APPENDIX I
DYNAMIC PARAMETER POSTERIOR

In this appendix, we derive the posterior distribution over the dynamic parameters of a switching VAR(r) process
defined as follows:

T
Y = Z AEZt)yt—z‘ +ez) e ~N(0,55)), ey
i=1
where z; indexes the mode-specific VAR(r) process at time ¢. Assume that the state sequence {z1, ..., zr} is known
and we wish to compute the posterior distribution of the k** mode’s VAR(r) parameters Aik fori=1,...,r and

»*) Let {t,...,tn,} = {t|z; = k}. Then, we may write
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We define the following notation for Eq. 2:
YR = ARY*) L gk, 3)
Let D(*) = {Y(®) Y ()1 We place a matrix-normal inverse-Wishart prior on the dynamic parameters { A (%) %)}

and show that the posterior remains matrix-normal inverse Wishart. The matrix-normal inverse-Wishart prior is
given by placing a matrix-normal prior MN(A(k); M, xF), K) on A®) given n(F);
L

p(AW | k) = =1

exp (—;tr((A ~ M)~ M - M)K)> 4)

and an inverse-Wishart prior IW(Sg, n) on X():
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2nd/2T 4 (n/2)

1
p(E®) = exp <—2t7“(2(k)50)> )
where T'g(n/2) is the multivariate gamma function and B~*) denotes (B*))~! for some matrix B.
We first analyze the likelihood of the data, D*), given the k' mode’s dynamic parameters, {A(k),E(k)}.
Starting with the fact that each observation vector, y,, is conditionally Gaussian given the lag observations, ¥; =

[y -yl )", we have
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To derive the posterior of the dynamic parameters, it is useful to first compute
p(MD® AF | F) = pD® | A® 5E)pAF) | ). (7)
Using the fact that both the likelihood term p(D®) | A®%) ¥:(k)) and the prior p(A*) | £(%)) are matrix-normally



distributed sharing a common parameter ©(*), we have
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Conditioning on the noise covariance X(*), we see that the dynamic matrix posterior is given by:
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Marginalizing Eq. 8 over the dynamic matrix A(¥), we derive
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Using the above, the posterior of the covariance parameter is computed as
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APPENDIX II
MESSAGE PASSING

In this appendix, we explore the computation of the backwards message passing and forward sampling scheme
used for generating samples of the mode sequence z;.7 and state sequence xi.7.

A. Mode Sequence Message Passing

Consider a switching VAR(r) process. To derive the forward-backward procedure for jointly sampling the mode
sequence zi.7 given observations y;.r, plus 7 initial observations y;_,.,, we first note that the chain rule and
Markov structure allows us to decompose the joint distribution as follows:

p(ZI:T | yl—r:Taﬂ-ae) = p(ZT | ZT—layl—r:Taﬂ-ae)p(ZT—l | ZT—2ay17T:T77T>9)
o p(z2 | R Yl—py T, O)p(zl | Y11 T, 0)

Thus, we may first sample z; from p(z1 | y;_,.p, 7, @), then condition on this value to sample zo from p(z2 |
21,Y1_p1, ™, 8), and so on. The conditional distribution of z; is derived as:

p(21 ’ yl—r:T7ﬂ70) X p(zl)p(yl ‘ 9217y1—7‘:0) ZHP(Zt ‘ Wzt—l)p(yt ‘ gzmyt—r:t—l)
Z2.T7 t

o< p(20)pW1 | 0,41 r0) D 0(22 | 72D (Y | O Yoyt )Mz 2(22)

