On the Relationship Between Binary Classification,
Bipartite Ranking, and Binary Class Probability Estimation

Appendix
A Proof of Theorem |
Proof. Assume w.l.o.g. that Threshp f.(u) = sign(u — t*) for some t* € [—o0,00]; a similar

analysis can be shown when Threshp ¢ ..(u) = sign(u—t*) for some t*. We first recall the following
result of Clémencon et al. [8]] (adapted as in [26] to account for ties and conditioning on y # y').

regreti /] = 5B, [In(@) (@) (1((F) ~ FE) () — (') < 0)
+21(7@) = 1))

2p(1 —p)
2

Next, given a binary classifier  : X — {+1} and a cost parameter ¢ € (0, 1), the cost-sensitive
classification error can be rewritten as

ety “[h] = E; [(1 — e)n(z)1(h(z) = 1) + (1 — n(z))1(h(z) = 1)]

and the corresponding regret can be expanded as

regret);°[h]
= E$[(1 — c)n(a:)l(h(:c) = —1) + c(l - n(x))l(h x) = )]
( c
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For h = signo (f — t*),

regret);“[sign o (f — t*)]
= Euf(c—n@)1(f(2) > ", n(2) < )] + Ea[(n(@) = ¢)1(f(2) <t n(2) > ¢)] (D)

= a+b (say).
We then have
(1 p) regretBHf] > S [[n(x) - ()] (L((F) ~ FE) () — () < 0))]
(getting rid of the term accounting for ties)
> (B [In@) - a6 (1(7@) > FG), n(a) < e, nia’) > o)
+1(/f(@) < F@), n@) > ¢, n@) < c) )]
= 2B [n@) 06| (1(7@) 2 £, n@) < e, nle') > )]
= term; + termy + terms, 2

where

termy = Be e [[ne) 0@ (1(f@) 2 f@) > ¢, n@) < e 0@’ > ) )],
termy = E, . Ur](x) — ()| (1 (t* > flzx) = f(2"), n(z) < ¢, nla') > c))} and
Beor [|n(e) = ()| (1(F(@) > . £) ¥, n(@) < e n@') > o))].

termg =

Each of the above terms corresponds to different sets of pairs of instances; term; corresponds to pairs
where both instances are ranked by f above t*; terms corresponds to pairs where both instances are
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ranked by f below (or at the same position as) t*; termg corresponds to pairs (z,z’), where x is
ranked by f above t*, while x’ is ranked below (or at the same position as) t*. We next bound each
of these terms separately.

term;
= B [[n(@) — c+c—n@)| (1(f() > f&') > £, nz) < e, na') > o))
> Euw [20(@) = dlle = n(@)|(1(f(@) = f@) > ¢, n(2) < e, n(a') > o) )|
(since u + v > 2y/uv > 2uv, Yu,v € [0, 1])
= 2B, [|c—n(@)|1(f@) > ', n(@) < OBy [Jn(a) — 1" < f() < f(@), (') > )]

V

3)
By definition, ¢* yields the minimum classification regret among all choices of thresholds ¢ € R:
t* = argmin {regret%l’c[sign o(f- t)]}
te[—o0,00]

= argmin E, [(n(z’) —c)1(f(a’) < t, n(a’) > ) + (c —n(@"))1(f(2") > t, n(z’) < )]

t€[—00,00]
(from Eq. (T)).

It can hence be shown that for any ¢ > t*,
Eo [|n(2’) —c|1(t* < f(2) < t, n(a’) > ¢)] > By [|c—n(a")|1(t* < f(2) < t, n(a’) < ¢)].
Applying the above inequality to Eq. (3) with ¢ = f(x), we have
term;

> 2B, [|e—n(@)[1(/() > ¢*, n(2) < OFw [

2

> SB[ n@)|1(f(@) > ¢, n(@) < B[

e =1 < f@) < f@), () < )]
c—n@)[1(t" < f(a"), (') < )]

(since By or[g(x,2")1(f(2) < f(2))] =
= E.[lc—n@)|1(f@) >, n(2) < | Bwr [Je = nl@)1(" < £(&!), n(a’

= Bfle @@ > ¢, @) <o)

= Cl2.

