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Proof of Lemma 1

If the function gι,θ(s, a; ω) defined in Eq. (10) satisfies the three conditions of Eqs. (6), (7), and (8)
for estimating function and its solution is equal to the gNG(ι), then Lemma 1 is proven. It is clear
that it satisfies the conditions of Eqs. (7) and (8) (under Assumption 1). Thereby, if the following
equation holds,

Eθ [gι,θ(s, a; ω∗)] = Eθ

[

g′
ι,θ(s, a; ω∗) −∇θln{dθ(s)π(a|s;θ)}ρ(s, s+1)

]

= −Eθ [∇θln{dθ(s)π(a|s;θ)}ρ(s, s+1)]

= 0, (s-1)
where ω∗ is the gNG(ι), gι,θ(s, a; ω) satisfies the the condition of Eq. (8) and its unique solution is
gNG(ι) and then Lemma 1 is proven. Thus, we prove Eq. (s-1) in the following.

Because of Eq. (13) and
{∑

a∈A π(a|s;θ)∇θlnπ(a|s;θ) c= ∇θc = 0,
∑

s∈S dθ(s)∇θln dθ(s) c = ∇θc = 0,

we know that
Eθ [∇θln{dθ(s)π(a|s;θ)}ρ(s, s+1)] = Eθ [{∇θlnπ(a|s;θ) + ∇θln dθ(s)} {b(s) − b(s+1)}] .

Since a time average is equivalent to a state-action space average with the ergodicity of M(θ) in
Assumption 2, the above equation is transformed to

lim
T→∞

1

T

T−1
∑

t=0

{∇θlnπ(at|st;θ) + ∇θln dθ(st)} {b(st) − b(st+1)}

= lim
T→∞

1

T

[

b(s0) {∇θlnπ(a0|s0;θ) + ∇θln dθ(s0)} − b(sT ) {∇θlnπ(aT |sT ;θ) + ∇θln dθ(sT )}

+
T−1
∑

t=0

b(st+1)
{

−∇θlnπ(at|st;θ) −∇θln dθ(st) + ∇θlnπ(at+1|st+1;θ) + ∇θln dθ(st+1)
}

]

=
∑

s∈S

∑

a∈A

∑

s+1∈S

∑

a+1∈A

dθ(s)π(a|s;θ)p(s+1|s, a)π(a+1|s+1;θ)

b(s+1)
{

−∇θlnπ(a|s;θ) −∇θln dθ(s) + ∇θlnπ(a+1|s+1;θ) + ∇θln dθ(s+1)
}

=
∑

s∈S

∑

a∈A

∑

s+1∈S

dθ(s)π(a|s;θ)p(s+1|s, a)b(s+1) {−∇θlnπ(a|s;θ) −∇θln dθ(s) + ∇θln dθ(s+1)}

=
∑

s+1∈S

dθ(s+1)b(s+1)
[

∇θln dθ(s+1) − Eθ{∇θlnπ(a|s;θ) + ∇θln dθ(s) | s+1}
]

= 0.
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For the final transformations, we use the result

Eθ{∇θlnπ(a|s;θ) + ∇θln dθ(s) | s+1} = ∇θln dθ(s+1)

in [1]. Therefore, Eq. (s-1) holds. �
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