Z2

oc p(z1)p(yy | 025 Y1—r0)m2,1(21), (12)

where my;—1(z—1) is the backward message passed from z; to z;_; and is recursively defined by:

zZ s (9 5 rt—1)T 2t), t S T7
mt,t—l(zt—l) o { 12’:,21 p( t ‘ Zt—l)p(yt ’ 2ty Yt—rit 1) t+17t( t) . T+ L (13)
The general conditional distribution of z; is:
p(zt | Zt—17yl—T:T77T70) X p(Zt ‘ Tthfl)p(yt ’ eztﬂyt—r:t—l)mt+17t(zt)' (14)
For the HDP-AR-HMM, these distributions are given by:
.
k
p(Zt =k ’ ZA-1Y1—r1> T, 0) X Tz (k)N(yt7 Z AE )yt—i7 Z(k))mt‘FLt(k) (15)
i=1
L r ) 4
mirek) = D mON @Y A Y S mea e () (16)
j=1 i=1
mT_i_LT(k) =1 k= 1, e ,L. (17)

B. State Sequence Message Passing

A similar sampling scheme is used for generating samples of the state sequence x.7. Although we now have a
continuous state space, the computation of the backwards messages 11 () is still analytically feasible since we
are working with Gaussian densities. Assume, M1 +(xt) o NN @3 04414, Ary1t), where N 71(x;0, A) denotes
a Gaussian distribution on x in information form with mean p = A=10 and covariance ¥ = A~!. The backwards
messages for the HDP-SLDS can be recursively defined by

my—1(xe—1) OC/ (x| i1, 20)P(Ye|e) Mg () day.
L



For this model, the densities of Eq. 18 can be expressed as
1 _
p(xe|Ti—1,24) o GXP{—g(l‘t — A gy ) T8 (g — Az, 1)}
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The product of these quadratics is given by:

p(xe|@i—1, 20)p(Yy|Te)Mpg1 () X

ex {—1 L1 T A s=(04 — A=) 5= (=) Ti1
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Using standard Gaussian marginalization identities we integrate over x; to get,
My —1(Te—1) ~ Nfl(ilit—l; Ori—1, At t—1),
where,
b1 = ARSI 4 OTRTC + Ar ) H(CTR My + Or1)
Ay = AT = (2) g(20) _ A(Zz)TE—(Zt)(Z—(zt) +CTR 0 + Aey1 t)—lz—(zt)A(zt)
This backwards message passing recursion is initialized at time 7" with mp41 7 ~ N ~1(x7;0,0). Let,
Agt = CTR™'C 4 Apy1s
9%75 =CT"R 'y, + 0414

Then we can define the following recursion, which we note is equivalent to the backwards running Kalman filter
in information form,

A oy = CTRTIO+ AB S 4G — 460 5=G0 (5760 4 CTRTLO + Aggy ) I~ E) A
— CTR_IC+ A(zt)TE_(Zt)A(Zt) _ A(Zt)TE—(Zt)(Z—(Zt) + Ai"t)—l —(Zt)A(Zt)
9?—1\t—1 = CTR 'y, + A 5-G)(5=G) 4 oTR™10 + Apr1) H(CTR My, + 01110)
= CTR*l?Jt—l + A(Zt)Tzi(Zt)(Ei(Zt) + Aglt)ilaflt
We initialize at time T with
Ajyp=CTR™'C
017)“|T =C"R 'yy



An equivalent, but more numerically stable recursion is summarized in Algorithm 1.

1) Initialize filter with
Ajyp=CTR™'C
0 = CTR™yr
2) Working backwards in time, for each t € {T'—1,...,1}:
a) Compute
j _ Ab (Ab + 27(2t+1))71
1 = P e 1\ e 11

Liy1 =1— Jyp1.
b) Predict
Nej1t = Alzes)” (Lt+1Ag+1|t+1L?+1 + Jt+1zf(Zt+1)Jt7jr1)A(zt+1)
Orrre = AP Lot
¢) Update

Afy = A+ CTRTIC
0y, = Ory10+C R 'y,

Algorithm 1: Numerically stable form of the backwards Kalman information filter.

