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1 Introduction

In this supplementary material we flesh out the application of expectation propagation (EP) to prob-
abilistic amplitude and frequency demodulation (PAFD).

2 Forward model

The PAFD generative model draws amplitude variables from anGaussian auto-regressive process
which is constrained to be positive, and phases from an auto-regressive von Mises process (here of
second order),

p(a1:T |λ1:τ , σ
2) ∝

∏

t

Norm

(

at;

τ
∑

t′=1

λt′at−t′ , σ
2

)

1(at ≥ 0), (1)

p(θ1:T |k1, k2) ∝
T
∏

t=1

exp (k1 cos(θt − θt−1) + k2 cos(θt − θt−2)) , (2)

p(yt|at, θt) = Norm(yt; at cos(θt + ω̄t), σ2
y). (3)

The joint distribution over the amplitudes is a multivariate truncated Gaussian. Therefore, when the
von Mises process becomes an independent, uniform distribution (k1 = 0 andk2 = 0), the model
reduces to that of Sell and Slaney with a particular spectralweighting function determined by the
dynamical parameter,λ1:τ .

3 Reformulating the model as a constrained Gaussian AR(1) process

The model can be massaged into a form which simplifies the application of EP. First, the distribution
over the amplitudes is written as a multi-dimensional Gaussian AR(1) process with an associated
positivity constraint. DefiningaT

t = [a1,t, a2,t, . . . , aτ,t] = [a1,t, a1,t−1, . . . , a1,t−τ+1], we have

p(a1:T |Λa,Σa) ∝

T
∏

t=1

Norm(at; Λaat−1,Σa)1(a1,t ≥ 0). (4)
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The new dynamical parameters are,

Λa =









λ1 λ2 . . . λτ−1 λτ
1 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 1 0









, Σa =











σ2
a 0 . . . 0 0
0 0 . . . 0 0
...

...
. . .

...
...

0 0 . . . 0 0











. (5)

Second, the auto-regressive von Mises process over phases is rewritten as a bivariate Gaussian AR(2) process
that is constrained to the unit circle (i.e.x1,t = cos(θt) andx2,t = sin(θt)),

p(x1:2,1:T ) ∝
T
∏

t=1

1(x2
1,t + x2

2,t = 1)
2
∏

m=1

Norm(xm,t;λ1xm,t−1 + λ2xm,t−2, σ
2), (6)

where the parameters of the AR(2) process are related to the parameters of the von Mises distribution by
σ2 = 1, λ1 = k1

1−k2 andλ2 = k2.

Alternatively, this bivariate Gaussian AR(2) process can be written as anAR(1) process with four hidden states,
xT
t = [x1,t, x2,t, x3,t, x4,t] = [cos(θt), sin(θt), x1,t−1, x2,t−1], that is

p(x1:T |Λx,Σx) ∝
T
∏

t=1

Norm(xt; Λxxt−1,Σx)1(x
2
1,t + x2

2,t = 1). (7)

The new dynamical parameters relate to the old ones,

Λx =







λ1 0 λ2 0
0 λ1 0 λ2

1 0 0 0
0 1 0 0






, Σx =







σ2 0 0 0
0 σ2 0 0
0 0 0 0
0 0 0 0






. (8)

The likelihood must be rewritten in terms of these new variables and it becomes,

p(yt|at,xt,wt, σ
2
y) = Norm(yt; a1,tw

T
txt, σ

2
y). (9)

Where the time varying weights of the emission distribution are,

w
T
t =

[

cos(ω̄t) − sin(ω̄t) 0 0
]

. (10)

Finally, to further ease subsequent notation, we can concatenate the amplitude and phase variableszT
t =

[

a
T
t ,x

T
t

]

and rewrite the model in terms of this single set of variables,

p(z1:T |Λz,Σz) ∝
T
∏

t=1

Norm(zt; Λzzt−1,Σz)1(z
2
τ+1,t + z2τ+2,t = 1)1(z1,t ≥ 0), (11)

p(yt|zt,wt, σ
2
y) = Norm(yt; z1,t (w1,tzτ+1,t +w2,tzτ+2,t) , σ

2
y) (12)

The new dynamical parameters are,

Λz =

[

Λa 0
0 Λx

]

, Σz =

[

Σa 0
0 Σx

]

. (13)

This completes the reformulation of the model, which now has constrained Gaussian AR(1) dynamics and a
non-linear likelihood which is conditionally Gaussian inz1,t = a1,t or zτ+1:τ+2 = [x1,t, x1,t]

T, but which is
not jointly Gaussian.

