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B1 Introduction

This document is a supplement to the paper "Modern Hopfield Networks and Attention for Immune
Repertoire Classification".

In the next section (Section B2) our new modern Hopfield network is introduced. In Subsection B2.1
we present the new energy function. Then in Subsection B2.2, our new update rule is introduced. In
Subsection B2.3, we show that this update rule ensures global convergence. We show that all the
limit points of any sequence generated by the update rule are the stationary points (local minima
or saddle points) of the energy function. In Section B2.4, we consider the local convergence of the
update rule and see that it converges after one update. In Subsection B2.5, we consider the properties
of the fixed points that are associated with the stored patterns. In Subsection B2.5.1, we show that
exponentially many patterns can be stored. The main result is given in Theorem B5: for random
patterns on a sphere we can store and retrieve exponentially (in the dimension of the space) many
patterns. Subsection B2.5.2 reports that the update converges after one update step and that the
retrieval error is exponentially small.

In Subsection B2.6, we consider how associations for the new Hopfield networks can be learned. In
Subsection B2.6.1, we consider the initialization. In Subsection B2.6.2, we analyze if the association
is learned directly by a bilinear form. In Subsection B2.6.3, we analyze if stored patterns and query
patterns are mapped to the space of the Hopfield network. Therefore we treat the architecture of
the transformer and BERT. In Subsection B2.7, we introduce a temporal component into the new
Hopfield network that leads to a forgetting behavior. The forgetting allows us to treat infinite memory
capacity in Subsection B2.7.1. In Subsection B2.7.2, we consider the controlled forgetting behavior.
In Section B3, we provide the mathematical background that is needed for our proofs. In particular
we give lemmas on properties of the softmax, the log-sum-exponential, the Legendre transform, and
the Lambert W function.

In Section B4, we review the new Hopfield network as introduced by Krotov and Hopfield in 2016.
However in contrast to our new Hopfield network, Krotov and Hopfield’ new Hopfield network is a
binary, that is, a network with binary states. In Subsection B4.1, we give an introduction to neural
networks equipped with associative memories and new Hopfield networks. In Subsection B4.1.1,
we discuss neural networks that are enhanced by an additional external memory and by attention
mechanisms. In Subsection B4.1.2, we give an overview over the modern Hopfield networks. Finally,
in Subsection B4.2, we present the energy function and the update rule for the modern, binary
Hopfield networks.

B2 Modern Hopfield Networks: Continuous States (New Concept)

B2.1 New Energy Function

We have patterns 1, . ..,z that are represented by the matrix
X = (m17"'7mN)' (D
The largest norm of a pattern is

M = mZaXHmZH 2)

The query or state of the Hopfield network is &.

The energy function E in the new type of Hopfield models of Krotov and Hopfield is E =
— Zf;l F (£T:ci) for binary patterns x; and binary state £ with interaction function F'(x) = 2",
where n = 2 gives classical Hopfield model [28]. The storage capacity is proportional to d"~*
[28]. This model was generalized by Demircigil et al. [18] to exponential interaction functions
F(x) = exp(z) which gives the energy E = — exp(Ise(1, XT¢)). This energy leads to an exponen-
tial storage capacity of N = 2%/2 for binary patterns. Furthermore with a single update the fixed
point is recovered with high probability. See more details in Section B4.

In contrast to the these binary modern Hopfield networks, we focus on modern Hopfield networks
with continuous states that can store continuous patterns. We generalize the energy of Demircigil et
al. [18] to continuous states while keeping the lse properties which ensure high storage capacity and



fast convergence. Our new energy E for a continuous query or state £ is defined as

E

~lse(8,X7E) + 3676 + A N + M @)

N
— 7 'In (Zexp(ﬂw?ﬁ)) + B~ 'InN + %£T£ + %M2. 4)

i=1
First let us collect and prove some properties of E. The next lemma gives bounds on the energy E.

Lemma 1. The energy E is larger than zero:

0<E. 5)
For & in the simplex defined by the patterns, the energy E is upper bounded by:
1
E < ' InN + §M2, (6)
E < 2M?. (7

Proof. We start by deriving the lower bound of zero. The pattern most similar to query or state £ is
Tg:

xg = xy,, k = argmax&’x; . ®)
We obtain
N . X
E=-p"h (;exp ﬁw?&)) + A N + SgTE + o M )
= —571111 l Zexp 5wT€) 4 1£T£ + le
> -4 "' 1 Zexp (Bxl€) | + lng + lew
- N 9 9 EE

%

—B7'In (exp Bmgé)) + §£TE + %wgmg

= —.’ng + 5 ET£ + %.’Bgaig
1 1
=5 (€ -2 (€ — @) = ;1€ — =ell

The energy is zero and, therefore, the bound attained, if all «; are equal, that is, ; = « for all ¢ and
E=x.

For deriving upper bounds on the energy E, we require the the query & to be in the simplex defined
by the patterns, that is,

N N
ZZPiiBi, Zpizp Vi: 0 < pi. (10)
i=1 i=1
The first upper bound is.
al 1 1
E=-3"h (Zexp(ﬁx?&)) + 5676+ T N 4+ o M2 (11)
i=1

Zpy (&) + = £T£+611nN+1M2

1 1
= —55% + B 'InN + §M2 < B 'InN + 51\42.



For the first inequality we applied Lemma 19 to —lse(3, X T¢) with z = p giving

N
—1Ise(8, XT€) < sz (@]¢) + B~ szlnpz < =Y ple), 12
=1

i=1

as the term involving the logarithm is non-positive.
Next we derive the second upper bound, for which we need the mean m,, of the patterns

1 N
my = N;mi. (13)
We obtain
N 1 1
E=-8"'h (Zexp(ﬂmfg)> + 55% + B 'InN + 5M2 (14)
=1
N
1 T 1 T 1 2
<=y —ale+ S M
;Nwzs + 5 €76+ 3
T 1 T 1 2
=-mgé + ;8 E+ o M
< lmegll 1€l + fIISH + 5 M2
< 2M?,

where for the first inequality we again applied Lemma 19 with z = (1/N,...;1/N) and
B71Y,1/NIn(1/N) = —3~ ! In(N). This inequality also follows from Jensen’s inequality. The
second inequality uses the Cauchy-Schwarz inequality. The last inequality uses

€l = | il < Qi llell < YoM = M (15)

and
Imall = |3 (/N @il < 3CO/N) Jlall < 3U/N)M = M. (6)
O

B2.2 New Update Rule
‘We now introduce an update rule for minimizing the energy function E. The new update rule is
£V = Xp = Xsoftmax(3X7T¢), (17)
where we used
p = softmax(XT¢). (18)

The new state £*°V is in the simplex defined by the patterns, no matter what the previous state £ was.
In contrast, the synchronous update rule for the classical Hopfield network with threshold zero is

"V = sgn (XXT¢). (19)

Therefore instead of using the vector X 7€ as in the classical Hopfield network, its softmax version
softmax(BXT¢) is used.

In the next section (Section B2.3) we show that the update rule Eq. (17) ensures global convergence.
We show that all the limit points of any sequence generated by the update rule are the stationary
points (local minima or saddle points) of the energy function E. In Section B2.4 we consider the
local convergence of the update rule Eq. (17) and see that it converges after one update.



B2.3 Global Convergence of the Update Rule
We are interested in the global convergence, that is, convergence from each initial point, of the iterate

£V = f(§) = Xp = Xsoftmax(X"¢), (20)
where we used
p = softmax(XT¢). (21)
We defined the energy function
E = —lse(8,X7¢) + %5% + B 'InN + %MQ (22)
-1 = T -1 L.r Lo
= —f""In (;exp(ﬂwi S)) + 87 'InN + 55 £+ §M . (23)

We will show that the update rule in Eq. (20) is the Concave-Convex Procedure (CCCP) for minimiz-
ing the energy E. The CCCP is proven to converge globally.

Theorem B1 (Global Convergence (Zangwill): Energy). The update rule Eq. (20) converges globally:
For €111 = f(&Y), the energy E(¢!) — E(£*) for t — oo and a fixed point £*.

Proof. The Concave-Convex Procedure (CCCP) [51, 52] minimizes a function that is the sum of
a concave function and a convex function. CCCP is equivalent to Legendre minimization [36, 37]
algorithms [52]. The Jacobian of the softmax is positive semi-definite according to Lemma 22. The
Jacobian of the softmax is the Hessian of the lse, therefore lse is a convex and —lse a concave function.
Therefore, the energy function E(¢) is the sum of the convex function E1(¢) = 1/2¢7¢ + C; and
the concave function Eo(€) = —lse:

E(¢) = Ei(§) + E2(8), (24)
Bi() = 3€7€ + N + M = 1€TE 4 Oy, es)
Ea(€) = —lse(8, X7¢) (26)

where C'; does not depend on &.
The Concave-Convex Procedure (CCCP) [51, 52] applied to E is

VeE (€M) = — VeEa (&) (27)
which is
1
Ve (2 (€ gt + 01) = Velse(B, X7¢") . (28)
The resulting update rule is
g = Xp' = Xsoftmax(SXT¢E?) (29)
using
to_ T gt
p' = softmax(8X" &) . (30)

This is the update rule in Eq. (20).
Theorem 2 in [51] and Theorem 2 in [52] state that the update rule Eq. (20) is guaranteed to
monotonically decrease the energy E as a function of time. See also Theorem 2 in [39]. [

Although the objective converges in all cases, it does not necessarily converge to a local minimum
[30].

However the convergence proof of CCCP in [51, 52] was not as rigorous as required. In [39] a
rigorous analysis of the convergence of CCCP is performed using Zangwill’s global convergence
theory of iterative algorithms.

In [39] the minimization problem

Ingin E1 + E2 (31)

st. c(§) <0, d(&) =0



is considered with E; convex, —E, convex, ¢ component-wise convex function, and d an affine
function. The CCCP algorithm solves this minimization problem by linearization of the concave part
and is defined in [39] as

gt ¢ argm{in E; (€) + £"V¢E, (¢ (32)

st. ¢(§) <0, d() =0.
We define the upper bound E¢ on the energy:

Ec (€,€") = B1(§) + B2 (¢") + (€ — €)" VeBa (€7) (33)
Ec is equal to the energy E (&%) for € = &%
Ec (¢".¢") = B1 (&) + Ex (¢') = E(¢) . (34)
Since —Es is convex, the first order characterization of convexity holds (Eq. 3.2 in [9]):
~Ea(€) > —Ea (&) — (€ — &) VeBa (€) (35)
that is
B2 (€) < Ba () + (€ — &) VeEa (¢") . (36)
Therefore, for &€ # &t the function E¢ is an upper bound on the energy:
E(¢) < Ec(&€") = E (&) + E2 (&) + (¢ - §t)T VeE; (&) (37

= E; (&) + fTV5E2 (ﬁt) + Co,

where C does not depend on &. Since we do not have constraints, £/ is defined as

¢ € argmin Ec (€,€7) (38)
hence E¢ (€'11,£") < Ec (€%, ¢"). Combining the inequalities gives:
E (7)) < Ec(€7,¢") < Ec(¢.¢") = E(¢) . (39)
Since we do not have constraints, &% is the minimum of
Be (€.€') = E1(§) + £TVeEx (&) + O (40)

as a function of &.
For a minimum not at the border, the derivative has to be the zero vector

t
8Eca(§’§) = 5 + VEEQ (é‘t) — E _ XSOftmaX(ﬁXTSt) -0 (41)
and the Hessian must be positive semi-definite
0”Ec (£.£")
—oe D (42)

The Hessian is strict positive definite everywhere, therefore the optimization problem is strict convex
(if the domain is convex) and there exist only one minimum, which is a global minimum. E¢ can
even be written as a quadratic form:

Bo(€.6) = 5 (€ + VeBa (€))" (6 + Ve (€)) + G5, @3)

where C'5 does not depend on &.
Therefore the minimum is

€ = — V¢E, (¢') = Xsoftmax(8X7¢") (44)
if it is in the domain as we assume.
Using M = max; ||@;||, €& is in the sphere S = {@ | ||z|| < M} which is a convex and compact

set. Hence, if £° € S, then the iterate is a mapping from S to S. Therefore the point-set-map defined
by the iteration Eq. (44) is uniformly compact on S according to Remark 7 in [39]. Theorem 2 and



Theorem 4 in [39] states that all the limit points of the iteration Eq. (44) are stationary points. These
theorems follow from Zangwill’s global convergence theorem: Convergence Theorem A, page 91 in
[53] and page 3 in [49].

The global convergence theorem only assures that for the sequence £/ = (&%) and a function
® we have ®(¢') — ®(€*) for t — oo but not &' — £*. However, if f is strictly monotone with
respect to @, then we can strengthen Zangwill’s global convergence theorem [34]. We set ® = E and
show E(¢1T1) < E(&?) if £* is not a stationary point of E, that is, f is strictly monotone with respect
to E. The following theorem is similar to the convergence results for the expectation maximization
(EM) algorithm in [49] which are given in theorems 1 to 6 in [49]. The following theorem is also
very similar to Theorem 8 in [39].

Theorem B2 (Global Convergence: Stationary Points). For the iteration Eq. (44) we have E (€%) —
E (&%) = E* as t — oo, for some stationary point £*. Furthermore || — £'|| — 0 and either
{&'}52,) converges or; in the other case, the set of limit points of {&€'}$2, is a connected and compact
subset of L (Ex), where L (a) = {€ € L | E(§) = a} and L is the set of stationary points of the
iteration Eq. (44). If L (E*) is finite, then any sequence {&€'}{°, generated by the iteration Eq. (44)
converges to some £* € L (E*).

Proof. We have E (¢') = E; (¢') + E2 (¢). The gradient V¢E; (€%) = —Velse(8, XT¢€) is
continuous. Therefore Eq. (40) has minimum in the sphere S, which is a convex and compact set.
If ¢+1 £ € then £ was not the minimum of Eq. (37) as the derivative at £° is not equal to zero.
Eq. (42) shows that the optimization problem Eq. (37) is strict convex, hence it has only one minimum,
which is a global minimum. Eq. (43) shows that the optimization problem Eq. (37) is even a quadratic
form. Therefore we have

E(£71) < Ec(¢71,¢") < Ec (¢,¢") = E(¢) . (45)

Therefore the point-set-map defined by the iteration Eq. (44) (for definitions see [39]) is strictly

monotonic with respect to E. Therefore we can apply Theorem 3 in [39] or Theorem 3.1 and
Corollary 3.2 in [34], which give the statements of the theorem.

