Supplementary Material

1 Proofs for Section 3.1

Theorem 1. The estimator c/l;j for d;; is unbiased. Further, for any € > 0, if the graph is directed,
then

~ Se2
Pr [ dij — dij > 6:| < 8¢ 32/T+8¢/3 (1)
and if the graph is un-directed, then
~ Se?
Pr |: dij — dij > E} < SG_W, (2)

where S is the size of the sampling neighborhood S, and 2T is the number of observations.

Proof. First, for given u; and u;, let us define the following two quantities
def !
Cij :e/ w(z, ui)w(z, uj)dr,
0

1
Tz‘j'j_ef/ w(ug, y)w(ug, y)dy.
0

Consequently, we express d;; as

2

1
= 5 ((rii =iy = rjirg) + (e = i = g+ ¢j5)]

diy L ( / (e, ) — w(ug, ) dy + / () — w(x,um?dx)

In order to study cfij (the estimator of d;;), it is desired to express c@-j in the same form of d;;:

~ 1 1
By= 5 2 G (-t - e rty) + (- - ay) ]| ®
keS

where & = {1,...,n}\{4,j} is the sampling neighborhood, and S = |S|. In (3], individual compo-
nents are defined as

1 . .
d=7| X CGulkil > Gulkgl],

1<t:<T T<t2<2T
1
~k . .
Ty = T2 Z Gy, [i, K] Z G,[J, k]
1<t;: <T T<ta<2T

2

i) = mij and

Thus, if we can show that ?fj and Ef] are unbiased estimators of r;; and ¢;j, i.e., E[

E[’cf}] = ¢;j, then by linearity of expectation, c/i\ij will be an unbiased estimator of d;;.



To this end, we consider the conditional expectation of Gy, [i, k]G, [J, k] given wuy:
B(Gi i, KIGislj, k] | ] = 1+ Pr [Go i, KGra i K] = 1| w] + 0+ Pr [ G, K]Gr,[j, b = 1 | e
— Pr [th i, k] = 1 and Gy, [j, k] = 1 ‘ uk}
=Pr[Gy [i,k] = 1| ug] - Pr[Gi,[j, k] = 1| ug], because Gy i, k] L Gi,[j, k]
= w(ug, uk)w(uj, ug). (4)
Therefore,

2T T
B[ lu] = [ 3 ZE[th[i,k]Gtg[j,k]]uk
to=T+1t1=1

or T
1 .
=72 Z Z w(ui, ug)w(uj, ug) |, by substituting
to=T+1t1=1
= w(uj, up)w(uy, ug). (5)

Then, by the law of iterated expectations, we have
B[] = E[E [ ]
= E[w(ui,uk)w(uj,uk)], by substituting
1
:/ w(ui, v)w(uj,v)dv, because uy ~ Uniform(0, 1)
0

= Tij- (6)
Therefore, ?f’j is an unbiased estimator of r;;. The proof of ¢;; can be similarly proved by switching

roles of Gy[i, k] to G|k, ). Since ?fj and Efj are both unbiased, c@j must be unbiased.

Now we proceed to prove the second part of the theorem. We first claim that

Var [?fj] <2/T and Var [’c\m <2/T. (7)

To prove this, we note that

or T
Var [?f]] = Var Z Z Gy, [ik]G, [jK]
to=T+1t1=1
or T

= Y Y Var[Gn kG K]

to=T+1t1=1

Y Y S Cov |G MG, G [iKIGn K]

To=T+1to=T+1 71=1 t1=1
ToFl2 17t



We consider three cases:

Case 1. First assume 71 # t1 and 7 # t2. (Occurs (T — 1)27? times.)

Cov |Gy, [iK]Gr, k], Gy [iK]Giry 1]

=K | (th [ik]GtQ []k] - E[th [ik]Gtz []k]]) (GTI [ik]GTQ [Jk] - E[Gﬂ [ik]GTz []k]]) }

=E

| (GuliK]Gr[jK] = wikwje) (G [iK]Gr 4] = wiwy)
— E |G, [ik]Gra k)G, [iK]Giry K] | = B |Gy [iK]Gira 1] | wisj — | G, [iK] G [1] | wigwos + whaw’y

= B[ Gy, [ik] G [1F1Gir [iR] Gy k]| — why ®)

The first term in (§) is E[th [ik] Gy, [K] G, [iK] Gy [jk:]] = ww?, because Gy [ik], Giy[jk], G [iH]
and Gr,[jk] are all independent. Therefore, the overall sum in is 0.

