Supplement to Parallel Direction Method of Multipliers

1 Convergence

We consider the minimization of block-seperable convex functions subject to linear constraints:

J J
mm f (%), st. Ax = ASx; =a. (D
The (augmented) Lagrangian of (1) is
p
Ly(x,y) =f(X)+<y,AX—a>+§||AX—aII§, 2

where p > 0 is the penalty parameter. PDMM has the following iterates:

1 .
;j - argmln L (X]t’ Xk;éjtay ) + ﬁ]tha]t (X]t, ]t) Jt € ]Itv (3)
xj, €,
yi T =y +mip(Ajx" —ay) (4)
il =yt —up(AlX T — &) (5)

1.1 Technical Preliminaries

A

We first define some notations will be used specifically in this section. Let z;; = A;;x; € R™*1 2l =

[zl ,z5)T € R and z = [(z))T, .-, (z7)T]T € R/™*L Let W; € R/™i*™i be a column

vector of W;; € R™:*™ where

o L, , ifAij#O,
Wij = { 0  otherwise . (6)

Define Q € R/™*J™ a5 a diagonal matrix of Q; € R7™*/™mi and
. . 1
Q = diag([Q1,- -+, Q1]) , Qi = diag(W;) — d—WzWZT : (7)
(2

Therefore, for an optimal solution x* satisfying Ax* = a, we have

I
—2'|g = Z”Z =218, = D12 — 2 g 2w
=1 v

I
1

=> 1D = — =505 - EIIW?(Z? —z))l5
i=1 v

JEN(3)



I
. 1

:Z [Ilzﬁ—zﬂg—d”Agxt—aiH% ; 3)
i=1 v

where the last equality uses wiTz;-k = Alx" = a,.
In the following lemma, we prove that Q; is a positive semi-definite matrix. Thus, Q is also positive

semi-definite.

Lemma 1 Q; is positive semi-definite.

Proof: As W;; is either an identity matrix or a zero matrix, W; has d; nonzero entries. Removing the zero
entries from W, we have W; which only has d; nonzero entries. Then,

I,

7

L,

L, L,

diag('W;) is an identity matrix. Define Qi = diag(VNVi) — d%VNVZVNVZT If Q; is positive semi-definite, Q; is
positive semi-definite.
Denote A%2%

W, as the largest eigenvalue of W,W7T
WI'W,. Since WI'W; = d;l,,,,, then A2 — d;. Then, for any v,

;i » which is equivalent to the largest eigenvalue of

VIR v < ARrIIVIE = dalvi3 (10)
Thus,
2 2 o 1 2
Ivig, = Hv”diag(wi),%wiwg = |lvllz = dj-HVHWNViT >0, (11
which completes the proof. ]
Let Wi € R/™iX™i be a column vector of W;;, € R™i*™i where
o Imi, ifAijt#Oandth]It,
Wije = { 0 otherwise . (12)
Define P; € R/™*/™ a5 a diagonal matrix of P} € R/™i*/mi and
. . 1
P, = diag[P}, -, Pj], P| = diag(W}) - —Wj(W})". (13)

(2

where K; = min{K,d;} > min{|I; N Nj|,d;}. Using similar arguments in Lemma 1, we can show P; is
positive semi-definite. Therefore,

I

I
t+1 tn2 t+1 tn2 t+1 t12
21 = 2, = D2 2 = D 2 2y iyt
=1

=1 B

1
1
=30 |30 Ml =l — (v (e — )
K3

=1 | je€ly



1
1
=57 It a1 - £ IAze - xlE] (14

— i

In PDMM, an index set I; is randomly chosen. Conditioned on x’, x*! and y’*! depend on I;. P;

depends on I;. x!,y* are independent of I;. x’ depends on a sequence of observed realization of random
variable

§—1={L,Ig,- - L1} . 15)
As we do not assume that f, is differentiable, we use the subgradient of f;,. In particular, if f;, is
differentiable, the subgradient of f;, becomes the gradient, i.e., V f;,(x;,). PDMM (3)-(5) has the following

lemma.

