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A Preliminaries

The appendices that follow provide the proofs of the results in the body of the paper. Throughout the
proofs we use the following notation to denote the hitting and movement costs of the online learner:
H; := fi(y:) and My := ¢(ys.4—p), Where y, is the point chosen by the online algorithm at time ¢.
Similarly, we denote the hitting and movement costs of the offline optimal as H; := f;(y;) and
My = c(y,4—p), where y is the point chosen by the offline optimal at time .

Before moving to the proofs, we summarize a few standard definitions that are used throughout the
paper.

Definition 1. A function f : X — R is m-strongly convex with respect to a norm ||-|| if for all z,y in
the relative interior of the domain of f and A € (0, 1), we have

fOz+ (1= XNy) < Af(x) + (1 =Nf(y) - %/\(1 =) llz = yll*.

Definition 2. A function f : X — R is l-strongly smooth with respect to a norm ||-|| if f is everywhere
differentiable and if for all x,y we have

F) < 1)+ (f @)y —2) + ¢y~ al.

Finally, Lemma 13 in Goel et al. [24] will be useful, and so we restate it here.

, and v is

Lemma 1. If f : X — R is a m-strongly convex function with respect to some norm ||-
the minimizer of f (i.e. v = argmin,c » f(y)), then we have Yy € X,

F@) = f0) + 5 lly = ol

B Analytic 1-d example

In this section we use simple examples to illustrate the contrast between the best linear controller
in hindsight, which is the predominant benchmark, and the optimal offline controller, which is
not necessarily linear or static. We highlight analytically that the optimal linear controller can be
arbitrarily worse than the optimal offline controller, and then illustrate that analytically that Optimistic
ROBD can obtain near-optimal cost.
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Example: a scalar system. Consider the following scalar system:

T
min Zq|mt|2 + |ue]?

Ut
t=0

St Ziy1 = axy + up +wy

where a > 1, zg = 0 and w; is the disturbance. For this system, we have:

cost(LC) g+ (a—1)? T
cost(OPT) ” 4 Vwikio,
where cost(LC) is the cost of the optimal linear controller in hindsight. Hence,

cost(LC)/cost(OPT) is arbitrarily large as ¢ and a increase. We emphasize that this lower
bound holds for any disturbance sequence, and there exist many sequences making this lower bound
even bigger. For example, if w; is a constant (w; = w, Vt):

cost(LC) _ g+ (a— 1)? g+ (a—1)
cost(OPT) — 4 q '

Alternatively, if w; = (—1)% - w:

cost(LC) S 4t (a—1)?° g+ (a+1)?
cost(OPT) — 4 q '

Proofs are given in Appendix [Il This example highlights that the gap between cost(LC') and
cost(OPT) can be arbitrarily large for strongly convex costs. Thus, even if an algorithm has no
regret compared to the optimal linear controller, it has an unbounded competitive ratio.

Further, we can contrast the competitive ratio of the optimal linear controller derived above with
that of Optimistic ROBD. For convenience, assume cost(OPT) = T First, notice that there exists
{wy}1_, such that cost(LC) > O(max{q,a*/q} - T for big enough a and q. From Corollary in
the case exact prediction of wy is possible, Optimistic ROBD has cost(ALG) < O(max{1,a*/q} -
T),V{w; }]_,, which is orders-of-magnitude lower than cost(LC)).

In the case exact prediction is impossible and the estimation error is ¢, = w; — w;, Optimistic
ROBD guarantees cost(ALG) < O(max{1,a?/q} - T + max{a?,q} - 31" €) by Corollary
Moreover, Corollary [2|gives a constant competitive ratio, cost(ALG) < O(max{q,a*/q} - T) for
any {w; }1_, which is the same as the lower bound of cost(LC') we found. Thus, even without any
estimate of the noise, our upper bound on the cost of Optimistic ROBD matches the lower bound on
the cost of the optimal linear controller.

C Proof of Theorem

Our approach is to make use of strong convexity and properties of the hitting cost, the switching cost,
and the regularization term to derive an inequality in the form of H; + M, + A¢y < C(H; + M})
for some positive constant C, where A¢; is the change in potential, which satisfies Zthl Ay > 0.
We will give the formal definition of A¢; later. The constant C is then an upper bound for the
competitive ratio.

We use ||-|| to denote £3 norm or matrix norm induced by ¢5 norm throughout the proof.

By assumption, we have y; = y; fori = 0,—1,--- ,—(p—1).
For convenience, we define
A+ +m 2
¢ = ——— lye — vl

Recall that we define v; = arg min,, f;(y). Since the function

P
Y- Z Ciyr—i

=1

2

auly) = fuly) + 2

A
5 + 5 My = v’
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is (m + A1 + Ag)—strongly convex and ROBD selects y; = argmin, g;(y), we see that

m4+ A1+ Ao " "
ge(e) + =5 llve = i I” < 9e(v7).

which implies

=1

* >\2 * 2 1
< <Ht +7”% — | >+ 5 ||Y

= |ICill
Hy + M M, + ¢t*ZT¢t—i

3)

2
cht % -

p
Ci
s,
i=1 @

In the following steps, we bound the second term in the right-hand side of (3] by the switching cost
of the offline optimal.