Case 2. Next assume that 71 # t; but 75 = t3. (Occurs (T — 1)T? times.) In this case,
E| Gty k]G, [jH]Gr, (181G 8] | = B |G [ik] | E |G [ik] | E | G 141G 1]
= wiwikE [GtQ Ukﬂ
= Wiwjk.
Substituting this result into yields the covariance

Cov th[ik]Gtz []k]7 Gr, [ik]GTQ []k]] = wzzkwjk - w?kw]zk = wzzkwjk(l - wjk) <1l

Case 3. Assume 71 = t; but 73 # to. (Occurs (T'— 1)T? times.) In this case,
E |G, [ik]Gr, [jK]Gir [ih]Giry 4] | = wiw’y,
and so the covariance becomes

Cov [th[z‘k]GtQ [jk], G, [ik]Gry [jk]] — wipwy(1 — wyy) < 1.

Combining all 3 cases, we have the following bound:

Z Z Gt1 [Zk] GtQ []k}

t1  to

1
Var [?fj] = ﬁ\/ar

1 . .
= |23 var [th[zk]GtQ []k]} + (T = ) T2wwii (1 — wyg) + (T = DT wigw?, (1 — wi)
t1  t2

= Lo 1 T — 1)T?w? 1 T-1)1? 2 (1
= 71 [TPwikwjp(1 = wigws) + (T = DT w1 = wie) + (T = DT wipwjp(1 — wi)]

1
< o [T2 42T = )77

T —1 2
= < —.

T2 =T



The bound for Var [Eﬂ can be proved similarly.

Next, we observe that Gy (for any t) is a directed graph. So the random variables Gy, [i, k] and
Gy, [k, 1] are independent. Similarly, Gy, [j, k] and Gy, [k, j| are independent. Therefore, the product
variables Gy, [i, k|Gy,[j, k] and Gy, [k, ]Gy, [k, j] must be independent for any fixed w;, u; and ug,
where i # j and k = {1,...,n}\{4,5}. Consequently, 7% and % are independent, and hence

E[ft ] = E [?k] E [E’f}

TijCij ij ij
= 14jCij)
which implies that 7%, and ¢ Akj are uncorrelated: E [( T rij)(/c\"‘“‘J Cij) } 0. Consequently,
AP 1
Var 3 (sz + c”> <Var { } + Var [ ]) ST
Since 7 = 4 > '?Z and ¢j; = ¢ > ¢F Cij» by Bernstein’s inequality we have
keS kGS

1 1 1
2 525 (M) —g e

g

1, 1
Pr HQ (rij +¢ij) — 5 (rij + cij)

2
< 9¢ 20v[3(F+)]+r8) < 9p~zrTFem

Finally, we note that

~ 1 . 1

’dij — dij’ < B |73 + Cii — Tii — i + = ’TU +Cij —rij — Cij‘ +

| B 1
5 T3 G = 150 = gl + 5 1755 + €55 — 135 — sl
Therefore by union bound we have
Pr|dij — dij| > €]

|
< Pr [5 ’TZ'Z' +cii — Ty Cu’ + = ‘TU + CZJ rij — Cij| +

1 . =N 1
+ B [7ji +Cji — rji — cjil + 5 ‘T]] +Cj5 — i —cjil > 6}
1 N 1 1 1
< Pr { 5 (Fai + Cii) — 5 (rii + cii)| > 6/4} + Pr { (Tij + €ij) — 3 (rij + cij)| > 6/4}4—
1 . N 1 1 . N 1
+Pr [ 5 (i i) = 5 (g + i) | > 6/4] +Pr { 5 (T35 +¢55) = 5 (rjg + ¢j5)| > 6/4]
Se2/16 Se2

< 8¢ FA/TH/TD) = 8¢ F2/T5e/3
If the graph is un-directed, then cfj = rfj and we can only have Var [% (rfj + cf])} < % instead
of Var [% (Tfj + cf})] < % In this case,

) _ 52
Perij — dij| > ¢] < 8¢ SUTHE/3,



2 Proofs for Section 3.2

Theorem 2. Let A be the accuracy parameter and K be the number of blocks estimated by Algo-

rithm 1, then
QL\/E] sat

Pr [K > A < 8n2e 128/T+16A%/3 9)

where L is the Lipschitz constant and Q is the number of Lipschitz blocks in the ground truth w.