Lemma 2 Let {xﬁ-t ,Y'} be generated by PDMM (3)-(5). Assume 7; > 0 and v; > 0. We have

I
S Fi) fjt<x;z>s—§2{<y§,Azxt—a-> TP ATt - ail)
=1

Jt€l:
c t * K ot t t
- Z y' + p(Ax' — a), A]t(xjt_xjt)>+7<y + p(Ax" —a), Ax" —a)
Jt€l:
I ‘ I )
+> vk A —a) - oA — a3 - 0 { o A — ) - TRAT — a3
i=1 i=1

1
+> (2" = 2'1g — llz* — 2 |ig — 12" — 2'||3,)

* t+1 t+1 _t
+ Z njt(Bd’jt ]t’ ]t) B¢Jz( Jt’th ) - B¢jt <th ’th))

Jt€l:
p K 1 . 1 .
E:{l_1—WH%L1ﬂﬂ+dWMf—mﬁ—ﬂ—w—ﬂ+dW&fH—%@
+ (1= u - AT -] 6

Proof: Let 0f;, (xéjl) be the subdifferential of f;, at xz-:rl. Let f; (XEH) €0 fj(x?rl) where x?“ € &j.
For any x7, € &, the optimality of the x;, update (3) is

(f, () + (AS)T[! + p(AS, x5+ Afx], — a)] + 1, (Vy, (x5 — Ve, (xh,), x5 —x3,) <0,

7t Jt/ —
k#3¢
a7
Using (5) and rearranging the terms yield
(i (5, x 5;“—x32> (18)
< (—(A5)T[Y" + p(Ax" —a) + pAS, (x5 = x5)] + 1, (Vo (x) = Vi, (x5,)), x5 = x5,)



Using the convexity of f;,, we have

Fi (5 = £i(x5,) < = (3" + p(Ax" — a), A, (x}7 — x5))

Jt
= p(AS, (x5 = x,), A5 (x5 = x5,) - nﬂ<V¢jt( x5 = V5 (x5,), x5 = x5,)
—< +p(A ‘-a )Ai( jt—X§t)>—< +p(Ax' —a), A, (x7 —x7)))

1 1
_IOZ Z]t t+ ;)’Ai]t( ;:r X;t»

* t+1 t+1 ¢
+77]t <B¢Jt( ]t’ ]t) B¢Jt( ]t’ij_ )_B¢jt(xjj_ 7th)) . (19)

Summing over j; € I;, we have

Do S = (65

Jr€ly
<= S5+ p(AX! ), A, (x, — x3,)) — (5 p(Ax —a), Y AL (x - x)
thHt Je€ly
3 S A - ) (T - x3)
1=1 ji€ly
* 1 1
+ Z 77]'1 <B¢J ]t’ ]t) B¢Jf( Jt’ij ) B(bjt (Xéj >X§‘t)>
Jt€ly
ot t c (ot * K ~t t t
== (" +p(Ax' —a), A, (x], —x},)) + < (¥ + p(AxX' —a), AX' —a)
Jt€ly
K
—7(yt + p(Axt —a), Ax! —a) — (3' + p(Ax! —a), A(x!T! —xP))
Hy
L r I
522 1A, (5, — x5 )13 — (1A, (5, — x5 = (A, (<5 = x5)113)
=1 jiely
Hy
+ 3 i (B, (5,x) = By, (x5, %050 = By, (<7 x0) (20)
My ¢jt Jt? ]t Py t’XJt o th ’th :

Jt€ly

Hi in (20) can be rewritten as

Hy = — (3" + p(Ax' —a), Ax'"™ —a) + (1 — =) (3" + p(Ax' —a), Ax' —a) . 20
The first term of (21) is equivalent to

— (3" + p(Ax' — a), Ax't! —a)

= =D i+ p(Alx" —ai), Alx"t —ay)
i=1



= — Z yi+ (1 —v)p(ATxt —a;), ATx!T! — a;)
= — Z {{y: L mp(Arx T — ), AIxT —ay) + (1 — ) p(Alx! — a;, Alx!T — a;)}
== Z i A = a) — mpl AT - a3

2
I

T Ti
- —Z{ AT ) AT a3}

I

r r (1—1/1‘—’7'1'),0 r
+Z{ PUATCT =) — AT = all) - LA — a3 | . @2)

(1— vi)p
SR AT T = x| (AT — a3 — AT — ayll3)

The second term of (21) is equivalent to

(- E)5t + p(Ax! —a), Ax' — a)

J
K L
=(1- 7) D+ p(Afx" — a;), ATx" — a)
i=1
K J
=1-) D (yi+ (1 —w)p(Ajx" —a;), Ajx' — a;)
i=1
K <& K !
==Y {ovhAnd —a) - DA — il + (1 - S Y- vi+ Dllaix a3
=1 i=1
(23)
H> in (20) is equavilant to
I
P *
=3 Z Z Hzm - Z?ﬁ”% - ”Zijt - :;21”2 HZZ'T - Z?ﬁ”%)
i=1 jiely
p I
=5 > (lzg — 25 — |lz; — 25 — |20t — 2]]]3)
i=1
p * *
= 5(llz" = 2’| — [z — 2" — Iz — 2'[[3,)
pa 1 1
+3 d*(IIATXt — a5 — [|A]x" —ai3) — = [|A](x"TT —x")|5. (24)
7 K;

where the last equality uses the definition of Q in (7) and P, (13), and [N(,- = min{ K, d;}. Combining the
results of (21)-(24) gives