In the remainder of this note we use a mixture of the three different notations we have for the model,{at, θt},
{at,xt}, andzt.

4 Factor graph representation of the model

The model can be written in terms of a product of clique potentials in a number of different ways,

p(y1:T , z1:T ) ∝
T
∏

t=1

Norm(zt; Λzzt−1,Σz)p(yt|zt)1(a1,t ≥ 0)1(x2
1,t + x2

2,t = 1), (14)

=
T
∏

t=1

πt(zt, zt−1)ψ(a1,t, x1,t, x2,t), (15)

=
T
∏

t=1

Φt(zt, zt−1). (16)
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5 Application of Expectation Propagation

Each of the factor graphs described in the previous section suggests a different way to apply EP to the
model. Considering numerical stability, implementational convenience, and convergence speed, we choose
the representation which breaks apart the potentialΦt(zt, zt−1) into the dynamical component and the likeli-
hood/constaint componentΦt(zt, zt−1) = πt(zt, zt−1)ψ(a1,t, x1,t, x2,t). EP then approximates the posterior
distribution using a product of forward, backward and constrained-likelihood messages,

q(z1:T ) =
T
∏

t=1

αt(zt)βt(zt)ψ̃t(a1,t, x1,t, x2,t) =
T
∏

t=1

qt(zt). (17)

All of the messages will be un-normalised Gaussians. The belief will also be un-normalised because the model
is only defined up to an unknown normalising constant, which EP will approximate.

The message passing scheme should be interpreted as follows,

1. αt(zt) is the effect ofπt(zt−1:t) on the beliefq(zt)

2. βt(zt) is the effect ofπt+1(zt:t+1) on the beliefq(zt)

3. ψ̃t(a1,t, x1,t, x2,t) is the effect of the likelihood and the constraints on the beliefq(zt)

The updates for the messages can be found by removing the messagesfrom q(z1:T ) that correspond to the effect
of a particular potential. These messages are replaced by the corresponding potential. The deleted messages are
then updated by moment matching the two distributions. We now derive the EPupdates using this procedure.

5.1 Update for αt(zt) and βt−1(zt−1)

Removingαt(zt) andβt−1(zt−1) and replacing them withπt(zt, zt−1) we have,

p̂π(z1:T ) =

(

t−2
∏

t′=1

qt′(zt′)

)

αt−1(zt−1)ψ̃t−1(zt−1)πt(zt, zt−1)βt(zt)ψ̃t(zt)





T
∏

t′=t+1

qt′(zt′)



 , (18)

=

(

t−2
∏

t′=1

qt′(zt′)

)

p̂π(zt−1, zt)





T
∏

t′=t+1

qt′(zt′)



 . (19)

The moments of belief must be matched to this distribution,q(z1:T )
MOM
= p̂π(z1:T ) by altering the parameters of

the messagesαt(zt) andβt−1(zt). From the above, this simplifies to matching the moments of the approximate

two-slice conditional,q(zt−1, zt)
MOM
= p̂π(zt−1, zt). This is simple because all of the distributions are Gaussian.

In more detail, the procedure for updating the forward messages is as follows,

1. Compute the natural parameters ofp̂π(zt−1, zt) by adding the natural parameters of the constituents

2. Convert into moment form (see section6)

3. Read off the moments forzt. This is equivalent to marginalisingzt−1 to get the one slice marginal
p̂π(zt) =

∫

dzt−1 p̂π(zt−1, zt) and computing the moments of this distribution.

4. Alter the natural parameters ofαt(zt) so that the moments ofqt(zt) match those of̂pπ(zt). This
involves converting the moments ofp̂π(zt) into natural parameter form, see section6.

An analogous procedure is followed in the backward message updates.