Proof. Recall that in defining the Lipschitz condition of w (Section 2.1), we defined a sequence of
non-overlapping intervals Ij, = o, ag41], where 0 = a9 < ... < ag = 1, and @ is the number of
Lipschitz blocks of w. For each of the interval Ij, we divide it into Rd:efLTﬂ subintervals of equal
size 1/R. Thus, the distance between any two elements in the same subinterval is at most 1/R.

Also, the total number of subintervals over [0, 1] is QR.

Now, suppose that there are K > QR = QLT\@ blocks defined by the algorithm, and denote the
K pivots be p1,...,pk. By the pigeonhole principle, there must be at least two pivots p; and p; in
the same sub-interval. In this case, the distance dp, ,; must satisfy the following condition:

sy = 3 [ o) = w2+ [ 0l 0) = )

< LZ(“IH - upj)2
1 A?
<P =—.
- R? 2
However, from the algorithm it holds that in,pj > A2, So, if K > QR, then c/l\hpj —dp, p; > %2.
Let £ be the following event:
2

~ A
E = {dpi,pj —dp; p; > = for at least one pair of pi,pj} .

Then, since the event £ is a consequence of the event {K > QR}, we have

QLV2
A

Pr [K > =Pr[K > QR] <Pr[£].

To bound Pr[£], we observe that

~ A2 __ s(@a?/2)? _ sat
o {dpi p; — dpip; > 2 ‘ pzﬁpﬂ} < 8e 32/TH(AY/2)/3 = 8e 128/THI16A%/3,

Therefore, by union bound,

—~ A2
Pr [5 ‘ P1,.-- )pK:| < Z Pr |:dpi,pj - dpi,pj > 7 ) pi)pj:|
DisPj
_ sat
< 8ne 128/T+16A7/3



and hence,

S° Prl€lpr. . pr]Prips, . pK]

Py DK
A4
<8n ; 128/T+16A2/3> S Pripr,opx]
Ply DK
_ sat
= 8n2€ 128/T+16A2/3
This completes the proof. O
3 Proofs for Section 3.3
Lemma 1. Let B; = {il’iQ""’iIE\} and Bj = {Jj1,72,- - ,j|]§j|} be two clusters returned by the

Algorithm. Suppose that {u;,, iy, . . . ,ui‘g_‘} and {uj,, j,, . .. ,uj‘g_‘} are the ground truth labels of
i j

the vertices in Bl and Bj, respectively. Let
_ 1
BB =, =

Assume that the precision parameter satisfies A? < —, where L is the szschztz constant and 6 is
the size of the smallest Lipschitz interval. Then, for any i, € B and j, € BJ,
sat

v [y — wus, 5,)] > 8AYV2LVY) < 32|By||Byle” #7535, (1)

Proof. Let i, € B and j, € B be plvots of the clusters B and Bj, respectlvely By definition of
pivots, it holds that ]dl ] < A2 and |alJ gl < A? for any vertices i, € B and j, € B Therefore,

0 <—| WUHAQ < —d;, ;, + A
= dipﬂv S dlp,lv - d’Lp/Lv + AQ < ‘dzp,iv - zp,lv| + AQ
which implies that
Pr [diyi, > 28%) < Pr[diy i, — | + A7 > 247
= Pr |:‘dip7iv — Zpﬂu’ > AQ}
sat

< 8¢ 32/T+8A2/3

_ sat
Similarly, we have Pr [d}, j, > 2A?] < 8¢ 32/T+857/3_ Thus,

Pr[d;,;, > 2A% U d;, ;, > 20%] < Pr[d;,;