I
.
Hy+ Hy ==Y {1 Al —ay) = TP A — a3}
=1



\V)

1
(1_7/2)0 r r 1_1/1_7—lp r
'y {2)(||Ai (L — ) — AT — ay3) - LT At g

=1
K5 7ip K !
- =) Z{ (v A — ) - L[ AT - a3 } - )Y -+ p||ATxt—aZ||2
=1 =1
P *
+ 2l =2l — 12" — 241G — 12 — 2,
I
1
gz AL =il — AT —aill}) — — AT —x)[3)
=1 K;
K ! T,
== Y { o A —a) - A — a3}
=1
I . I -
> {h A —a) - A — a3 - D0 {6 A ) - AT — a3
=1 =1

p * *
+5(l2" = 2'lg = 2" = 2" — 12 = 2'[IB,)

1
p 2K K 1. 1. .,
+23{10= 20w+ (- Dyt LA —ailf - (0= vi— it DA il

P J J
1
+(1 -y — =) |AT(x"T - xt)ug} : (25)
K;
Plugging back into (20) completes the proof. |
Lemma 3 Let {X;-t , Y.} be generated by PDMM (3)-(5). Assume 7; > 0 and v; > 0. We have
K< Tip
> LG = i) < =5 > { vk Al —a) - T A - i3]
Jr€le 1=1
. X K
=) 3+ p(Ax' —a), A, (xh, —x3,) + S (' +p(Ax' —a), Ax' —a)
Jt€le
! Tip ! Tip
> {oh A —a) - ZPYAX — a3} - > {rit A — ) — 2P AT — a3
1= 1=
- HZ* - f||a — fl2* = 2 — [l - 2
T(By(x",x") = By(x", x"*1) = By(x'",x"))
I
52 (AT - ailld — AT — ) - Gl AT — aglF] 26)
where T = [, ,nj). 7 > 0,13 > 0,7; > 0and B; > 0 satisfy the following conditions:
2J 1
v; € (max{0,1 - ————},1 — =], 27)
K;(2J - K) K;



Ti S — 4 I 1 (3 = ) 28
2J—K[Ki ( J)( ) K;(2J - K) 28)
2K K 1 2
i=3——)1 -y l——)n+———=, 29
5= (3= )0 =)+ (= Pt g - 29)
4 K
Bi = E —(2—- 7)[2(1 —v;) + 7). (30)
Proof: In (16), denote
2K K 1 . 1 ,
H = [(1- =)L —vi) + (1= =) + AT —aillf = (1 —vi =7+ ) AT — a3,
J J d; d;
D
1
Hy=(1-v;— =—)|A{(x" =x")]3. (32)
K;
Our goal is to eliminate H so that
Hs + Hy = 7i(|Afx" — a3 — [|A]x""" — ail3) — Bill Ajx™ — a3, (33)

where v; > 0and 5; > 0.
We want to choose a large 7; and a small ;. Assume 1 — v; — f% >0,1e,v;,<1-— [% we have

K3 3

1 1
Hi= (1= vi= AT = x)[} < 21— v = =) (AR — il + [AX —aif). G4

3 3

Therefore, we have

2K K 1 2 1 2
Hy+ Hy <[ = —)A —wi)+ (1 - —)m + 4 E_]IIA?Xt —al3+ (1 —vi+m— 4 E)IIA?XH1 — a3
= (AT — a3 — |A]x"! —a[l3) — Bi|ATx"! — a3 . (35)
where
2K K 1 2
=8 - —)(1 -y 1—-—)n+—— =
=B ) (- g
2K 1 K 1 2
>B3-———)=—+(1——=)1+—— =
>3- P g -
K 1 K 1 K
=1-—=)=—— — —+(1-——=)>0. 36
- P g tg - pm2 (36)
and
1 2 4 K
'Bi:_(l_yi—i_n—’—dj_z—i_%):i_(2_7)[2(1_w>+n]' (37
We also want 3; > 0, which can be reduced to
J 4 2K
i — —4d-—)1—-y
nS oyl s ) (39)



J 4 2K 1
< = 4_
_2J_K[Ki ( J )Kl]