Both updates require the dynamics potential in natural parameter form,

π(zt, zt−1) = NormNat

([

zt
zt−1

]

; cπt , c
π
t ,C

π
t

)

. (20)

where the natural parameters are

cπt = −1

2
log det(2πΣz), c

π
t = 0, Cπt = −1

2

[

Σ−1
z −Σ−1

z Λz

−ΛT
zΣ

−1
z ΛTz Σ

−1
z Λz

]

. (21)

Using the above the approximate two-slice conditional is,

p̂π(zt, zt−1) = NormNat

([

zt
zt−1

]

; cp̂t , c
p̂
t ,C

p̂
t

)

. (22)

3



where the natural parameters are

cp̂t = −1

2
log det(2πΣz) + c̃t + c̃t−1, c

p̂
t =

[

c̃t

c̃t−1

]

, Cp̂t =

[

− 1

2
Σ−1

z + C̃t
1

2
Σ−1

z Λz

1

2
ΛT

zΣ
−1
z − 1

2
ΛTz Σ

−1
z Λz + C̃t−1

]

.

where the natural parameters denoted with a tilde are formed from the incoming messages att andt − 1 by
adding their natural parameters,

c̃t = cβt + cψt , c̃t−1 = cαt−1 + cψt−1, c̃t = c
β
t + c

ψ
t , (23)

c̃t−1 = c
α
t−1 + c

ψ
t−1, C̃t = Cβt +Cψt , C̃t−1 = Cαt−1 +Cψt−1. (24)

First we consider the updates of the forward messages. In order to compute these we integratezt−1 (p̂π(zt) =
∫

dzt−1 p̂π(zt, zt−1)), which by the results in section7, yields,

p̂π(zt) = NormNat (zt; ct, ct,Ct) , (25)

where

Ct =− 1

2
Σ−1

z + C̃t −
1

4
Σ−1

z Λz(C̃t−1 −
1

2
ΛTz Σ

−1
z Λz)

−1ΛT
zΣ

−1
z = C̃t − (2Σz − ΛzC̃

−1
t−1Λ

T
z)

−1 (26)

Where we have used the matrix inversion lemma,(P + BRBT)−1 = P−1 − P−1B(R−1 +

BTP−1B)−1BTP−1, with P = −2Σz,B = Λx,R = C̃−1
t−1.

ct =c̃t −
1

2
Σ−1

z Λz(C̃t−1 −
1

2
ΛTz Σ

−1
z Λz)

−1
c̃t−1 = c̃t − (2Σz − ΛzC̃

−1
t−1Λ

T
z)

−1ΛzC̃
−1
t−1c̃t−1. (27)

Where we have usedP−1B(R−1 + BTP−1B)−1 = (P + BRBT)−1BR with P = 2Σz, B = Λz and
R = −C̃−1

t−1.

ct =− 1

2
log det 2Σz + c̃t −

1

4
c̃

T
t−1(C̃t−1 −

1

2
ΛTz Σ

−1
z Λz)

−1
c̃t−1 −

1

2
log det(

1

2
ΛTz Σ

−1
z Λz − C̃t−1),

=c̃t + c̃t−1 −
1

2
log det(−C̃t−1)−

1

2
log det(2Σz − ΛzC̃

−1
t−1Λ

T
z)

− 1

4
c̃

T
t−1(C̃

−1
t−1 + C̃−1

t−1Λ
T
z(2Σz − ΛzC̃

−1
t−1Λ

T
z)

−1ΛzC̃
−1
t−1)c̃t−1. (28)

Where we have used the matrix determinant lemma,det(R + BTP−1B) = det(P +

BR−1BT) det(P−1) det(R) and the matrix inversion lemma.

We update the forward messages by matching momentsp̂π(zt)
MOM
= q(zt). Because everything is linear and

Gaussian, this can be done exactly by matching the natural parameters.

Cαt =− 1

2
V−1
t , (29)

c
α
t =− 1

2
V−1
t ΛzC̃

−1
t−1c̃t−1, (30)

cαt =c̃t−1 −
1

2
log det(−C̃t−1)−

1

2
log det 2Vt −

1

4
c̃

T
t−1(C̃

−1
t−1 +

1

2
C̃−1
t−1Λ

T
zV

−1ΛzC̃
−1
t−1)c̃t−1. (31)

where

Vt = Σz −
1

2
ΛzC̃

−1
t−1Λ

T
z (32)