7’P77"U

- sat
< 16e 32/T+842/3

> 2A2} + Pr [djp7jv > 2A2]

ip,toy



Let df; = fo (%, ui) —w(w, uj))*de and dj; = fo (ui,y) —w(uj, y))*dy. By Lemma it holds

that for any 0 < (¢/2)? < 20L, if d5, < 2% — (< and d ;< oz, then

sup |’LU(33‘, u’L) - w($7 u])|
z€[0,1]

(VAN
NN DN

sup |’UJ(UZ,y) - ’U)(U],y)| <
y€(0,1]

4 4 4 4 =
i JC € T € c € T € : - .
Therefore, if dip,iv < 153L> dl-pﬂ-v < 58I djp,ju < 155z and d]p] < 1331, then for pivots i) € B;,

Jp € Ej, and vertex i, € EZ-, Jv € Bj:

[w (s, ug,) — w(u,, uj,)| < [w(ui,, wj,) = wui,, w, )| + wu,, ug,) —w(u,, uj,)]|

< sup |w(z,u;,) —w(z,u,)|+ sup |w(ui,,y) — wlu,, y)|
z€[0,1] y€(0,1]
€ €

=-—4-=c 12

4
M C T C € T
Also, if dz’p,iz < 128L, dlmlz < 128L, d]MI < 1357 and djpg‘ < 128L for vertex every i, € Bl, Jjz € B

u ,ux —wl(u; ,U;
‘BHB’ Z Z 1z ) (lp Jp)

ZzeBz JEEB

1 1 1
< BB Z Z w(ug,, uj,) — —=— Z w(ui,, s, )| + | = Z w(ui,, uj,) — w(ui,, uj,)
v J ’Lzeg 'LIEE

)

izegijzeg' g i
< |/1\ |§ Z Z ’w ulz7ujz w(uiz7ujp)’ + |A1| Z ‘w(ulz7u]p) w(ulp’u]p)‘
’ lIEE v ’Lzeéi
< L1 3 Zf+ézf=e (13)
~ |Bi||Bj] =2 By 2
izE€B; jzE€B; iz€B;

Combining and with triangle inequality yields

Z Z w(ui,, uj,) —wug,,uj,)| < 2e.
|BH Bj|

iz EB Jz GB
Consequently, by contrapositive this implies that
wij — w(us,,u,)| > 2€

dc 64 d’r‘ 64 dC 64 dT’ 64
= U iz 7 98T O Y=~ Togr, O Yirde 7 T28L © “irde ~ 128L

ix€Bi,jz€B,;
4 4
€ €
= di i, > Ud; i >—=1.
AU R < e T 98 e 128L>
1o €B;,jz €B;




Therefore,

4 4
__ € €
Perij — w(uiv,ujv)| > 26} < Pr AU ) <dip,iz > 7128[1 U djp,jz > 128L>
Z’mEBiyijBj

et

4
€
< AE R (PI' |:dip,’iz > ]_28L:| + Pr |:djp7]z > ]_28I/:|> .
i(EEBi7j:E€Bj

Assuming A < §v/L/2 and setting € = 4A1/2L1/4 we have 0 < (¢/2)? < 26L and thus

Pr | [@;; — w(us,, u;,)| >8A1/2L1/4} < Y (pr[d

iz€§i7jz€§j

> 2A2] + Pr [djp7jz > 2A2])

ip,la

~ o~ sat
< 32|Bi||Bj|€ 32/T+8A2/3

O]

Lemma 2. Let B; = {il,iQ,...,i|B‘} and Ej = {Jj1, 72, - - ,j|]§_|} be two clusters returned by the
[ J
Algorithm. Suppose that {u;,, iy, . . . ,ui‘g_‘} and {uj, , wj,, . .. ,uj‘é_‘} are the ground truth labels of
7 J

the vertices in El and éj, respectively. Let
e = 1 Z Z (Gl[izajx]+---+G2T[ixaja:]>
Y B ~— ,
|Bz||BJ|Z cB.i.cB. 2T
T z]zij

1
Wij = —=—=— Z Z w(uiz,ujz).
| Bil| Bj]

izeéi ]Iegj

Then,
~ o~ N R _ sad
Pr (| — wyy| > 8AVZLYA| < 2e”POTIBIIBIVED) 4 59| B2 B [2e ™ 5277+5577

Proof. There are two possible situations that we need to consider.