v
InN
o

~ ¢
I—IH

Similarly, one can show
2
ermy > Ey[[n(e) - c[1(/(x) <, n(2) > )] = 1

In the case of termg, we have
n@) = c+e—n@)|(1(f@) > ', f&) <, n@) < e, n@') > c))]

Eo.or[2[n(2') = el [ = n(@)| (1(/(2) > ¢*, f@@) <", (@) < e n(a') > c) )]
(since u + v > 2y/uv > 2uv, Yu,v € [0,1])

> 2E, . Uc — 77(3:)|1(f(m) > %, n(z) < c)‘n(x’) — c’l(f(;z;’) <t*, n(a') > c)}
= 2E, Uc — 7](1:)|1(f(:c) >t n(x) < c)}Ex/ [ n(x’) — c‘l(f(x') <t* n() > c)}
= 2ab.

Applying the bounds on termy, term, and terms in Eq. (), we have

2p(1 — p) regret™ [f] > a® + b + 2ab

= (a+0)?

= (regret);"“[signo (f — t*)])
Hence the proof. ]

termz = Ewﬁ,[

Y

2

11



B Proof of Theorem

Proof.
regret%l C[Slgl‘l ¢} (f — %\S,f,c)]
= e igno (f —To o) - efp"™”

= ery“[signo (f —Ls.s.c)] —er)y “[Threshp ;. o f] + ery “[Threshp f.. o f] — er’)y, "

(where Threshp ;. is obtained from (OPT))
= (er%l’c[sign o (f —Ts.r.e)] — ety “[Threshp ;.. o f]) + regret),"“[Threshp ;.. o f].
“)

The second term in the above expression can be upper bounded in terms of the ranking regret of
f using Theorem f] We now derive a bound on the first term by using standard VC-dimension
based uniform convergence result for binary classification. Note that the real-valued function f,
when applied to each instance drawn from D, induces a distribution over R x {41}; let us call this
distribution Dy. Also, let Sy = {(f(x1),41), ..., (f(zn),yn)} be the set constructed by applying
f to each instance in S; given that S is drawn 11d from D, it follows that S is also iid drawn from
Dy. Recall that Ty is the set of all i 1ncreas1ng functions from R to {1} (see Sect1on ' One can
now view the optimization proble as risk minimization over 7iyc W.r.t. the distribution D ¢
and the optimization problem in (OP2) as empirical risk minimization over i, W.r.t. the training
sample S. In other words,

it {es“ 0 11} = int {er, (0]} =i, (0"

inf {ers “[signo (f — t)]} = inf {ergl c[ﬁ]} = er%fl’c[ﬂ.

te 0€ Tine

and

Thus the first term in Eq. evaluates to er(j):,1 © @ — er%lf ¢ [9 ] Using standard results, one can

show that the following upper bound on this quantity holds with probability at least 1 — § (over the
draw of S ~ D"):

0-1, c[ﬂ Olege] < \/32(VC-dim(7i-nc)(ln(2n) +1) +1n (4))

er —€r
Dy Dy n

)

where VC-dim( 7, ) is the VC dimension of Ti,.. Thus with probability at least 1 — § (over the draw
of S ~ D™), we have

regret%1 “[signo (f —ts,1.c)]

B \/32(VC-dim(Tmc)(1n(2n) +1)+In(3))

n

+v2y/p(1 — p) regrety¥f].

It is easy to see that VC-dim(7;,.) = 2; plugging this in the above expression completes the proof.
O

C Proof of Theorem

Our proof for Theorem [I0]is simpler than the one in [20] which holds for a more general result. We
first state and prove two lemmas which will be useful in our proof.

Lemma 20. Ler D be a distribution over X x {+1}. For any binary class probability estimator
7 : X — [0, 1] calibrated w.r.t. D and threshold t € |0, 1],

er)yhe [signo (1 —t)] = E,, [(1 — ¢)sil(sy < t) + (1 — s57)1(s5 > 1)]

and
erol;l’c[@o m—1t)]= E;, [(1 —c)spl(sy <)+ c(l — sﬁ)l(sﬁ > t)],

where s5 is the random variable associated with the score distribution of 7j over [0, 1].
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Proof. We give a proof for the first part of the result; the second part involving sign can be proved
in a similar manner. For simplicity of notation, we omit the subscript on s5. For any ¢ € (0,1), we
have

erpy [signo (7 — t)]
= E;[(1 —C) (2)1(7(z) < t) + c(1—n(x))1(H(x) > t)]
E; [(1 = o)n(@)1((x) <) + c(1—n(2))1(7() > t) | (@) :8]]
B, [n(e) | (z) = s]1(s < 1) + c(1 ~ Ba[n(x) | Alx) = 5])1(5 > )]
P(y=1[s)1(s <t)+c(1 - Py =1|s))1(s > t)]
(follows from E, [n(x) | N(z) = s] =Py =1]s)).