O

We showed global convergence of the iteration Eq. (20). We have shown that all the limit points of
any sequence generated by the iteration Eq. (20) are the stationary points (local minima or saddle
points) of the energy function E. Local maxima as stationary points are only possible if the iterations
exactly hits a maximum. However, a local maximum as an accumulation of different iteration
points is not possible because Eq. (45) ensures a strict decrease of the energy E. Therefore almost
sure local maxima are not obtained as stationary points. Either the iteration converges or, in the
second case, the set of limit points is a connected and compact set. But what happens if £° is in an
e-neighborhood around a local minimum £*? Will the iteration Eq. (20) converge to £*? What is the
rate of convergence? These questions are about local convergence which will be treated in detail in
next section.

B2.4 Local Convergence of the Update Rule: Fixed Point Iteration

For the proof of local convergence to a fixed point we will apply Banach fixed point theorem. For the
rate of convergence we will rely on properties of a contraction mapping.

B2.4.1 General Bound on the Jacobian of the Iterate
‘We consider the iteration

€V = f(¢) = Xp = Xsoftmax(3X7T¢) (46)
using
p = softmax(XT¢). 47)
The Jacobian J is symmetric and has the following form:
J = ajf;(g&) = 5 X (diag(p) —pp") X" = XJ.XT, (48)

where J is Jacobian of the softmax.

To analyze the local convergence of the iterate, we distinguish between the following three cases
(see also Fig. B1). Here we only provide an informal discussion to give the reader some intuition. A
rigorous formulation of the results can be found in the corresponding subsections.



a) If the patterns x; are not well separated, the iterate goes to a fixed point close to the
arithmetic mean of the vectors. In this case p is close to p; = 1/N.

b) If the patterns x; are well separated, then the iterate goes to the pattern to which the initial £
is similar. If the initial & is similar to a vector x; then it will converge to a vector close to x;
and p will converge to a vector close to e;.

c) If some vectors are similar to each other but well separated from all other vectors, then
a so called metastable state between the similar vectors exists. Iterates that start near the
metastable state converge to this metastable state.

@ pattern X fixed point <> average pattern

Figure B1: The three cases of fixed points. a) Stored patterns (fixed point is single pattern):
patterns are stored if they are well separated. Each pattern x; has a single fixed point x; close to it. In
the sphere S;, pattern x; is the only pattern and ] the only fixed point. b) Metastable state (fixed
point is average of similar patterns): x; and x; are similar to each other and not well separated.
The fixed point m}, is a metastable state that is close to the mean m,, of the similar patterns. c)
Global fixed point (fixed point is average of all patterns): no pattern is well separated from the
others. A single global fixed point m, exists that is close to the arithmetic mean m,, of all patterns.

We begin with a bound on the Jacobian of the iterate, thereby heavily relying on the Jacobian of the
softmax from Lemma 24.

Lemma 2. For N patterns X = (x1,...,xy), p = softmax(BXT¢), M = max; |||, and
m = max; p;(1 — p;), the spectral norm of the Jacobian J of the fixed point iteration is bounded:

1l < 28(X[3m < 28N M*m. (49)
If Pmax = max; p; > 1 — ¢, then for the spectral norm of the Jacobian holds
[, < 2BNM?*e — 22 BNM?* < 23N M?e. (50)
Proof. With
p = softmax(X7€), (1)
the symmetric Jacobian J is
J = %f) = B X (diag(p) —pp") X" = XJ. X", (52)

where J is Jacobian of the softmax.
With m = max; p;(1 — p;), Eq. (465) from Lemma 24 is

1Jsll, = B ||diag(p) —pp”||, < 2m 3. (53)
Using this bound on ||J,]|,, we obtain
1T, < BYXT |, 13l 1X1l, < 2m B 1X]5 - (54)

The spectral norm ||. ||, is bounded by the Frobenius norm ||.||  which can be expressed by the norm

squared of its column vectors:
2
X1, < I1X[lp = ‘/lewill : (55)



Therefore, we obtain the first statement of the lemma:

1l < 28 IX|2m < 28N M>m. (56)
With pphax = max; p; > 1 — e Eq. (469) in Lemma 24 is
1Jsll, < 28— 225 < 2fe. (57)
Using this inequality, we obtain the second statement of the lemma:
1, < 2BNM?*e — 22 BN M? < 28N M?«. (58)
O
We now define the “separation” A; of a pattern @; from data X = (x1,...,x ) here, since it has an

important role for the convergence properties of the iteration.
Definition B1 (Separation of Patterns). We define A, i.e. the separation of pattern x; from data
X = (x1,...,xN) as:
A; = min (:c?wz — mfm]) = xlz, — maxzx x; . (59)
Jj#i J, g
The pattern is separated from the other data if 0 < A;. Using the parallelogram identity, A; can
also be expressed as

1
A = min > (lail® — ol + o — @0°) (60)
37t 2
= Slail® — 5 max (e ® — e — @)
27 2 g\ ’ e
For ||z;|| = ||&;|| we have A; = 1/2min; -, |2, — wj\|2.
Analog we say for a query &€ and data X = (x1, ..., xN), that z; is least separated from € while
being separated from other x; with j # i if
. . T T T T
i = argmax min T, — x;) = argmax x, — max & x; 61
g o (6 k 13 ]) g i (6 k j,j;ékg j) (61)
0<c= in (7w, — ¢'x;) = Txy, — Tx; | . 62
c m]?xj{rj;g}c (E T 3 :13]) max (E T jrrjlz;)]iﬁ T; (62)

Next we consider the case where the iteration has only one stable fixed point.

B2.4.2 One Stable State: Fixed Point Near the Mean of the Patterns
We start with the case where no pattern is well separated from the others.

Global Fixed Point Near the Global Mean: Analysis Using the Data Center. We revisit the
bound on the Jacobian of the iterate by utilizing properties of pattern distributions. We begin with
a probabilistic interpretation where we consider p; as the probability of selecting the vector x;.

Consequently, we define expectations as Ep[f(x)] = Zfil p; f(x;). In this setting the matrix

X (diag(p) —pp") X" (63)
is the covariance matrix of data X when its vectors are selected according to the probability p:
X (diag(p) — pp") X" = Xdiag(p)X” — Xpp" X7 (64)
N N N T
= Zpi T 377T - (Z]h 931) (sz l‘z) (65)
i=1 i=1 i=1
= Eplz 2’| — Eplz] Eplz]” = Varp[z], (66)
therefore we have
J = B Varp|x] . (67)

The largest eigenvalue of the covariance matrix (equal to the largest singular value) is the variance in
the direction of the eigenvector associated with the largest eigenvalue.

10



We define:

1 N
my = & Z x;, (68)
Mmax = 1r<n;g§\[”$7' - mm”g (69)

m,, is the arithmetic mean (the center) of the patterns. m,,x is the maximal distance of the patterns

to the center my, .
The variance of the patterns is
N N T
DUTES (zpt m> (zpi m> 0
i=1 i=1
N N T
-3 ( zm,) (z _ zpm> |
im1 i=1

The maximal distance to the center m,,,, allows to derive a bound on the norm of the Jacobian.
Next lemma gives a condition for a global fixed point.

Lemma 3. The following bound on the norm ||J||, of the Jacobian of the fixed point iteration f holds
independent of p or the query E.

Varp[x

13, < Bmi.. (71)

For B m?2,,. < 1 there exists a unique fixed point (global fixed point) of iteration f in each compact
set.

Proof. In order to bound the variance we compute the vector a that minimizes

N N
= Zp1||a:1 - a||2 = Zpl(a:, —a)l(z; — a). (72)
i=1 i=1
The solution to
N
=2 pi(a—x) =0 (73)
i=1
is
N
= > pimi (74)
i=1
The Hessian of f is positive definite since
2f
8802 =2 Zpl = (75)

and f is a convex function. Hence, the mean
N
= E Pi T (76)
i=1
D N 2
minimizes » ;" p;||; — a|”. Therefore we have

N N
dopilw — @ <D pillwi — mal? < mi,, (a7
1=1 =1

Let us quickly recall that the spectral norm of an outer product of two vectors is the product of the
Euclidean norms of the vectors:

[ab” |, = \/Amax(baTab?) = [al| \/Amax(bbT) = [a] [b]|, (78)
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since bbT has eigenvector b/||b|| with eigenvalue ||b|® and otherwise zero eigenvalues.
We now bound the variance of the patterns:

(® — %) (z — @)TH (79)

N
[Varllll, < 3 p 2
=1

N N
= ZPthz - j”Q < ZPZ”:BZ - mm”2 < m12nax'
i=1 =1

The bound of the lemma on ||J||,, follows from Eq. (67).
For ||J||, < 8 mZ,, < 1 we have a contraction mapping on each compact set. Banach fixed point
theorem says there is a unique fixed point in the compact set.

O

Now let us further investigate the tightness of the bound on ||Vary, [x]||, via ||; — &||*: we consider

the trace, which is the sum ZZ:1 ey, of the w.1.o.g. ordered nonnegative eigenvalues ey, of Varp[x]
The spectral norm is equal to the largest eigenvalue e, which is equal to the largest singular value, as
we have positive semidefinite matrices. We obtain:

N d
|Varp[z]||, = Tr (Zpl (x; — &) (¢, — m)T> _ Zek (80)
N 1= 272
= ZP:’TY ((azl —x) (x; — @)T) — Zek
i=1 k=2

N d
12

> pilles =l = > e

i=1 k=2

Therefore the tightness of the bound depends on eigenvalues which are not the largest. Hence
variations which are not along the largest variation weaken the bound.

Next we investigate the location of fixed points which existence is ensured by the global convergence

stated in Theorem B2. For N patterns X = (x1,...,Zy), we consider the iteration
£V = f(§) = Xp = Xsoftmax(X"¢) (81)
using
p = softmax(XT¢). (82)

£V is in the simplex of the patterns, that is, £V = > p;a; with ) . p; = 1 and 0 < p;. Hence,
after one update £ is in the simplex of the pattern and stays there. If the center m is the zero vector
mg = 0, that is, the data is centered, then the mean is a fixed point of the iteration. For £ = m, = 0
we have

p=1/N1 (83)
and
&Y =1/NX1=my, = €. (84)

In particular normalization methods like batch normalization would promote the mean as a fixed
point.
We consider the differences of dot products for z;: ! x; —x! x; = xI (x;—x;), for fixed point m;:

(mi) Tz, —(m%)Tx; = (m;)T (x;—x;), and for the center my: mLz;—mlz; = mI(z;—x;).
Using the Cauchy-Schwarz inequality, we get
€ (@ — xj)| < gl e — 250l < €] (lzi — mal + [z — mal) (85
< 2 Mumax [1€]] -

12



This inequality gives:
’ xi - $7 ’ < 2 M max (mmax + ||mm||> ) (86)
’ ml - wg ’ < 2 Mmax M )

where we used [[€ — 0 < [[§—mg| + [|m.—0
> pillei — mg|| < Mmax, and M = max; ||a;||. In particular

1> pixi — mg| <

B |m T, — T ’ < 2B Mmax [ma (87)
B 1Mo @5 — 25)| < 28 munas (3] < 2 e (v + [mall), (89)
8 ! 2i — 23)] < 28 M [Tl < 25 M (s + [} (89)

Leti = argmax; E x;, therefore the maximal softmax component is 7. For the maximal softmax
component 7 we have:

1
T . J—
[softmax (5 X~ §)]; = T4 5, 00— @ — &xy) (90)
1
S 1+ Zj;éiexp(72ﬂmmax (mmax + HmmH>)
1

1+ (N —1)exp(— 2 B Mmax (Mmax + [|[mal]))
exp(2 8 Mmax (Mmax + ||mz]]))
exp(25mmax (mmax + ”me)) + (N_ 1)
< 1/N exp(2 B Mmax (Mmax + [|Ml)) -

Analogously we obtain for i = arg max; mZx;, a bound on the maximal softmax component i if
the center is put into the iteration:

[softmax(8 XTmg)]; < 1/N exp(2 B Mumax || Maz]|) - 91

Analog we obtain a bound for i = arg max;(m} )7

fixed point:

x; on the maximal softmax component ¢ of the

[softmax(8 XTm2)]; 1/N exp(2  Mmmax ||mL]|) 92)

<

< 1/N exp(2 B Mmax (Mmax + [[Mel])) -
The two important terms are M ax,
well the data is centered. For a contraction mapping we already required 8m?

first term in the exponent is 2/3m?
centered.

Global Fixed Point Near the Global Mean: Analysis Using Softmax Values. If ¢7x; ~ ¢« j

for all ¢ and j, then p; ~ 1/N and we have m = max; p;(1 — p;) < 1/N. For M < 1/v/203 we
obtain from Lemma 2:

max < 1, therefore the
< 2. The second term 28mMmax||M4|| is small if the data is

max

Iy < 1. (93)
The local fixed point is m}, = m, = (1/N) ZZ 1 x; withp; = 1/N.

We now treat this case more formally. First we discuss conditions that ensure that the iteration is a
contraction mapping. We consider the iteration Eq. (46) in the variable p:

P = g(p) = softmax(FXT Xp). (94)
The Jacobian is
J(p) = Q) _ yrx;, (95)
Op
with
Js(pnew) — B(diag(pnew) _ pnew(pnew)T) . (96)



The mean value theorem states for J™ = fol JOp) d\ = XTXJ™ with the symmetric matrix
I = [ J(Ap) dX:

p* = g(p) = g(0) + J™")'p = g(0) + J' X" Xp = 1/N1+J'X"Xp. (97
With m = max; p;(1 — p;), Eq. (465) from Lemma 24 is
s, = B ||diag(p) —pp" [, < 2m 5. (98)

First observe that Ap; (1 — Ap;) < p;(1 — p;) forp; < 0.5and A € [0, 1], since p; (1 — p;) — Ap;(1 —
Api) = (1= X)pi(1 — (14 N)p;) > 0. For max; p; < 0.5 this observation leads to the following
bound for J7*:

[J5, < 2mB. 99)
Eq. (468) in Lemma 24 states that every J is bounded by 1/24, therefore also the mean:
135, < 0.58. (100)
Since m = max; p;(1 — p;) < mMax; p; = Pmax, the previous bounds can be combined as follows:
1T, < 2 min{0.25, pmax} B - (101)
Consequently,
137, < N M? 2 min{0.25, pumax} 8 , (102)

where we used Eq. (159). HXTXH2 = | XX7|
second moment of the data squared.
Obviously, g(p) is a contraction mapping in compact sets, where

,» therefore HXTXH2 is IV times the maximal

N M? 2 min{0.25, pnax} B < 1. (103)
S is the sphere around the origin 0 with radius one. For
p'Y =yg(p) =1/N1 +J"p, (104)

we have ||p|| < ||pll; = 1 and ||p"°¥| < ||p"°7||; = 1. Therefore, g maps points from S into S. g is
a contraction mapping for

137, < N M?2 min{0.25, prax} 8 = ¢ < 1. (105)

According to Banach fixed point theorem g has a fixed point in the sphere S.
Holder’s inequality gives:

2
Ipll” = p"p < [IPIh11Pllee = [IPlle = Prmax - (106)
Alternatively:

DPi
HPHQ = E pzz = Pmax E P : Pi < Pmax § Pi = Pmax - (107)
. max .
K2 K

%

Let now S be the sphere around the origin 0 with radius 1/v/N + \/Pmax and let |[J™(p) ||, < ¢ < 1
for p € S. The old p is in the sphere S (p € S) since Prax < +/Pmax fOr Pmax < 1. We have

P < 1/VN + 3", llpll < 1/VN + \/Prax - (108)

Therefore g is a mapping from S into S and a contraction mapping. According to Banach fixed point
theorem, a fixed point exists in S.