B 2K
K;(2J - K)
It also requires the RHS of (38) to be positive, leading to v; > max{0,1 — %} Therefore, v; €
(max{0,1 — %}, 1-— f(%]
Denote By = [By,, - ,Bg J]F as a column vector of the Bregman divergence on block coordi-

o bl [l ot T
nates of x. Using x"™ = [x oy, X} o], we have By, (X

B¢(X*,Xt+1),B¢jt( t+1 xt ) B¢( t+1,Xt). Thus,

Jt’]t

B¢]t( x* xt.'H) = Bd,(x*,xt) —

Jt? Jt) Jt? gt

Z it (B% %52 X5,) = Bay, (5, %51) = By, (Xz’jl’xé‘t))
Jt€l
=" (By(x",x") = By(x", x"*") = Byp(x"*!,x")) . (39)

Where"?T:[m,"' 777J]' u

Lemma 4 Let {th,yf} be generated by PDMM (3)-(5). Assume 7; > 0 and v; > 0 satisfy the conditions
in Lemma 3. We have

1
£y = £6) < = 3 { v Alx — ) — ZEJ AL a3}
i=1

J ~ ~ r
+ L {Ep(xt?yt) _ ]E]Itﬁp(xt+1 t+1 _p ZB@E |ATx 1 _ g, Hz

K
§(HZ z'(|g — By, |lz* — 2§ — EﬂtHzt“ —2'|3,)
+ 07 (Byp(x*,x") — By, By (x*, x') — By, By (x', xt))} ) (40)

where £~p is defined as follows:

I
£y = 1) = )+ 30 { vt i e + O A g}
=1
Tiy Viy Vi, Bi and m are defined in Lemma 3.
Proof: Using x'*+! [xzjelﬂt, ;tgﬂt]T’ we have
f( H_l Z f]t H_l fjt(X§' ) Z [f]t( t+1) fjt (X;kt)] - Z [fjt(xz't) - fjt(x;t)] :
Je€ly Je€ly Je€ly

42)

Rearranging the terms and using Lemma 3 yield

D F () = £ (5) = D OU G = Fi ()] + f(x) = fx)

je€ly j€el;



K< Tip
72{ (vh AT — ) = ZPAIX - a3}
Ac t * K ~1 A t A t
- Z x' —a), jt(xjt_xjt»"i_j(y + p(Ax" —a), Ax" —a)
Je€ly

+£p(xt7yt) _ Ep(xt+1’ b1y _p ZIBZHAT Bl a2

I
+ Z(HZ* —2'|[g — llz" — 2" G — [l2"" = 2'%,)

+ Z T(Bg(x*,x") = By(x*, x"*1) — By(x'*!,x"))]

Jrely

where £ »(x', y") is defined in (41). Conditioning on x’ and taking expectation over I;, we have
K< Tip
S - <=5 Z{ (vh Alx’ — ) = ZP A — a3 |

I
L% yY) ~ Br £,y ) — O3 B AT — a3
=1

B(IIZ* —2'[[g — By llz" — 2 G — By 2 - 2'f,)

+ Z Bd’ x* » X ) - EHtB¢(X*7Xt+1) - EHtB¢(xt+l7Xt))] )
Je€lly

where we use

Er[- Y (v + p(Ax" —a), A%, (x}, — x},))] =

Jr€ly

J

Dividing both sides by % and using the definition (41) complete the proof.

1.2 Theoretical Results

We establish the convergence results for PDMM under fairly simple assumptions:

Assumption 1
(1) fj : R™ — R U {+oo} are closed, proper, and convex.
(2) A KKT point of the Lagrangian (p = 0 in (2)) of Problem (1) exists.

K
~2(5' 4 p(Ax' —a),Ax! —a).

(43)

(44)

(45)

Assumption 1 is the same as that required by ADMM [1, 4]. Let 0 f; be the subdifferential of f;. Assume

that {Xj € Xj;,y!} satisfies the KKT conditions of the Lagrangian (p = 0in (2)), i.e.,

—Aly* € 0fi(x}),
Ax* —a=0.

(46)
47



During iterations, (47) is satisfied if Ax'*! = a. Let fj’»(x?rl) € dfj(x tH) where :c ! € X;. For any
x; € &}, the optimality conditions for the x; update (3) is

([ + ASS" + p(AGKET +> Afx], — a)] + 1 (Vo (x5T) — Vo (x))), xiT —x;) <0,
k#j
(48)
which is sufficiently satisfied if

—ASly + (1 —v)p(Ax" —a) + AS(xE = xh)] =0 (Ve (X[ = Ve, (xh) = fixTh) . 49)

When Ax't! = a, y!*! = yt. If AC( L ;) = 0, then Ax' —a = 0. When n; > 0, further
assuming B¢J( t“ ;) =0, (46) will be satlsﬁed. Overall, the KKT conditions (46)-(47) are satisfied if
the following optlmahty conditions are satisfied by the iterates:

Axth —a, A5 —x)) =0, (50)
By, (x;",x5) = 0. (51

The above optimality conditions are sufficient for the KKT conditions. (50) are the optimality conditions for
the exact PDMM. (51) is needed only when 7; > 0.
In Lemma 3, setting the values of v;, 7;, i, B; as follows:
1 K 2(J - K) 1 K K

1/1‘21—?,1':,. y Vi = = 4+ - — — = —=. 52
K; ! K;(2J — K) K K;(2J-K) di JK; P JK; ©2)

Define the residual of optimality conditions (50)-(51) as

I
p p
R(x!H1) = 5Hzt+1 _ th%t + 3 ZﬁiHAgxtH — a3 + " Bp(x',x)] . (53)
i=1
If R(x'*1) — 0, (50)-(51) will be satisfied and thus PDMM converges to the KKT point {x*,y*}.
Define the current iterate v = (x5, y!) and h(v*,v') as a distance from v’ to a KKT point v* =
(x7,y7):

I
* K 1 * — ~ 1Y * *
M V) = 3 gl =y IR L) Gl = ol B X (54
i=1 "

The following Lemma shows that h(v*,v?) > 0.

Lemma 5 Let h(v*,v?') be defined in (54). Setting v; = 1 — f(% and T; = m, we have
e p 4
h(v' V1) = 5 GIATX — a3 + Sz — 2'l1g + + Y1 Bo, (x5, x5) > 0. (55)
i=1 j=1
where ; = =LK+ L _ K> 0. Moreover, if h(v*,v!) = 0, then Aix' = a;,z' = z* and
g K;(2J-K) d; JK; ’ ’ ’ l v

By, (x} T j) = 0. Thus, (46)-(47) are satisfied.

10



Proof:  Using the convexity of f and (46), we have

Thus,

2

(vi + )P

K N JTip
>3 |5 I v - A -l + O A ]

I
* J P
=3 |5 I Wi b+ (L sl SlA ]

h(v*,v?') is reduced to

I
> P Py, *
)2 5> bt Lyl A — a3+ Ll — ot + 0" By(x %)
; 1 K
Settlngl—yz—f(i andn—m(w_K),wehave
J 2K K 1 2 J
%+ (1 ?)Ti—(?’—j)(l Vi)+(1—7)7'i+dl—?i+(1—§)ﬂ
K 1 K J K 1 K
=(l-—-)=+2-—=—-=) =+ - — —
( J)Kl- ( J K)Kl(QJ K) di JK

o ) o
=Z{<y§ Loyt At —a) 4yl -y I,A@-xt—ai>+WnAzxt—aiH%}

(56)

(37

(38)

(39)

>0
Ki;(2J-K) di JK;
Therefore, h(v*,vt) > 0. Letting ¢; = MJQ%I_(K) —|— i JI;Q completes the proof.
The following theorem shows that h(v*,v!) decreases monotonically and thus establishes the global
convergence of PDMM.
Theorem 1 (Global Convergence of PDMM) Let v! = (x',,y}) be generated by PDMM (3)-(5) and v* =
(x3,y7) be a KKT point satisfying (46)-(47). Setting v; = 1 — [% and T; = %, we have

0< E'Eth(v*ﬁ Vt+1) < E&t—lh(v*vvt) ) E&tR(XH_l) —0.

11

(60)



Proof: Adding (56) and (40) yields

1
* T
0< > {lvi —vh A —a) + TP A — a3}
=1

I
J ) 5 P
e {ﬁp(xtvyt) — B, L,(x" 1,y - 5 > BiEL[|ATX"T — a3
i=1
p * *
+5(lz" ~ z'|q — B llz" — 271G — By, |z — 2(|3,)
+ nT(B¢(x*, xt) — Ep, By (x7, XtH) — EHtB(b(xtH, Xt))} . 61)

Using (4), we have

T 1 _ Ti
(vi =y Alx' —a) + LA —ailf = —(vi —yhyl -yl )+ ZIAIX — a3

o

1 — *
= 2Tip(Hy;-" —yi B =y = viE) - (62)

Plugging back into (61) gives

I
1 B
0<> —(ly;r =y 5= lly; = vill3)

i1 2Tip
J | = ~ p !
+ % {@(xiyf) — B L, (¢ y ) = B3 BB AT — a3
=1
P *
+ 5 (17" = 2'g = Bxll2" = 2" 1[G — Bx 2 — 2'|3,)

+ 17T(B¢(X*, x) — Er, By (x*, Xt+1) — EHth;(xtH, Xt))}

J

== {h(v*,v") = Ep,h(v*,v'T!) — E, R(x"T1)} . (63)

