Supplementary Material

Proposition 1. The data function sum E, (Hk IR ,a:[,,ig)) is invariant within each
index orbit of group action G := S, x S, x S acting on the index set U} as defined in definition

1, and E; (Hk L (@i 7"‘7950-1‘5)):
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where card([{(i%, RN ) PRI (PR zQ)}]) is the cardinality of the index orbit, i.e., the number

of indices within the index orbit [{(i}, -~ ,i}), -+, (&%, , i)}

Proof: first, it is obvious that G := S, x S, x S is a group with identity eq = (en, er,€q, - ,€4),
where e, e,., and ey are identity mappings of .S, S, and Sy respectively. Then it is easy to verify
that eg - ({(’L%v 715)"" 7(%)"' ’ZZ)}) = {(2%7 ’i}i)?"' ,(77{,"' 77’2)}

In additon, let g1 = (01,71, 71y, -+ ,mwl,) and g2 = (02,72, 724, - ,72,) € G, then

gl- (92 ({(Zl"" 72}1) : (ng Z;)}))

trimta tri7ta 71 r
= {(o1020(i7; 2wl ((1))) -olo2(i, n2r? ‘1((d))))"" (o12(i 2_17r1_1((1))) o102 ﬂ'2_171'1_ ((d))))}

o (T172)" (1) (7'17'2) (1) (T172)” (7) (T172)" ( )
= {(olo2(i Yr1ym21)— 1(1)) 0102( Yr1ym2e)— l(d)))"" (olo2(i Yrl,m2,)— 1(1)) -olo2(i Y12, rl(d)))}

Therefore, the action defined in definition 1 is a group action acting on the set of U]. It is well

known that a group action partitions the set into disjoint orbits. By the definition of orbit, for any
index paragraph

{(.7117 7];)’ 7(]3 aJZD} € [{(2%7 az}i)v ,(’6714, 729}]7
there exists a (&, 7,71, -+ ,m.) € G such that
{(Jlla Jé)a v(]{v 532)} = (677—’7‘-1"" 77TT)'{('L}"" 7i¢11)v"' 7(2'7{,--- ,ZQ)}

Since the data function h is symmetric and multiplication is commutative,

EU(Hh<x0(jf)’”.’mU(]d Z Hh Lo (ik) ’ aa(z'))):
k=1

JES k=1

= Eo&(H h(xa&(i’f)7 T axo&(i’;)))} = Eo(H h(l'a-i’fa T al’a-ig))-
k=1 k=1

So E;(ITj—q h(z,.; Kyttt @g.n)) is invariant within each index orbit. In addition, since a permu-
tation moves any 0b1t to itself, we get

{(]%1 7‘75)7 7(3{‘7 7];)}6[{(1%7 71{11)7 7(1T1 7;)}] k=1

= Z (H h(mjf-,--- 7xj§)),thus
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= E,( > (IT P@oiiys - o))
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= FE,( Z (Hh(xjfa"' axj{;)))

(G sdd)e s G G YEH G i)y (e i)} k=1
= > 9§ T
{(j},”',jé),”'7(j{7”',j5)}€[{(ii7”'7ié)7”'7(i{,”',i;)}] k=1

Finally, we get E,([[_, h(z Toiky 7xoﬂi§)) =
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Proposition 2. The r-th moment of permutation statistics can be obtained by summing up the
product of the data function orbit sum A and the index function orbit sum w) over all index orbits,
ie.,

- _ wyh
B, (T (@)= AEZL ) ®)

where A = {(if,- - i), -+, (i}, -~ ,i%)} is a representative index paragraph, [A] is the index
orbit including index paragraph A, and L is a transversal of all index orbits . The data function orbit
sum is

= )y [Tkt o), @
LG, 8) (0T g YN k=1
and the index function orbit sum is

wy = 3 TLwGh. - 5. 5)

{Gtd3)s (a1 3 YEN] k=1

Proof: With Proposition 1, E,([];_, M@ (ikys -+ Triny)) is invariant within each equivalent
index subset, therefore,

Eq(T"(x)) = > {([] wtt,--- i Hh Toibs 1 Tgqk))}
il AT 1Y k=1
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= Z Hw 317' »]d ) Es (Hh(xmj{“"" 7x0'j§))}
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Proposition 3.The transversal of G* \\ U™ is also a transversal of G \\ U}.

