Supplementary material to the paper: *“ How

hard is my MDP?” The distribution-norm to the
rescue.

A Proofs regarding the dual norm

In this section, we provide the detailed proofs of the results corresponding to the dual norm || - ||,
in the case when &’ is a discrete space.

A.1 Proof of Lemma 1

Lemma 1 When X = {1,...,S5} and supp(p) = {1,..., K} with K < S, then the following
equality holds true

o= sup / F(@)Pala) =

fe&pillfllp=1

[P — Pl

Proof: The first equality is by definition. Introducing two Lagrangian parameters « and /3 corre-
sponding to the two equality constraints ||f||, = 1 and E,f = 0, an optimal solution f* satisfies
that oz*(||f*|\227 —1) = 0and B*E, f = 0. We write p = (p1,...,pK,0,...,0) € Ag and then it
holds by the KKT conditions that

K K

Vs €{l,..., K}, Pos—pe=207Fpa+ s D flpa=1 > fip.=0.

s=1 s=1

Thus, we deduce on the one hand that
. ﬁn,s - (1 + B*)ps

K
Vsed{l,...,K}, fi= 50D ,  with Zﬁn’s =(1+p8%),
s s=1

but we must have also Zle Dn,s = 1, thus 5 = 0. On the other hand, we have
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1 (pn s ps)2
af == —
A
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Plugging-in back the expression of f* in the definition of the dual norm, we deduce that

K (ﬁn,s - ps)ﬁn,s’/ps
Hﬁn—PH*,p:Z 5 .
o=t \/Zf—l (ﬁn,s _ps) /ps

Let us simplify this expression. We have on the one hand

K K ]/)\2
Z (Z/)\n,s - p.e)l/)\n,s’/ps = (Z ﬂ) -1,
s=1 s=1 Ps
and on the other hand, it holds that
K K ~o K =9
N 2 Pn.s Y Dhn,s
Z(pn,s_ps> /pszzﬂ'i_ps_zpn,s:(zﬂ)_l-
s=1 s=1 Ps s=1 Ps

Thus, we deduce the following simplified expression
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A.2  Proof of Lemma 2

Lemma 2 V(X) satisfies E,, {V(X)} = £=1 Moreover, for alli € {1,...,n} we have that

m—1/ 1 1
V(X) — inf V(X ) < b, where b= — 5 ( - ) .
s€S n* \pxk) P

Proof: We start by decomposing ||p, — pl|2 5, in terms of the random variables {X;};—c[,;. We
get that

n n

_ K ]I{X = 8} I{X; = s}]I{XZ, _ 5
VX) =pn —pll, = 1
DPn — Pllsp (;i_l ;Zlgl )
a ; (nQPX,i + ’;ézzl n pX 1 (5)

Note also that with this expression, we derive easily

EP{V(X)} =i(i+psn(nn2l)> N

n
s=1

For s € S, we have, from (5)

V<X)_V<Xz s) = L +2 Z (H{XL:X'LO} ]I{X _5})

, 2 2 2 2
npx, n D npx, n“ps
Px;, s itige1 bx;,

Thus, if we introduce p(;) to be the largest component of p and p() its smallest non-0 component,
we deduce that

1 1 1 —1 -1
V(X) —minV(X;5) < 2( . +2(n ) 72(71 :
SES N \Pk) P D(k) b
-1 ( 11 )
n? \pwx) P/
_on—1( 1 1
We thus set b = 223 (p(K) - P<1)>' H

A.3 Proof of Lemma 3

Lemma 3 The quantity V(X) = ||p,, — p||3 , satisfies

i: (vx) - Sig;V(Xi,s))z < 2V(X).

i=1

Proof: On the one hand, we have

- ( L 2": H{X,;2_Xi,})_1.

2
n2px. n .
. px, o Px;
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Now, on the other hand, since V(X) — V(X 5,) > 0, the quantity we want to control satisfies

n

ZHJ(WX)—V(XZ-,SJ)Q = Z[l +2 ) (“{XFXm}_H{Xi:si})r

i=1 i=1 npx,, s, iio=1 n2px;, n2ps;
u —~ {Xi=X,} 2n-1) 1
<Y [ Y e
i=1 i#ig=1 i (1) (1)
" HX; = X; 2
< b(V(X)+1+ > {nz}_>
itig=l Px;, b
n
{X; = X;
< b(V(X)+ > {’2‘)}—1>
i#ip=1 "PXi
< 2V(X).