P
o
s-lci,
. [0
=1

M4+ +m < .
= LI TNN G (lyemi — wia®

2a =1
A+ Ao+
> 20; m(ZHCH ’yt T ZH) (4a)
2
A A
>ttt (chzyt z—ciyt*_iH) (4b)
AL+ Ao+
2 ! 20; mn iYt—i Zozyf 7 ) (4C)

where we use Jensen’s Inequality in {@a); the definition of the matrix norm in @b)); the triangle
inequality in (4c).

For notation convenience, we define

p p
6= Ciyri— Y Citi;.
i=1 i=1
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Therefore, we obtain that

2
)\ P p C
o y: - Z Ciye—i|| — Z L OZH Dr—i
1=1 =1

2
A+ +m 2
v [|6¢ |

A
|

A P
5 yf - ;Ciytfi

2
A1 . . A1+ A2 +m 2
= ) (yt - ;Ciyti> — 0t ’ T 92 [[0¢ ]l

2

< 5| D G|l M v = Coyil| -1l
i=1 i=1
A1 2 AL+ A2+ m 2
— ||| = ——=—=—1|0
+ 5 [|6¢]] 502 [0l
Al P 2 p
=75 i = Cayr || M |yr =D Cayr|[ - 6]
i=1 i=1
(1—a2))\1+)\2+m 2
- - I6]
2
A1 L a2)2 «
< 2t * C. * * Ci *
=9 yt ; tyt—z + 9 ((1 _ a2))\1 + )\2 + m) yt ; /yt—Z

(1 — a2))\1 + X+ m

202
- )\1(/\1+)\2+m) *
o (1—a2))\1+)\2+m t

(1—a®)A1+ X2 +m
202

l18:]|* — [EAls

(52)

(5b)

2

(50)

where we use (@) in (5d); the triangle inequality in (3b); the AM-GM inequality in (5c).

We also notice that since f; is m-strongly convex, the first term in the right-hand side of (3) can be

bounded by
* >‘2 * m+ )\2 *
Hy +?”yt *Ut”Q < Hy.
Substituting (3) and (6) into (3), we obtain that
q
Ci
Hy + MM+ ¢ — Z Hai”%fi

t=1
)\1()\1 +)\2 +m) *
(1—a2)A\i+Xo+m '

Define A¢y = ¢ — > ¢, Il , . We see that

[e%

< m—+ Ay

Hf +

T 1 q—1 q 1 q—1 q
D Ab==3 | D NG| bri= = | X 1G] o
t=1 i=0 \j=i+1 i=0 \j=i+1
Since ¢y > 0,Vtand ¢pg = ¢p_1 = -+ - = ¢p_g41 = 0, we have
T
Z Agy > 0.
t=1
Summing (7) over timesteps t = 1,2, --- , T, we see that

T T T
m+ A )\1()\1+>\2+m)
H M Ag¢y < H;
tz:;( i+ t)+tz:; ¢t_;( m t+(1—a2))\1+>\2+m
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Using (8], we obtain that

T

T
m+)\2 /\1(/\1+)\2+m) )
> (He+ M) <D pguE M), 9
t:l( Em AL —t_1< (I—o?)A+A+m ©

which implies

T T
m —+ Ag A+ Ay +m
H, M < H M.
Z t+ t Z( mAi +(1—042))\1—|—/\2—|—m t)

D Lower bound of online optimization with structured memory

Theorem [I] considers the problem setting where the hitting cost functions are m—strongly convex
. . oo L 2

in feasible set X’ and the switching cost is given by c(yu.e—p) = % |lys — Y4, Ciy—ill;, where
C; € R”%and >°F_ ||Cs]l, = a. We prove that the competitive ratio provided in Theorem [1]is
optimal in parameters o and m by showing a lower bound for a specific sequence of hitting costs and

a specific form of switching cost, c(yz, yi—1) = 3 ||yt — ayi—1 Hg
Notice that making improvements on the competitive ratio is still possible if we consider more
specific matrix C; or adding more assumptions on the hitting cost functions.

Theorem 4. When the hitting cost functions are m—strongly convex in feasible set X and the
switching cost is given by c(ys, yi—1) = 5 ||ye — a1 ||§f0r a constant o > 1, the competitive ratio
of any online algorithm is lower bounded by

1 a? -1 a2 —1\? 4
S+ +a/(1+ +—
2 m m m

Theorem[]is a generalization of [24]][Theorem 1], which only considers the case when ov = 1. Our
proof uses a parallel approach but extends it to general . Before giving the proof of Theorem 4]
we first prove the generalization of [24]][Lemma 7]. To simplify presentation in the proofs, we use
K(n,y) to denote the set {y € R" ™2 | y; € R, yo = 0, Y11 = y}.

Lemma 2. For m > 0 and o > 1, define

n n+1
a, =2 min 24 —ay;_ 2.
oy (5000t 5300 - i)

—m—a?4144/(m+a2—1)24+4m
5 .