After computing the messages m41 +(x:) backwards in time, we sample the state sequence x1.7 working forwards
in time. As with the discrete mode sequence, one can decompose the posterior distribution of the state sequence as

p(xrr | Y10 211,0) = plxr | Tr-1,Y1.7, 217, O)p(TT1 | TT 2, Y175 217, 6)
~op(x2 | 1, Y1, 211, 0)p(%1 | Y11, 2175 6).
where
p(ar | Tio1, Y 217, 0) o< play | o1, A, SENp(y, | @y, R)myg4(e). (18)
For the HDP-SLDS, the product of these distributions is equivalent to
p(l’t | Tt—1,Y1.1) 21T, 9) 08 N(a’t; A(Zt)fﬂt—h Z(zt))/\/‘(yt; Cxy, R)mt+1,t($t)
o N (i Ay SEON T (@ 07, A)
- N_l(:vt; E—(zt)A(zt)mtil + 9?\75’ y(z) 4 A?|t)7 (19)

which is a simple Gaussian distribution so that the normalization constant is easily computed. Specifically, for each
te{l,...,T} we sample x; from

Ty ~ /\[(mt; (Zf(Zt) 4 Ag‘t)*l(E*(Zt)A(zt)xt_l + 67?|t)7 (Z*(Zt) 4 Afz't)fl). (20)




Given a previous set of mode-specific transition probabilities 7("~1), the global transition distribution 3("~1), the
dynamic parameters 61, and pseudo-observations g§”; b,
1) Set w = w1, {A®) £®} = (AW $®Yn-D) and g, = g0,
2) Calculate messages m;—1(k) and the sample mode sequence z1.7:
a) For each k € {1,..., L}, initialize messages to myy; 7(k) = 1.
b) Foreacht € {T,...,1} and k € {1,..., L}, compute

L r
mig1(k) =Y TN (@t; S aPg, ., zm) mei1,4(7)
j=1 i=1

¢) Working sequentially forward in time, starting with transitions counts nj; = 0 for each (j, k):
i) For each k € {1,..., L}, compute the probability

Fo(@y) = 7, (RN (.yt; S aPg, 2<’“>> mip14(k)
=1

ii) Sample a mode assignment z; as follows and increment n,, ,,,:
L
zt ka(gjt)5(zt,k:)
k=1

3) If HDP-AR-HMM, set pseudo-observations Y., = Yy.7-
4) If HDP-SLDS, calculate messages mt7t_1(xt_1) and the sample state sequence xi.7:

a) Initialize messages to mri1r(xr) = N ~(xr;0,0).

b) For each t € {T,..., 1}, recursively compute {955’| o Ai’l .} as in Algorithm 1.

¢) Working sequentially forward in time sample

@y~ N (@ (270 + A (B ACm 167, (276 + A7) 7).

d) Set pseudo-observations ¥,.;7 = Z1.7.

5) For each k € {1,..., L}, compute sufficient statistics using pseudo-observations 4,.7:
s —yWy®" gk s —y®OY®T L MK s = YRY®T f MEMT.
6) Sample auxiliary variables m, w, and /m and then hyperparameters «, vy, and « as in [5], [12].
7) Update the global transition distribution by sampling
B~ Dir(y/L+m,...,v/L+myr)
8) For each k € {1,..., L}, sample a new transition distribution and dynamic parameters based on the
sampled mode assignments and sufficient statistics of the pseudo-observations:

T ~ Dir(ozﬂl +nk1,...,aﬁk+lﬁ;+nkk,...,aﬁL+nkL)

L
2® ~ IW(SSE + S0, ke + no)
(=1

k k k). k) g=(k) s—(k) (k)
AW |2k~ MmN (AR 8 g I v giYy,
If HDP-SLDS, also sample the measurement noise covariance

T

R~ IW(Z(% — Cay)(y;, — Cxy)" + Ro, T +10).
t=1

9) Fix (" =7, 3" = 3, 6 = 9, and 1J§"% =Yrr

Algorithm 2: HDP-SLDS and HDP-AR-HMM Gibbs sampler.




