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Abstract

We apply to oscillatory networks a class of learning rules in which
synaptic weights change proportional to pre- and post-synaptic ac-
tivity, with a kernel A(7) measuring the effect for a postsynaptic
spike a time 7 after the presynaptic one. The resulting synaptic ma-
trices have an outer-product form in which the oscillating patterns
are represented as complex vectors. In a simple model, the even
part of A(7) enhances the resonant response to learned stimulus by
reducing the effective damping, while the odd part determines the
frequency of oscillation. We relate our model to the olfactory cortex
and hippocampus and their presumed roles in forming associative
memories and input representations.

1 Introduction

Recent studies of synapses between pyramidal neocortical and hippocampal neu-
rons [1, 2, 3, 4] have revealed that changes in synaptic efficacy can depend on the
relative timing of pre- and postsynaptic spikes. Typically, a presynaptic spike fol-
lowed by a postsynaptic one leads to an increase in efficacy (LTP), while the reverse
temporal order leads to a decrease (LTD). The dependence of the change in synap-
tic efficacy on the difference ™ between the two spike times may be characterized
by a kernel which we denote A(7) [4]. For hippocampal pyramidal neurons, the
half-width of this kernel is around 20 ms.

Many important neural structures, notably hippocampus and olfactory cortex, ex-
hibit oscillatory activity in the 20-50 Hz range. Here the temporal variation of the
neuronal firing can clearly affect the synaptic dynamics, and vice versa. In this
paper we study a simple model for learning oscillatory patterns, based on the struc-
ture of the kernel A(7) and other known physiology of these areas. We will assume



that these synaptic changes in long range lateral connections are driven by oscilla-
tory, patterned input to a network that initially has only local synaptic connections.
The result is an imprinting of the oscillatory patterns in the synapses, such that
subsequent input of a similar pattern will evoke a strong resonant response. It can
be viewed as a generalization to oscillatory networks with spike-timing-dependent
learning of the standard scenario whereby stationary patterns are stored in Hopfield
networks using the conventional Hebb rule.

2 Model

The computational neurons of the model represent local populations of biological
neurons that share common input. They follow the equations of motion [5]

w; = —au;— BPg.(vi) + Z I3 gu(us) + I, (1)
J
v = —ow; + 77 gu(us) + Z W3 gu(u;). (2)
J#i

Here u; and v; are membrane potentials for excitatory and inhibitory (formal)
neuron i, a~! is their membrane time constant, and the sigmoidal functions
gu( ) and g,( ) model the dependence of their outputs (interpreted as instanta-
neous firing rates) on their membrane potentials. The couplings 8? and ~? are
inhibitory-to-excitatory (resp. excitatory-to-inhibitory) connection strengths within
local excitatory-inhibitory pairs, and for simplicity we take the external drive I;(¢ (0)
to act only on the excitatory units. We include nonlocal excitatory couplings .J'
between excitatory units and W“ from excitatory units to inhibitory ones. In thls
minimal model, we ignore long—ra.nge inhibitory couplings, appealing to the fact
that real ana.tommaJ inhibitory connections are predominantly short-ranged. (In
what follows, we will sometimes use bold and sans serif notation (e.g., u, J) for
vectors and matrices, respectively.) The structure of the couplings is shown in Fig.
1A.

The model is nonlinear, but here we will limit our treatment to an analysis of small
oscillations around a stable fixed point {1, v} determined by the DC part of the
input. Performing the linearization and eliminating the inhibitory units [6, 5], we
obtain
it + [2a — JJu + [@® + B(y + W) — aJlu = (6; + a)dL (3)
Here u is now measured from the fixed point i, éI is the time-varying part of the
input, and the elements of J a.nd W are related to those of J° and W° by Wj; =
9u(2;)W and J;; = g;,(@;)J3;. For simplicity, we have assumed that the effective
local couplings 8; = g"(v,)ﬁo and v; = g (@;)y? are independent of i: B; = 5,
'y, 7. With oscillatory inputs §I = €e~* + c.c., the oscillatory pattern elements
= |&le~9 are complex, reflecting poss:ble phase differences across the units.
We l1kew1se separate the response u = u* + u~ (after the initial tranments) into
positive- and negatlveﬁequency components u* (with u~ = ut* and u* o« e¥¥t).
Since 1* = Fiwu®*, Eqn. (3) can be written