For the 1-norm, we use Lemma 24 and ||p||; = 1 to obtain from Eq. (104):

[p™™ — /N1, < U™, < 28m || X, M1, (109)
[P — /N1, < |I™[l; < 28m N My, My, (110)
|p™™ — 1/N 1|, < |[J™||, < 28mN M?, (111)
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where m = max; p;(1 — p;), M1 = || X||; = max; ||a;[|,, M = max; ||z, | X |, = HXTH1 =
max; ||[X7];||, (maximal absolute row sum norm), and My, = max; ||&; | .. Let us quickly mention
some auxiliary estimates related to X7 X :

N N
1X7 x|, = mgle\mzwj| < mgle||wi||m a1l (112)
Jj= Jj=

N
< Moo ZMl = NM00M17
j=1
where the first inequaltiy is from Holder’s inequality. We used

N N
X7, = mgx;|x?wj| < mz.ax_zlnscin ;| (113)
Jj= Jj=

N
<MY M=NDM,
j=1
where the first inequality is from Holder’s inequality (here the same as the Cauchy-Schwarz inequality).

See proof of Lemma 24 for the 1-norm bound on J,. Everything else follows from the fact that the
1-norm is sub-multiplicative as induced matrix norm.

We consider the minimal ||p||.

min |p|® (114)
p
s.t. Zpi =1
A
Vii Pi Z 0.

The solution to this minimization problem is p = (1/N)1. Therefore we have 1/v/N < ||p| and
1/N < ||p||” Using Eq. (108) we obtain

1/VN < [[p™"| < 1/VN + /Dmax - (115)
Moreover
lp™[* = (p"™)Tp"™ = 1/N + (p"™)"J"p < /N + [[I7], ||p| (116)

< UN A+ 1™y

since p"°¥ € Sand p € S.
For the fixed point, we have

Ip*|> = )P = 1N + (p)TI"p* < 1/N + [|I™[|, [Ip*]?, (117)
and hence
1371,
N < |lp*|> S YNe—oe = /N (1 + — 2 ). (118)
L — [[Jm], L= [JJm,

Therefore, for small ||J™, we have p* ~ (1/N)1.

B2.4.3 Many Stable States: Fixed Points Near Stored Patterns

We move on to the next case, where the patterns a; are well separated. In this case the iterate goes to
the pattern to which the initial £ is most similar. If the initial £ is similar to a vector x; then it will
converge to x; and p will be e;. The main ingredients are again Banach’s Theorem and estimates on
the Jacobian norm.
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Proof of a Fixed Point by Banach Fixed Point Theorem Mapped Vectors Stay in a Compact
Environment. We show that if x; is sufficient dissimilar to other x; then there is an compact
environment of x; (a sphere) where the fixed point iteration maps this environment into itself. The
idea of the proof is to define a sphere around x; for which points from the sphere are mapped by f
into the sphere.

We first need following lemma which bounds the distance ||z; — f(&)
is least separated from & but separated from other patterns.

, where x; is the pattern that

Lemma 4. For a query € and data X = (@1, ..., xy), there exists a x; that is least separated from
& while being separated from other x; with j # i:
. : T T T T
¢ = argmax min T — x;) = argmax T — maxg& x; 119
gme jJ#k(s ) gme <§ o X & ]) (119)
o = iy (€7~ €)= mp (€'~ ey ). 020
For x;, the following holds:
lzi — fOI < 2eM, (121)
where
M = max ||z , (122)
7
e = (N—-1)exp(—Bc). (123)

Proof. For the softmax component ¢ we have:

oftmax Teyl _ 1 1
[softmax(3 X~ &)]; [T S ow(d Ea;, — &) 2 17 S (A9 (124)
1 _ . (N=Dexp(= B¢

14+ (N—=1)exp(—B¢c) ! 14+ (N—-1)exp(— 8¢)
>1— (N—-1exp(—fc) =1—c¢

For softmax components k£ # ¢ we have

T _ exp(f (ﬁTﬂ’/‘k - £T33i)) . €
[softmax(8X " &)], = T7S, ow(d Ea, — &) < exp(—fc) = N1
(125)
The iteration f can be written as
N
f(&) = Xsoftmax(8XT¢) = ij [softmax(8X7T¢€)]; . (126)
j=1
We now can bound ||z; — f(&)]:
N
lzi — f(&) = |z — D [softmax(8X"€)]; m; (127)
j=1
N
= ||(1 - [softmax(BX &) @, — Y [softmax(8X"¢)]; a;
J=1,j#i
. N
<ellad + 7= 2 il
Jj=1,j#i

N
€
S eM + Z 'M =2eM.
J=1,j#1
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We define A, i.e. the separation of pattern x; from data X = (x1,...,xy) as:
A; = min (alea:z — mZT:c]) = :cszZ — max :ciij . (128)
JigFi 3,374
The pattern is separated from the other data if 0 < A;. Using the parallelogram identity, A, can also
be expressed as

o1
A = min s (2l = llzl® + llzs - =5]7) (129)
3371 2
= Sl — 5 max (e — @) -
2 2 ji#iN 7 !
For ||x;|| = ||z;| we have A; = 1/2min; j»; [|[&; — a:j||2.

Next we define the sphere where we want to apply Banach fixed point theorem.
Definition B2 (Sphere S;). The sphere S; is defined as

1
S, = {5| e -z < ﬂNM} . (130)

Lemma 5. With £ given, if the assumptions
Al: & is inside sphere: € € S;,
A2: data point x; is well separated from the other data:

2 1 )
Aizﬁ—NJrEln(Q(Nfl)NﬂM) (131)
hold, then f(&) is inside the sphere: f(€) € S;. Therefore with assumption (A2), [ is a mapping
from S; into S;.

Proof. We need the separation A, of & from the data.

A; = min (¢Tz; — €Tx;) . 132
min (£ ') (132)

Using the Cauchy-Schwarz inequality, we obtain for 1 < j < N:
€72 — @fa;| < 1€ — @il lz;]l < (16 — il M. (133)

‘We have the lower bound

Ai = min ((@fz; - € - 2| M) — (@fz; + [I§ - il M)) (134)
2,071
= —2[§ — x| M + min (/e — xjx;) = A — 2§ — x| M
2,371
2
> A - o
> T

where we used the assumption (A1) of the lemma.
From the proof in Lemma 4 we have

Pmax = [softmax(BXTE€); > 1 — (N —1) exp(—BA;) =1 — €. (135)

Lemma 4 states that

lz; — f(&)] < 26M = 2(N —1) exp(— BA) M (136)
< 2N 1) exp(= B (A = ) M.
We have
|z: — f(E)Il (137)
2 1 2
< 2(N-1) exp(—ﬁ(ﬁ—N + 3 In(2(N—-1)NBM?) — 6—N))M
=2(N-1) exp(— n(2(N—1) N3 M?)) M
1

T NBM’

where we used assumption (A2) of the lemma. Therefore, f(&) is a mapping from the sphere S; into
the sphere S;: If £ € S; then f(£€) € S;.
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Contraction Mapping. For applying Banach fixed point theorem we need to show that f is
contraction in the compact environment S;.

Lemma 6. Assume that
Al:
2
BN

then f is a contraction mapping in S;.

A > + - In(2(N-1)NBM?), (138)

R

Proof. The mean value theorem states for J™ = fo A+ (1 —N)x;) dh

f&) = flx:) +J" (€ — =) . (139)
Therefore
1£(&) = fl@)ll < [Ty 1§ — il - (140)
We define £ = A¢ + (1 — \)a; for some A € [0, 1]. From the proof in Lemma 4 we have
Pmax(§) = [oftmax(8 XT §)l; > 1 — (N=1) exp(=fA) =1 - ¢, (14D
€ = (N—-1) exp(— S A;), (142)
A; = Hju#nl (§ xr;, — ET:B]) . (143)

First we compute an upper bound on €. We need the separation A; of £ from the data. Using the
Cauchy-Schwarz inequality, we obtain for 1 < j < N:

€725 — afa| < € - @i sl < ||E - =

M. (144)

We have the lower bound on A;:

Ai > Eﬁ((m?ml — Hé — x; M) — (a:lT:BJ + Hé — x; M)) (145)
= _QHé— x;|| M + ml;l(wTa:Z —w;frazj) = A; — 2H€~— x;|| M
J5J#i
> A = 2[€ — x| M,

where we used Hf —x;|| = A|€ — ;|| < ||€ — @;||. From the definition of € in Eq. (141) we have

€= (N-1) exp(— B A)) (146)
< (NV—-1) exp(= B (A; — 2[|§ — =] M))
< (N-1) eXp<—,B (Ai - ;N)) ,

where we used § € S, therefore [[€ — || < 347

Next we compute an lower bound on €. We start with an upper on A;:

A; < IH;?((:I} T; + HS -z M) - (m?mj £ — x M)) (147)
Jig#
= 2H£ — x| M + mgl(mTa:L — mlT:cJ) = A; + 2Hé— ;|| M
IR
<A+ 2|6 — || M,

where we used H£ —x;

= \|€ — @;|| < ||€ — x]|. From the definition of & in Eq. (141) we have

(N = 1) exp(— 8 Ay)
> (N = 1) exp(— 8 (A + 2||£ — @l M)

(1 (o 20)
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where we used € € S, therefore ||€ — ;|| < m
Now we bound the Jacobian. We can assume ¢ < 0.5 otherwise (1 — €) < 0.5 in the following.
From the proof of Lemma 24 we know for pyax (&) > 1 — €, then p;(€) < € for p;(€) # pmax(£).

Therefore p;(£)(1 —p;(£)) < m < €(1 — €) for all 4. Next we use the derived upper and lower bound
on € in previous Eq. (50) in Lemma 2:

HJ(E)H2 <28NM?e — 288N M? (149)

< 28N M?* (N -1) exp(—ﬁ (Ai _621\7)) -

2 (N —1)2 exp(—QB (Ai + [32N)> 8N M?.

The bound Eq. (149) holds for the mean J™, too, since it averages over J(&):

ol < 28N A -y e (<5 (8- 55 )) - (150

2 (N —1)2 eXp(—Qﬁ <Ai + ﬂQN)> BN M?.

The assumption of the lemma is

2 1
A; > — 4+ = In(2(N—-1)N g M?), (151)
S A mEN )N )
This is
A»—l>lln(2(N—1)NﬁM2) (152)
BN — B ’
Therefore the spectral norm ||J ||, can be bounded by:
[J7™, < 28 (N —1) exp (—ﬁ; In (2 (N—l)NBM2)> N M? — (153)
2
—1)2 _ ) e 2
2(N-1) exp( 2p <AZ+BN)>BNM
_ 1 2
= 208(N 1)2(N—1)N6M2NM
2
2 (N —-1)? —28 (A + 5= N M?
o en( 2 (3¢ 2))
2
_ 1 _ 12 _ L4 e 2
=1-2(N-1) exp( 25(Al+ﬂN>)BNM <1
Therefore f is a contraction mapping in S;. O

Banach Fixed Point Theorem. Now we have all ingredients to apply Banach fixed point theorem.
Lemma 7. Assume that
Al:
2

AiZIBN—f— In(2(N—-1)NBM?), (154)

™| =

then f has a fixed point in S,;.

Proof. We use Banach fixed point theorem: Lemma 5 says that f maps from S; into S;. Lemma 6
says that f is a contraction mapping in S;. O
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Contraction Mapping with a Fixed Point We have shown that a fixed point exists. We want to
know how fast the iteration converges to the fixed point. Let ] be the fixed point of the iteration f

in the sphere S;. Using the mean value theorem, we have with J™ = fol JAE+ (1 = Naxf) di:
1£(&) — zill = [I/(§) — fE) < [T 11§ — =] (155)

According to Lemma 24, if py,ax = max; p; > 1 —eforall £ = A\ + (1 — M), then the spectral
norm of the Jacobian is bounded by

[Js(@)ll, < 2€8. (156)
The norm of Jacobian at & is bounded
1I@)ll, < 28[X[5¢ < 28NMe. (157)

We used that the spectral norm ||. |, is bounded by the Frobenius norm ||.|| , which can be expressed
by the norm squared of its column vectors:

XNy < IXlp = /D llzill- (158)

Therefore
X5 < NM?. (159)
The norm of Jacobian of the fixed point iteration is bounded
137, < 281 X|3e < 28 NM?e. (160)
The separation of pattern x; from data X = (x1,...,xyN) is
A; = min xrwi —zlz;) = wTa:i — maxzlx; . 161
G (= £@) ' gt (ob)
We need the separation A; of & = A¢ + (1 — )} from the data:
A; = min (#7x; — @7x;) . 162

We compute a lower bound on A, Using the Cauchy-Schwarz inequality, we obtain for 1 < j < N:

27x; — x] x| < |2 — @l 2l < @ - @l M. (163)
‘We have the lower bound
Ai z min ((@f@ — |2 — @) M) - (af@; + |2 - @] M)) (164)
JrJFi
= -2z — x| M + ml;l (:c;fwz - wZT:cJ) =A; — 2|z — x| M.
JrgFi
Since
|2 — xil| = AN+ (1= Nz} — =i (165)
SAE — @i + (T=A) [lz] — z
< max{||§ — @, ||z} — xill},
we have
Ay > Ay — 2 max{||€ — x|, ||z} — x|} M. (166)
For the softmax component ¢ we have:
- 1
[softmax(3 XT¢)]; = = = (167)
1+ Zj;ﬁi exp(B (§Tz; — €7x;))
S 1
T 1+ 3 exp(— B (A — 2 max{[[§ — x|, [|x] — x|} M))
1

L+ (N=1Dexp(= B (Ai = 2max{[[§ — ail, |z} — @]} M))

(N = Dexp(= B (Ai — 2 max{|[§ — zil, [l — @} M))
L+ (N=1exp(= B (Ai = 2 max{|[§ — @i, [la} — @i} M))
(N =1 exp(= (A — 2 max{[[§ — @], |z] — @} M))

=1 —

Y
|
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Therefore
€ = (N=1Dexp(= B (Ai — 2 max{[|§ — zil,[la7 — =z} M)). (168)
We can bound the spectral norm of the Jacobian, which upper bounds the Lipschitz constant:
9™, < 28N M?* (N —1)exp(— 8 (A — 2 max{||§ — @i, |2 — @i} M)). (169)

For a contraction mapping we require

1™y < 1, (170)
which can be ensured by
28 NM> (N — Dexp(~ B (A; — 2 max{|§ — il [2f — @i} M) < 1. (17D)
Solving this inequality for A; gives
1
A; > 2 max{||§ — x|, |lzf — x|} M + 3 In(2(N—-1)NBM) . (172)

In an environment around «; in which Eq. (172) holds, f is a contraction mapping and every point
converges under the iteration f to «; when the iteration stays in the environment. After every iteration
the mapped point f(&) is closer to the fixed point ] than the original point x;:

1£&) — =il < [0, 11§ — =7l < 1§ — ;]| . (173)
Using
17(&) — aill < [9™[lo 1€ = =71 < Tl 1€ = I + 1™l [1/(€) — «ill, (174)

we obtain

197l

1£(&) — || < T,

1€ — FEI- 75)
For large A, the iteration is close to the fixed point even after one update. This has been confirmed in
several experiments.