E,|
~ mfo-
E.[(1-

O

The next lemma states that for any binary class probability estimator 7] calibrated w.r.t. D and a
given cost parameter ¢ € (0, 1), the optimal classification transform on 7} that yields minimum
cost-sensitive classification error is simply 6(u) = sign(u — ¢).

Lemma 21. Ler D be a distribution over X x {+1}. For any binary class probability estimator
7: X — [0,1] calibrated w.r.t. D and cost parameter ¢ € (0, 1),

Threshp 5 . = signo (7] — ¢).

Proof. Let s; denote the random variable associated with the score distribution of 7 over [0, 1]; for
simplicity of notation, we omit the subscript on s5. Let us start by considering functions 6 € Tj,. of
the form 6(u) = sign(u — t) for some ¢ € [0, 1]. For any ¢ € (0, 1), we have

argmin, ¢ ] {er(gl,c [signo (7 — t)]}

= argminte[o,l]{Es [(1—c)sl(s <t)+c(l—s)1(s > 1) ]} (from Lemma 20)

minimum at ¢t = ¢
= C.

The last step follows from the fact that the point-wise minimum is attained at ¢ = c; this implies that

O(u) = sign(u — ¢) yields the least possible value of eI‘ODl *“[0 o 7] over all increasing functions in

Tinc» and hence we have Threshp 5 . = signo (1) — ¢). O

We are now ready to prove Theorem As before, let s; denote the random variable associated
with the score distribution of 7 over [0, 1]; for simplicity of notation, let us omit the subscript on sz.

Proof of Theorem|[I0] Starting with the right hand side, we have
2E..u(0,1) [erD “[Threshp,y,. o f]]
= 2E..u0,) [erDl’ [signo () — ¢)]] (from Lemma [21)
= 2E..u(0,1) [ES [(1—c)sl(s <e)+c(l—s)1l(s> C)H (from Lemma[20)

= 2E, [ECNU(OJ) [(1 —0)sl(s < c)} +Ecwv(0,1) [c(l —5)1(s > C)H

(exchanging expectations)
1 s
= 2Es[s/ (1-¢) dc+(1—s)/ cdc}
s 0

= Ei[s(1-5)°+(1—s)s’]
= E;[P(y=1]s)(1—35)>+ (1 -P(y=1|s))s’] (since 7 is calibrated)
= B[ — @) + (1 - n(@))7(@)?]

(follows from P(y = 1[s) = E, [n(z) | (z) = s])

= erpg[n).
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D Proof of Lemma 11

Proof. Expanding the left hand side, we have

regretsg M = erg m — erig»* =er’d 7] — er;% (7]

= 2E..y(0,) [er(l):')l’c [Threshp .0 0 7] | — 2Ecu(0,1) [er(]):',l’c [Threshp ;.. 0] |

(from Theorem [TO)
= 2E..y0,) [er(gl’c [Threshp .0 0 7] | — 2Ecu(0,1) [er(j)j'l’c [signo (n—0o)]]
(from Lemma [21))
= 2E..u(0,) [er(gl’c [Threshp 7. 0 7] — er%l"c’*]
< \/ 8p(1 — p) regret™X[7] (from Theorem[d).
O

E Proof of Lemma

We will find it useful to introduce a few notations. For a given ranking model f : X—[a, b] and
distribution D over X x {£1}, define fi;(t) = P(f(x) < t)and 7j;(¢t) = P(y = 1, f(x) < t) for
all t € [a, b]; as before, p = P(y = 1).

We first state a result of [27,[28]] that characterizes the minimizer of (OP3)).

