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1 Regularity Conditions

In this paper, we assume the following four regularity conditions (RC) on the interchangeability of
integration and differentiation.
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In addition, we always assume the technical condition that | [

Q.

2 Proof of Theorem 1

We first establish the following Lemma which relates to the results in [1].

Lemma 1. Consider random variables X € R and Y € R™. Let f{o,l  De the Radon-Nikodym
derivative of the probability measure Pie/l  With respect to arbitrary measures QQy provided that
P}6f|X < Qy. 0 € R is a parameter. ff, is the Radon-Nikodym derivative of probability measure
Pff with respect to Qy provided that Pf, < Qy. Assume the regularity conditions RC1 — RC4, we
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Proof of Lemmall] Choose an arbitrary measure ()y- such that Pf/l x < Qy and P < Qy.
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We will calculate the two terms in () separately.
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where the equality essentially follows from RC3. By Lemma 1 in [1]], we have
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The second term in (8] can be calculated as follow.
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where the second to the last equality follows from the assumption together with the Fubini’s theo-
rem. We denote the specific regularity condition used on top of the corresponding equality symbol.



Plugging (12) and (I9) back to (8], we have
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where the last equality follows from the definition of Radon-Nikodym derivatives f{o,l  and Ji .

Proof of Theorem 1. Let the parameter § = ®;;. We first choose a measure )y such that PY |’3(

Qy and Pg” < Qy. Let f;’% and f{?"”' be the Radon-Nikodym derivatives of P | % and P2,
respectively. By Lemmal(I] we have
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Notice that by the Poisson channel assumption, Y is supported on Z. If We choose the measure
@y to be the counting measure, then we have ffjli X = ny;( and fY” = ” . Therefore, we have
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where ¢; is the i-th row of ®.

Therefore, we have
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We will calculate (30) and (3T)) separately. In the following derivations, we will omit the superscript

®;; in Py/% (Y| X) and Py (Y') for simplicity.




Term (30) may be expressed as
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We claim that (33) equals zero; this term may be expressed as
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where we use the fact that E[Y;| X] = E[Pois(Y;; $: X + ;)| X] = ¢ X + \;.
In turn, (30) may be expressed as
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Combining the fact that E[Y;|X] = ¢;X + \;, E[Y2|X] = (¢:X + ) + (¢:X + X\;)? and
Py x (y|lz) = 1) Pyyx (yx|z), the latter term can be calculated as follow.
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We now establish the following technical Lemmas that will be used later. We note that the following
Lemmas generalize the results in [[1]].



Lemma 2.
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Proof of Lemma|2| First observe that by the Poisson channel assumption, we have
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Proof of Lemma 3] First observe that
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Proof of LemmaM] From the same observation in the proof of Lemma[2] we have
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Combing previous derivations, we get
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where follows from Lemmal[2} (70) is obtained by a change of variable on y;, together with the
fact that 5 it Y = Py for the counting measure Qy . follows from Lemma

Hence, we have

(VaI(X:Y)),; =E [X; log(2X); + A;)] — E [E[X;[Y]log E[(®X); + A[Y].  (75)
Now we present the proof for the gradient of mutual information with respect to the dark current.
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Given the Poisson channel assumption, we can get that
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Followed by similar steps from (29) to (#4), we obtain
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where (83) and (87) follow from Lemma [ and Lemma 3] (84) is obtained by a change of variable
on y;, together with the fact that 3 dP Y = Py for the counting measure (Qy . Hence, we have
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3 Proof of Theorem 2

Proof. First we notice that
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where the second equality is due to the fact that C — X — Y forms a Markov chain and Py |x,c =
Py |x. Following by the similar steps in the proof of Theorem 1, we have

[VoI(X;Y|C)];; = [E[X;log((®X); + Ai)] — E [E[X;]Y, C]log E[(®X); + Ai|Y, C])].

Hence,
VeI(C;Y));; = —E[E[X;[Y]log E[(®X); + A;|Y]] + E[E[X;,[Y, C]log E[(®X); + \i|Y, C]] ]
92)
= —E[E [E[X;]Y,C]|Y]log E[(®X); + A;[Y]] + E [E[X;]Y, Cllog E[(®X); + A;[Y, C]]
(93)
= —E[E[E[X;]Y, C]]log E[(2X); + \i|Y]| Y] + E [E[X;]Y, C]log E[(®X); + \i| Y, C]]
%94)
= —E[E[X;]Y, C]log E[(®X); + \i| Y]] + E [E[X;]Y, Cllog E[(®X); + As|Y, C]]
95)
=E |E[X;|Y,C]log ]E][E([(f q)f ))()++AA|TY?]] (96)

Similarly, we have
(VAI(X;Y[C)), =E [log((®X); + A)] — E log E[(®X), + Ai|Y. C]]. ©7)
Therefore the gradient with respect to the dark current can be represented as
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4 Variational Bayesian Updates for Topic Models

Given the model, Y; ~ Pois(¥S;) with each column of ¥, W, drawn from a Dir(7, ..., 7) and each
entry Sqr, ~ Gamma(ayg, fy). We let Yy € Z™, Sy € Rf and ¥ € RiXK . We use Variational
Bayesian updates to estimate the posterior distribution q:

Tdjk < exp (¢(’de) —log(Bo +1) + 9(Crj) — %D(i Cki)) (99)
q(Sax) ~ Gamma(yar, B0 + 1) - (100)
Yak = 040+inde3‘1€ (101)
q(Vy) ~ Dir(cs1 (102)
Gy = 0+ Yymau (103)

q

where ) represents the digamma function.

When we consider the compressive measurements Yy|U ~  Pois(®¥S,;) where each
Sar. ~ Gamma(ag, Bp). In this case, we let M = ®U and M € R:’_"XK, and we have
Yy, €Z™and Sy € Rf . We use Variational Bayeisans to estimate the posterior distribution ¢:

Tajr o< My, exp (Y (var) — log(By))) (104)

q(xdk) ~ Gamma(*ydk,ﬁ&k) (105)

Yak = aO+ZYdj7dek (106)
j=1

B = Bo+ > My, (107)
j=1
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