B2.4.4 Metastable States: Fixed Points Near Mean of Similar Patterns

The proof concept is the same as for a single pattern but now for the arithmetic mean of similar
patterns.

Bound on the Jacobian. The Jacobian of the fixed point iteration is
J = B X (diag(p) —pp") X" = XJ,X". (176)

If we consider p; as the probability of selecting the vector x;, then we can define expectations as
Epl[f(z)] = vazl p; f(x;). In this setting the matrix

X (diag(p) —pp") X" (177)
is the covariance matrix of data X when its vectors are selected according to the probability p:
X (diag(p) — ppT) X7 = Xdiag(p)XT — Xpp' X7T (178)
N N N T
= Zpi x; ] — (sz 1‘1) (Zpi wz) 179)
i=1 i=1 i=1
= Eplz 2’| — Eplz] Eplz]” = Varp[z], (180)

therefore we have
J = B Varp[x] . (181)

We now elaborate more on this interpretation as variance. Specifically the singular values of J (or in
other words: the covariance) should be reasonably small. The singular values are the key to ensure
convergence of the iteration Eq. (46). Next we present some thoughts.
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1. It’s clear that the largest eigenvalue of the covariance matrix (equal to the largest singu-
lar value) is the variance in the direction of the eigenvector associated with the largest
eigenvalue.

2. Furthermore the variance goes to zero as one p; goes to one, since only one pattern is chosen
and there is no variance.

3. The variance is reasonable small if all patterns are chosen with equal probability.

4. The variance is small if few similar patterns are chosen with high probability. If the patterns
are sufficient similar, then the spectral norm of the covariance matrix is smaller than one.

The first three issues have already been adressed. Now we focus on the last one in greater detail. We
assume that the first [ patterns are much more probable (and similar to one another) than the other
patterns. Therefore we define:

M = max ||z , (182)
1
N
Y= Y. p<e, (183)
i=l+1
l
-y =Y p>1-c¢, (184)
=1
pioi= 2 < pif(1—e) (185)
1—x ’
l
> pio=1, (186)
=1
1 l
Mmax = MmMaX Hmz - mm” . (188)
1<i<l

M is an upper bound on the Euclidean norm of the patterns, which are vectors. ¢ is an upper bound
on the probability v of not choosing one of the first [ patterns, while 1 — € is a lower bound the
probability (1 — ) of choosing one of the first [ patterns. m, is the arithmetic mean (the center)
of the first [ patterns. mpy.x is the maximal distance of the patterns to the center m, . p is the
probability p normalized for the first [ patterns.

The variance of the first [ patterns is

! ! ! T

Vars[e,,] = Zﬁi x; ) — (Zﬁi :cz) (Zﬁi a:Z) (189)
i=1 i=1 i=1

l l i T

Zﬁi (-’lii - Zﬁi%‘) (wi - Zﬁﬂ?z)

i=1 i=1 i=1

Lemma 8. With the definitions in Eq. (182) to Eq. (189), the following bounds on the norm ||J||, of
the Jacobian of the fixed point iteration hold. The y-bound for ||J||5 is

171, < B((A =) miax + 72(2 = ) M?) (190)
and the e-bound for ||J||, is:

[Ty < B(mia + €2(2 — € M?) . (191)

max
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Proof. The variance Var[x1.;] can be expressed as:

T

l l l
1 1
1— g ] — ) - o - . 192
( ’7) Varp[wl.l] izzlpz <wz 1_ ~y izzlpz wz) (331 1 —5 ;pz wz) ( 9 )
1 ! 1 1 T
— P A PO e
~ S (zpz ) L (zplm)
=1 =1 =1
1 ! ! T
T 1 -~ Zpi T; Zpi T
7 \i= i=1
l ! T
Eﬁ:lpi
+ W Pi T; Zpi x;
i=1 i=1

1 1 1 1 T
= Zpi @ x] — ﬁ (sz wi) (sz -’Bi)
i=1 i=1 i=1

et (o) (o) 1) () (o)
q

! ! ! T ! ! T
= sz Z; CBlT sz 331) <sz wz) - ﬁ <ZPZ EBZ> (sz wz)
i=1 i=1 i=1 i=1 i=1

Therefore we have

T

! ! l
> piwiw] - (sz $z> (Zpi $z> (193)
i=1 i=1 i=1
- ! 1 T
= (1-7) Varp[-’lh;ﬂ + m (lel C&) <lez wz) .
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‘We now can reformulate the Jacobian J:

J = (2:10z x; xl + Z pi x; xl (194)
i=l+1
T
- (sz T + Z Di mz) (sz T + Z Di wz)
i=l+1 i=l+1

l ! ! T
Zpi T G%T - (ZPL ﬂfz’) (sz x?,)
i=1 i=1

N
+ Z pi i x] — ( ) z)
i=l+1 =Il+1 i=

<
) () - (Ee) (50
(e« 2 (S0s) (S0e)
B
o

D

N
€T
+1
T
d pe

i=l+1

pi
i Li
’V

N

i=l+1 i=l+1

S )

i=l+1

! N 1 T
=1 i=l+1 i=l+1 =1

The spectral norm of an outer product of two vectors is the product of the Euclidean norms of the
vectors:

[ab” ||, = \/Amax(baTab?) = [la]| \/Amax(bbT) = [la|| [b]|, (195)

. . . . 2 . .
since bb” has eigenvector b/||b|| with eigenvalue ||b||” and otherwise zero eigenvalues.
‘We now bound the norms of some matrices and vectors:

l l
dopiai| < opillwl < 1-y) M, (196)
i=1 =1
N N
> piwi > pilwl <y M, (197)
i=l+1 i=l+1
N N N N
Sopiwial|| < D pifall, = D p la:]|* < > piMP =y M. (198)
i=l+1 2 i=l+1 i=l+1 i=l+1

In order to bound the variance of the first [ patterns, we compute the vector a that minimizes

l l
=Y pillzi — al’ = > pixi — o) (@ — a). (199)
i=1 i=1
The solution to
N
=2 pila—x) =0 (200)
is
N
=D piti. (201)
i=1
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The Hessian of f is positive definite since

82
=2 Z T =21 (202)

8a2

and f is a convex function. Hence, the mean
- S i (203)
e N 2
minimizes ) ;" p;||; — a|”. Therefore we have

l
> opille — @ <Y pillwi — ma|® < (1= ) mi. (204)

‘We now bound the variance on the first [ patterns:

(1-9) [Vargleralll, < Z@

© — &) (x; — a@)TH (205)

l
— 112 2
= sz”mz - :L’” < ZPZ”CCZ - mmH < (1 - ’7) max'
=1 1=1

We obtain for the spectral norm of J:
1l < B ((1 =) [[Varg[z]ll, (206)

(5=) () |

N N N T
+ ZpiwiwiT + (ZZH%‘) (ZI%%‘)
2 i=l+1 i=l+1

i=l4+1 9

(Ere) (S]] - [(B0) (B0e)

< B(A =) [IVarglewwall, + v (L—7y) M?* + v M?* + 7* M* +
v (L =7) M? + (1) M?)

B((A =) [Varglralll, + 72 (2 — 7) M?) .

Combining the previous two estimates immediately leads to Eq. (190).

The function h(z) = 22(2 — z) has the derivative h'(z) = 4(1 — ). Therefore h(z) is monotone

increasing for z < 1. For 0 < v < € < 1, we can immediately deduce that y2(2 — v) < €2(2 — ¢).
Since e is larger than -, we obtain the following e-bound for ||J||,:

T

2

19, < B (miax + €2(2 =€) M?) . (207)
O
We revisit the bound on (1 — 7) Var[x;.]. The trace S w—1 €k is the sum of the eigenvalues ej,. The

spectral norm is equal to the largest eigenvalue eq, that is, the largest singular value. We obtain:

d
(Zpl x; — &) (x; — a:)T> - e (208)

k=2

d
Zpl-Tr ((ml —x) (x; — i)T) — Zek
i=1 k=2
l d
> pillei — 27 =D e
i=1 k=2

Therefore the tightness of the bound depends on eigenvalues which are not the largest. That is
variations which are not along the strongest variation weaken the bound.

[Varg(a ]|,
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Proof of a Fixed Point by Banach Fixed Point Theorem Without restricting the generality, we
assume that the first [ patterns are much more probable (and similar to one another) than the other
patterns. Therefore we define:

M = max ||z , (209)
K3
N
y= > m<ce, (210)
i=l+1
l
-y =Y p>1-c¢, @11
=1
pi = 2 < pif(1-¢) (212)
1—7 ’ ’
l
dbi=1, (213)
=1
1 l
Mo = 7D @i, (214)
=1
Mmax = fg?lea:i — Mgl . (215)

M 1is an upper bound on the Euclidean norm of the patterns, which are vectors. € is an upper bound
on the probability v of not choosing one of the first [ patterns, while 1 — € is a lower bound the
probability (1 — +) of choosing one of the first [ patterns. m,, is the arithmetic mean (the center)
of the first [ patterns. m.x is the maximal distance of the patterns to the center m,, . p is the
probability p normalized for the first [ patterns.

Mapped Vectors Stay in a Compact Environment. We show that if m, is sufficient dissimilar
to other z; with [ < j then there is an compact environment of 1, (a sphere) where the fixed point
iteration maps this environment into itself. The idea of the proof is to define a sphere around m, for
which the points from the sphere are mapped by f into the sphere.

We first need following lemma which bounds the distance ||m, — f(&)|| of a & which is close to
My

Lemma 9. For a query € and data X = (x1,...,xN), we define

0<c= ]rrl11<r; (ETmm — £Ta:j) = ¢Tm, — 2%5%, (216)
The following holds:
lme — fE)] < Mmax + 27 M < Mpax + 2 M, 217
where
M = max|ja,| 218)
e = (N—=1)exp(—fc). (219)

! l
Proof. Lets = argmanng.Eij, therefore &'mg, = % Siey €Tz < % Siey Tz = €T,
For softmax components j with [ < j we have

exp(f (£ij - £T$S)) < exp(— Be) = _ €
N-l’

T _
[softmax (X~ €)]; = 1 Ehk#exp(ﬁ €Tz, — Emy))
(220)

since £Taxs — €1x; > €T'm, — €T x; for each j with [ < j, therefore £T @y — £7x; > ¢
The iteration f can be written as

N
f(€) = Xsoftmax(8XT¢) = Z:I;j [softmax(8X7T¢€)]; . (221)

j=1
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We set p; = [softmax(3X7¢)];, therefore Zizlpi =1—-v9>1-¢cand Zﬁizﬂ p; =7 < €
Therefore

l D 2 1 D 2
mm_Zilj il = le (me — ;) (222)
=7 =7
l p p
k
= Y s me — @) (me — @)
j=1,k=1 7 v
1
=0 PP (g P me @l ey - al?)
2 1—v1—7x J J
j=1,k=1
: p 1 ! D P
2 k
= Z I |lmy — x]|” — 5 Z 1_]71 WHwJ — x|
Jj=1 j=1,k=1
: b
<2 e =l < mi
Jj=1
It follows that
Ly
M = )7 @) < M (223)
j=1

We now can bound |m, — f(&)|:

Ima — f(E)]

N
Me — Y pjx; (224)
j=1

l N
= |me =Y piw; — Y by
=1

j=i+1

l l N
Py v
=me - 2 Ts T me - )
j=1 j=1 j=l+1

l l N
Pj i
< me = Do o Do+ | X pi
j=1 v 7= j=l+1
l D v l N
g My — - 1_erwj +71—’}/ ijM+ Z ij
j=1 j=1 j=l+1

1
< mm—zl‘ij ;|| + 27 M
=17

< Mmax + 27M < Mmax + 26M7

where we applied Eq. (222) in the penultimate inequality. This is the statement of the lemma. [

The separation of the center (the arithmetic mean) m,, of the first [ from data X = (x;41,...,2N)
is A,,, defined as

My — mgm]) = mgmw — maxmgwj. (225)

A,, = min (mT
J.1<

gl<g >
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The center is separated from the other data «; with [ < j if 0 < A,,,. By the same arguments as in
Eq. (129), A,, can also be expressed as

1
A = min o (Imol® — lz|* + Ime — =) (226)
Jl<g 2
1 2 1 2 2
= glmal® = 5 max (e~ llma — ) -
For |[[mz|| = ||x;|| we have A,,, = 1/2min; ;< [|[m, — a:jH2.

Next we define the sphere where we want to apply Banach fixed point theorem.
Definition B3 (Sphere S,,,). The sphere S,,, is defined as

1
S, = {5| & — mall < } | (227)

ﬁ mmax
Lemma 10. With & given, if the assumptions

Al: € is inside sphere: £ € S,
A2: the center my is well separated from other data x; with | < j:

2 M 1 1 - Bm2,,
m 2 BMmmax B 1rl(Qﬂ(]\f—l)M max{Mmax , 2M}> ’ (228)

A3: the distance My of similar patterns to the center is sufficient small:
Bm,. <1 (229)
hold, then f (&) € Sy,. Therefore, under conditions (A2) and (A3), | is a mapping from S,, into S,,.

A

Proof. We need the separation A,, of & from the rest of the data, which is the last N — [ data points
X = (x141,...,TN).