Case 1: For any vertex i, € Ez and j, € Ej, the estimate of the previous lemma w;; (independent
of (iy,ju)) is close to the ground truth w;; < w(u;,,u;,). In other words, we want w(u;,,u;,) to
stay close for all i, € §z and j, € Ej, so that the difference |w;; —w;;| remains small for all i, € El
and j, € B\j.

Case 2: Complement of case 1.

To encapsulate these two cases, we first define the event

&= {|wz~j _@ij‘ < 8A1/2L1/4,\V/iv S B\i, Jv € B\]}



and define £ be the complement of £. Then,
Pr [mj — W] > 8A1/2L1/4] — Pr [y@ij — Wy > SAY2L/A ‘ e] Pr[€]
+ Pr [y — Wy > SAV2LYE | E] Pr[€]
< Pr [[ﬁ)\m — W] > SA/2[1/4 ‘ 5] + Pr E] .
So it remains to bound the two probabilities.
Conditioning on &, it holds that
Wi; — € S wi; S W+ €.

Fix a vertex pair (iy, jy), we note that Gi[iy, jul, ..., Garliv, jv] are independent Bernoulli random
variable with common mean w(u;,, u;,). Denote

N 1
Wij = QT‘B ||B | Z Z Z Gt Zm]x

t=1;.eB; j.€B;

then by Hoeffding inequality we have
Pr [’L/EU — Wi > 2€ ) g} = Pr [@Z] > Wij + 2¢ ‘ 5}

< Pr [ﬁj\ij > wi; + €

d

< 2CTIBIB)I)

and similarly Pr [@ij —w;; < —2€ ‘ 5} < 22T\ Bi| |Bjle*) Therefore,
Pr [|ﬂ§ZJ — W;j| > 2e ‘ 5] < 2e=2(2T|Bi1B;|¢%)
Substituting € = 4AY2LY4 ) we have
Pr |y — | > BAV2LYA | £] < 20 20BNIBICDVED),
The second probability is bounded as follows. Since & is the complement of £, it is bounded by
the probability where at least one (iy, j,) violates the condition. Therefore,
Pr[€] =Pr {at least one iy, jy s.t. |w(us,,uj,) — Wi;| > 8A1/2L1/4}

< Z Z Pr {]w Ui, , Wj, ) — Wij| > 8A1/2L1/4}

’LUEBZ Jo GB
o~ __ sa*
< 32|B,2| B2 mmoas
Finally, by combining the above results we have

- . 4
Pr [!@j — Wy > SAV2L1/A| < 9p=256(T|Bi| B, IVIA) | 32‘§i’2|§j‘2€_432/TS+A8T2/3-



Lemma 3. Let B, = {il,ig,...,ilé_‘} and Ej = {j1,72,- - ,jl§_|} be two clusters returned by the
) J
Algorithm. Suppose that {u;,, iy, ... ,ui‘é_‘} and {uj,, wj,, . .. ,uj‘ﬁ‘} are the ground truth labels of
2 J

the vertices in El and Ej, respectively. Let

—~ Gl Zwyjm .+ GQT[ixa,jm]
S = |
" BB H Bj|

iz EBZj GB

Then,
U _ sat

' h@j — wij| > 16A1/2L1/4} < 2e~20TIBil B IVIA) | Ganle” 5277455775

Proof. By Lemma [I] and Lemma [2] we have
~ PN _ sat
Pr “@ij — Wy > 8AL2 Ll/ﬂ < 2~ 26(TIBAl 1B, IVIA) | 39| B, |2| B, |2 /7455775
o~ o~ sat
Pr [@ij — Wij > 8A1/2L1/4} < 32‘Bl”B]’€ 32/T+8A%/3

Therefore, it follows that
Pr |:|ﬂ}\zj — w,-j| > 16A1/2L1/4} < Pr |:|ﬂ7,] — @ij‘ > 8A1/2L1/4} + Pr [@ij — wij > 8A1/2L1/4

sat

< % —256(T|B;| |B;|VLA) —|—32|B K |B %e” 32/T+8A2/3 + 32|B ||B e 32/T+857/3

sat
< % —256(T|B;| |B;|VLA) + 64nte 32/T+8a%/3

O]