Proof: We define a mapping 6 : G \\ U} — G* \\ U}" as follow:

V{(l%, ,7;%),"- 7(7517"' 71:1)} € U;

9[{(Z%a o ’id)7 I (ng e 57'2)}] = [(097 €r, €, 76(1){(2.%’ e 7i}1)7 R (Z{’ e 712)}]
=[{(o0(i1),--- ,00(i4), - s (0(i1), -~ ,00(i}))}]

= [{(Z*%a to ai*i)a Tty (Z*Iv T ’Z*Z)}] eG” \\ Ug*’

where 0y € S,, : Uj — Uj* permutes the smallest index value of {(i1, - ,4}), -+, (i7, -+ i)}
to 1, permutes the second smallest index value to 2, and so on.

First, we prove the mapping 6 is well-defined. We choose any two index paragraphs belonging to the
same orbit,[{(i], - -+ ,ib), -, (&7, i) = LGt 40, G-+, 45) . So there exists
ag=(o,7,m, - ,m) € G such that,
{(7’%1 77;5)7"' ,(i{,“- 712)} = (0—37—771—1"" 77TT){(j%v"' ’];)7 ’(]L 732)}
By applying the mapping 6 with glp = (c1¢, €7, €4, ,€q) and 929 = (020, €r,€4," - ,€4), WE
have
(s SRR} S (/TP IR C AR )
(G0 g G 70} = 9200 Gl ) (e 1)) and
» % » % Sk T sk T - -k * % Sk T sk T
{(Z 15770 d)v"' 7(1 1577 5 d)}zglggg29 {(j s ] d)a"' 7(.7 Ly d d)}7
where 919992;1 = (019002;1,7, Ty Tr).
Since:lalgocf?l@_l € Sqr, glgggQG_l = (01900219_1,7', 7Tli' -, m) € G, we get
[{(i*h e 7i*d)7 ) (2*7{7 T 77’*2)}] = [{(3*17 T ﬂj*d)v T (]*7{7 T 7]*2)}]
Secondly, we prove the mapping 6 is one-to-one. For the sake of contradiction,
v[{(ll%v T ’itlil)v T (qu e 712)}] 7'é [{(jlla ’ 1 73&)? o 1 ) (]I’ U ajg)}]’ W€ Suppose
[{(i*lv o 7i*d)v T (Z*ia T vZ*:l)}] = [{(3*1’ T aj*d)a T (]*ia T 73*2)}}’
then there exists a ¢* = (o*, 7,71, ,m) € G*, such that
Therefore, {(Z%v e 515)7 ) (qu e 712)} = gle_ 9*929{(]117 e a.]é)a ) (]{a to 7]2)}
Similarly, it is strightforward to verify that gl(;1 g*92¢ € G, we have
Gy, dl) Gy i) = HG, - d)s -, (4T, - -+ 4 45)}], which causes a contradic-
tion.
Then, we prove the mapping 6 is onto. This is obvious because U™ C UJ. A representative of any
orbit in G* \\ U} " itself is also a representative of the corresponding orbit in G \\ U}.

Proposition 4. A transversal of Sg. \\ Uj" can be generated by all possible mergings of
[{(17"' ’d)v"' ’ (d(?“— 1)+1"" 7dr>}]s'

Proof: It is easy to verify that [{(1,--- ,d),---,(d(r—1)+1,--- ,dr)}]® is an orbit of Sz, \ U}*
Here, [{(1,---,d),--- ,(d(r — 1) + 1,--- ,dr)}]® denotes the orbit that all dr index words have
distinct index values. Since the group action Sg, x Uj* — U}™ prohibits any shuffling of index
words and allows permutation of index values, each orbit of Sg, \\ U}" is determined by which
index words have the same index values. This is equivalent to merging the corresponding index
words. For example, starting from [{(1,2)(3,4)}]®, we can get the orbit of [{(1,2)(1,2)}]° by
merging 1 and 3, and 2 and 4.