B Discounted MDP

In this section, we provide the detailed proofs of the results that correspond to the performance
analysis of algorithms that use the || - ||+, confidence bounds instead of || - ||; bounds in the case of
discounted MDPs.

Proposition 1: Let M be a y-discounted MDP with deterministic rewards, and © be a policy,
with corresponding value V™. We denote by p the transition kernel of M, and for convenience

use the notation p™ (s'|s) for p(s'|s, w(s)). Now, let p be some estimate transition kernel such that

maxges ||p™(+[s) — P (+|8)||x,pv(|s) < € and let us denote V'™ its corresponding value in the MDP

with kernel p. Then, the maximal expected error between the two values is bounded by

7 def - Sa eC™
£ max (Bpr (1) [V7] = Epr1a [77]) < T
Proof: Simple algebra shows that
& = maxz V7 (8)p™ (s]s0) — V™ (s)5™ (s]50)) + 3 (V™ ()P™ (s50) — V™ (s)p™ (s]50))
SES seS
— Vﬂ' s V7T
?Jggses (s)(P" (s]s0) — D™ (sls0) Jrsgsp sls0) (V™ (s) = V7™ (s)) .

Now, on the one hand, we have by property of the dual norm, and definition of € and C' that

D> V() (" (sls0) = ™ (sls0)) < 1P Cls0) = BT C1s0) e 1so) VT = D VT (8)p™ (5]50) | (-1s0)
SES seS
< eC.

On the other hand, we use one step of the Bellman equation together with the fact that the reward is
deterministic to deduce that

S5 (sls0) (VT (s) — V7 (s)) = vaswo(va p™(']s) = V7 (s[5)5" (]s) )

seES s€S s'eS
< (X7 Csls0) ) max ( XV 1) = Vol 5 (5)s))
seES
= ngrr ,
where the last equality is because ) | s P™ (s|so) = 1. Thus, we obtain £F < eC' + &7, that is
er o< Y
L=y
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C Undiscounted MDP

In this section, we provide detailed proofs of the results that correspond to the regret analysis of the
modified UCRL algorithm that uses the || - ||,,, confidence bounds instead of || - ||; bounds. We
reused the notations from Jaksch (2010).

C.1 Proof of Proposition 2

Proposition 2 Let us consider a finite-state MDP with S states, low kernel variance M € M¢ and
diameter D. Assume moreover that the transition kernel that always puts at least py mass on each
point of its support. Then, the modified UCRL algorithm run with condition (4) is such that for all
0, with probability higher than 1 — 6, for all T, the regret after T steps is bounded by

Ry = 0<{DC¢571( W;j“l/é)m@)ﬂ)} ]Z;)log(TSA/é)),

We reuse most of the analysis of UCRL, and only change the steps corresponding to the use of
the modified confidence intervals (4) for admissible transition kernels. Since the original proof of
UCRL is quite long, we decided not to re-derive the whole proof in a self-contained way. The
corresponding modifications would have been lost in the details. Instead, we refer precisely to the
steps that need to modified in the original proof, and provide the corresponding modifications below.
We also use the same notations as that of Jaksch (2010) for clarity.

Proof: The proof follows exactly the same steps as the regret proof given by Jaksch (2010) for
UCRL, up to two differences. More precisely, the very same steps hold until Section 4.3.2 of Jaksch
(2010). In this step, we need to update equation (17) and deal with v (P, — Py)wy. Since the
rows of both P, and P, sum to 1, this quantity is invariant under a translation of wj, by a constant.
Remember that wy, is defined from the value u; computed by the Extended Value Iteration algorithm
in episode k by

ming u;(s) + maxs u; ()

wi(s) = u;(s) + 5

For our purpose, we now define for each s € S, first wy s(s") = u;(s") — Ep(.|s,7,(s))[:] and then
Wy,s(8") = wi(s") — B, (5,74 (s))[wi]. We then derive a replacement for (17) from Jaksch (2010)

Vi(Pr = Powi = > vils 7x(9)) - (Bi(s'ls 7x(5)) = b5/, 7 () ) us()

s s

< ka(s,ﬁk(s))<|ﬁk(‘|8,7~fk(8)) = PCLs, T ()l 1570 (0)) Ok sl | (1,70 ()

+[CIs, Tre(8)) = PCLs, T () wp(-fs.70 () * Iwk,sllpcs,ﬁk(s)))
<Y on(s, k() B (s, 7k (s)) <||wk,s|p('s,frk(s)) + ||wk,5|[5('577~7k(3))> : ©)

At this point, we now relate ||W||5(.|s,7,(s)) = ||Uill5(|s,74(s)) to the definition of C. In Jaksch
(2010), one could simply use the diameter of the MDP. Here, we need to work a little more. The
following lemma establishes a relationship between ||t || 5(.|s7, (s)) and C.