Lemma 4. Let E be a subset of the edge set Ey = {(i,7) | i € {1,...,n},j € {1,...,n}}. Then
under the above setup, there exists constants co and c1 such that

1 S B __ sat
Pr | — Z lw(us,, uj,) — W] > coVA| < Z 2ect(TIBilIB118) L 64| E|nte 32/7+58%/5 (14)

E|, <~ o go€E
v,Jv€ Tu,Jv €

Proof. From Lemma 3], average over all pairs (i, j,) € FE,

1 N 1 ~
P O () =@yl > ALY < 57 Pr{luu, u,) — @y > 16412
to,JoEE ly,Jo€EE
~ ~ 4
< Y 2 WOTBIBIVIA) | gy Elnte BIT4saTs
Ly, JvEE
Choosing ¢y = 16LY/* and ¢ = 2564/ yields the desired result. ]

10



Lemma 5. Let I, = [ag—1,04) for k =1,...,K be a sequence of intervals such that I; N I; = ()
and UI; = [0, 1]. Suppose that w is piecewise Lipschitz continuous and differentiable in Iy,. For any
ui, uj € [0,1], define

fii(z) = (w(a,u;) — w(z, uy))?
9ij(y) = (w(ui, y) —wlug,y)),

and
hij(x,y) = % [fij(z) + gi5(y)] -

Let 6 = i —agp_1l]. I
etd= min o~ ] If

=1,...,

1 2
€
/m < S and - | ontws < &,
0
for some constant 0 < € < 26L, then
Sup fz](x) <€ and Sup gij(Z/) <e
z€[0,1] y€[0,1]

Hence, sup hyj(z,y) <e
(z,y)€[0,1]2

Proof. Since h;j(z,y) is separable, it is sufficient to prove for f;;(x).

Fix ¢ and 7, and let f;yp = sup fij(x). Let I = [ag—1, ai) be the interval such that f;yp
z€[0,1]

is attained, and let 6 = |ax — ag_1| be the width of the interval. Consider a neighborhood
surrounding the center of I}, with radius dx/2 — 0, where 0 < 6 < J§j/2. Then define

ff;-"p(ﬁ) = sup fij(z).
x€[ag—1+0,a,—0]

It is clear that f;;" = hm 1i57(0).

The set [ag—1 + 0,ax — 0] is compact, so there exists z}%(0) € [ag—1 + 0, ay, — 0] such that

fsup = fij(2}}*%). Assume, without lost of generahty, that z77%%(0) + 6x/2 — 0 (i.e., ;%" is in the

lower half of the interval). For any 0 < ey < ;7 —0 <3 —0 < %’“ -

)

hij (:L‘Zlax(e)) — hij (mm‘”(e) + 60)

€0
(w(i, 21%) — w (g, 2f}*))? — (w(i, 2[}**(0) + eo) — w(j, z[}**(0) + €9))?
€0 -
(w(i, 2*") — w(j, xf}*))* — (w(i, af}**) + Leo — w(j, 2}}*") + Leo)?
€0 -

AL(w(j, 2§*") — w(i, xj*")) < 4L =

11



fij(x max( ) — fij(z m(w( ) + €0)

€0

< 4L,

which implies that

Jij(2*(0)) — ALeo < fij (275 (0) + €0).

Integrating both sides with respect to €p with limits 0 and ;7 — 6 yields
fae o) (5 -0) (5 0) < [T he o) +
J 4L 2 \4L ~J I

< /0 fij(z)dx

Therefore,
Fiapen(0)) < —2— +2L (= - 0),
! - 9 4L
and hence
sup _ sup 1 maz g\ < 4dej €
£ = i £57(6) = i iy (a3 (6)) <~ 4
It then follows that if df; < 8€L, then f%"p <e. O

Definition 1. The mean squared error (MSE) and mean absolute error (MAE) are defined as

MSE(w nQZZ (i, , uj,) — Wi, 5,)° (15)

Ul.]'l)l

MAE(w =3 Z Z lw(us, , uj,) — Wi, 4, - (16)

p=1ju=1

n

1
Theorem 3. If S € O(n) and A, € w <<1m5(")> 4) No(1), then

lim EMAE(®)] =0 and  lim E[MSE(@)] = 0. (17)

n—oo n—oo

Proof. Suppose that the algorithm is executed for a set of observed graphs with n vertices using
parameters A,, and S. Let K/, be the number of blocks generated. Assume that, as n — oo, the

1
parameters satisfy S € O(n) and A, € w ((bgn(")> 4) No(l).

