distribution, pyy = 1 so that

BA) = [ w0

1
:/0 h(t)(pu (t) + O(e2) + Ofes))dt

(10)
1
:/ h(t)(1+ O(es) + Oles))dt
0
=Er(U)(1+ O(e2) + O(e3)).
This implies Z), = Zo(1 4+ O(e2) + O(e3)). Therefore, by (7) we conclude
T, = T+ VTO(e) -

=To + VI0(e1) + Lo (O(e2) + O(e3)),

which completes the proof for the first assertion.

Now we prove the second assertion, here we will assume (S5). Since ¢ has bounded first derivative,

/ £l (1)) dt = / £(ma(71(1))dt(1 + O(Haus(S:, 52)))
0 0 (12)

_ /0 €(na(1))dt(1 + O(eq)).

Again, let U be the uniform distribution and W = ~5 *(n2(U)). We now define the function

h(t) = &(y2(t)) for t € [0,1]. Since both £ and 7, are bounded differentiable, h is also bounded
differentiable. Then it is easy to see that

/0 E(na(t))dt = E(ra(t)r3  (1a(t)) )t = ER(W)

1 B (13)
| stana = BA@).
Now by the same derivation of (10), we conclude
1 ~ ~
/ € ())dt = BR(W) = ER(U)(1 + O(ea) + O(es)). (14)
0
Thus, by (12) and (14), we conclude
1 1
| etnna = [ satenatts + 0ter) + 0er) + 0ler), (1)

which completes the proof.

O

The following Lemma bounds the rate of convergence for the kernel density estimator and will be
used frequently in the following derivation.



Lemma 5 (Lemma 10 of [1]; see also [3]) Assume (KI-K2) and that logn/n < h¢ < b for some

0 < b < 1. Then we have
~ logn
[Pr — pllkmax = O(R®) + Op <\/ nhd+2k> (16)

fork =0,--- 3. Moreover,

~ [ logn
EHpn 7p‘|k,max = O(hz) + 0] < 7’7,hd+2k> . (17)

PROOF FOR THEOREM 2. Here we prove the case for density ridges. The case for density level
set can be proved by the similar method. We will use Lemma 4 to obtain the rate. Our strategy is

that first we derive E(d(Ug, R,,)?) and then show that the other part E(d(U 5 - R)?) is similar to
the first part.

Part 1. We first introduce the concept of reach [2]. For a smooth set A, the reach is defined as
reach(A) = inf{r : every point in A & r has an unique projection onto A.}. (18)

The reach condition is essential to establish a one-one projection between two smooth sets.

By Lemma 2, property 7 of [1],

. [0r B3 }
reach(R) > min { —, (19)
(#) {2 2501 o+ 17 o)

for some constant A,. Note that § and (5 are the constants in condition (R).

Thus, as long as En is close to R, every point on En has an unique projection onto R. Similarly,
reach(R,,) will have a similar bound to reach(R) whenever ||, — Pll% max is small (reach only
depends on fourth derivatives). Hence, every point on R will have an unique projection onto }A%n
The projections between R and ﬁn will be one-one and onto except for points near the end points
for R and R,,. That is, when |5, — |} snay i sufficiently small, there exists R C Rand R}, C R,

such that the projection between R and ]/%L are one-one and onto. Moreover, the length difference

length(R) — length(RT) = O(Haus(R,,, R)), 00,
length(R,,) — length(R!) = O(Haus(R,, R)).
Note that by Theorem 6 in [3],
Haus( R, R) = O(|[Bn — plI3 max)- @1

Letz € RT, and let 2/ = Th (z) € EL be its projection onto ﬁn Then by Theorem 3 in [1] (see
their derivation in the proof, the empirical approximation, page 30-32 and equation (79)), we have

' =z =W (2)(Gn(z) — 9(2))(L+ O([Pn — PlI3 max)): (22)
where
Wa(z) = N(2)Hy' ()N ()
Hy(x) = N(z)"H(z)N(z)
and N (z) is a d x (d — 1) matrix called the normal matrix for R at x whose columns space spanned

the normal space for R at x. The existence for N (x) is given in Section 3.2 and Lemma 2 in [1].
Thus, we have

(23)

E (d(z, £n)?) = E (|2 = 2/|[*) = E[[Wa(2)(@a(2) — @) > + An, 4)

4



where A,, is the remaining term and by Cauchy-Schwartz inequality,

A, < E|[Wa(@)(Ga(2) = g(2)|1* OElPn — plI3 max):

Thus,
E (d(z, Rn)?) = E [Wa(@)(@Ga() — g(@))I” + A
— E | Wa() (§u(x) — E@n (@) + EGu(2)) — g@))|* + A,
— Tr(Cov(Wa(@)n())) + [ Wa (@) (EGu(a) — g(a))? + 2, &
:n;ﬂﬂﬂ2mﬂ+h%ufmw+o<méﬁ>+owﬂ,
e () = Wa(a)S(K)Wa(a)p(o), o6

b(x) = c(K)Wa(2)V(V?p())

are related to the variance and bias for nonparametric gradient estimation (X (K )p(x) is the asymp-
totic covariance matrix for p,, and ¢(K)V(V?p(z)) is the asymptotic bias for p,,). £(K) is a matrix

and c¢(K) is a scalar; they both depends only on the kernel function K. V2 = a; st 6‘% is

the Laplacian operator.