Then we have lim,, oo a, =

Proof of Lemmal[2] Using a parallel approach to [24][Lemma 7], we can show that sequence {a,, }
satisfies the recursive relationship

a, +m
a = —.
il an +m + a?
Solving the equation y = m f;gfa% we find the two fixed points of the recursive relationship

_ _ap+tm
Unt1 = G, fmta? &€

—m—a?+1+/(m+a2-1)2+4m
Y1 = )
2

and

—m—a?+1—+/(m+a®—1)2+4m

Y2 B

Notice that for i = 1, 2, we have

m—(m+a®)y; = —(1—yi)y:
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Using this property, we obtain

__antm _(A-yan+m—(m+a®)y; (1 -yi)(an —y1)
n+l1 —N1 = ——— 5 ~ Y1 = 5 = 5 , (10)
ap +m+ « an +m + « an +m -+«
and
_ an+m (I —wa)an+m—(m+a?)ys (1 —y2)(an —y2)
Up1 — Yo = ——F———>5 — Y2 = 5 = 5—- (1D
an +m—+ « an +m+ « an +m—+ «

Notice that a,,4+1 — y» > 0. By dividing equations (I0) and (IT), we obtain

(an+1—y1> _ 1_y1.<an_y1> Vn >0
A1 — Y2 l—ys \an—v2)  —

Solving this in a parallel way to [24][Lemma 7], we get

, -1 ,
(1_y1>rb+1 (1_y1>rb+1
an = | 1= Y1— Y2+ :
L=y -y

) < 1, we have

Since 0 < (1_

Y1
1-y2

o — 2 1 2 _1)2 4
lim a, =, = m—a® + +\/(m+a )2+ m‘

n—oo 2

12)

Now we come back to the proof of Theorem []

Proof of Theorem{d] We consider the counterexample where the starting point of the algorithm and
the offline adversary is o = y; = 0, and the hitting cost functions are

L) = {20 te{l,2,n}
k Z(y—-1?* t=n+1

for some large parameter m’ that we choose later.

By a parallel approach to [24]][Theorem 1], we can show the cost incurred by any online algorithm
has the lower bound
cost(ALG) > min 1p + ﬁ/( -1)?) = 1 (13)
AT Er)
In contrast to the case when o = 1, the offline adversary can leverage the factor « to approach 1
quicker if a > 1.

Let the sequence of points the adversary chooses be y* = (y3,y5, -+ ,y5.1) € R"T2. We compute
the cost incurred by the adversary as follows.
n+1
-9 i H + M
On y*eHIlCI(I}zJ);( i T z)
n m n+1 1
-9 i Zy)? Sy —ayr ,)? ).
o (5000 5300 - i)

In words, a,, is twice the minimal offline cost subject to the constraints y5 = 0,y;,,; = 1. Recall
that we have derived the limiting behavior of the offline costs as n — oo for general « in the Lemma
Given Lemma 2} the total cost of the offline adversary will be %-. Finally, applying (I3), we know

Vn and Ym’ > 0, )
cost(ALG) S 2(0+5) 1
cost(ADV) = % (1+ L)a,

By taking the limit n — oo and m’ — oo and using Lemma|2] we obtain

cost(ALG) . cost(ALG) S 1 - o2 -1 N \/(1 N a2 — 1)2 N 4
- m m

m

cost(OPT) nom o0 cost(ADV) — 2

18



E Proof of Theorem

We use ||-|| to denote ¢5 norm or matrix norm induced by ¢5 norm throughout the proof. Before giving
the proof of Theorem 2] we first prove three lemmas that we use later.

Recall that ROBD with parameters A\; = A, A\ = 0 minimizes a weighted sum of the hitting cost f;
and the swirtching cost c. To pick the appropriate estimation of v; from the set {2;, we want to study
when the previous decision points #;_p.;—1 is fixed, how the position of v; will affect the minimum
of this weighted sum. By a change of variable, we see this is equivalent to study when the hitting cost
function is fixed, how the sum Zle C;9:—; will affect the weighted sum. We use z to denote the
sum » 7, Cig—; in Lemma

Lemma 3. Suppose function f : R — R is m-strongly convex. Define function g : R — R as
. A 2
g(x) = min f(y) + 3 [ly — =[|"-

Am
A+m

Then g is -strongly convex.

Proof of Lemma[3] Due to the definition of strongly convexity, we only need to show that for all
r1,79 € R7and n € (0, 1), we have

g s + (1= n)e) < ng(o) + (1= n)g(az) = grtmsn(1 =) oy =l

For convenience, we define
. A 2
o i= argmin f(y) + 5 ly — 1],
y

and
) A 2
2 1= argmin f(y) + 5 ly - 72/l
y

‘We have that

ng(z1) + (1 —n)g(x2) — %n(l —n) &1 — za?

nA 2 (I=n)A 2 Am 9
nf () + @ =m)fy2) + 5 llys = 21" + =7 llyz — 22| 72()\+m)77( n) [lzr — z2||
(14a)
m 2 Am 2
> 1- Zha - T [ LS -
2 fyr+ (1 =n)y2) + 501 —n) llyr — 22| 2(/\+m)n( n) |1 — 2|
A 1—n)A
T R sy P (140
m Am
> gz + (1 —n)z2) + 577(1 =) [l — v2ll* = mn(l —n) ||z — 2o
A 1—n)A A
PP S g P - D 2+ Q- (o)
m Am
> g(nz1 + (1 —n)z2) + 577(1 — ) Iy — vel® - m’i(l — ) |lz1 — 22
1—n)A
P ) — - )P,

where in (I4a) and we use the definition of function g; in (I4b) we use the fact that f is
m—strongly convex; in we use function 3 ||- ||* is A—strongly convex.
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Notice that

A
mlys = ol = 35 ey = @ Al = 92) = (1 = 22
2 Am 2 2 2

2 mllyr = y2ll” = e = 22" + Allys = y2ll” + Allz = 22" = 22 lyr — 2 - llen — 22|

+m

2
= (m+X) [y = wall* + o e = zol|* = 2X [ly1 =yl - |21 — |
> 0.
15)

Substituting (T3) into (T4) finishes the proof. O

In the second lemma, we show that if a function f is strongly smooth, the function value f(y) at
point y can be upper bounded by a weighted sum of the function value f(x) at another point z and
the squared distance between = and y.