Next we consider the backward messages. In order to compute these we integratezt (p̂π(zt−1) =
∫

dzt p̂π(zt, zt−1)), which by the results in section7, yields,

p̂π(zt−1) = NormNat (zt−1; ct−1, ct−1,Ct−1) , (33)

where

Ct−1 =− 1

2
ΛT

xΣ
−1
z Λz + C̃t−1 −

1

4
ΛT

zΣ
−1
z (C̃t −

1

2
Σ−1

z )−1Σ−1
z Λz = C̃t−1 − ΛT

z(2Σz − C̃−1
t )−1Λz,

ct−1 =c̃t−1 −
1

2
ΛT

zΣ
−1
z (C̃t −

1

2
Σ−1

z )−1
c̃t = c̃t−1 − ΛT

z(2Σz − C̃−1
t )−1C̃−1

t c̃t, (34)

ct−1 =c̃t + c̃t−1 −
1

4
c̃

T
t (C̃t −

1

2
Σ−1

z )−1
c̃t −

1

2
log det(

1

2
Σ−1

z − C̃t)−
1

2
log det(2Σz), (35)

=c̃t + c̃t−1 −
1

4
c̃

T
t

(

C̃−1
t − C̃−1

t (C̃−1
t − 2Σz)

−1C̃−1
t

)

c̃t −
1

2
log det(2Σz − C̃−1

t )− 1

2
log det(−C̃t)

4



This leads to the backward recursions,

Cβt−1 = −1

2
ΛT

zU
−1
t Λz, c

β
t−1 = −1

2
ΛT

zU
−1
t C̃−1

t c̃t, (36)

cβt−1 = c̃t −
1

4
c̃

T
t

(

C̃−1
t +

1

2
C̃−1
t U−1

t C̃−1
t

)

c̃t −
1

2
log det(2Ut)−

1

2
log det(−C̃t). (37)

where

Ut = Σz −
1

2
C̃−1
t . (38)

The forward and backward messages reduce to the Kalman Smoother recursions when the likelihood is an
unconstrained Gaussian.

5.2 Update for ψ̃t(at, x1,t, x2,t)

In order to update the constrained likelihood messages, we divide out thenew messagẽψt(at, x1,t, x2,t) , and
replace it with the true potential yielding the moment matching update,

q(xt)
MOM
= p̂ψ(zt) = αt(zt)βt(zt)ψt(at, x1,t, x2,t) (39)

The true potentialψt(at, x1,t, x2,t) is a truncated Gaussian in the amplitude variableat,

ψt(at, θt) = NormNat
(

at; c
ψ
t , c

ψ
t ,C

ψ
t

)

1(at ≥ 0). (40)

where,

cψt = −1

2
log 2πσ2

y −
1

2σ2
y

y2
t , c

ψ
t =

1

σ2
y

yt cos(ω̄t+ θt), C
ψ
t = − 1

2σ2
y

cos2(ω̄t+ θt). (41)

This observation motivates the following scheme to compute the moments ofp̂ψ(zt). First we can marginalise
all of the variables except the amplitude (at) and the phasor variables (x1,t andx2,t, or eqivalentlyθ). This
is simple because they are Gaussian. We can then compute the necessarymoments by first integrating over
the amplitude variable (the integrals involve error-function) and then numerically integrating over the phase
variable (e.g. by gridding up the space).

In more detail first we compute the natural parameters of the product of the incoming messages,αt(zt)βt(zt) =
NormNat(zt; c

αβ
t , cαβt ,Cαβt ),

cαβt = cαt + cβt , c
αβ
t = c

α
t + c

β
t , C

αβ
t = Cαt +Cβt . (42)

Next we marginalise over all variables exceptat, x1,t andx2,t using the result in section7 and write the result
as a function of the amplitude variable,

p̂ψ(at, x1,t, x2,t) = ψt(at, θt)

∫

d{zt 6= at, θt} NormNat(zt; c
αβ
t , cαβt ,Cαβt ), (43)

= NormNat(at; c
∗(θ), c∗(θ),C∗(θ))1(at ≥ 0). (44)

Next we compute the zeroth, first and second moments of the amplitude variableat using section8.