Theorem 22 ( [27,28])). Let f : X — [a,b] (where a,b € R, a < b) be any bounded-range ranking
model and D be any probability distribution over X x {£1} such that (D, [) satisfies Assumption A.
Moreover assume that [iy (see Assumption A), if mixed, does not have a point mass at the end-points
a,b, and that the function 1y : |a,b]—|0,1] defined as ns(t) = P(y = 1| f(z) = t) is square-
integrable w.r.t. the density of the continuous part of jvy. Then the minimizer Calp 5 : [a,b]—0,1]
of exists, and Calp f(T) forany T € (a,b) is given by the right-continuous slope of the largest
convex minoranf] of following graph att = 7:

GIf] = {(as(t), np(t)) : t €[a,b]}. 5)

Moreover, G[Calp ;o f] is piece-wise linear on all portions where it disagrees with G[f]; in partic-
ular, there exists a collection of disjoint open intervals {(aq,by) | o € A} in [a, ], where A is some
index set, such that Calp ; evaluates to a constant on each such interval (with the constant being
distinct for each interval) and Calp  is equal to 1y everywhere else in [a, b]:

Vg, ift € (aq,ba), for some a € A
ny(t) otherwise

)

Calp 4(t) = {

where

-, (6)
— iy(aa)

With vy, # Vg for any a # o/, a,a’ € A.

While the proof for the above result in [27,28]] assumes a continuous and strictly positive density ji ¢

over [a, b], it can be extended to handle the slightly more general conditions considered here.

We are now ready to prove the two properties stated for Calp ; in Lemma

Proof of LemmalI3] We shall assume that the score distribution of f over [a, b] is continuous, and
iy denotes the corresponding probability density function; a similar proof can be shown when the
score distribution is discrete or is mixed and satisfies conditions stated in the Lemma. For simplicity
of notation, let us denote Calp ; as Cal.

Proof of (1): We need to show that for any u € range(Cal o f), P(y = 1| Cal(f(z)) = u) = u.
There are three possible cases that we could consider: (i) u = v, for some unique @ € A (see

5 A real-valued function g; is a minorant of another real-valued function g defined over the same domain,
if g1(2) < g2(2), Vz; similarly, g; is a majorant of go, if g1(2) > g2(2), Vz.
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Eq. (6)), with Cal(t) = u,Vt € (aa,ba), and Cal(t) # u, forall t ¢ (aa,ba); (i) u # vq, for any
a € A; (iii) u = v, for some unique o € A, and there exists ¢ ¢ Uy ep (aa, by ) with Cal(t) = u.

For any u € range(Calo f) satisfying case (i), there exists & € A s.t. v, = u. We have from Eq. @
7t (ba) — 7y (aa)
fif(ba) = fif(aa)
Jy mp(s)pg (s)ds
Jo p(s)ds
= P(y =1 ‘ f(z) € (aa,ba))
= P(y=1 | Cal(f(z)) = u).
The last step follows from the fact that for all ¢ ¢ (a,, ba ), Cal(t) # .

u =

For any u € range(Cal o f) satisfying case (ii), there exists no « € A with v, = wu; we thus have
from Theorem 22 that 7 (¢) = w for all ¢ with Cal(t) = u. Then

f{s : Cal(s)=u} ny(s)ps(s)ds
f{s : Cal(s)=u} pig(s)ds

Jis : ca(s)y=uy wir(8)ds

f{s : Cal(s)=u} py(s)ds

= Uu

P(y=1|Cal(f(z)) =u) =

For any u € range(Cal o f) satisfying case (iii), there exists a unique o € A for which v, = u, with
Cal(t) = u, Vt € (aq, ba), and there also exists ¢ ¢ Uaea (Ga, ba), for which Cal(t) = ns(t) = u.

Jis - cat(sy=uy N (8)g (s)ds
f{s : Cal(s)=u} pg(s)ds
f;: np(pp(s)ds + [ig . cas)mn (s)—uy 1 (s (s)ds
s cags)muy 15 (s)ds
uf:: p(s)ds + u [, Cal(s)=ny (s)=u} K7 (8)ds

f{s : Cal(s)=u} Mf(S)dS
(applying Eq. (6) to the first integral in the numerator)

P(y=1|Cal(f(z)) =u) =

= U.