Ay, = min (§"m, — 7)) . (230)
Hl<j
Using the Cauchy-Schwarz inequality, we obtain for [ +1 < j < N:
(€725 — maz;| < (€ — mgl| [lz)]| < [I€ — mo| M. (231)
We have the lower bound
A, > 7Hl11<r; ((mgmm — &€ = mg|| M) — (mgwj + 1€ — mg| M)) (232)
= —2[§ = mol| M + min (mgme — mgz;) = Ay — 2§ — ma|| M
Jl<j
M
> A, — 2 ,
- /8 mmax
where we used the assumption (A1) of the lemma.
From the proof in Lemma 9 we have
l ~
> pi =1 - (N=I)exp(—BA,) =1 - ¢, (233)
i=1
N ~
Y opi < (N=1) exp(—BA,) = ¢ (234)
i=l+1
Lemma 9 states that
lme — fEI < Mmax + 2€M (235)
< Mumax + 2 (N = 1) exp(— 8 A,,) M .
M
< Mmax + 2 (N —=1) exp(— B (A, — 2 5mmax)) M .
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Therefore we have

M
I = SE < M + 2V exp (5 (An = 2500 )) 2 (30
< Mmax + 2 (N —1) exp (— 8 <52m]\jax _
1 1 - Bmmmx M
B hl<2ﬂ(N—l) M max{mmax , 2M}) -2 Bmma,()) M
_ _ 1 - ﬂmmax
= Mmax + 2(N 1)25( —l)MmaX{mmaX,QM}
< 1 - ﬁmma.x _ 1
= mmax + /Bmmax /Bmmax ’

where we used assumption (A2) of the lemma. Therefore, f(£) is a mapping from the sphere S,,, into
the sphere S,,.

Mmax = Max, lzi — mg| (237)
l

= max ||z, — 1/zzmj (238)

= max 1/12 x; — ;) (239)

< _

< 1r<na>él ||:cZ x| (240)

< max ||| + max [l ]| (241)

1<i< 1<5<

<2M (242)

O

Contraction Mapping. For applying Banach fixed point theorem we need to show that f is
contraction in the compact environment S,

Lemma 11. Assume that

Al
2 M 1 1 - 8m
A, > 2 max , 243
= Bmmax B n<2ﬁ(N—l)Mmax{mmaX,2M}> (243)
and
A2:
6 mrznax < 17 (244)

then f is a contraction mapping in S,,.

Proof. The mean value theorem states for the symmetric J™ fo (A + (1 = N)my) dX:

In complete analogy to Lemma 6, we get:
17(&) — f(ma)|| < [I7; 1€ — mall . (246)

We define £ = A& + (1 — \)m, for some \ € [0, 1]. We need the separation A, of £ from the rest
of the data, which is the last N — [ data points X = (x;11,...,ZN).

A, = min (5 My — éT:cj) . (247)

J3l<j

29



From the proof in Lemma 9 we have

€ = (N=1)exp(—BAn), (248)
l
> opi€) =1 — (N—=1) exp(—=BA,) =1 ¢, (249)
v )
> pi€) < (N—1) exp(—= BA,) = . (250)
i=l+1

We first compute an upper bound on €. Using the Cauchy-Schwarz inequality, we obtain for [ 4+ 1 <
J<N:

< Hé_ My

sl < ||€ = ma

’éTscj — mla, M. 251)

We have the lower bound on Am:

Am > rrlun((mgmw — Hé — My M) — (mgwj + Hé — My M)) (252)
Jl<i
= -2 Hé — mgl|| M + I_Illin (mgm:ﬂ - mga:]) = A, — 2 Hé — mgl|| M
3<d
> Ay — 20§ - mgl| M.

where we used Hé — My

= \||€ — my|| < || — Mmg]||. We obtain the upper bound on é:

€ < (N=1)exp(=8 (Am — 2[§ — ma| M)) (253)

< (N —1) exp <5 (Am - /32m]\jax)> '

where we used that in the sphere S; holds:

1
- Mmg| < 74—, (254)
& — mall < 5o
therefore
2 M
21 — mg|| M < . (255)
IB mmax

Next we compute a lower bound on € and to this end start with the upper bound on A, using the
same arguments as in Eq. (147) in combination with Eq. (255).

X . T g R
AN, > jrrl11<r;<(mmmm + H£ — My M) - (mzwj H£ My M)) (256)
— 2H£— mq|| M + nl11<n(m£mm - mgmj) = A, + 2H£f my|| M
J,1<j

v

Ay + 21 — mg| M.

where we used Hé — My

= \||€ — my]|| < ||& — m||. We obtain the lower bound on €:

2M
E> (N—-Dexp|l—0 (An + , (257)
/3 mmax
where we used that in the sphere S; holds:
1
— Mgl < , (258)
& — mall < 5o —
therefore
2M
2(l¢ — mgll M < . (259)
B Mimax
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From Lemma 8 we have
9@, < B(mia + 222 = 217 (260)
= B (M. + @A M?* — 28 M?)

gﬁ(m?nax—l—(N—l)eXp(—ﬁ(Am 2M >>4M2—

ﬁ mmax

2 (N —1)? exp(—QB (Am + ﬂ?nM )) M2> .

The bound Eq. (260) holds for the mean J™, too, since it averages over J(&):

[ PR (mfnax + (N —1) exp (—ﬁ (Am - Biﬁi}()) AM?— (26
2 (N —1)% exp (25 (Am + Biﬁx)) M2> )
The assumption of the lemma is
2
Am 2 ﬁizj\rix - % In <25 (N — l)lM ﬁ;ﬁ?ﬁmax, 2 M}> ’ (262)
Therefore we have
2
Am = % = _% In (25 (N—l)lM fl;zm(max, 2M}) ' (263)
Therefore the spectral norm ||J" ||, can be bounded by:
1371, < (264)

i+ 0w (=5 (<50 (srmr=r o w2
4M? — 2(N-1)? exp<2ﬂ <Am + 2 M >> M2>

Bmmax
B 9 1 - erznax
=f (mmax + (Nil) eXp (ln <2/8(N—l) M max{mmax» 2M})>
4M2_2(N_l)2 eXp<—26 <A,"L—|— 2M >> M2>

Bmmax
1 — Bm?
B 9 N max 4M2*
5<mmax + ( )2B(N—Z)M maX{mmax7 2M}

2(N—l)2 exp (—26 (Am + ﬁinjr\im)) M2>

1 — Bm2
— 24 max 2M_
FMimax max{Mmax , 2 M}
B2(N —1)? exp<—25 <Am + 2 M )> M?
B Mumax

< Bmfnax +1 - 5m1?nax - B2(N_l)2 eXp<_2B (AHL + 2 M >> M2

5 mmax

= I—BQ(N—Z)QeXp<—26 (Am+ 2 M )) M? <1.

/3 mmax

For the last but one inequality we used 2M < max{mmax, 2M }.
Therefore f is a contraction mapping in S,;,. O
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Banach Fixed Point Theorem. Now we have all ingredients to apply Banach fixed point theorem.
Lemma 12. Assume that

Al:
2M 1 1 — Bm2,
A, > — 2 max , 265
= Bmmm B n(?B(Nl)Mmax{mmax,2M}> (265)
and
A2:
Bmia, <1, (266)

then f has a fixed point in S,,.

Proof. We use Banach fixed point theorem: Lemma 10 says that f maps from the compact set S,,,
into the same compact set S,,,. Lemma 11 says that f is a contraction mapping in S,,,. O

Contraction Mapping with a Fixed Point We assume that the first [ patterns are much more
probable (and similar to one another) than the other patterns. Therefore we define:

M := max |z, (267)
N
v= D pi <e, (268)
i=l+1
l
1—7:Zpi>1—e, (269)
=1
hi= 2 < pif(l-e), (270)
L=y
l
> b= 1, Q71)
=1
1 l
Me = 7 > @i, (272)
=1
Mmax = Max |&; — mg . (273)
1<i<l

M is an upper bound on the Euclidean norm of the patterns, which are vectors. € is an upper bound
on the probability v of not choosing one of the first [ patterns, while 1 — € is a lower bound the
probability (1 — ) of choosing one of the first [ patterns. m, is the arithmetic mean (the center)
of the first [ patterns. my,.x is the maximal distance of the patterns to the center m, . p is the
probability p normalized for the first [ patterns.

The variance of the first [ patterns is

T

l l l

Varﬁ[ml;l] = Zﬁl x; IL‘? — (Zﬁz (l?l) <Zﬁl IL‘1> (274)
i=1 i=1 i=1

1 ! ! T

Zﬁz‘ (wz - Zﬁz%) (ﬂlz — Zﬁzan) .

i=1 i=1 =1

We have shown that a fixed point exists. We want to know how fast the iteration converges to the
fixed point. Let m}, be the fixed point of the iteration f in the sphere S,,. Using the mean value

theorem, we have with J™ = [ J(A& + (1 — A)m) d:
1£(&) — mgll = [1F(€) — fmp)| < [T, € — mg] (275)

According to Lemma 8 the following bounds on the norm ||J||,, of the Jacobian of the fixed point
iteration hold. The ~-bound for ||J||, is

13, < B(A—7) mipax + 72(2 — 7) M?) (276)
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while the e-bound for || J]|, is:

1, < B (M + €2(2 — o M?) . 77)
From the last condition we require for a contraction mapping:
B mi.. < 1. (278)
We want to see how large ¢ is. The separation of center m,, from data X = (x;11,...,&N) is
A, = Jnl11<r; (mgmm - mgmj) = mem — gr%zg( mTa:] . 279)

We need the separation A, of & = A& 4 (1 — A\)m, from the data.

A, = min (2"m, — 27x;) . (280)
31<i

We compute a lower bound on Am. Using the Cauchy-Schwarz inequality, we obtain for 1 < 57 < N:
[#"x; — miz;| < & — mg| =] < & — mg| M. (281)

‘We have the lower bound

A, > nlun((mgmm — |2 — mg|| M) — (mlz; + | — mg| M)) (282)
<]
= =2 — mg| M + Hllln (mimg, — mlz;) = A, — 2[|& — mg|| M.
3,l<s
Since

< AE — mg| + (1=X) [[mg — my
< max{[|§ — mg|,[|lm; — mgl},
we have
A, > A, — 2 max{||é — mgl|,||m) — mg|} M. (284)
€ = (N—=Dexp(—= B (Am — 2 max{[|§ — mg|,[m; — mg[} M)). (285)

B2.5 Properties of Fixed Points Near Stored Pattern

In Subsection B2.4.3 many stable states that are fixed points near the stored patterns are considered.
We now consider this case. In the fist subsection we investigate the storage capacity if all patterns are
sufficiently separated so that metastable states do not appear. In the next subsection we look into the
convergence speed and error when retrieving the stored patterns. For metastable states we can do the
same analyses if each metastable state is treated as one state like one pattern.

We see a trade-off that is known from classical Hopfield networks and for modern Hopfield networks.
Small separation A; of the pattern x; from the other patterns gives high storage capacity. However
the convergence speed is lower and the retrieval error higher. In contrast, large separation A; of the
pattern x; from the other pattern gives exponentially fast convergence (one update is sufficient) and
exponentially low retrieval error.

B2.5.1 Exponentially Many Patterns can be Stored
From Subsection B2.4.3 need some definitions. We assume to have N patterns, the separation of

pattern x; from the other patterns {1, ..., ®;_1,T;41,..., TN} is A, defined as
A; = min (mlT:cZ — :BZT:I:J) = x!x; — max miT:c]- . (286)
J,Jj7#% J,J#i
The pattern is separated from the other data if 0 < A,;. The separation A; can also be expressed as
| 2 2
A = min o (llzl® = llzgl* + llzi — 2l (287)
374 2
2
= gl = 5 max (e — s — @) |
I
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For ||z;|| = ||| we have A; = 1/2min; j4; ||x; — wj||2. The sphere S; with center x; is defined
as

s = {elle - @il < 557} (288)
The maximal length of a pattern is M = max; ||x;||.

We next define what we mean with storing and retrieving a pattern.

Definition B4 (Pattern Stored and Retrieved). We assume that around every pattern x; a sphere S; is
given. We say x; is stored if there is a single fixed point x € S; to which all points § € S; converge,
and S; NS; = 0 fori # j. We say x; is retrieved if iteration (update rule) Eq. (81) converged to the
single fixed point x € S;. The retrieval error is ||x; — x|

For a query £ € S; to converge to a fixed point x; € S; we required for the application of Banach
fixed point theorem and for ensuring a contraction mapping the following inequality:

2 1

A; > — 4+ = In(2(N-1)NBM? . (289)
oA R CAC A )

This is the assumption in Lemma 7 to ensure a fixed point in sphere S;. Since replacing (N — 1)V

by N2 gives

2 1 2 1
—— + - Im(2N?BM?) > ——— + - In(2(N-1)N B M?), (290)
the inequality follows from following master inequality
2 1
Ay > — + = In(2N? 5 M?) , (291)

If we assume that S;NS; # () with i # j, then the triangle inequality with a point from the intersection
gives

2
Therefore we have using the Cauchy-Schwarz inequality:
2 2
A < zf (@ — 2)) < ol 2 — 2l <Moo T BN (293)

The last inequality is a contraction to Eq. (291) if we assume that

1 <2(N-1)NBM?, (294)
With this assumption, the spheres S; and S; do not intersect. Therefore each x; has its separate fixed
point in S;. We define

Apin = min A (295)
1<iKN
to obtain the master inequality
2 1
Apin > —— + — In(2N?2 3 M?) . (296)

Patterns on a sphere. For simplicity and in accordance with the results of the classical Hopfield
network, we assume all patterns being on a sphere with radius M:

Vii |zl = M. (297)
Under assumption Eq. (294) we have only to show that the master inequality Eq. (296) is fulfilled for

each x; to have a separate fixed point near each x;.
We defined oy;; as the angle between x; and x;. The minimal angle oy, between two data points is

Qmin = 1<£21jn<Naij . (298)
On the sphere with radius M we have
J— : 21 _ () = 21 — . .

Amm 1<£21]Il<NM (1 COb(O[”)) M (1 COb(amm)) ’ (299)

therefore it is sufficient to show the master inequality on the sphere:

2 1
M?(1 — cos(min)) > —— + = In(2N?3 M?) . (300)
(1 = cos(omin) > 57 + 5 In( )

Under assumption Eq. (294) we have only to show that the master inequality Eq. (296) is fulfilled
for Api,. We consider patterns on the sphere, therefore the master inequality Eq. (296) becomes
Eq. (300). First we show results when pattern positions on the sphere are constructed and A ;, is
ensured. Then we move on to random patterns on a sphere, where A ,;,, becomes a random variable.
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Storage Capacity for Patterns Placed on the Sphere. Next theorem says how many patterns we
can stored (fixed point with attraction basin near pattern) if we are allowed to place them on the
sphere.