mom0(θt) =

∫

dat p̂ψ(at, x1,t, x2,t), (45)

mom1(θt) =

∫

dat at p̂ψ(at, x1,t, x2,t), (46)

mom2(θt) =

∫

dat a
2
t p̂ψ(at, x1,t, x2,t). (47)
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Finally we compute the circular moments by integrating over the phase variable using, for example, using the
rectangle rule,

z =

∫

dθt mom0(θt) ≈
∆θ

N

N
∑

n=1

mom0(n∆θ), (48)

〈at〉 =
∫

dθt mom1(θt) ≈
∆θ

N

N
∑

n=1

mom1(n∆θ), (49)

〈sin(θt)〉 =
∫

dθt sin(θt) mom0(θt) ≈
∆θ

N

N
∑

n=1

sin(n∆θ)mom0(n∆θ), (50)

〈cos(θt)〉 =
∫

dθt cos(θt) mom0(θt) ≈
∆θ

N

N
∑

n=1

cos(n∆θ)mom0(n∆θ), (51)

〈a2t 〉 =
∫

dθt mom2(θt) ≈
∆θ

N

N
∑

n=1

mom2(n∆θ), (52)

〈at cos(θ)〉 =
∫

dθt cos(θt) mom1(θt) ≈
∆θ

N

N
∑

n=1

cos(n∆θ)mom1(n∆θ), (53)

〈at sin(θ)〉 =
∫

dθt sin(θt) mom1(θt) ≈
∆θ

N

N
∑

n=1

sin(n∆θ)mom1(n∆θ), (54)

〈cos2(θ)〉 =
∫

dθt cos2(θt) mom0(θt) ≈
∆θ

N

N
∑

n=1

cos2(n∆θ)mom0(n∆θ), (55)

〈sin2(θ)〉 =
∫

dθt sin2(θt) mom0(θt) ≈
∆θ

N

N
∑

n=1

sin2(n∆θ)mom0(n∆θ), (56)

〈sin(θ) cos(θ)〉 =
∫

dθt sin(θt) cos(θt) mom0(θt) ≈
∆θ

N

N
∑

n=1

sin(n∆θ) cos(n∆θ)mom0(n∆θ). (57)

Having established these moments, we update the constrained likelihood potential natural parameters by con-
verting the moments to natural parameters and subtracting off the naturalparameters of the incoming messages,
α andβ.

6 Natural and moment parameterisations of a Gaussian

The natural parameter form of the Gaussian is,

NormNat(x; c, c,C) = exp(c + c
T
x+ x

TCx) (58)

The natural parameter form is useful because multiplication of two Gaussians involves adding the natural
parameters,

NormNat(x; c1 + c2, c1 + c2,C1 +C2) = NormNat(x; c1, c1,C1)NormNat(x; c2, c2,C2). (59)

The ‘moment’ form of the Gaussian is,

NormMom(x; z, µ,Σ) =
z

√

( det(2πΣ))
exp(−1

2
(x− µ)TΣ−1(x− µ)) (60)

The moment form is useful because the moments are given by,

z =

∫

dxNormMom(x; z, µ,Σ), (61)

zµ =

∫

dx x NormMom(x; z, µ,Σ), (62)

z(Σ + µµT) =

∫

dx xx
T NormMom(x; z, µ,Σ). (63)

The relationship between the natural and moment parameterisations is,

Σ = −1

2
C−1, µ = −1

2
C−1

c, z =
(π)D/2

√

det(−C)
exp

(

c− 1

4
c

TC−1
c

)

(64)
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And the opposite mapping is,

C = −1

2
Σ−1, c = Σ−1µ, c = log z − 1

2
log det(2πΣ)− 1

2
µTΣ−1µ. (65)

7 Marginalising a subset of Gaussian variables

Computation of the moments takes the form of an integral of an un-normalised Gaussian with a non-linear
potential. Whilst the Gaussian component depends on all the variables, denoted here{x,y}, the non-linear
potential often depends on just a subset,x. This section shows to integrate out the Gaussian subset,y.