Now we compute E(d(Ug, ﬁn)g) Note that since the length difference between R and R is
bounded by (20) and (21):

P(Ur € R") =1~ O(E(|[pn — pll3.max))

logn 27
= 1—O(h2)—0 (”niﬂ*‘*) .

Note that we use Lemma 5 to convert the norm into probability bound. By tower property (law of
total expectation)

E(d(Ur, Rn)?)

E(E(d(Ur Ur))
E(E(d(Ur \Ug,Ur € R"))P(Ur € R)
+ E(E(d(Ur, Ra)*|Ur, Ur ¢ R")P(Ur ¢ R') 28)
1 1
— <nhd+2Tr(2(UR)) + h4b(UR)Tb(UR)) +0 (W) +o(h?).
Note that by (27), the contribution from P(Ug ¢ R') is smaller than the main effect in (25) so we

absorb it into the small o terms. Defining B% = E(b(Ug)”b(Ug)) and 0%, = E(Tr(X(Ug))), we
obtain

JRo)?|U
— ﬁ)

- o2 1
E(d(Ug, R,)?) = BRh* + - R +o (nhd+2) +o(h?). (29)

hd+2

Part 2. We have proved the first part for the £, coverage risk. Now we prove the result for
E(d(Ug ,R)?); this will apply Lemma 4. If we think of R as S; and R], as S in Lemma 4,
then

1
E(d(Upt, RY)? X1, Xn) = / () = ma(n )|t = T,
0
1 (30)
E(d(Ugy, RN?| X1, X)) = / [72(t) = 21 (v2(1)) |2t = To.
0

Thus, E(d(Ug: , RY)?) is approximated by E(d(Up:, R})?) if the €y, €2, €3 in Lemma 4 is small.
Here we bound ¢;.

The bound for ¢; is simple. For all x € Sj, let 6 be the angle between the two vectors v; =
m2(z) — x and vy = 7r2_11 (z) — x. By the property of projection, vy is normal to R,, at 7y2(x)



and vy is normal to R at x. Thus, by Lemma 2 properties 5 and 6 of [1], the angle § is bounded by

O([IPn — plI3 max)- Note that their Lemma proves the normal matrices N (z) and N, (m12(x)) are
close which implies the canonical angle between two subspace are close so that 8 is bounded. Now

by the fact that both ||712(2) — 2| and ||75;" (z) — z|| are bounded by Haus(R,,, R), we conclude
€r < Haus(Rn, R) X 0= O(”pn p||3 max)

For €5, we will use the property of normal matrix N (z). Let N, () be the normal matrix for R, at
z. By Lemma 2, properties 5 and 6 of [1],

IN(@)N(@)" = No(mg, (@) Na(mg, (2)) lmax = O(Haus(Rn, R)) + O(15n = I3 max)
= O(”ﬁn _p”;,max)'

N(z)N(z)T is the projection matrix onto normal space; so the tangent vector is perpendicular to
that projection. The bounds for the two projection matrix implies the bound to the two tangent
vectors. Thus, €2 = O([|Pn — pII3 max)-

For €3, since the smoothness for }?n is similar to R (the normal direction is similar by €5) and their
Hausdorff distance is bounded by O(||p,, — p||3 ;ax)- The length difference is at the same rate of
Hausdorff distance. Thus, we may pick €3 = O(||pn — p|3 max)-

Let Z; = E(d(Ugt, RL)?| X1, -+, X,,) and Zo = E(d(Ugt , RN)?| X1, -+, X,,). By Lemma 4 and
the above choice for ¢;, we conclude

I, = L(1+ O(||pn — p ) + VL2 0(|[pn — p ). (31)

Thus, by tower property again (taking expectation over both side) and Lemma 5 E||p,, — pl|3 jnax =
0u2)+0 (/% ) = ot

E(d(Upgt, R})?) = E(T1) = E(Z) + o(1) = E(d(Ugy , R)?) + o(1). (32)