Proof of (2): Recall that for a ranking model f, er%“k[ f] is equivalent to one minus the area under
the ROC curveE] (AUC) of f. It is thus enough to show that the ROC curve of Cal o f is a majorant
for the ROC curve of f. The ROC curve for f can be defined as

Roclf] = { (PG <tly=-1, P >t1y=1) : te il

I I
- {5 [a-wmos, } [nuos) e} o
As illustrated in Figure each point in the graph G[f] (defined in Eq. ) has a corresponding point
in ROC|[f]; similarly, each line segment in G[f] corresponds to a line segment in ROC[ f]. Moreover,
for any two given ranking models f; and fo, if a line segment in G[f;] is a minorant for a certain
portion of G|[fs], the corresponding line segment in ROC[f;] is a majorant for the corresponding
portion of ROC[f>] (see segments AB and A’B’ in Figure ). Since, from Theorem we have
that G[Cal o f] is a minorant for G[f], and G[Cal o f] is piece-wise linear on all portions where it
disagrees with G[f], it follows that ROC[Cal o f] is a majorant for ROC|f]. O

The ROC curve of a ranking model f is the plot of the true positive rate (probability of classifying a
random positive example as positive) against the false positive rate (probability of classifying a random negative
example as positive) of a classifier of the form sign o (f — ¢) for all thresholds ¢ € [a, b].
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Figure 4: Sample plots illustrating the relationship between the graph G (plot of 7j(t) against fi ()
for all t € [a, b]; see Eq. (5)) and the ROC curve (plot of true positive rate TPR(t) = P(f(z) >
t | y = 1) against false positive rate FPR;(¢t) = P(f(z) < ¢t |y = —1) forall t € [a,b]; see
Eq. (7). (a) Graph G for ranking models f; and fo: the graphs for f; and f, agree on all points
except for the portion between points A and B, where the line segment AB in G|[f5] is a minorant
for G[f1]. (b) ROC curve for the ranking models f; and f: the points A, B and C in the graph G
for f1 and f5 correspond to points A’, B’ and C’ respectively in the ROC curves for f1 and fo; the
line segment AB in G[f>] corresponds to the line segment A’B’ in ROC| f2], which is a majorant for
the corresponding portion in ROC|[f1]. Moreover, while G|f5] is a convex minorant for G|f1], the
corresponding ROC curve ROC[ 5] is a concave majorant for ROC|[f1].

F Proof of Theorem 14
Proof. Using the fact that Calp ; o f is calibrated (property 1 in Lemma , we have
regretp[Calo f] < \/ 8p(1 — p) regret™X[Calp ;o f] (from LemmalTT)

< \/ 8p(1 — p) regret™X[f] (from property 2 in Lemma[I3).

G Proof of Theorem

Proof.
regret}[Cals o f] = erf[Cals s o f] ~ ergl]
= ersg[é;ls,f o f] —er}[Calp f o f] +er[Calp ;o f] —er}i[n]
- (ersjg [Cals,f o f] —er}3[Calp s o f]) + regret[Calp s o f]  (8)

Using Theorem [T4] the second term in the above expression can be upper bounded in terms of the
ranking regret of f. We now focus on upper bounding the first term. As in the proof of Theorem [6]
consider the distribution D induced by f over R x {1} and let S be the set obtained by applying
f to each instance in S; clearly, Sy is iid drawn from D¢. One can then view the optimization
problem in [OP4] as empirical risk minimization over Gi,c w.rt. the sample Sy. Using standard
Rademacher averages based uniform convergence result for empirical risk minimization over a real-
valued function class with the squared loss, we have that the following holds with probability at least
1 — ¢ (over the draw of S ~ D™):
8
efsg [Cals,f o f] - qlengf ersg [g © f] < 4RSf (ginc) + 2 %7

where Rg ; (Ginc) is the empirical Rademacher average of Gin. w.r.t. S¢. Using Dudley’s integral, and

2In(n) (see for example [21]);

bounds on covering numbers of Gi,., one can show Rg ' (Gine) < 24 -

16



we thus have with probability at least 1 — § (over the draw of S ~ D"),

ireN S 21 21n (8
erp[Cals s o f] —gie%f_ erplgo fl < 96 r;(n) +2 n((s).

Plugging this into Eq. (§) (along with the upper bound on the second term) completes the proof. [J
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