The moments we need to compute are,

〈1〉 =
∫

dx dy NormNat

([

x

y

]

; cxy, cxy,Cxy

)

γ(x) =

∫

dx m(x)γ(x), (66)

〈x〉 =
∫

dx dy x NormNat

([

x

y

]

; cxy, cxy,Cxy

)

γ(x) =

∫

dx x m(x)γ(x), (67)

〈xxT〉 =
∫

dx dy xx
T NormNat

([

x

y

]

; cxy, cxy,Cxy

)

γ(x) =

∫

dx xx
T m(x)γ(x). (68)

These integrals have been broken down into an initial integral overy and a subsequent integral overx. The
initial integral is,

m(x) =

∫

dy NormNat

([

x

y

]

; cxy, cxy,Cxy

)

. (69)

In order to compute this integral we rewrite the natural parameterised Gaussian overx andy as a moment
parameterised Gaussian overy. Using the block-partitioned form of the parameters,

cxy =

[

cx

cy

]

, Cxy =

[

Cxx Cxy

CT
xy Cxx

]

. (70)

Using these partitioned forms,

NormNat

([

x

y

]

; cxy, cxy,Cxy

)

= NormNat(x; c∗, c∗,C∗)NormMom(y; 1, µy|x,Σy|x) (71)

The moment-parameters are given by,

µy|x = −C−1
yy (cy/2 + CT

xyx), Σy|x = −1

2
C−1

yy (72)

and the natural parameters are given by

c∗ = cxy − 1

4
c

T
yC

−1
yy cy +

D

2
log(π)− 1

2
log det(−Cyy), (73)

c
∗ = cx − CxyC

−1
yy cy, C∗ = Cxx − CxyC

−1
yy C

T
xy. (74)

WhereD is the number of variables which have been marginalised. This new form makes the integral simple
to compute,

m(x) = NormNat(x; c∗, c∗,C∗). (75)

8 Moments of a truncated Gaussian

The constrained likelihood message update requires the moments of a truncated Gaussian,

momk =

∫ ∞

0

da ak NormMom(at; za, µa, σ
2
a) ∀ k = {0, 1, 2}. (76)

Taking these integrals in turn,

mom0 =za

∫ ∞

0

da
1√
2πσ2

a

exp

(

− 1

2σ2
a

(a− µa)
2

)

(77)

=
za√
π

∫ ∞

− µa√
2σa

du exp(−u2), (78)

=
za√
π

(

∫ µa√
2σa

0

du exp(−u2) +

∫ ∞

0

du exp(−u2)

)

, (79)

=
za
2

(

erf

(

µa√
2σa

)

+ 1

)

, (80)
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Where we have converted the integral into a standard form usingu = 1√
2σa

(a− µa) and we have made use of

the symmetry of the integral, and define the error-function aserf(x) = 2

π

∫ x

0
du exp(−u2).

mom1 =za

∫ ∞

0

da a
1√
2πσ2

a

exp

(

− 1

2σ2
a

(a− µa)
2

)

, (81)

=za

∫ ∞

0

da (a− µa)
1√
2πσ2

a

exp

(

− 1

2σ2
a

(a− µa)
2

)

+ µamom0, (82)

=
zaσa√
2π

∫ ∞

µ2
a

2σ2
a

da exp (−u) + µamom0, (83)

=− zaσa√
2π

[exp (−u)]∞
µ2
a

2σ2
a

+ µamom0, (84)

=
zaσa√
2π

exp

(

− µ2
a

2σ2
a

)

+ µamom0. (85)

where we made the substitution,u = 1

2σ2
a

(a− µa)
2.

mom2 =za

∫ ∞

0

da a2
1√
2πσ2

a

exp

(

− 1

2σ2
a

(a− µa)
2

)

, (86)

=za

∫ ∞

0

da (a− µa)
2 1√

2πσ2
a

exp

(

− 1

2σ2
a

(a− µa)
2

)

+ 2µamom1 − µ2
amom0, (87)

=
2σ2

aza√
π

∫ ∞

− µa√
2σa

du u2 exp
(

−u2
)

+ 2µamom1 − µ2
amom0, (88)

=
σ2
aza√
π



−
[

u exp(−u2)
]∞
− µa√

2σa

+

∫ ∞

− µa√
2σ2

a

du exp
(

−u2
)



+ 2µamom1 − µ2
amom0, (89)

=− σazaµa√
2π

exp

(

− 1

2σ2
a

µ2
a

)

+ σ2
amom0 + 2µamom1 − µ2

amom0, (90)

=µamom1 + σ2
amom0. (91)

Here we have integrated by parts usingdv
du

= u exp(−u2) andv = − 1

2
exp(−u2).
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