Theorem B3 (Storage Capacity (M=2): Placed Patterns). We assume 5 = 1 and patterns on
the sphere with radius M. If M = 2+/d — 1 and the dimension d of the space is d > 4 or if
M = 1.7v/d — 1 and the dimension d of the space is d > 50, then the number of patterns N that can
be stored (fixed point with attraction basin near pattern) is at least

N = 22d=1) (301)

Proof. For random patterns on the sphere, we have to show that the master inequality Eq. (300)
holds:

2 1
M?*(1 — cos(amin)) > —— + = In(2N?% 5 M?) . (302)
(1~ cos(amm) 2 53 + 5 I )
We now place the patterns equidistant on the sphere where the pattern are separated by an angle auyin:
Vi : min Q5 = Qmin , (303)
53 #e

In a d-dimensional space we can place

d—1
N = ( 2m > (304)

Qmin

points on the sphere. In a spherical coordinate system a pattern differs from its most closest patterns
by an angle o, and there are d — 1 angles. Solving for auyiy, gives

21

Qmin = Ni/@d-1) - (305)
The number of patterns that can be stored is determined by the largest N that fulfils
2m 2 1
2 e [T 4 L 2 2
M (1 cos(Nl/(d_1)>) > BN + 3 ln(2N ﬂM) . (306)
We set N = 22(4=1) and obtain for Eq. (306):
M2 (1 ™ > 2 Linesm?) + La@d—1meo 307
(1= s(3)) 2 gaan + 5 MEEM) + Ga@-nm2. GoD
This inequality is equivalent to
2 2
BM® > oy + (28 M7) + 4(d—1)In2. (308)

The last inequality can be fulfilled with M = K+/d — 1 and proper K. For 3 =1,d =4 and K = 2
the inequality is fulfilled. The left hand side minus the right hand side is 4(d — 1) — 1/22(4=D~1 _
In(8(d—1)) —4(d — 1) In 2. Its derivative with respect to d is strict positive. Therefore the inequality
holds for d > 4.
For § =1, d = 50 and K = 1.7 the inequality is fulfilled. The left hand side minus the right hand
side is 2.89(d — 1) — 1/22(4=D=1 _1n(5.78(d — 1)) — 4(d — 1) In 2. Its derivative with respect to d
is strict positive. Therefore the inequality holds for d > 50.

O

If we want to store considerably more patterns, then we have to increase the length of the vectors or
the dimension of the space where the vectors live. The next theorem shows results for the number of
patterns N with N = 23(d—1)

Theorem B4 (Storage Capacity (M=5): Placed Patterns). We assume 5 = 1 and patterns on
the sphere with radius M. If M = 5v/d — 1 and the dimension d of the space is d > 3 or if
M = 4+/d — 1 and the dimension d of the space is d > 13, then the number of patterns N that can
be stored (fixed point with attraction basin near pattern) is at least

N = 231 (309)
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Proof. We set N = 23(¢=1) and obtain for Eq. (306):

9 ™ 2 1 9 1
This inequality is equivalent to
V2 1
BM2<1—2 2W+ln(2[3Mz)+6(d—1)ln2. (311)

The last inequality can be fulfilled with M = K+/d — 1 and proper K. For § = 1, d = 13 and
K = 4 the inequality is fulfilled. The left hand side minus the right hand side is 4.686292(d —
1) —1/23d=D=1 _1n(32(d — 1)) — 6(d — 1) In 2. Its derivative with respect to d is strict positive.
Therefore the inequality holds for d > 13.
For f =1,d = 3 and K = 5 the inequality is fulfilled. The left hand side minus the right hand side
is 7.32233(d — 1) — 1/23(4=1D=1 _In(50(d — 1)) — 6(d — 1) In 2. Its derivative with respect to d is
strict positive. Therefore the inequality holds for d > 3.

O

Storage Capacity for Random Patterns on the Sphere. Next we investigate random points on the
sphere. Under assumption Eq. (294) we have to show that the master inequality Eq. (300) is fulfilled
for avpin, Where now o, i, is now a random variable. We use results on the distribution of the minimal
angles between random patterns on a sphere according to [12] and [10]. Theorem 2 in [12] gives the
distribution of the minimal angle for random patterns on the unit sphere. Proposition 3.5 in [10] gives
a lower bound on the probability of the minimal angle being larger than a given constant. We require
this proposition to derive the probability of pattern having a minimal angle oy;,. Proposition 3.6
in[10] gives the expectation of the minimal angle.

We will prove high probability bounds for the expected storage capacity. We need the following
tail-bound on oy, (the minimal angle of random patterns on a sphere):

Lemma 13 ([10]). Let d be the dimension of the pattern space,
1 T({(d+1)/2)

MT g yr T D(d)2) (312)

and § > 0 such that %(ﬁd’l) < 1. Then
Pr(NTTamy > 6) > 1 — % ga-1. (313)
Proof. The statement of the lemma is Eq. (3-6) from Proposition 3.5 in [10]. O

Next we derive upper and lower bounds on the constant x4 since we require them later for proving
storage capacity bounds.

Lemma 14. For x4 defined in Eq. (312) we have the following bounds for every d > 1:
1 . exp(1/12)

——————— < Kg § ———— < 1. 314
exp(1/6) Vend 4 v2md Gl

Proof. We use for x > 0 the following bound related to Stirling’s approximation formula for the
gamma function, c.f. [35, (5.6.1)]:

1 < T(z)(2m)~ ip2 ~Texp(x) < exp<121 ) . (315)

Using Stirling’s formula Eq. (315), we upper bound r4:

I T(d+1/2) _ 1 exp (5 ) exp (— 441) (4
dm T(d/2) d T exp( g) (g)%—%
(%
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For the first inequality, we applied Eq. (315), while for the second we used (1 + é)d <eford>1.
Next, we lower bound 4 by again applying Stirling’s formula Eq. (315):

L DE+/2) 1 ew (=4 (B
dVE TR VT e () e (—4) (4)°7F

Kq = 317)

- 1 (1 . 1) 5 \/E . 1
d /T e exp (6—161) d exp (%)
where the last inequality holds because of monotonicity of (1 + é)d d using the fact that ford = 1
it takes on the value 2. O

We require a bound on cos to bound the master inequality Eq. (300).

Lemma 15. For 0 < x < 7 the function cos can be upper bounded by:
2
cos(z) =1 — % . (318)

Proof. We use the infinite product representation of cos from [35, (4.22.2)]:

2

It holds

4 22
S — | 320
(2n —1)2 72 (320)

for |z| < 7 and n > 2, we can get the following upper bound on Eq. (319):

2 4 22 4 22 4 22
cos(z) < [] <1 W) - (1 - :2) (1 - 9;) (321)

<
n=1
40 z2 16 z* 40 z2 16 2
=1- — + <1-—- — _—
9 72 9 74 9 72 972
B 24 2 x?
9n2 5

The last but one inequality uses 2 < 7, which implies /7 < 1. Thus Eq. (318) is proven.
O

Exponential storage capacity: the base c as a function of the parameter 3, the radius of the
sphere ), the probability p, and the dimension d of the space. We express the number N of
stored patterns by an exponential function with base ¢ > 1 and an exponent linear in d. We derive
constraints on he base c as a function of /3, the radius of the sphere M, the probability p that all
patterns can be stored, and the dimension d of the space. With § > 0, K > 0, and d > 2 (to ensure a
sphere), the following theorem gives our main result.

Theorem BS (Storage Capacity (Main): Random Patterns). We assume a failure probability 0 <
p < 1 and randomly chosen patterns on the sphere with radius M = K+/d — 1. We define

2 2 K?
a:=——(1+m@2BK*p(d-1)), b:= ﬁ,
d—1 5
c = b (322)
~ Wo(exp(a + In(b)) ’
where Wy is the upper branch of the Lambert W function and ensure
( 2 > ~ 323
c> | — . (323)
VP
Then with probability 1 — p, the number of random patterns that can be stored is
N > JpcT . (324)

Examples are ¢ > 3.1546 for § = 1, K = 3, d = 20 and p = 0.001 (a + In(b) > 1.27) and
c>1378forB=1K =1,d =75, and p = 0.001 (a + In(b) < —0.94).
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Proof. We consider the probability that the master inequality Eq. (300) is fulfilled:

2
Pr <M2(1 — co8(min))) > N + E In (2 N25M2)) >1—-1p. (325)
Using Eq. (318), we have:
1
1 — cos(@min) > £ ozfnin. (326)
Therefore with probability 1 — p the storage capacity is largest IV that fulfills
a? . 2
pr(a2%min > 2 Ly ongn2)) s - ). 327
r( S > T 5 5))_ p (327)
This inequality is equivalent to
Pr| N7 > VENTT (2 + 1y (2 N2 5 M?) : > 1 (328)
T = in = - n = - P
Amin M BN 3 p
We use Eq. (313) to obtain:
2 1
2 VBENTT [ 2 1 ) o ) 2
Pr <Nm Cmin > i <ﬁN + 3 In(2N?B8 M )) ) (329)
1 d=1
KRd—1 pd=1 .2 (d—1) 2 2 :
>1 - 5% N2 M~ In(2N*B8 M
. ( 4 S WS ))
For Eq. (328) to be fulfilled, it is sufficient that
d—1
Rd—1 i1 o o0 (o) (2 2512
5 N M — In(2N“B8M - p<0. 330
L1 5 (5% + 5 m@¥ o) i’ (330)

If we insert the assumption Eq. (323) of the theorem into Eq. (324), then we obtain [V > 2. We now
apply the upper bound £4_1/2 < kg—1 < 1 from Eq. (314) and the upper bound ¥ < 1 from

N > 2 to inequality Eq. (330). In the resulting inequality we insert N = ,/pc “T o check whether
it is fulfilled with this special value of /N and obtain:

d—1

- 1 1 - 2
5d21pc > M@= ( + fln(2pchl BM2)> <p. (331
BB
Dividing by p, inserting M = K+/d — 1, and exponentiation of the left and right side by % gives:
5c¢ 1 1 d—1
o (5 + 5 (28T K2 (@-1))) -1 < 0. 332
After some algebraic manipulation, this inequality can be written as
ac+ c¢ln(c) — b <0, (333)
where we used
2 2 K?
a = ﬁ(1 + I(2B8K?p(d—1)), b:= 5 2y
We determine the value ¢ of ¢ which makes the inequality Eq. (333) equal to zero. We solve
a¢ + ¢ln(é) —b =0 (334)
for ¢:
a¢+ ¢n(é¢) —b=0 (335)

< a + In(@) = b/é
< a + In(b) + In(¢/b) = b/é
< b/é + In(b/é) = a + In(b)
< b/é exp(b/é) = exp(a + In(b))
< bjé = Wy(exp(a + In(d)))

b

“ 0T Wilen(a T m@)
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where W) is the upper branch of the Lambert W function (see Def. B10). Hence, the solution is

o b
“= Wo(exp(a + In(b)) - (336)

The solution exist, since the Lambert function Wy (z) is defined for —1/e < = and we have 0 <
exp(a + In(b).

Since ¢ fulfills inequality Eq. (333) and therefore also Eq. (331), we have a lower bound on the
storage capacity V:

N > JpéT . (337)
O
Next we aim at a lower bound on ¢ which does not use the Lambert W function. Therefore we upper

bound Wy (exp(a + In(b)) to obtain a lower bound on ¢, therefore, also a lower bound on the storage
capacity N. The lower bound is given in the next corollary.

Corollary 1. We assume a failure probability 0 < p < 1 and randomly chosen patterns on the sphere
with radius M = K+/d — 1. We define

2
a = %(1 + (2B K?p(d—1))), b:= 2K5 b

Using the omega constant € =~ 0.56714329 we set

~1
b In <Q exp(a + In(b)) + 1) for a + In(b) < 0,
CcC =

¢ (1 + t?)+ In(b) (338)
b(a + In(b)) a+m® +1 for a + In(b) > 0
and ensure
4
< 2 > - (339)
c > | — .
T \WP
Then with probability 1 — p, the number of random patterns that can be stored is
N > Jpc'T . (340)

Examples are ¢ > 3.1444 for 8 = 1, K = 3, d = 20 and p = 0.001 (a + In(b) > 1.27) and
¢>1.2585for =1 K =1, d = 75, and p = 0.001 (a + In(b) < —0.94).

Proof. We lower bound the ¢ defined in Theorem B5. According to [26, Theorem 2.3] we have for
any real v and y > %:

exp(u) + y
< .
Wo(exp(u)) < 1n< T+ () ) (341)
To upper bound Wy (z) for z € [0, 1], we set
y = 1/Wo(1) = 1/Q = expQ = —1/InQ ~ 1.76322 , (342)

where the Omega constant (2 is
—1
o dt
Q = —_— — 1 =~ 0.56714329. (343)
oo (e — )7 + @2

See for these equations the special values of the Lambert 1 function in Lemma 31. We have the
upper bound on W:

Wo(exp(u)) < In (exP(u)Jrl/Q) = In (QeXp(“)“> . (344)

1 + In(1/Q) o + Q)
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At the right hand side of interval [0, 1], we have u = 0 and exp(u) = 1 and get:

H<M) = In (é) = —In(Q) = Q = Wy(1). (345)

Therefore the bound is tight at the right hand side of of interval [0, 1], that is for exp(u) = 1,i.e. u = 0.
We have derived an bound for Wy (exp(u)) with exp(u) € [0, 1] or, equivalently, u € [—o0,0]. We
obtain from [26, Corollary 2.6] the following bound on Wy (exp(u)) for 1 < exp(u), or, equivalently
0<u:

Wo(exp(u)) < uT+w . (346)

A lower bound on ¢ is obtained via the upper bounds Eq. (346) and Eq. (344) on Wy as Wy > 0. We
set u = a + In(b) and obtain

1
IH(Q exp(a+1n(b))+1) for a + In(b) < 0,
Wo(exp(a + In(b))) < aa+a 1n(b) v

: (347)
(@ + In(b)) " #F =0 F1  for a + In(b) > 0

We insert this bound into Eq. (336), the solution for ¢, to obtain the statement of the theorem.
O

Exponential storage capacity: the dimension d of the space as a function of the parameter (3,
the radius of the sphere 1/, and the probability p. We express the number N of stored patterns
by an exponential function with base ¢ > 1 and an exponent linear in d. We derive constraints on
the dimension d of the space as a function of 3, the radius of the sphere M, the probability p that all
patterns can be stored, and the base of the exponential storage capacity. The following theorem gives
this result.