Lemma 5 Provided that the MDP M is admissible in episode k, then the approximated optimistic
value computed by Extended Value Iteration satisfies that

D

il1p(-]s,a < h~-s7~rs 2D(BC By )

[will5(.15.0) [1~ll5¢1s, 7 (5)) +2D(BC + k)+m
7log(2S Aty /6)

where Bj, = max, By (s, a) and B}, = max, o min{1, m} <1
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We then relate |[wWg||p(|s,7r(s) = ||[Uillp|s,7e(s)) to C as well, and |[|]|5(.|s,7,(s)) tO
[[]lp(-1s,7(s)) < C thanks to the following lemma

Lemma 6 Provided that the MDP M is admissible in episode k, then it holds that
17l s,y S Il s,y + 2D?Bi(s, a),
where D is the diameter of the true MDP. Further, the same holds for all f with span(f) < D.

(+|s,a)

Thanks to these lemmas, we deduce that, provided that the true MDP is admissible in episode £,
then

(Pk 7Pk Z’Uk S 7Tk Bk(s,frk(s))(2c+4BkCD+3\@D\/Bk(5,7~rk(s))
2D
+4D + )
Vi
Note that this a crude bound, since 2D (B;,C + B}) + } is actually a second order term. We

believe it is possible to take advantage of this with a much trickier analysis (by controlling B} and
By, for all t).

The second term in section 4.3.2 that needs to be controlled is X; = (p(:|s¢,ar) —
Cspy1> W) I{M € My}, where M is the true MDP and M,y denotes the set of plausible
MDPs computed in episode k().

Lemma 7 We have the property that if M is admissible in episode k = k(t), then

min{D,c+20(1—1)1/2+D(1—1)1/4+\/§+ 1} .

Po Do

1
Xy <
= NeT

From this point on, one can use the same next steps of the analysis by Jaksch (2010) and conclude
similarly to their result. Denoting by m the number of episodes as in Jaksch (2010), equation (18)
in Jaksch (2010) is replaced with

m

> vi(Pr — Dwil{M € M}

k=1
T
< Z X, +mD
t=1
oT 8T 8T
< Dy —1 DSAl — |,
e (5) #2540 (53)
with probability higher than 1 — 12T5 —757z- We then deal with equation (17) in Jaksch (2010). First,

we bound Bg(s, a) by

(2Ng(s,a) — 1) In(txSA/S) (1 K-1
Bi(s,a) < 2\/ max{1, Ni(s,a)}? (m 1) + \/max{l,Nk(s,a)}

2log(txSA/9) !
< (2 po”ﬁ) Vmax{1, Ni(s, a)}

Then, we deduce that equation (17) in Jaksch (2010) is replaced with

vi(Py — Pp)wy < (2 ng(t’“SA/‘s)Jr\/i)[ (C+2BkCD+2D)

Po

vel.9) _w(s,a) D
T oS 2]

s,a
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As a result, we obtain a bound on the sum of the regret in each episode A, summmg over all

episodes k£ < m such that M is admissible. We get with probability higher than 1 — 12T5 5577 that
m
D AI{M € My} <
k=1
2log(TSA/S)
2<O+2BkOD+2D><2 2og(TSA/0) | )ZZ Vi (s a)
Po =1 5a v/ Ni(s,a)

5T (8T 8T T\ 1/4 8T
+D 4log( ; ) + DSAlog, (SA) +0((po) DSAlog, (SA) )

(\/WJfQ)ZZ u;:saa

k=1 s,a

Let us now introduce he notation C' = C + 2DC' (2\ / %{w + VK — 1) + 2D. Using the

same simplifying arguments as in Jaksch (2010), we can replace equation (21) in Jaksch (2010) with

SOAM{M M) < “4:;C+2f]¢m+20ﬁ)}(\/§+1)m

5T log (3T/5) T\ 1/4 8T
D[220 (81/0) 2) " psAtog, () ).
+ P (po) SAlogs { o7

The regret of the modlﬁed UCRL algorlthm is thus given by the following bound, with probability
higher than 1 —

12T°/4 B 12T°/4 - 12T°/4

T 1/4 8T
,/{mo +W+D +0< ) DSAlo ())
g po <P0 B2 SA

[[{fﬁcmﬂmmcﬁ} (Va-+1)VEAT.