Taking expectaion over &;_1, we have

J * *
0= K {Eﬁtflh(v ’Vt) — Eg,h(v 7vt+1) - EftR(XtJrl)} . (64)
Since E¢, R(x'™!) > 0, we have
Ee, h(v*,vITH) < E¢,  h(v*,v'). (65)

Thus, E¢,h(v*, vi*1) converges monotonically.
Rearranging the terms in (64) yields

Ee, R(x'") < Ee, | h(v*,v') — Eg,h(v*,vIT1). (66)

12



Summing over t gives

T—1
D Ee R < A(v*,v0) — By (v, vT) < h(vF,V0). (67)
t=0

where the last inequality uses the Lemma 5. As T — oo, E¢, R(x'™!) — 0, which completes the proof. m

The following theorem establishes the iteration complexity of PDMM in an ergodic sense.

Theorem 2 Let (x},y’;) be generated by PDMM (3)-(5). Let X7 = Zif:l xt. Setting v; = 1 — = and

K;
Ti = m, we have
S I3+ {13 + Zp(x v + Bllz — 213y + T By(x,x) }
Ef(x") — fxt) < et R - 2 ,
T
(68)
raI ih( )
EZ@HA —aiff < (69)
where 3; = JL&
Proof:  Using (5) and, we have
I Tip
=Y {ivh A —a) - A - a3
i=1
' (1
Z—Z{ww,yl yi ) - —yﬁ_ng}
. 7
L
ys I = 1y 113 - (70)
;27_2’0 7112
Plugging back into (40) yields
S
f(x! )< oy B = llyil)
=] <TiP
J ~ ~ p T
- L {@(xﬂyt)—mtﬁp(xt“ ) Z@E A — a3
p k *
+5(lz" - 2'(|§ — En,[|z" — 23 — ELHZH_I —2'[[3,)
nT(B¢(X*,xt) — EHth,(x*,xtH) — EHtB¢(xt+1,xt))} . 71)

Taking expectaion over &;_1, we have

I

1 _
Ee, 1f( Z QTP Eft—QHY;f 1”% - Eft—l”ym%)
i=1 '

13



J

I
5 5 4
+ ? {E&_lﬁp(xt’yt) - Eftﬁﬁ(xt—’—layt—‘rl) - 5 ZBZ’IE&”A;XH_I - azH%

i=1
p * *
+ 5 (Be,ll2" = 2'[Ig — Be[|2" — 27[q — Be, [l2 — 2'|3,)

+ nT(Egt_lB¢(X*, Xt) - EﬁtB¢(X*7 Xt+1) - Egthg(XH_l, Xt))} . (72)

Summing over ¢, we have

T I
1
D e )~ FO¢) < (Pl ~ Eer Iy 1B)
t=1

=

J ~ ~ p r
e {ﬁp(xl,yl) —Ee L,(x" 1y ZZ&E&HA a3
t 1 =1

p .
+ 502" = 2HIg = B, ll2” — 27 — e, 27 = 271G

n? (By(x*,x') — Egp By(x*, x7 ) — B By (x! xT))} : (73)
Using (56), we have
I
Lo y™H ) = FH) = f) + ) Uy T AT —ay) + WllAiXT“ —ai3]
I I . (i +7)
2 = 2o lri AR =)+ 3l A =)+ S AT ]

r K ARy
—Z Hysz *HA T —all3) +Z{ IIyZ I3 + [ (1—E)n]§llAixT“—aiH§

I
- K
—Z Hyluﬁ—HA TH —a5) - sz 7113 (74)

where §; > 0 and the last inequality uses (59). Plugging into (73), we have
T 7 p
> Ee  S()— f Z DI+ e {200y )+ Gl =l 0T Bt ) |
t=1

1
J 1 w2, 9 — Bip roT+1 12
K {Z [25i\lyi|!2+ 5 BllAXTT —aily) o (75)

=1

Settin 6; = S;p, dividing by 7" and letting x” =% Zt 1 x' complete the proof.
Dividing both sides of (67) by T yields (69). ]
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2 Connection to ADMM

In this section, we use ADMM to solve (1), similar as [5, 3] but with different forms. We show that ADMM
is a speical case of PDMM. The connection can help us understand why the two parameters 7;, ; in PDMM

are necessary. We first introduce splitting variables z; as follows:

J

J
min ij(xj) st Ajx; = zj,sz =a,
j_

j=1
which can be written as
min ij(xj) +9(z) st Ajxj=1z;,
j=1

where g(z) is an indicator function of EJK: 1 z; = a. The augmented Lagrangian is

<

p
Lp(x,25,¥5) Z[fﬂ x;) + (v, Ajxj — Z'>+§HAJ'XJ'_ZJ'”%] )
7=1

where y; is the dual variable. We have the following ADMM iterates:

14
X = argminy; fi(x;) + (yh, Ajx; —25) + 2l Ayx; — zj|3 ,
= p
zttl = argmmZ]_lzJ—aZ [(yl,A xt+1 —zj) + iHij?ﬂ - 7|3
7=1

Yt =yl + p(AxT =2t

The Lagrangian of (80) is
d P
L= [vh A —2p) + LA — ]3] + (A Yz —a) |
j=1 j=1
where A is the dual variable. The first order optimality is
-y + p(z; b1 ij?rl) +A=0.
Using (81) gives
A=yt vy
Denoting y* = y%, (83) becomes

vy =y 4 p(Ax t+1 ;+1)_

Summing over j and using the constraint Z}]:1 z; = a, we have

y T =y'+ g(AxtJrl —a).
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(85)

(86)



Subtracting (85) from (86), simple calculations yields

1
ziH = AT 4 j(AxtH —a). (87)

Plugging into (79), we have

: p
X = argmin, f5(x;) + (y", Ajx;) + Ay — z5]13

) Ax! —a

= argmin, . f;(x;) + (y', Ajx;) + o llAyx; — Ajx + fll%

= argmin, f;(x;) + (5, Ajx;) + gHijj +3 Agx) —all3, (88)
ki

where y' = y' — (1 — %)p(Ax" — a), which becomes PDMM by setting 7 = %, = 1 — 1 and updating
all blocks. Therefore, splitting ADMM (SADMM) is a special case of PDMM.

3 Inexact PDMM and connection to PJADMM

In this section, we only consider the case when all blocks are used in PDMM. We show that if setting 7);
sufficiently large, the dual backward step (5) is not needed, which becomes PJADMM [2]. Together with
the connection between PDMM and sSADMM in Section 2, sSADMM and PJADMM are two extreme cases
of PDMM. If the primal update makes sufficient progress, the dual update should take small step, e.g.,
SADMM. On the other hand, if the primal update makes conservative progress, the dual update can take full
gradient step, e.g. PJADMM. While sADMM is a direct derivation of ADMM, PJADMM introduces more
terms and parameters.

Corollary 1 Let {xg-, yi} be generated by PDMM (3)-(5). Assume 7; > 0 and v; > 0. We have

£ ) < Z{ (1 AT ) + 7—;710”A§Xt+1 . ai”%}
p
+5 (2" - 2||§ — Iz — 2§ — ||z — 2" Q)
I
P 1 1 AT t Alxttl 12
52 -1+ )(H x' — aill3 — [|A7x"! —ay]3)
(i + 20 — 2)ATXT — a3+ (1 - — *)IIAT( ok —xt)||§}
35 (B, (%) = By, (5, %71 = By, (x1,x0) ) (89)
j=1

Proof: Let I; be all blocks, K = J. According the definition of P; in (7) and Q in (13), P, = Q.
Therefore, (16) reduces to

1
)
E < L {-oiAnt -+ TRIAD - i)
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Hzt-i-l HZH—l _ZtH%Q)

p * *
+ 2" — 21 — 12+ — 2"l ~

J
* t+1 t+1
£ 3 m5 (Boy (5.36) = By, (3, x41) = By, (x4 x)))

1 1 1
S {0 b DA il (L vk DIATT a4 (- v DA - xO[
7 (2 (2

i=1
(90)

Rearranging the terms completes the proof. ]

Corollary 2 Let {x],yl} be generated by PDMM (3)-(5). Assume (1)7; > 0 and v; > 0; (2) n; > 0; (3) ¢;
is aj-strongly convex. We have

I
,
E < 2 {-wirt Ant - a4 TRIA - i)

p
+5(1l2" = 2" - IIZt+1 — 24 — 27— 2'g)

J
* 1
+ (B%( X5, %5) — By, (x5, x5* )) : o1
j=1
v; and T; satisfy v; € [1 — d%- — pIZJ_';N{']- ,1— d%] and m; < 1+ d%_ — v;, where Ny is the largest eigenvalue

o ij
ong;.Aij. In particular, if n; = MD‘%’ vi=0and; <1+ d%-

Proof: Assume 7; > 0. We can choose 1artg+elr 7; and smaller v; than Lemma 3 by setting 7); sufficiently
t

large. Since ¢; is aj-strongly convex, By, (x;",x}) > > ||Xt+1 3”% We have

;% 7,0
Zde)J (xH xh) >ZZ 7 I = ]!\2>Z > AT =x)I3. 92)