The proof is based on . The intuition is to that that the two terms Ziv,jUGE 9¢—cL(TIBil 1B|A)

n

_ . sat 1
and 32| E|n*e 16/7+842/3 vanish as n — oo. The latter is clear if S € ©(n) and A,, € w ((ng)) 4>ﬂ

12



o(1). For the first term, it is necessary to consider the size |E|, which is the size of the cluster
generated. We show that the number of small clusters is asymptotically irrelevant. Most of the

___sat
error come from vertices whose cluster is large enough to make e 32/7+84%/3 vanish.
From Theorem [2], we have
L2
Pr [K’ > %[

n

___sAn
20 128/T+16A%/3

Let &, be the event that K/ < QLv/2/A,. Then lim,, . Pr[£,] = 1.

2
Suppose &, happens and define r, as the number of blocks with less than 5 LA\% elements. Let

V,, be the union of these blocks, and define V,, be the complement of V,,. Then,

A2 A2
|Vn| <ry Bn >~ K, o =~
QLV2 QLf

So, |Va|/n < A,.
Now, let’s consider MAE.

1 .
MAE = ﬁ Z Z |U)(Uiv,Ujv) - wiv:jv|

i€V eV
1 o~
= 72 Z Z |w(uiv7ujv wlvy]v| + Z Z |w ulvvu]v wiv7jv| +
10 €V ju€Vn i€V joEV R
1 - 1 ~
+to3 S |wlui,, ug,) — @i, | + =3 S wlui,,ug,) — @i,
ivevn Jv€EVn 1w EVn jvevn
Vol | IVal Vil | Vil Vel | 1 .
< 7:2 + : nn 4 nn 7: + 3 Z Z |w(ui, , uj,) — Wi, j,|
1wEVn ju€Vn
1 .
) S lwlui,ug,) — @, 5] + AL+ 24,
WwEV R juE€VR
1 .
S ﬁ Z Z ”LU(U/iU, u,]v) - wiv,jv‘ + 3An

ivEV i o€V r

Similar result holds for MSE:

~ ~ 2
MSE - Z Z UZU ’ ujv wiv 7]1) — 2 Z Z ulv 9 u]v wiv ,jv) + 3ATL

i€V J, €V iwEVn juEV R
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Therefore, using Lemma 4| with E =V ,:

£

1 —~
5] <Pr 3 Z Z lw(us,, wj,) — Wi, j,| + 30, > co/An + 34,
iwEVn ju€Vn

Pr [MAE(@) > co\/Ap + 34,

1 1
Val?

&

> wlui,,ug,) = i, > cov/An

WwEV R ju€VR

INA
.
o~
.
™

B,||B 4
<oz | X 20 STBIBINS 4 Y, nte TR

1wEVn €V R

and

1 S05 _ __ sA?
Pr |MSE(w) > co/ Ay, + 34, 5} < Z Z 26—256(T|Bz'|\Bj|ﬁA)+64|Vn’n4e 33/T+18A/3

iwEV R ju€V R

So,
5} Pr[&] = 0.

lim Pr [MAE(@) > cov/An + 30,

n—oo

Since limy, 00 Ay, = 0 and lim,,_, Pr[€,] = 1, it holds that for any € > 0,

lim Pri]MAE(w) > €] = 0.

n—oo

Finally, since @ is bounded in [0, 1],

EMAE(w)] < e Pr]MAE(w) < €] + Pr[MAE(w) > €].

Sending € — o0,

lim EMAE(w)] < lim Pr[MAE(w) > €] = 0.

n—oo n—o0

Same arguments hold for MSE.
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