% + i(az + By —w?)| ut = MEu* + (1 + E) oI, (4)
a form that shows how the matrix _
M=) =JF —(BW —al). (5)

describes the effective coupling between local oscillators. 2 is the intrinsic damping
and y/a? + B~ the frequency of the individual oscillators.
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Figure 1: A. The model: In addition to the local excitatory-inhibitory connections
(vertical solid lines), there are nonlocal long-range connections (dashed lines) be-
tween excitatory units (J;;) and from excitatory to inhibitory units (Wj;). External
inputs are fed to the excitatory units. B: Activation function used in simulations
for excitatory units (B.1) and inhibitory units (B.2). Crosses mark the equilibrium
point (@, ) of the system.

2.1 Learning phase

We employ a generalized Hebb rule of the form

5Cy(t) = fo a [ " drult+ AW () (6)

for synaptic weight Cj;, where z; and y; are the pre- and postsynaptic activities,
measured relative to stationary levels at which no changes in synaptic strength
occur. We consider a general kernel A(7), although experimentally A(r) > 0 (< 0)
for 7 > 0 (< 0). We will apply the rule to both J and W in our linearized network,
where the firing rates g,(u;) and g,(v;) vary linearly with u; and v;, so we will
use Eqn. (6) with z; = u; and y; = u; or v; (measured from the fixed point 7;),
respectively.

We assume oscillatory input 01 = €%t 4 c.c. during learning. In the brain
structures we are modeling, cholinergic modulation makes the long-range connec-
tions ineffective during learning [7]. Thus we set J = W = 0 in Eqn. (3) and
find .
4 (wo +ia)gleiwot — 0, —iwot
U= Sawo + i(a® + By —wd) Unte @
and, from (0 + a)v; = yu;,

-.i- = i C —iwpt
R an.f?e : (8)

Using these in the learning rule (6) leads to

- A 0e0s
Ty = 2R A)ElET), Wy =2mw /)R 2SI (9
where A(w) = [ drA(r)e”™7 is the Fourier transform of A(r), Jo =

27y |Ug]2 /wo, and ny(w) are the respective learning rates. When the rates are tuned
such that n; = nwv8/(c® +w?) and when w = wy, we have M;: = Juﬁ(wo)ggfg*, a



generalization of the outer-product learning rule to the complex patterns £" from
the Hopfield-Hebb form for real-valued patterns. For learning multiple patterns &,
p=1,2,..., the learned weights are simply sums of contributions from individual
patterns like Eqns. (9) with £? replaced by &Y'

2.2 Recall phase

We return to the single-pattern problem and study the simple case when n; =
nwyB/(a? + w?). Consider first an input pattern §I = £e~“t + c.c. that matches

the stored pattern exactly (& = £°), but possibly oscillating at a different frequency.
We then find, using Egns. (9) in Eqn. (3), the (positive-frequency) response
4+ (w + ia)g%e vt
20w — 22 (w + wo) A’ (wo) +i[a? + By — L (w + wo) A" (wo) — w?]

(10)

where A'(wp) = Re A(wp) and A" (wp) = Im A(wp). For strong response at w = wp,
we require

wp = \/ﬂf2 + By — Jowp A" (wp), JoA'(wo) = 2a. (11)

This means (1) the resonance frequency wy is determined by A" (2) the effective
damping 2a — JpA' should be small, and (3) deviation of w from wp reduces the
responses.

It is instructive to consider the case where the width of the time window for synaptic
change is small compared with the oscillation period. Then we can expand A(wp)
in Wp:

A'(wo) ~ [ drA(T) = ao, A"(wo) ~ —wp [ drTA(T) = —woas. (12)

In particular, A(7) = 6(7) gives ap = 1 and a; = 0 and the conventional Hebbian
learning [5]. Experimentally, a; > 0, implying a resonant frequency greater than the

intrinsic local frequency, /a2 + B obtained in the absence of long-range coupling,.