Lemmad. If f : R? — R U {0} is convex and I-strongly smooth, we have for all z,y € RY, the
inequality

1 l
Fo) < @)+ (145) - Gllo =l
holds for all n > 0.

Proof of LemmaM] Let v := argmin, f(z).

Using the property of [-strongly smoothness, we see that

F(@) > f0) + (V)2 — o) + o5 [V (@) ~ VI (168)
> IV, (16b)

where we use [13][Lemma 3.5] in (I6a); we use f(v) > 0,V f(v) = 0 in (I6D).

Therefore, we obtain that

l
f) < f@) + (VF@)y =) + 5 lly = 2l (17a)
l
< f@) + V5@ - ly = all + 5 ly - | (17b)
l l
< S@) gy IVF@I 4+ 5y = o+ 5 lly = ol (70)
< @) +af@) + (141) g byl (170

=4+ (140 ) - 5l -l

where we use that f is [-strongly smooth in (T7a); Cauchy-Schwarz Inequality in (T7b); AM-GM

inequality in (T7c); (T6) in (T7d). O

Recall that g is the decision point of ROBD which knows tha exact v; before picking ;. y; is the
decision point of Optimistic ROBD which cannot observe the exact v; before picking y;. In the third
lemma, we show that y; and ¢, will be close to each other once the estimated minimizer v; computed
by Optimistic ROBD is close to the true minimizer vy.

Lemma 5. Under the same assumptions as Theorem[2] the distance between y; and 4, can be upper
bounded by

llye — el < 21/l s

where (; = vy — Uy.
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Proof of Lemma[3] Recall that by definition, the real hitting cost function which we used to pick g
is fi(y) = ht(y — v), and the estimated hitting cost function which we used to pick y; is given by

fi(y) = he(y — ). Therefore, we have fy(y) = fi(y + ().

Since §; = ROBD(ft,9t-1:t—¢q) = argmin, ft(y) + Ae(y, Gi—1:4—p), by strongly convexity, we
have that
2

+

A

Ji(ge) + 2 m

2

N 2
Hyt — Yt — Ct||

, (18)

p
vt G — > Ciljs

i=1

< felye +G) + %

Similarly, using y; = ROBD(f3, §1—1.t—q) = arg min, f(y+ () + Ac(y, Jt—1:4—p), We obtain that

2

A P m+X . 9
ft(yt+Ct)+§ yt_ZCiytfi T [9e = ye — Gl
i=1
R ) 2 19)
< fe(@e) + 5 |9 =G Zlci?)tfi
Adding (T8) and (I9) together, we obtain that
(m+X) 90 = e = Gl

p 2 p 2 p 2 p
S| |peta- S G| = v =D Citni| +|[ge— G =Y Cigmi| — || — Y Ci—i

i=1 i=1 i=1 i=1

A (Ye + G — 9e)
S AMG - 9e — ye — el -

(20)
Therefore, we see that
19: —ye — Gell < NGl
which implies
lye = Gell < 211Gl
O
Now we come back to the proof of Theorem [2]
Define function ¢ : R — RT U {0} as
Y(v) = myin hi(y — v) + Ac(y, Ge—1:4—q)-
By a change of variable y <— z 4 v, we can rewrite function v as
A g ’
Y(v) :mzinht(z)—l— o1 e (—v—i—;Ci@t_i) 21
By Lemma we see that function ) is )\/}::n -strongly convex.
Recall that
Yt = ROBD(fta gt—l:t—q) = arg min ht(y - 'Dt) + AC(ya Qt—l:t—q)a (22)
y
and
9t = ROBD(fr, §t—1:t—q) = argminhe(y — ve) + Ac(y, Je—1:t—q)- (23)
y

21
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Since ¥; minimizes ¢ and ) is

2 -strongly convex, usmg (22) and (23), we obtain that

P
N R 1 mA\ B
hilye =) + 5 yr;ayt_i Rl e &
, 9 (24
< he(ge —ve) + 5 |9 — Zcz'@t—i
i=1
Using Lemma[d] we see that for any 7 > 0,
1 ! )
h —u)<h — ) + — ||ve — 0| 25
1+ t(yt t) < he(ye t) 2 [[ve Al 25)
Since function % ||y, — yl|? is A- strongly smooth in y, by Lemmal we see that for any 7o > 0,
1 A - o i
=) Ciyr—i S llye— D Cilir—i P Ci(Yt—i — Jt—i 26
T+t Yi ; Yt 5 |9 ; Yt +2772 ; (y Gt—i) (26)

Notice that
p

> Cilyr—i — i)

i=1

IN
N | =

p

2 2
(Z 1C:l - [lye—i gtzH) (27a)
(6] P 2
<3 (Z ICa| - Ny — Gl ) (27b)
717
<2« (Z 1Cill - [|De—i — Ut—i||2> ) (27¢)

i=1
where we use the triangle inequality and the definition of matrix norm in (27a); Jensen’s inequality in

(276); Lemma[3)in 7).