Since Y 7, H%/‘l < 6, we deduce that with probability higher than 1 — ¢, uniformly for all T, then

Ry =0 ((é\/si + D)/ £ log(TSA/5) + és\/ﬁ) 0

C.2 Proof of Lemma 5

Lemma 5 Provided that the MDP M is admissible in episode k, then the approximated optimistic
value computed by Extended Value Iteration satisfies that

H ||P T < Hh’H T
u'L M (S ~ M S
(I s k( )) p(‘ ) k( )) /tk

D
< hllscten o 4+ 2(BC + BY)D + —— .
IRl 5(-1,7 (s)) + 2(Bg %) N
7log(2S Aty /6)

where Bk = MaXs o Bk(s, a) and B/z = IMaXs q m.

Proof: Let us denote for convenience p for p(-|s, 71 (s)). We first relate ||u;| |z23 to ||h7| |§

First, following our analysis one can easily derive the following adaptation of Lemma 8 from Ortner
et al. (2014).

Lemma 8 Consider a communicating MDP M = (S, A, r, p), and another MDP M = (S, A, 7, )
over the same state-action space which is an (e, €’)-approximation of M, in the sense that for all
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s,a |r(s,a) —7(s,a)| <eland||p(-[s,a) — p(:|s, a)||«p(.|s,a) < €. Assume that an optimal policy
7w for M is performed on M for € steps, and let 0*(s) be the number of times state s is visited state
among these { steps. Then

(log(1/4)

Zv *(s)) <l(é'C+e)+D+D .

An immediate corollary, that is the analogue of Lemma 9 from Ortner et al. (2014) is the following

Lemma 9 Let M , M be two communicating MDPs over the same state-action space such that one
is an (g, €’)-approximation of the other. Then,

[p*(M) — p* (B1)] < &' min{Chr, Cyy} +¢.

Now, we use the fact that the Poisson equation that defines the optimal bias function i in M and h
in M in involves p, r, p, such that

p 4+ h(s) = max[sa—i—z s'|s,a)h }
s'eS
Thus, we deduce from Lemma 9 a similar result for the span

Lemma 10 Let M , M be two communicating MDPs over the same state-action space such that
one is an (e, €')-approximation of the other. Then,

||R(M) — h(M)|], < 2(¢' min{Car, Cyz} + &) min{Dar, D } -

The proof follows by using the Poisson equation for / and h, then using the € approximation of 7,
the € approximation of p that gives a term e min{Cs, C;; }, and the approximation of p that gives

the last e(min{C)s, C;} + 1). We also use that i and h are defined up to a constant. Finally, one
needs to propagate the approximation error, which adds a factor D.

Indeed, by the Poisson equation, writing h = k(M) and h = h(M), it holds that
B(s) = mw{}jﬂﬁha%() <s@]mM>

cA
“ s'eS

= max[z p(s|s,a)h(s") +r(s,a) +Z ('ls,a)(h(s") = h(s"))

s'eS s'eS
+ Z (B(s|s,a) — p(s'|s,a))h(s") + (7(s,a) — r(s,a))}
s'eS
—p(M) + (p(M) = p(M)) .
Thus, we deduce that
h(s) =h(s)] < [p(M) = p(BD)] + & +€'Cy + | maxEpjs.0) (b = ).

Now, since h and h are defined up to a constant, it is always possible to make sure that

maxee A Ep(s,q) (}NL — h) for one state s. For the other states, we need to propagate the error bound.
Since the diameter of the MDP is less than D, then we deduce that for all s € S

i) =) < (1o30) = D)+ ¢+ £ min{Car, ) | D
< 2(¢'min{Cy,Cy}+¢)D,
where we applied the result of Lemma 9. We conclude by symmetry.

We then apply this to the optimistic MDP, and get that ¢/ = max,, Bi(s,a) and ¢ =
max, , BJ(s,a). Finally, in order to go from u; to h, we use the fact that u; satisfies an approximate
Poisson equation, up to an error term that is controlled by \/% by equation (13) from Jaksch (2010).