If the drive £ does not match the stored pattern (in phase and amplitude), the
response will consist of two terms. The first has the form of Eqn. (10) but reduced
in amplitude by an overlap factor £€°* - £. (For convenience we use normalized
pattern vectors.) The second term is proportional to the part of & orthogonal to
the stored pattern. The J and W matrices do not act in this subspace, so the
frequency dependence of this term is just that of uncoupled oscillators, i.e., Eqn.
(10) with Jp set equal to zero. This response is always highly damped and therefore
small.

It is straightforward to extend this analysis to multiple imprinted patterns. The
response consists of a sum of terms, one for each stored pattern. The term for each
stored pattern is just like that just described in the single-stored-pattern case: it
has one part for the input component parallel to the stored pattern and another
part for the component orthogonal to the stored pattern.

We note that, in this linear analysis, an input which overlaps several stored pat-
terns will (if the imprinting and input frequencies match) evoke a resonant response
which is a linear combination of the stored patterns. Thus, a network tuned to
operate in a nearly linear regime is able to interpolate in forming its representation
of the input. For categorical associative memory, on the other hand, a network has
to work in the extreme nonlinear limit, responding with only the strongest stored
pattern in an input mixture. As our network operates near the threshold for sponta-
neous oscillations, we expect that it should exhibit properties intermediate between
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Figure 2: Circles show non-linear simulation results, stars show the linear simulation
results, while the dotted line show the analytical prediction for the linearized model.
A. Importance of frequency match: amplitude of response of output units as a
function of the frequency of the current input. The frequency of the imprinted
pattern is 41 Hz. B.Importance of amplitude and phase mismatch: amplitude of
response as a function of overlap between current input and imprinted pattern (i.e.
|§°* - £|), for different presented input patterns £. C: Input - output relationship
when two orthogonal patterns £' and £, have been imprinted at the same frequency
w = 41Hz. The angle of input pattern with resl_?ect to &' is shown as a function of
the angle of the output pattern with respect to £, for many different input patterns.

these limits. We find that this is indeed the case in the simulations reported in
the next section. From our analysis it turns out that the network behaves like a
Hopfield-memory (separate basins, without interpolation capability) for patterns
with different imprinting frequencies, but at the same time it is able to interpolate
among patterns which share a common frequency.

3 Simulations

Checking the validity of our linear approximation in the analysis, we performed
numerical simulations of both the non-linear equations (1,2) and the linearized ones
(3). We simulated the recall phase of a network consisting of 10 excitatory and 10
inhibitory cells. The connections J;; and W;; were calculated from Eqns. (9), where
we used the approximations (12) for the kernel shape A(7). Parameters were set
in such a way that the selective resonance was in the 40-Hz range. In non-linear
simulations we used different piecewise linear activation functions for g, () and g,(),
as shown in Fig.1B. We chose the parameters of the functions g, () and g,() so that
the network equilibrium points ;, ¥; were close to, but below, the high-gain region,
i.e. at the points marked with crosses in Fig. 1B.

The results confirm that when the input pattern matches the imprinted one in
frequency, amplitude and phase, the network responds with strong resonant oscil-
lations. However, it does not resonate if the frequencies do not match, as shown
in the frequency tuning curve in Fig. 2A. The behavior when the two frequencies
are close to each other differs in the linear and nonlinear cases. However, in both
cases a sharp selectivity in frequency is observed. The dependence on the overlap
between the input and the stored pattern is shown in Fig. 2B. The non-linear case,
indicated by circles, should be compared with the linear case, where the amplitude
is always linear in the overlap. In the nonlinear case, the linearity holds roughly
only for overlaps lower than about 0.4; for larger overlaps the amplification is as
high as for the perfect match case. This means that input patterns with an overlap
with the imprinted one greater than 0.4 lie within the basis of attraction of the