Substituting (27) into (26)) gives

1 - ’
ve— Y Ciyis
i=1

1
2

—

p

2
ve— Y Cifjis

i=1

A
1+ 2

R ~ 2
— (Z Gl - 101 = vei )
i=1
(28)
Substituting (23) and (28)) into (24)), we obtain that

1 A -
h — V) + —0—/—— - Ciyr—;
T+m (Yt t) 21+ 1) Yt ; Yt
A & S A 20\
N . N m a
Sht(yt_vt)+§ yt—;ciytﬂ' + (771 _/\—|—m> = v — 0| "‘7 (Z C3ll - [0~ — ve—i| )
(29)
Summing up (29) over all time steps, we see that
mm{;LfgjLﬁfi@{+M)
L+m 1+ P ! ‘
) - (30)
. N l da A mA 1 2
< (H+AM>+<+ > = loe — B2
S (Aain) + (G 52 - ) g e
We pick 72 = pand 1 = 1+"_>‘ so that —— +n = 17— +n Substituting into (30) gives
T T T
147 . . l 402 m 1 <2
(He+ M) < —— (H )\M) Alm/m—— ) = - .
; ¢+ M) < Z:: ¢+ AM )+ (1+77_/\+ " )\+m);2lvt Ue|
(€29
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Algorithm 4: Optimistic ROBD with A = 0
fort =1to T do
Observe: v;_1, hy,
St < Zf:1 Civg—i
Let y, be the projection of s; on {2,
Output: y, (the decision at time step t)

Recall that the point sequence {§;}1<;<r is identical with the one picked by ROBD, which has
parameters A\; = A\, Ao = 0 and has access to the exact v, before picking y;. Therefore, the same

upper bound of Zthl (fIt + )\Mt) given in (9) in the proof of Theorem |1|also applies here. It

shows that
T

D (Hy+AM) <) (Ht* + NM:) : (32)
t=1

a2
— a?)A+m

Substituting (32)) into (31)) finishes the proof.

F Optimistic ROBD with A =0

Although Theorem 2] does cover the case when A = 0, it is possible to extend the analysis to cover
this setting. Notice that the agent may choose any point in €; in Algorithm[2]when A = 0. Thus, a
tiebreaking rule is needed to cover the case of A = 0. We break the tie by choosing the projection of
>°F_, Cyvi—; on Qy, which is natural if we consider A — 0. We give the pseudo for this specific
case in Algorithm 4]

Asin Section we first consider the case when 2, is a one-point set, i.e. ; = {v;}.

Theorem 5. Suppose the hitting cost functions are m—strongly convex and the switching cost is given
2
by c(Yri—p) = 2 llye — 30, Ciy—ill, where C; € R and 3-8 (||, = . When Q; = {v,},

the competitive ratio of Algorithmis upper bounded by 1 + %

Proof of Theorem[3] Notice that when Q; = {v,}, AlgorithmE]will pick y; = v, for all time step ¢.

Since vy = arg min,, f (y) and f; is m—strongly convex, we have that
m * *
Felve) + 5 llye = vell* < filyp). (33)

On the other hand, we can bound the switching cost of Algorithm ] by

1 P
5 Ut — ; Cive—;

1 * p *
=5 ||V~ Zlciytfi
iz

2

2

P P

* " 1

+ <yt - E Ciyi s, 08 — E Cﬂ)tfi) + B
=1 =1

2

1 * - * * - * - 1 * - *
S 5| Z Ciyi || + || — Z Ciyi || - ||ve — Z Cive—i|| + 3 (ve =) — Z Ci(ve—i — Yi_;)
i=1 i=1 =1 i=1
(34a)
2
(I+a)?\ 1| m 1 . \

< (14212 )2 — oy 14—+ ).z — ¥ — (i — Y

= ( + m 9 Yy ; C Yi—i + + (1 I 04)2 ) (Ut yt) ; C (vt Y z)
(34b)

where we use Cauchy—Schwartz inequality in (34a); we use AM-GM inequality in (34D).
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Notice that

p
(v —yp) — Zci(vtfi = Yi_i)

=1

2 v 2
< <||Ut -y +ZHC@|| : H”tz—nyH) (35a)

=1

p
<(+a)- (vt —IP+ D NG fJo—i — yf_i||2> ;

i=1
(35b)

where we use the triangle inequality in (35a)) and the Cauchy-Schwartz inequality in (33D).
Substituting (33) into (34) and summing up through time steps, we obtain that

T 1 P
Z 2 1o~ Z Civi—;
i—1

t=1
Substituting (33) gives that

T 1 P
Z § Ut — Z Civi—g
i=1

t=1
which implies

2
1+ a)? . 1 )

2

<31+ “““)) wi+ (1 “*ﬂj‘)) (H; = fulon),

m
t=1

T 2

> Ao+ 5

t=1

T
< (1 n (1+a)2> SC(HP M), (3D

m
t=1

p
Uy — g Cive—i
i=1

O

Now we consider the case when (2, is a general convex set.

