A Proofs

Our main results utilize an elementary fact about smooth functions with Lipschitz continuous gradi-
ent, called the co-coercivity of the gradient. We state the lemma and recall its proof for completeness.

A.1 The Co-coercivity Lemma

Lemma A.1 (Co-coercivity) For a smooth function f whose gradient has Lipschitz constant L,
IVFf(x) = Vi)l < Lz -y, Vfx) - Viy).

Proof. Since V f has Lipschitz constant L, if «, is the minimizer of f, then

1 1
S IVf(@) — V()3 = opIVI(@) — Vi(@)]3+ (& — 2., Vi(x,)) < f2) - f(2.);
(A1)
see, for instance, [[13], page 26]. Now define the convex functions

G(Z) = f(z) - <Vf(£L‘)7 z> , and H(z) = f(Z) - (Vf(y), Z) )
and observe that both have Lipschitz constants L and minimizers & and vy, respectively. Applying
(A.1) to these functions therefore gives that

C(@) < Cly) — 5 [VEW)3. and Hiy) < H(z) — o= | V()3

By their definitions, this implies that
F(@) ~ (Vf(@). ) < () ~ (Vi@).9) ~ 57V F() - V()3
F(y) ~ (VF().y) < f(@) — (V(),2) - 5=V T @) - VW)l

Adding these two inequalities and canceling terms yields the desired result.

A.2 Proof of Theorem 2.1

With the notation of Theorem 2.1, and where 7 is the random index chosen at iteration k&, we have
ks = @3 = Nl — @ — YV filaw)lI3
= ||z — @) = (Vfilzr) = Vfi(ze)) =V filz)lI3
= @k — @.]l3 — 27 (2 — @, Vilan)) +
VIV i) = Vfil@.) + Vfi(2)ll3
<l — @ull3 — 2y (@) — 24, Vfilar)) +
292(|V fi(zx) — Vfi(zo)ll3 +2° IV fi)13
<l — @ll3 — 2y (@ — @4, Vilzr)
+29° Ly (&g, — @, Vime) = Vi) + 292V fi(z) |13,
where we have employed Jensen’s inequality in the first inequality and the co-coercivity Lemma A.1

in the final line. We next take an expectation with respect to the choice of 7. By assumption, ¢ ~ D
such that F(z) = Ef;(x) and 0% = E||V f;(z,)||*>. Then EV f;(x) = VF(x), and we obtain:

Ell@pr1 — x5 < [lzk — @413 — 27 (x1 — 240, VF(2))
+29%E [Li (xk — @, Vi(Tr) — VI i(22))] + 29°E||V fi(24)||3
<k — 243 — 2y (21 — @4, VF (1))
+ 29 sup LiE (@ — @,V fi(wy) — V fi(z)) + 20°E|V fi(z,) I3

= |l — 2]l — 29 (wk — ., VF(21))
+ 292 sup L (z), — ., VF(x}) — VF(x,)) + 270>
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We now utilize the strong convexity of F'(x) and obtain that

< g — 24|13 — 2ypu(1 — ysup L)||@x — a3 + 29707
= (1= 2yu(l —ysup L)) ||k — 2.3 + 27%0?

when v < 1. Recursively applying this bound over the first k iterations yields the desired result,
5 k—1 ;
Ellzy — 2.3 < (1 — 2yp(1 — ysup L))) lzo — @.[l5+2 (1 — 2yp(1 — ysup L))) vo?
j=0

vo?

k
<(1—2 1 —~su L)) To— |2 — .
< (1 —ysupL))) o 2 (i = supL)

We next turn to the second part of the theorem, where we optimize the step size y for a fixed tolerance
€. Recall the main recursive step in the previous proof,

Ellerr — a3 < (1 2py(1 = ysup L)) [lex — @[3 + 290, (A2)
which is valid as long as -y < 1. The minimal value of the quadratic
Fe(v) = (1 = 2yu(l — ysup L)) € + 207
is achieved at

. 23

_ A3
e 26psup L + 202’ (A-3)

and
2
« w§
F = ]_ _
5(75) ( 2usup LE + 202

Note that because sup L/u > 1, it follows that pye <1 /2. Thus if we choose step-size v* = 7,

)€ (A4)

El#ri1 — 243 < Floy—a.2(7*) (A.5)
- (ﬂmwm*ng(v*) - Fa(v*)) + Fe(v") (A.6)
2
HE ) 2
<({l—-—m—m — . A7
- ( 2uesup L + 202 lze = .l (A7)
(A.8)
Iterating the expectation,
2 k
Bleve —mili< (1- ) A
lzhss = @ulz < 2uesup L + 202 =0 (A9)
It follows that if € < E||zj11 — 4|3, then
e
1 <kl (1 — —) A.10
0g(¢/20) < Flog 2ue sup L + 202 ( )
2
e
< —k(lm———m A.ll
- (2usupL5—|—202) ( )
or, equivalently
2psup Le + 202
k < log(eo /5)(%) (A.12)
2sup L 202
- log(50/6)< n E) (A.13)
(]
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