=1 j=1 i=1 jeN (i) 2I)\gax
JAT G =<3 =11 Y Ay =x)IE <di Y AT = x5, (93)
JEN (i) JEN (i)

where A\, is the largest eigenvalue of A?;Aij. Plugging into (89) gives

-
£ ) < Z{ yi AT —ay) o+ %pHA;“Xf#l . ai”%}
p
+5(Il=" - 2[|§ — Iz — 2§ — |2 — 2" Q)
L0 I
QZ{ -1 DA i~ AT - i)
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"
(i + 20— AT — a3+ S0 (1 - w)ds — 1 —I | Ay (T — x)|3

FEN (i) I Athax
J
* t+1
+ 3y (B, 0, x0) = By, (3, %07 ) 94)
j=1
Iﬂl—wmr—y—ﬁfi<OJ@J@21—$—R$XW\whwe

I

2

F(x) — f(xt) < gz { p<Yf+1 AT —a) + AT — az’”%}
=1

|2+ Iz —2'[1g)

P *
+5(Il2" = 2"llg - —7z'(lg -

J
+Z77i <B¢¢ Xjs ]) B¢z( ;7 §+1))
=1

I
+SZ{ vi—1+ )HN o az’H%Jr(Ti—?Jr?Vi)HAfXHl—az‘H%} : (95)
i=1
Ifr, —2+2v; — (v, —1+ d%) <0,ie,m <1+ d% — vj;, the last two terms in (95) can be removed.
Therefore, when v; > 1 — L _ % and; <1+ L_ v;, we have (91). n
dl pldz)\ngmx dl

Define the current iterate v\ = (x},y}) and h(v*,v') as a distance from v* to a KKT point v* =
(5, ¥7):
J

p
¥ = 30 5y = Vi + Sl + 3 0y 5. x)). 96)
i=1 =" j=1

~

The following theorem shows that h(v*,v') decreases monotonically and thus establishes the global
convergence of PDMM.

Theorem 3 (Global Convergence of PDMM) Let v = (x?, y!) be generated by PDMM (3)-(5) and v* =
(x}k-, v}) be a KKT point satisfying (46)-(47). Assume 7;,v; and ; satisfy conditions in Lemma 2. Then v'
converges to the KKT point v* monotonically, i.e.,

h(v*, v < h(vF, v 97

Proof: Adding (56) and (91) together yields

1
0< > {vr -y AT —ay) + TEAT — a3}
i=1

lu**! [ —u'g)

p * *
+ 5 (Il = ug - —u'flg -

J
37y (B, (5, x0) = By, (35, %01 ) (9%8)
j=1
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The first term in the bracket can be rewritten as

1

<y;k t+1 AT t+1 ai> <yz yf—‘rl’ y;f—l-l yf>
Tip
= 5= (v = YA = Iy = i3 = v+~ i1B)
= 5 (v =¥l = s — ¥ 1) = SPIAD sl ©9)
Plugging back into (98) yields
! 1 * t)12 * t+1
0< E 27ip (Hyz —yillz = llyi = 12 )

=1
Hut-‘rl ||ut+1 _utH(QQ)

WU—UWé— —ulfg -

*ZW (Bs, (5. x) = By, (.3 ) (100)
j=1

+

l\’J\b

Rearranging the terms completes the proof.

The following theorem establishes the O(1/T') convergence rate for the objective in an ergodic sense.

Theorem 4 Let (Xz», yf) be generated by PDMM (3)-(5). Assume T;,v; > 0 satisfy conditions in Lemma 2.
LetxT = ST x'. We have

1 0112 P[440 *(|2 J * 0
L0l + §llu® — i + 0 B, 0
i) - iy < BB BNl BB o

Proof: Using (4), we have

1
—(yi"HL AT —ay) = —— (v Ty - )
CTp
1
= 7(”}’5”% Iy = Nyl = i3
1 Tip
= T(Ilyzlb lyi H5) — 5 I1AGX — a5 (102)
Plugging into (91) yields
1
Fxh) ZT i3 = lyi™13)
=1
4P
+ 5 ([l = u g = [u"h = ug - u - u'lfg)
£ 20 m (Boy 05,3) = Bo, (5,4 ) (103)
j=1
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Summing over ¢ from 0 to 7' — 1, we have

- I
1
x! ) t)2 t+1

g )] <3 gy Uil = Iy
P *
+ 5" —u'g — [[u’ - ug)

+ an (B¢j X5, ]) B(i)g( ;7 E_H)) . (104)
j=1

Applying the Jensen’s inequality on the LHS and using X7 = Zle x! complete the proof. |

If n; = % v; = 0 and 7, = 1. Therefore, PDMM becomes PJADMM [2], where the

convergence rate of PJADMM has been improved to o(1/T).
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