Theorem 6. Suppose the hitting cost functions are both m—strongly convex and |—strongly smooth
and the switching cost is given by c(yui—p) = 5 ||yt — >ob_y Citii— ;, where C; € R4 and
> Cilly = o Forarbitraryn > 0, the cost ofAlgorithmis upper bounded by K1 cost(OPT)+
Ky, where:

3

K1(1+77)'<1+

T
1 1
Ko (14 (142 ) @ = 04 - 3 5 =il

t=1

=)

Like Theorem 2} we can choose 7 to balance K4 and K and obtain a competitive ratio, in particular
the smallest 7 such that:

1
l+<1+n)02—(1+7l)§0.

Therefore, we have n = O(I + ?) and K, < 0. So the competitive ratio is upper bounded by:

o (s ot (1 0£22)),

Proof of Theorem@ Since y; is the projection of Zle C;vy_; on £y, and €, is a convex set, we

have that
P P
Yt — Z Cive—i Ut — Z Cive—;
i=1 i=1

Because the hitting cost function f; is [-strongly smooth, and v; is the minimizer of f;, we see that

2

1
< =
-2

2
1
=5 loe =l (38)

1
2

1 1
i) < = llve — yel* + — felve) (39)
T m

2
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holds for any n; > 1.
Since function % ||y, — y||? is 1-strongly smooth in y, by Lemma we see that for any 72 > 0,

2 2

1 P 1 1 P
5 ||ve — Z Ciyi—i 5 |lve — ZC V|| + — ZCi(Utﬂ' ) (40)
o =t 2 202 ||
Notice that
1 p 2 1 p 2
2 ;Ci(vt i~ Yr—i)|| < ) (; 1Cill - Nye—i — Util) (41a)

P
a
=3 (Z ICall - Nlye—i — Ut—i2> ; (41b)
i=1
where we use the triangle inequality and the definition of matrix norm in (@Ta); Jensen’s Inequality in
(@10).

Substituting @T)) into (40) gives

Yt — cht %

1 1
1+22

2
1 P [0 P 2
=5 | > Covil| + o (Z Cill - Nlye—i — ve—ill
i=1 i=1

(42)

Substituting (39) and (@2) into (38) gives

: >
T Yt — Ciye—i
1+ i=1

p 2 P
l 1 o
vy — E Cive—i|| + (771 - 1> i) lor — yell* + 21 (Z NCill - lye—i — Ut—z’||2> :
i=1 =1

%ft(yt) +

S%ﬁ@0+

(43)
Summing up @3) through time steps, we obtain that
T P 2
N Ciyys
mln{ 1+772}; fe(ye) Yt ; iYt—i
(44)

T D 2
<3| felw) v =Y Cives
i=1

t=1

l OL2 1 2
(S 1) el
mo N2 2
Let 7o = nand n; = 1 + 7. Combining with (37), we obtain that

T P
Z fe(ye) + 5 ||ye — Zciytfi
i=1

2

<(1+17)~(1+(1—;;1)2>-i(Ht*—f—Mt*)—&-(l+<1+717)a2—(1+77)>';|yt—vt2.

(45)
O

G Proof and example of Theorem 3|

The proof will proceed as follows. First, we extract the controllable dimensions in x,

k k
{xg 1), e ,xE d)}, to construct a new vector z,. Then we can represent x; by 2y, z¢—1, - - , Zt—p-
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Therefore, we can rewrite the dynamics in sequence {z; }o<;<7, control action u;, and noise w;. By
this approach, we can remove the control matrix B before (u; + w;) in the dynamics. Finally, we
can convert the resulting dynamics to an OCO problem with structured memory.

We use ||-|| to denote ¢5 norm throughout the proof.

Recall that the objective is given as

T
55 (allmal® + ). 6)

t=0
where ¢, > 0 for all 0 < ¢ < T. Without loss of generality, we assume ¢, = 0 forall ¢t > T

Recall that we define operator ¢ : R™ — R™ as

b(w) = (;C(’ﬁ),... 7x<kd>)T

Using this notation, we define vector z; as

Zt = w(l‘t>,t Z 0.

kj) (@)

Notice that zt = x for j = 1,---,d. Since we have x;’ = x(H_l) fori ¢ 7, x; can be

represented by
1 1 d dH\T
Ty = (Zt(—)pl—‘rl".' 7Zt( )’ Zt( )pd+17... )zt( )> . (47)
Since xy = 0, we have z; = 0 for ¢t < 0.

Using @7), we can rewrite the objective function as a function of sequence {z;} and {u;}. Notice
that

Pi

qt zd: Z (zt+1 ])

i=1 j=1

|
1

T

2
ZQt ey =
t=0

pi

Ed: thﬂ (Zt+1)27 (48)

i=1 =

i

1

t

Il
=)

where in (48a) we use z; =0 forallt <0Oand g =0forallt > T.
Therefore, we define function h; : R? — R* U {0} as

1 d Di .2
hi(y) = 5 Z th+j (Zl/(z))
i=1 \j=1

Using this definition, the objective (@6) can be rewrite as

T T-1

1 1

527 (e el + uell*) = D7 heeen) + 5 el (49)
t=0 t=0

where we notice that the optimal choice of control action ur is always zero because it will not affect
any state.