Now since by (20) and the fact that EHa us(f?n, R) = o(1), we have

E(d(Ugs, B})?) = B(d(Un, n)*)(1+ 0(1)) &)
E(d(Ugy, RN)?) = E(d(Ug,, R)*)(1 + o(1)).
Combining by (29), (32) and (33), we conclude
Ry = U o)) + B0, )
E(d (UR, ) ) o(1) (34)

— B2 4 4
= Byh* + hd+2 nhd+2>+oh)
)-

where B% = E(b(Ur)Tb(Ur)) and 0% = E(Tr(X(Ug))). Note that all the above derivation works

only when
~ [ logn
* _ 2 _
EHpn - pHB,max - O(h ) + 0 < nhd+6> - 0(1) (35)

This requires h — 0 and nlngfG — 0, which constitutes the conditions on h we need.

O

PROOF FOR THEOREM 3. Since we are proving the bootstrap consistency, we assume X1, --- , X,
are given.



By Theorem 2, the estimated risk @(mg has the following asymptotic behavior

~2
— - oR 1 4
Risk,, o = B&h* + +o0 (nhm) +o ("), (36)

nhd+2

where

B} = E (bu(Ug, ) bu(Ug )| X1+, Xn)

(37
5% = E (T(Sa(Ug, DIX1, -+, X )

with by (z) = ¢(K)Wa(2)V(V2p,(z)) and S, (z) = Wa(2)S(K )W2( )P (z) from (26). To
prove the bootstrap consistency, it is equivalent to prove that B% and 6% converges to Bg and 0%.

Here we prove the consistency for B r. The consistency for i can be proved in the similar way.
We define the following two functions

Qn () = |e(K)Wa(2)V (VP ()], (38)
Q) = | c(K)Wa(2)V(V?p(a))[|*.

It is easy to see that B = E (ﬁn(Uﬁn)\Xl, . ,Xn) and B% = E (Q(Ug)).

Similarly as in the proof for Theorem 2, we define ﬁ;fl C ﬁn that has one-one and onto projection
to Rf. By (27), we can replace Ug, by Ug; and Ug by Ug; at the cost of probability O(h?) +

logn
o ( nhd+4 ) .

Now we will apply Lemma 4 again to prove the result. Again, we think of R! as S; and R}, as
Sy. Let U be an uniform distribution over [0,1]. Then the random variable Ur; = 71(U) and
Uﬁr = ’yQ(U>. Thus,

~

1 1
E (QUn1)) = / ()i, E(Q(Uzg)| X0, X,) = / Qu(ya(D))dt.  (39)
0 0
By the second assertion in Lemma 4,
QUgt)) / Q1 (t
:/ Q2 ())dt(1 + O(e2) + O(e3) + Oles)) (40)
0

))-

- / (a(t))dt(1 + O([p —

Note that we use the fact that Haus(R,,, R) = O(||p, — Pll5 max)- Since Q only involves third
derivative for the density p, we have sup, cpa ||Q(z) — Qn(2)]| = O(||pn — Pl3,max)- This implies

/ Oa(t))dt = / O (2(£))dt + O([Fr — lls ). 1)
0 0

7



Now combining all the above and the definition for B Rr, we conclude
B} =B (Qu(Ug, )1 X1, Xa)

= E (0 (Ug)IX1, -+, X0 ) + O(Haus(Ry, R))

1
:/ Qn(72(t))dt + O(Haus(R,,, R))  (by (39))
0

1 (42)
— [ 90120t + (1~ Plamas) by (1)
0
=K (Q(URT)) + O(”ﬁn - p||3,max) (by (40))
= E (2(Ur)) + O([[Pn = pll3,max)
= Blz% + O([[Pn — pli3,max)-
Therefore, as along as we have ||p,, — p||3,max = 0p(1), we have
B% — B% = op(1). (43)
Similarly, we the same condition implies
6% — o =op(1). (44)
Now recall from (36) and Theorem 2, the risk difference is
B ok : D2 24, Oh— Ok 4 1
Riskn,» — Riskn,» = (Bf — BR)h' + =L 4 o0 (h*) +o s
1 (45
=op (h*) +op <nhd+2> (by (43) and (44)).
Since Theorem 2 implies Risk, 2 = O (h*) 4+ O (57452 ). by (45) we have
Risky, 2 — Risky,
TlSn,2 = T2 _ op(1) (46)

RiSkn,Q

which proves the theorem.

Note that in order (46) to hold, we need ||p,, — p||3,max = op(1). By Lemma 5,

~ logn
D0 — Pll3,max = O(h2) +O0p <\/nhT+6> : (47)

Thus, a sufficient condition to ||p,, — p||3,max = op(1) is to pick h such that ifl%fa —0and h — 0.

This gives the restriction for the smoothing parameter h.

O
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