. . . L
After propagation, this gives a o term. (]
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C.3 Proof of Lemma 6

Lemma 6 Provided that the MDP M is admissible in episode k, then it holds that

17113 <All5( 0.0y +2D*Be(s,a)

p(:|s,a)
where D is the diameter of the true MDP, for any A such that span(h) < D.

Proof: The proof is in two steps. First, using the short-hand notation p = p(:|s,a) and p = p(-|s, a),
it holds that

2= 1HE = ST — S b e — 3 () — S b5 o2
SIGS S// /E 5”
= Z h2(3/) (ps/ —f)s/> < Z h ps/ —ps/)> ( Z h(S/)(ﬁs/ +ps/)> .
s'e€S s'eS
Now, since both || - |2 and || - ||2 are invariant if we translate the operand by a constant c, let us

replace h with h — E;[h]. In that case, we get

2
A1 N3 = X ) = Bl (e~ ) ~ (320~ Bl )

s'eS s'€S

< D) — Bl (pe — B ) + D (h() — Ep[h))? (P — )
s'eS s'eS

< NC) =Bl [lpllp = Ballep + 1 (AC) — B[ l3l15n — pll.s-

Now, we use the fact that |[(h(-) — Ez[h])?||, < span(h)?, for ¢ = p and ¢ = p, and then that
span(h) is upper bounded by the diameter D of the true MDP. This is proved by a similar argument
to that in Jaksch (2010), since we consider the same extended-action MDP. Thus, we deduce the
bound

IBIE < IR+ D2 (1o = Bl ey + 170 — Bllus) -

C.4 Proof of Lemma 7

Lemma 7 Let X; = (p(-[s,a:) — €5y, W) )I{M € My }. We have the property that if
M € My, (that is, the true MDP M is admissible in episode k = k(t)), then

D,C+20(i—1)1/2+D(i—1)1/4+\/§+ 1} _

Do DPo

1
X < ——mi
< i

Proof: Indeed, X; satisfies, if M € M)

|Xt‘ = ’(p(~|st, at) — €y WE(t) — ]Ep(~\st,,a,,)wk(t)>|

[(€seir Wi(t) = Ep(ls,a0) Wio)) |

/N

esera lbesClse.ao Wk 5150 a0)

H€St+1 ||*,15(~|5t,at) I |ﬁ("5t7at)

Now, we deduce, from the following rewriting

wiClsear) = SUP{Sf (se41) Zf p(s|s¢,ar) = 0 and Zfz p(s]se,ar) =1},

seS SES

HeSH-l |
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that we must have f(s;41) < —=—————. Thus, using the assumption that either p(s|s;, a;) >

V24/P(se41]s¢,a¢)
po or p(s|sg,ar) = 0 for all s, that p must satisfy the same constraint, and using the result of
Lemma 5, we deduce that (since we must have p(s;y1|s¢, ar) > 0)

C+2(ByC+1) + \/%—k + 2D/ By(st, ar)
V2po
C(1+2By) D /2 1
+ Bi(st,a) + 4/ — + ——.
V2po V2po (st :) Po V2potk
Now, we need a deterministic upper bound in order to be able to apply the result from Azuma’s
inequality. Thus, we use that By (s, at) < 4 /pi0 — 1, and get that

|X:| <

X, < \/;%<c+2c(plo - 1)1/2+D(pi0 - 1)1/4+\/§+ 1) .

D Additional Experimental Details & Results

Normalizing & Discounting: For all the benchmark MDPs, we normalized the reward functions
so that all rewards were within the range [0, 1]. The inventory management task (Mankowitz et al.,
2014) was originally a cost minization problem, so we negated the rewards before normalization to
obtain a maximization problem. For all MDPs, we used a discount factor v = 0.95.

State Discretization: The Mountain Car task and the Pinball domain both have continuous state-
spaces. Thus, we needed to discretize them to obtain a finite-state MDP. States for the Mountain
Car task are described by a position and velocity. The discretization used for the Mountain Car task
was a grid where the cars position was divided into 15 bins and the velocity was devided into 10
bins. States for the Pinball domain are described by a 2-dimensional position and velocity. The
discretization for the Pinball domain was 12 bins for the x-coordinate, 12 bins for the y-coordinate,
4 bins for the z-velocity, and 4 bins for the y-velocity.

Policy Iteration: For each benchmark MDP, we executed policy iteration for 100 iterations. Initial
policies were generated by randomly selecting actions for each state according to a uniform distri-
bution. During each iteration, we evaluated the current policy by executing the policy evaluation
algorithm for 500 iterations.
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