We also see that u; can be determined by z;_p11.44+1 because

Ut = 241 — Wt — A(I, Z)It, (50)
where A(Z,:) consists of k1, - , k, rows of Aand ¢ > 0.
Notice that A(Z, :)x; can be written as y 5, C;z;_;41 by the definition of C;,i = 1,-- -, p. There-
fore, we can rewrite (50) as
P
Ut = Zg41 — W — Z Ciztfz#la (5D
i=1
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which is equivalent to
p
Zp41 = Up + Wy + Z Cizt—it1-
i=1

We recursively define sequence {y; }+>_, as the accumulation of control actions, i.e.

p
Yy = Ut + Zciyt—th >0,

i=1
where y; = 0 for all t < 0. We also define sequence {(; }+>_ as the accumulation of control noises,
ie.
p
G =wy + ZCiCt,i,Vt >0,
i=1
where (; = 0 forall ¢t < 0.

Recall that we have x¢ = 0 by assumption. Therefore,

Zi41 =Yt + G (52)
holds for all t > —1.

Using (49) and (52)), we can formalize the problem as online optimization with memory, where the
hitting cost function is given by

fe(y) = hie(y + G,
and the switching cost is % [y — >°7_, Ciys—; I1%.

Although h; is revealed before the agent picks ¥;, we need the knowledge of v; = —(; to construct
the hitting cost function f;, which depends on previous noises wy.;. At time step ¢, we know the exact
w, for all 7 <t — 1, thus we can compute the exact (, for all 7 < ¢ — 1.Since the set W; contains
all possible noise w;, we can construct the set 0, = {—w — Zf:l CiCi—; | w € W} which contains
all possible v;.

Example. To illustrate the reduction, consider the following example:

©) ©)

JT@H 0 1 0 0 07 |% 0 0

e e 1 0

t+1 ay az asz a4 as t (1) (1)

3) (3) (> wy

22 =10 0 0 1 0| |z +1]0 0 IR RINE (53)
ey 00 0 0 1|]|,® 0 0 Uy wy

e by by b3 by b5 | (5 0 1

X Xz

t+1 t

. . 1 2) (3 4 . .
Notice that since x§ +)1 = x§ ), xi +)1 = :vg ), we can rewrite (33) in a more compact form:

(2) (2) (2) 0 (2) (1) (1)
Ty _ a2 as Xy + a; ag Ty g + as Ty_o + Uy + Wy (54)
(5) by b (5) by b (5) 0 b (5) (2) 2] -
T 2 Ty 1 41 |72 31 (T2 Uy Wy
N—— ——— ——

e ol Ca Cs

In this example p; = 2,p2 = 3,7 = {k1,k2} = {2,5} and thus p = 3 and n = 2. From we
have

zt41 = Crzg + Cozg—1 + C3zp_o + us + wy. (55)
Recall the definition of y; and (;:
3 3
ve=u+ Y Coy i, V>0, G=w+» CiG3,Vt >0, (56)
i=1 i=1

Then the original system could be translated to the compact form:

Ze41 = Yt + Gt (57)
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Algorithm 5: Adaptive control via optimistic ROBD

Parameter: \ > 0
Input: Transition matrix A and control matrix B
fort =0toT — 1do
Observe: z;, Wy, and ¢4 4p—1
if t > 0 then
Wi—1 — Y (xy — Axy_1 — Buy_q)
2t < ¢($t)
Define function h(z) = % Zle (Zé’zl qtﬂ.) (Z(i))2
. . . . 2
Wy 4 arg min,cy, min, hy(2) + 5 ||z —w — 38| Cizepa—|
. - R 2
2z < argmin, hy(2) + 5 ||z — @y — > ob_y CiZeri—i|
up =z — Wy — iy Cizey
Output: u;
Output: ur =0

If the objective is given as (6], we have that
1 2 1 2
hi(2) = §(Qt+1 + Gt42) (2(1)) + 5((1t+1 + Gi+2 + Ge43) (2(2)) :

Lastly, we want to point out that our reduction can work for more general forms of objectives than
([#6). Specifically, we only require that the objective can be transformed to

T-1 1
D hilziga) + 3 [
t=0

where h; is a strongly convex and strongly smooth function that is observable before the agent picks
uz. Therefore, our reduction is more general than the reduction given in [24][Corollary 2], which
considered the case when B = I. Notice that when B = I, we have p = 1 and z; = x;.

H A numerical issue in algorithm 3| and its solution

We have presented Algorithm[3]in as simple and intuitive a manner as possible but, as a result, there is
a potential numerical issue that may arise for large horizon 7. Although the sequence {z;} is naturally
bounded and we always have z;11 = y: + (;, the magnitudes of y; and (; may grow exponentially
since they accumulate the actions and the noises separately. However, this is not a fundamental
problem, and there is a straightforward solution when the Solver in Algorithm 3]is Optimistic ROBD
(Algorithm . The key insight is to solve optimization in {ug, wy, z¢ } space, instead of {y;, (s, z¢
space.