Theorem B6 (Storage Capacity (d computed): Random Patterns). We assume a failure probability
0 < p < 1 and randomly chosen patterns on the sphere with radius M = K+/d — 1. We define

~In(e) K?p o 9
@ = 0 = £ b.f1+ln(2pﬂK),
1+ LW(a exp(=b)) fora#0,
d = {1 + exp(—b) fora=0, (348)

where W is the Lambert W function. For 0 < a the function W is the upper branch Wy and for
a < 0 we use the lower branch W_. If we ensure that

(%) -3 (-b)
c> | — , —— < aexp(—b), (349)
/P e
then with probability 1 — p, the number of random patterns that can be stored is
N > Jpc'T . (350)
Proof. We consider the probability that the master inequality Eq. (300) is fulfilled:
2 1
Pr <M2(1 —cos(min))) > =< + = In(2N? 3 MQ)) >1-p. (351
BN B
Using Eq. (318), we have:
1
1 — cos(@min) > o al. . (352)

Therefore with probability 1 — p the storage capacity is largest N that fulfills

a? 2 1
Pr(Mm?2—min > = 4 — In(2N?BM?)) >1—p. 353
r( 5_5N+Bn( 6))_ p (353)
This inequality is equivalent to
o VENTT [ 2 1 H
Pr (Nﬁl Qmin > i (BN + 5 In (2 N2ﬁM2)) >1—p. (354)



We use Eq. (313) to obtain:

Pr <Nd21 Amin > ‘/gj\zjdfl <B2N + % In (2 N? ﬁM2)> ) (355)
d—1
> d_1 N2 M—(d—l) (2 + l In (2 N2 6M2)> 2
BN B
For Eq. (354) to be fulfilled, it is sufficient that
d—1
”d2 L5 N2 @D (;N + 5 (2 N? 5M2)) Sy <o, (356)

If we insert the assumption Eq. (349) of the theorem into Eq. (350), then we obtain [V > 2. We now
apply the upper bound x4—1/2 < kq—1 < 1 from Eq. (314) and the upper bound /3 N < % from

N > 2 to inequality Eq. (356). In the resulting inequality we insert N = \/ﬁc T to check whether
it is fulfilled with this special value of N and obtain:

d—1

G e (L L e
5% pcz M~ (5 + ﬂln(2pc BM) <p. (357)

Dividing by p, inserting M = K+/d — 1, and exponentiation of the left and right side by % gives:

K2(5dc_1)<;+;1n(2[30d;1pK2(d—1))> —1<o0. (358)
This inequality Eq. (358) can be reformulated as:
1+1n(2p5cdz;lK2(d—1))—%<o. (359)
Using
a = ln;c) — K;CB, b:=1+ ln(ZpﬁKQ) ,
(360)
we write inequality Eq. (359) as
Ind—1) + a(d—1) + b < 0. (361)
We determine the value d of d which makes the inequality Eq. (361) equal to zero. We solve
In(d—1) + a(d—1) +b =0. (362)
for d
For a # 0 we have
In(d—1) +a(d—1) +b =0 (363)
s oa(d-1) + ln(A 1) = -b
& (d—1)exp(a (d—1)) = exp(-b)
& a(d—1)exp(a (d—1)) = a exp(—b)
& a(d-1) = W(a exp(-b))
sd-1 :é W (a exp(—b))
1

sd=1+ o W(a exp(-b)),

where W is the Lambert W function (see Def. B10). For a > 0 we have to use the upper branch
Wy of the Lambert W function and for a < 0 we use the lower branch W_; of the Lambert W
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function. We have to ensure that —1/e < aexp(—b) for a solution to exist. For a = 0 we have
d =1+ exp(-b).
Hence, the solution is

d=1+ %W(aexp(—b)). (364)

Since d fulfills inequality Eq. (358) and therefore also Eq. (357), we have a lower bound on the
storage capacity V:

N > JpéT . (365)
O

Corollary 2. We assume a failure probability 0 < p < 1 and randomly chosen patterns on the sphere
with radius M = K+/d — 1. We define

In(c) K23 9
= — - — b:=1 In (2 K
5 o + In(2pB K?),
1
d=1+ - (- In(—a) + ), (366)
a
and ensure
(2>“ ! (—b) 36
c > | — , —— < aexp(—b), a<0, (367)
VP €

then with probability 1 — p, the number of random patterns that can be stored is
N > Jpc'T . (368)

Setting 6 =1, K = 3, c =2 and p = 0.001 yields d < 24.

Proof. For a < 0 the Eq. (348) from Theorem (B6) can be written as

W1 (aexp(—b)) W_i (= exp (—(~In(=a) + b— 1) — 1))

d=1+ =1+ (369)
a a
From [2, Theorem 3.1] we get the following bound on W_;:
b (u+1) < W_i(— exp(—u—1)) < —(u+1). (370)
for v > 0. We apply Eq. (370) to Eq. (369) with w = —In(—a) + b — 1.
Since a < 0 we get
—In(— b
i> 14 —mEa+b 371)
a
O

Storage capacity for the expected minimal separation instead of the probability that all pat-
terns can be stored. In contrast to the previous paragraph, we want to argue about the storage
capacity for the expected minimal separation. Therefore we will use the following bound on the
expectation of avy;, (minimal angle), which gives also a bound on the expected of A, (minimal
separation):

Lemma 16 (Proposition 3.6 in [10]). We have the following lower bound on the expectation of ctpin -

(%)

E [Nﬁ min] >
fmin] = <2<d— 1) vaT(5h)
The bound is valid for all N > 2 and d > 2.

Let us start with some preliminary estimates. First of all we need some asymptotics for the constant
Cgq—1 in Eq. (372):

7ﬁr(1+ 1) a7 = C (372)
d-U T+ 7
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Lemma 17. The following estimate holds for d > 2:

In(d +1
Cy>1— % . (373)
Proof. The recursion formula for the Gamma function is [35, (5.5.1)]:
MNaz+1) = 2T(x). (374)
We use Eq. (314) and the fact that di > 1 for d > 1 to obtain:
1. (d+1)" @ d+1)" @
Cy > (2 @)%F(H,)w _ ﬁ)%w > (d+1)4 (375)

d” T(2+1) 1-12

1 1
= exp(—g In(d+1)) > 1 - y In(d+1),

where in the last step we used the elementary inequality exp(z) > 1 + x, which follows from the
mean value theorem. O

The next theorem states the number of stored patterns for the expected minimal separation.

Theorem B7 (Storage Capacity (expected separation): Random Patterns). We assume patterns on

the sphere with radius M = K+/d — 1 that are randomly chosen. Then for all values ¢ > 1 for which

1 In(d — 1) 2 1 d—1

S(d-1) K2t - Ry + (2 BA-D)K2) 376
(@=1 K2 = P 2 e g Bd-1) (376)

5
holds, the number of stored patterns for the expected minimal separation is at least

N =c1 . (377)
The inequality Eq. (376) is e.g. fulfilled with 3 =1, K =3, c=2and d > 17.
Proof. Instead of considering the probability that the master inequality Eq. (300) is fulfilled we now

consider whether this inequality is fulfilled for the expected minimal distance. We consider the
expectation of the minimal distance A i,:

E[Amin] = E[M?(1 — cos(amin)))] = M?(1 — E[cos(amin))]) - (378)
For this expectation, the master inequality Eq. (300) becomes
2 1
M?*(1 — Efcos(amn))]) = =+ + - In(2N? 5 M?) . (379)
(1~ Bleos(omn))]) > 577 + 5 In )

We want to find the largest N that fulfills this inequality.
We apply Eq. (318) and Jensen’s inequality to deduce the following lower bound:

1 — Elcos(amin)] > %E (0] >

Now we use Eq. (372) and Eq. (373) to arrive at

E[omin]? - (380)

In(d — 1)
~ (d-1)

for sufficiently large d. Thus in order to fulfill Eq. (379), it is enough to find values that satisfy
Eq. (376).

Elomin]? > N 771 E[NTT apn]? > N 71 C2, > N 77 (1 )2, (381)

O

B2.5.2 Convergence after One Update and Small Retrieval Error

Theorem B8 (Convergence After One Update). With query &, after one update the distance of the
new point f(€) to the fixed point x is exponentially small in the separation A;. The precise bounds
are:

1F(&) — =il < [1I™[l; 1€ — i1, (382)
197, < 28N M?* (N —1)exp(— B (A — 2 max{[[§ — i, [l=] — will}M(%)Sé)
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Proof. From Eq. (169) we have
197l < 28N M? (N —1)exp(— B (A — 2 max{[l§ — i, &} — aill} M)). (384)
After every iteration the mapped point f (&) is closer to the fixed point z than the original point x;:

1£(&) — =il < [J™, 1€ — @3] - (385)
O
We want to estimate how large A, is. For x; we have:
A; = min (a:zT:cl - :cZTwJ) = :cZTazz - maxa:iT:cj. (386)
J,Jj#i JJ#i

To estimate how large A; is, assume vectors & € R? and y € R? that have as components standard
normally distributed values. The expected value of the separation of two points with normally
distributed components is

d d d
Elz"z — 2"y] = > E[23] + ) Elx]> Ely] = d. (387)
j=1 Jj=1 j=1
The variance of the separation of two points with normally distributed components is
Var [CBT:B — wTy} =E [(wTa: — wTy)z} —d? (388)
d d d
=2 B[]+ X B[] B[] -2} E[]Ey) -
j=1 j=1,k=1,k#j Jj=1
d d
2 Z E [23] E[z4] E [y] + ZE (23] E[y3] +

j=1,k=
d
Y ElEIERE[] - ¢

j=1,k=1,k#j

=3d +d(d-1) +d - d* = 3d.
The expected value for the separation of two random vectors gives:

1371l < 28N M* (N —Dexp(= 8 (d — 2 max{|l¢ — @ill, =] — @:ll} M)). (389

For the exponential storage we set M = 2/d — 1. We see the Lipschitz constant ||J™ ||, decreases

exponentially with the dimension. Therefore ||f(€) — x| is exponentially small after just one
update. Therefore the fixed point is well retrieved after one update.

The retrieval error decreases exponentially with the separation A;.

Theorem B9 (Exponentially Small Retrieval Error). The retrieval error ||x; — x| of pattern x; is
bounded by

l; — @il] < 2(N—=1) exp(= B (Ai = 2|zi — x| M)) M (390)
and for |lw; — @7 | < 5557 by
le: — f|| < e(N—1) M exp(— 8 A;). (391)
Proof. We compute the retrieval error which is just ||z; — «]||. From Lemma 4 we have
lzi — fEI < 2eM, (392)
From Eq. (168) we have
e = (N=1exp(= (A = 2 max{[|§ — x|, =] — xil]} M)) . (393)
We use £ = x and get
e = (N—Dexp(= B (A = 2[j@] — x| M)). (394)
We obtain
le: — xf|| < 2(N—=1) exp(— 8 (A; — 2||x] — =;|| M)) M . (395)
For [|lz; — x}|| < 5537 inequality Eq. (395) gives
lle; — xf|| < e(N—1) M exp(— 8 A;). (396)
O
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B2.6 Learning Associations

B2.6.1 Initialization: Random Matrix Theory

For the initial matrices and scaling, the random matrix theory is of interest. For matrix entries with
variance 02 we know from the circular law [43] and the Marchenko-Pastur quarter circular law
[31, 50, 8] that 1/(62v/N)X has a singular value density concentrated at values smaller than one.
The maximal singular value of X € RN ig Smax(X) VN + v/n [38]. Furthermore large
singular values have lower density according the quarter circular law. Initialization of mappings to
the space, where the modern Hopfield networks works, can be based on the largest singular value.
Therefore we can estimate the largest possible norm M of the patterns as we used in the theory.

B2.6.2 Directly Learning Associations

In the first setting,  is mapped by Wz to the query space, where the query £ lives. With and the
largest norm of a pattern

My = max ||[WTz, (397)
the energy function E is now
1 1
E = —lse(3, XTWT¢) + 55% + A 'InN + §M§V (398)
al 1 1
= —3'ln (Zexp(ﬁxZWT§)> + §§T§ + B8 'InN + §M§V. (399)
i=1
The derivative of the energy E with respect to & is
OE ToxrT
% = — WXsoftmax(BX " W'¢) + &€ = —WXp + €, (400)
where we used
p = softmax(BXTWTE). (401)
The gradient update rule gives
OE
&V = WXp = € — € (402)

We consider the query & with result y:
y = WXp = W Xsoftmax(BXTW7Tg) (403)

Since the retrieved vector y is mapped by a weight matrix V' to another vector, we consider the
simplified update rule:

y = Xp = Xsoftmax(BX"W7¢) (404)
The derivative with respect to W is
da’y Oy da'y oy OWTE¢) daly 405)
oW — OW dy  O(WT¢) oW oy
_ % _ 5X (diag(p) - pp") X7 (406)
o(WTE)
T
da’y =a. (407)
oy
owre)

We have the product of the 3-dimensional tensor =z with the vector a which gives a 2-
dimensional tensor, i.e. a matrix:

OWT'E) daly _ O(WTE)

oWy~ oW a = £al. (408)
8aTy . T T (¢T
g = A X (diag(p) —pp") X" (¢"a). (409)
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B2.6.3 Learning the Mappings to the Association Space

We consider the patterns a that are mapped to & in the association space R? by & = WX x. The
query £ is mapped to £ in the space R% by € = W@, too.

With and the largest norm of a pattern

My = max ||W¥z;| , (410)
the energy function E with mappings W and W< is
1

E = —lse(, XT(WE)TWO) + S (W)W (411)

1
+ Bt InN + §M§V

N
= —f'Im (Zexp(ﬁw?(WKFWQs)) + %£T<WQ>TWQ£

i=1
1
+ B7'InN + §M§V.