Proposition 5. Enumerating a transversal of Sg, x Sg, \\ U} ™ is equivalent to the integer partition
of dr.

Proof: Since the group action Sg4, x Sqr x U} = U g * allows free shuffling of index words
and permutation of index values, the order of index words does not matter now. Each orbit of
Sar X Sar \ U, g* is determined by how many (not which) index words have the same index values.
For example, [{(1,2)(1,2)}]' = [{(1,2)(2,1)}]' = [{(1,1)(2,2)}]!. This is equivalent to the
integer partition of dr. In the previous example, [{(1,2)(1,2)}]’ corresponds to the integer partition



of4=2+2.

Proposition 6. The index function orbit sum w, can be calculated by subtracting all
lower order orbit sums from the corresponding relaxed index function orbit sum wj, i.e.,
wy = w} = 3, w B #(A - v). The cardinality of [\] is #(\)n(n — 1)+ (n — g + 1),
where ¢ is the number of distinct values in A\. The calculation of the data index function orbit sum
h is similar.

Proof: In order to calculate wy, we can calculate the relaxed orbit sum w} first, then exclude all
terms violating the inequality constraint. Note that each relaxed orbit sum includes all orbit sums
that have lower symmetric orders. Since each orbit [(A)] includes # () different [(\)]® and violating
the inequality constraint in a relaxed orbit sum is equivalent to all sorts of merging operations,

Wx = WY — Y, Wy zgig#()\ — v). It is obvious that there are n(n — 1) --- (n — ¢ + 1) index

words within each [(\)]®. Therefore, the cardinality of [\] is #(AM)n(n —1)---(n — g+ 1).

Proposition 7. For d > 2, let m(m — 1)/2 < rd(d — 1)/2 < (m + 1)m/2, where r is the order
of moment and m is an integer. For a d-th order weighted v-statistic, the computational cost of the
orbit sum for the r-th moment is bounded by O(n"™). When d = 1, the computational complexity
of the orbit sum is O(n).

Proof: As we know, the main computational cost comes from computing relaxed data function
orbit sums. When d = 1, each relaxed sum can be represented by a polynomial of power sums,
thus the computational complexity is O(n). When d > 2, the computational complexity depends
on the largest symmetric subgraph among all relaxed index orbit graph representations needed for
the 7-th moment. Since there are at most rd(d — 1)/2 edges connecting distinct index words, the
computational cost of the orbit sum for the r-th moment is bounded by O(n"), where m is a integer
that satisfies m(m — 1)/2 < rd(d — 1)/2 < (m + 1)m/2.

Proposition 8. We can obtain the r-th moment of bootstrapping weighted v-statistics by summing
up the product of the index function orbit sum w) and the relaxed data function orbit sum h} over
all index orbits, i.e.,
w)y h;
E, (T" = —a 7
() = 2 Cra ) @

AEL

where o € End,,, card([A\*]) = #(A\)n?, and ¢ is the number of distinct values in A.

Proof: Similar to proposition 1, we divide the index set U} into index orbits G \\ U] by G :=
Sp x S, x 8} acting on U}, not monoid action H x Uj — Uj. Therefore,

Eo(T"(2)) = > {(JT w8 Ea (I hlagits - 208))}
k=1 k=1

1 .1 o
1y sty :'Li"" ’74:1

= Z Z {(Hw(jf7 7]5))E0(H h(-rg.jf,"' ,.’L‘U,js))}
k=1 k=1

AEL {1 2dg) (0T sd ) YEN

It is obvious that each index paragraph is mapped to a same index subset (we call it bootstrap
index subset) by the monoid action H x U; — U} since 0 € End, is uniformly distributed.
For resampling with replacement, there are card([A*]) = #(X\)n? index paragraphs within the

bootstrap index subset. E, ([],_, h(z,. jkst " Tegk))} is equivalent to the corresponding relaxed
. w1 IR : r h

data function sum h¥ divided by card*([)\ D), iew Eo(IThoy Mggp, - 255%))} = ward( T

Therefore, Eo (T"(x)) = Y \c1, #ﬁ*])'



First order test statistics

The first moment
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The third moment
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The fourth moment
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The second moment
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