More specifically, when instantiated with Optimistic ROBD, we can rewrite the pseudo code of
Algorithm[3|as Algorithm|[3]so that variables y; and (; are not involved. While equivalent to Algorithm
[3] with Optimistic ROBD as the Solver, Algorithm [3]is numerically stable because we avoid the
potentially unstable recursive calculation of {; and the sequence {w;} is bounded.

I Proofs for Appendix

In this section, we establish the lower bound of the cost incurred by any linear controller and the
upper bound of the offline optimal cost for different noise sequences. Specifically, we show a lower
bound of the linear controller’s cost on any noise sequence in Section We also give an upper
bound of the offline optimal cost on any noise sequence in Section We further show that the
upper bound of the offline optimal cost can be improved on two specific noise sequences in Section
and[[.4] Based on these results, we derive the lower bound of the competitive ratio for any linear
control with respect to the these noise sequences in Section|[[.5} [[.6] and
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I.1 Lower bound of cost(LC) for any noise sequence {w,}._,

For any stable linear controller u; = —kx, we have the following closed-loop dynamics
Ti41 = (CL — ]’C)It =+ wy.

Our technique is to consider the sum of squares of two consecutive states x;y; and z;. Due to
the constraints given by the dynamics and the linear controller itself, x;,; and x; cannot reach
zero simultaneously. Specifically, we define 5 = a — k. Since the controller is stable, we have
—1 < B < 1. Consider |z¢41|% + |24|?, Vt > 0, we have:

[eq1|* + |2e]?
=(Bay +wy)? + 7}
:(ﬂ2 + l)ajt2 + 2Bz wy + wtz
1 2

=(B2 4+ 1) (s + =s——w)? + R

B
Br1”
1 w?
> —w?> L
ST L
Since cost(LC) = Y1, g + u? = .1 (¢ + k2)x2, cost(LC) > 21 (q + k?)z},,. Then
we will have

— 1
Z(q +k2)(adyy + ) (ARG o B
t=0

t=0 t=0

cost(LC) >

l\D\»—t

where the last step comes from the fact —1 <a —k <landa > 1.

1.2 Upper bound of cost(OPT) for any {w;}]_,

When the controller has the full knowledge of the future noise sequence, the simplest strategy is to
correct the noise greedily at the start of each time step so that the agent always stays at state 0.

Formally, for cost(OPT), consider controller ut —wy, Vt # T and uy = 0,¢t = T. Then we will
have z; = 0,Vt < T so the cost would be Zt o w?. Therefore we have

cost(OPT) Z w?.

1.3 Upper bound of cost(OPT) for w, = w

Compared with Section [L.2] since w; is a constant case, we can balance the hitting cost and the
switching cost by keeping the agent at non-zero stationary state that is close to the zero state.

Formally, we consider the following control strategy:

+ _
wy = e —w, t=0
u, t>1,

where u is another constant. This controller yields x; = ﬁf'; ,t > 1. Then, we have

_w)Q’

where the first part is a quadratic function w.r.t. v and the minimum is m -Tw? with minimizer

U+ w
1—a

U+ w

cost(u) = T(g( a

)? +u?) +(

wt = H@%. Therefore we get
q 2
cost(OPT) < —————=Tw" + ¢y,
( ) < g+ (a—172 1
utw 2

where ¢; = (*=* — w)? is a constant.
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1.4 Upper bound of cost(OPT) for w, = (—1)t - w

Instead of keeping the noise w; at a fixed value, we let it oscillate between two values w and —w.
The resulting offline optimal controller will also oscillate between a positive state and a negative state.
We show that in this case, the offline optimal cost can be even smaller than the one when wy is fixed
at w (Section [[.3).

In this case the dynamics follows

{$2k+1 = axak, + U2k + W, k>0
Tokt2 = ATok+1 + Uzk+1 —w, k> 0.

Consider controller class

U—W _qp, t=0
u = < u, t=2k+1,k>0
—u, t=2k+2,k>0.

Following this controller class, we have

{—"w t=2k+1,k>0
Ty =

a+1"

LW =2k 42,k > 0.

For simplicity, assume 7' is an even number. Then, we have

uU—w U—w
t(u) =T 240+ (2w
cost(u) = T(a( ) +42) + (LY )
Similarly, the first part of cost(u) is a quadratic function and the minimum is m - Tw?.
Therefore, we have
q 2
cost(OPT) < ———=Tw* + ¢,
(OFT) < 7% (a+1)? ’

where ¢ is also a constant.

f cost(LC)

cost(OPT) for any {wt}?zo

1.5 Lower bound o

Combining|I.1|and[1.2] we will have, for any {w; }Z_:

cost(LC) W 23:01 w? g+ (a—1)7

>
cost(OPT) tT:_Ol w2 4

1.6 Lower bound of % for w; = w

Combining[[.T|and [[.3] we will have, if w; = w:

cost(LC) WTUJQ
cost(OPT) Tw? + ¢’

q
g+(a—1)2

cost(LC) > g+(a—1)2 . g+(a—1)2
1 .

Therefore as T — oo, cost(OPT) = 7

L7 Lower bound of 2220 for w; = (—1)t - w

Combining[[.1]and[L.4] we will have, if w; = (—1)* - w:
cost(LC) WTH)Q

COSt(OPT) MTU/z + Co ’

cost(LC) > g+(a—1)2 . g+(a+1)?

Therefore as T — oo, cost(OPT) = 7 7
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