In the association space that is

U 1o~ 1
E = —Ise(8, X7€) + §€T5 + B 'InN + izizglaxaémax (412)
N 5 1 oo~ 1
= —f'In (Z exp(ﬁi-?g)> + 55@5 + ' InN + iizﬁaxrimax. (413)
i=1
The derivative of the energy E with respect to £is
E - - - - -
gg = — Xsoftmax(BXT¢) + € = — Xp + €, (414)
where we used
p = softmax(8X7TE) . (415)
The gradient update rule gives
P 5 - OE
W= Xp =€ - —. (416)
£ p =& Y.
We consider the query & that is mapped to £ to obtain £V
£V = Wy — WEXp = WX Xsoftmax(SXT(WE)TWQ) . (417)

Since the retrieved vector is mapped by a weight matrix V' to another vector, we consider the
simplified update rule. The retrieved vector is now y given by

y = Xp = Xsoftmax(8XT(WK)TWQ¢) . (418)

The vector y does not live in the association space but in the pattern space of . Only W% would
map it to the association space.
The derivative with respect to W< is

daTy oy 0aTy 0y O(WQE)daTy

oWe ~ oWwe oy  0(WRE) owe oy (419)
Jy .
arwag) — X (diag(p) —pp") XT(WH)T (420)
0a’y B
5~ O 21)
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i ; W)
We have the product of the 3-dimensional tensor =z
dimensional tensor, i.e. a matrix:

OWE) da’y AW

with the vector @ which gives a 2-

T
We oy ~ owa &lal . (422)
da'y _ B X (di Ty XT (WK (¢7 423
i iag(p) —pp') X (WH*)'(¢"a). (423)
The derivative with respect to W is
da’y Oy daTy B oy IH(WEYTWRE) 0aTy (424)
OWK — aWEK oy a(WK)YTWRE) oWk oy
Oy = B X (diag(p) —pp") X" (425)
I(WE)TWQE)
T
day _ (426)
dy

o(W¢)

We have the product of the 3-dimensional tensor 577

tensor, i.e. a matrix:

I(WH)TWRE) da™y _ O(WH)TW)

with the vector a which gives a 2-dimensional

_ _ Q\T ¢T
SWE oy SWE a = (W¥7"¢al. (427)
da’y . T\ ~T Q\T ¢T
sk = B X (diag(p) —pp") X" (W®)"¢"a). (428)

B2.7 Sequential Softmax Associative Memory
B2.7.1 Infinite Softmax Associative Memory
We have infinite many patterns x1, 2o, . . . that are represented by the infinite matrix
X = (.’Bl,ﬂi‘g,...,) . (429)

The pattern index is now a time index, that is, we observe x, at time ¢.
The pattern matrix at time ¢ is

X = (x1,20,..., @) . (430)
The query at time ¢ is &;.
The energy function at time ¢ is E;
1 1
E, = —lIse(8, X[&) + 55{& + B 'InN + 5M2 (431)
d 1 1
= —f7'ln (Zexp(ﬁﬁgt)) + 553”5,5 + B 'InN + 5M2. (432)
i=1
The derivative of the energy E; with respect to &, is
OE
3¢, — ~ Xwoftmax(BX[&) + & = — Xipi + &, (433)
t
where we used
p; = softmax(B8X[]€&) . (434)
The fixed point iteration is
oE
= Xipe = & = G (435)
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eV — X,p, = Xysoftmax(B8X[E€;) .
We can use an infinite pattern matrix with an infinite softmax. The pattern matrix at time ¢ is
X = (x1,22,..., 2, —&,—aky,...)

with the query &; and @ — oco. The energy function at time ¢ is E;

B = (3, X[&) + 1T€

¢ o]
= =B ' | D exp(Bxl &) + Y exp(—Ball&il?) | + %e? &
=1

i=t+1

For @ — oo and ||&;]] > k > O this becomes

B, = — lse(8, X[&) + 5&7&

t
= Bl (Zexp(ﬁmfgt)> + %g{gt.
=1

B2.7.2 Forgetting Softmax Associative Memory
We have infinite many patterns &1, 2, . . . that are represented by the infinite matrix

X = (zy,22,...,) .

The pattern index is now a time index, that is, we observe x; at time ¢.
The pattern matrix at time ¢ is

Xt = (Il?l,wg,...,l}t) .

The query at time ¢ is &;.
The energy function with forgetting parameter v at time ¢ is E;

1 1
B, = —lse(3, X & — vt —1,t—2,...,007) + ig;fgt + B 'InN + §M2

T
— B 'In (Zexp(ﬂ"ﬂ?ﬁt - W(t_i))> + %ﬁtT& + AT N+ %MQ'

i=1

The derivative of the energy E; with respect to &, is

g—z = — Xysoftmax(BX[ & — vt —1,t—2,...,07) + & = — Xupy + &,
where we used
p; = softmax(B8X/]€&,) .
The fixed point iteration is
OE;
€,

new _ Xp, = X;softmax(8X7¢€,) .

new

t = Xipr = & —

B3 Properties of Softmax, Log-Sum-Exponential, Legendre Transform,

Lambert W Function

For 8 > 0, the softmax is defined as
Definition B5 (Softmax).
p = softmax(fx)

exp(fx;)

p; = [softmax(Bx)]; = S cexp(Brg)
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We also need the log-sum-exp function (Ise), defined as
Definition B6 (Log-Sum-Exp Function).

N
lse(,z) = B 'In (Zexp(ﬂzﬁ) . (452)

i=1
Next, we give the relation between the softmax and the lse function.
Lemma 18. The softmax is the gradient of the lse:

softmax(fx) = Vlse(8,x) . (453)

In the next lemma we report some important properties of the lse function.
Lemma 19. We define

N
L:=z2Tx — B_lz,zi In 2; (454)
i=1

with L. > pTx. The lse is the maximum of L on the N-dimensional simplex D with D = {z |

N
_ T o —1 ) )
lse(f,2) = maxz"z — 5 le Inz . (455)

The softmax p = softmax(fSx) is the argument of the maximum of L on the N-dimensional simplex
DwithD ={z |,z =1,0<z}:

N
— — T _ -1 . .
p = softmax(fx) = argmax z” & 8 Zzl Inz; . (456)

i=1
Proof. Eq. (455) is obtained from Equation (8) in [22] and Eq. (456) from Equation (11) in [22]. [
From a physical point of view, the Ise function represents the “free energy” in statistical thermody-

namics [22].
Next we consider the Jacobian of the softmax and its properties.

Lemma 20. The Jacobian J; of the softmax p = softmax(fSx) is
_ Osoftmax(fSx)

. 5a — P (diag(p) —pp") , (457)
which gives the elements
Bpi(1 —pi) fori=j
Jslij = R (458)
sl {—5pipj fori#j

Next we show that J; has eigenvalue 0.

Lemma 21. The Jacobian Js of the softmax function p = softmax(Bx) has a zero eigenvalue with
eigenvector 1.

Proof.

1] = B p(l—pi) = D> pip; | = Bpi(1 = pj) =0. (459)
Jg#i J
O

Next we show that 0 is the smallest eigenvalue of J, therefore J is positive semi-definite but not
(strict) positive definite.

Lemma 22. The Jacobian J of the softmax p = softmax(5€) is symmetric and positive semi-
definite.
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Proof. For an arbitrary y, we have

y” (diag(p) — pp") ¥

2
> piyi - (Zm) (460)

<Z¢:piyi2> (2}@) - (;pwiy > 0.

The last inequality hold true because the Cauchy-Schwarz inequality says (a” a)(b”b) > (a’b)?,
which is the last inequality with a; = y;,/p; and b; = ,/p;. Consequently (diag(p) — pp”) is
positive semi-definite.

Alternatively >, piy? — (3, piyi)? can be viewed as the expected second moment minus the mean
squared which gives the variance that is larger equal to zero.

The Jacobian is 0 < [ times a positive semi-definite matrix, which is a positive semi-definite
matrix. O

Moreover, the softmax is a monotonic map, as described in the next lemma.
Lemma 23. The softmax p = softmax(Sx) is monotone, that is,
(softmax(Bz) — softmax(Bz’))’ (x — @') > 0. (461)
Proof. We use the mean value theorem with the symmetric matrix J7* = [ 01 Js(Ax + (1=XN)z') dX:
softmax(z) — softmax(z’) = JI' (xz — ') . (462)
Therefore
(softmax(x) — softmax(x’))’ (x — @) = (@ — )" J" (@ — a') > 0, (463)
since J7 is positive semi-definite. For all A the Jacobians J;(Ax + (1 — M\)a’) are positive
semi-definite according to Lemma 22. Since

1
el Jme = / I,z + (1= Nz )xd\ > 0 (464)
0

is an integral over positive values for every x, J7* is positive semi-definite, too. O

Next we give upper bounds on the norm of J;.

Lemma 24. For a softmax p = softmax(fBx) with m = max; p;(1 — p;), the spectral norm of the
Jacobian J s of the softmax is bounded:

[Jslly, < 2m B, (465)
[Jsll, < 2m B, (466)
[Jsllow < 2m 8. (467)
In particular everywhere holds
1

sl < 3 B . (468)

If Pmax = max; p; > 1 — e > 0.5, then for the spectral norm of the Jacobian holds
[Jslly, < 2B — 228 < 2€f. (469)

Proof. We consider the maximum absolute column sum norm
|l = max ) Ja| (470)
i

and the maximum absolute row sum norm

Al = miaxz laij] - (471)
J
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We have for A = J, = 8 (diag(p) — pp”)

D laigl = B [pil—pi) + > pip; | = Bpi(1 = 2pi + Y _p;) (472)
J J

JyJFi
2B8pi(1—pi)) < 2mf,

Y lagl = B | pi(A=pj) + D pipi | = Bp; (1= 2p; + Y pi)  (473)
4 1,1#] %
=28pj(1—pj) <2m§p.
Therefore we have

slly < 2m B, (474)
sllow < 2m B, (475)

slly < A/ IPsllsllee < 2m B (476)

The last inequality is a direct consequence of Holder’s inequality.

For 0 < p; < 1, we have p;(1 — p;) < 0.25. Therefore m < 0.25 for all values of p;.

If ppax > 1 —€ > 0.5 (e < 0.5), then 1 — pyax < € and for p; # pmax pi < €. The derivative
Ox(l — z)/0x =1 — 2z > 0 for z < 0.5, therefore (1 — x) increases with x for x < 0.5. Using
Z =1 — Pmax and for p; # Pmax & = p;, wWe obtain p;(1 — p;) < ¢(1 — €) for all i. Consequently,
we have m < (1 — ¢). O

<
<

Using the bounds on the norm of the Jacobian, we give some Lipschitz properties of the softmax
function.

Lemma 25. The softmax function p = softmax(Sx) is (8/2)-Lipschitz. The softmax function p =
softmax(8x) is (28m)-Lipschitz in a convex environment U for which m = maxgcy max; p; (1 —
Di)- For pmax = mingcy max; p; = 1—g¢, the softmax function p = softmax(fx) is (25¢)-Lipschitz.
For B < 2m, the softmax p = softmax(Bx) is contractive in U on which m is defined.

Proof. The mean value theorem states for the symmetric matrix J7* = f o JOZ + (1 = N)z') dX:

softmax(xz) — softmax(z’) = JI* (z — ') . 477)
According to Lemma 24 for all = Az + (1 — \)x')
Ps(@)ll, < 2mp, (478)

where m = max; p;(1 — p;). Since « € U and ' € U we have & € U, since U is convex. For
m = maxgcy max; p;(1 — p;) we have m < m for all m. Therefore we have

[Is@)ll, < 2mp (479)
which also holds for the mean:
[y < 2m . (480)
Therefore
||softmax(x) — softmax(z’)|| < [|[J7|, le — 2’| < 2m B ||z — &' . (481)

From Lemma 24 we know m < 1/4 globally. For pp.x = mingey max; p; = 1 — € we have
according to Lemma 24: m < e. O
For completeness we present a result about cocoercivity of the softmax:

Lemma 26. For m = maxgzcy max; p;(1 — p;), softmax function p = softmax(fx) is 1/(2mp3)-
cocoercive in U, that is,

1
fit, — soft N (@ - a') >
(softmax(x) — softmax(x’))” (x — ') > Sm B
In particular the softmax function p = softmax(8x) is (2/8)-cocoercive everywhere. With pmax =
Mingcy max; p; = 1 — €, the softmax function p = softmax(Sx) is 1/(25¢)-cocoercive in U.

|softmax(x) — softmax(x')||. (482)
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Proof. We apply the Baillon-Haddad theorem (e.g. Theorem 1 in [22]) together with Lemma 25. [
Finally, we introduce the Legendre transform and use it to describe further properties of the Ise. We
start with the definition of the convex conjugate.

Definition B7 (Convex Conjugate). The Convex Conjugate (Legendre-Fenchel transform) of a
function f from a Hilbert Space X to [—oc0, 00 is f* which is defined as

f*(x*) = sup(z’z* — f(z)), z=*eX (483)
zeX

See page 219 Def. 13.1 in [7] and page 134 in [23]. Next we define the Legendre transform, which is
a more restrictive version of the convex conjugate.

Definition B8 (Legendre Transform). The Legendre transform of a convex function f from a convex
set X CR"toR(f: X — R)is f*, which is defined as

f1@) = swp(@'a” - f(@)), a"eX", (484)
zeX
X" = {a:* €R" | sup(z’z* — f(x)) < oo} . (485)
zeX

See page 91 in [9].
Definition B9 (Epi-Sum). Let f and g be two functions from X to (—oo, 0|, then the infimal
convolution (or epi-sum) of f and g is

fOg: X — [—o0,00], x +— inf (f(y)+g(x —1y)) (486)
yex

See Def. 12.1 in [7].
Lemma 27. Let f and g be functions from X to (—oo, oo|. Then the following hold:

1. Convex Conjugate of norm squared

1 1
(31) = . (487
2. Convex Conjugate of a function multiplied by scalar 0 < a € R
(@f) = af(/a). (488)
3. Convex Conjugate of the sum of a function and a scalar § € R
(f+B8"=f -5 (489)

4. Convex Conjugate of affine transformation of the arguments. Let A be a non-singular matrix
and b a vector

(f(Az + b)) = f* (A Tz*) — bTA T2". (490)

5. Convex Conjugate of epi-sums
(fOg)" = f"+g". “91)
Proof. 1. Since h(t) := % is a non-negative convex function and h(t) = 0 < t =10
we have because of Proposition 11.3.3 in [23] that & (||z]|)* = A* (||=*||). Additionally,
P y

1P\ _ e

P q
Putting all together we get the desired result. The same result can also be deduced from
page 222 Example 13.6 in [7].

2. Follows immediately from the definition since

by example (a) on page 137 we get for 1 < p < oo and © + ¢ = 1 that (

af (L) =asw (+7% - @) = sup(eTe’ ~ af(e)) = (@f)" (@)

zeX «@ zeX

3. (f+8)* :=supgex (mT:c* — f(x) —[3) = f*-p
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(f (Az +b))" = sup (z"z* — f (Az + b))
zeX
= sup ((Az+b)" A T2" — f(Az+b)) b7 A 2"
zeX
=sup (y"A Tz — f(y) —-b"A Tx"
yeX

:f*(AT*) bTAT*
5. From Proposition 13.24 (i) in [7] and Proposition 11.4.2 in [23] we get

(fOg)" (x*) = sup (wTw* — inf (f(y) —g(=— y)))

zEX yex
“n S el )
= ((yT:B* —f(y)) + ((w —y) e - gla - y)))

(@) + 9" (2")
O

Lemma 28. The Legendre transform of the lse is the negative entropy function, restricted to the
probability simplex and vice versa. For the log-sum exponential

= 1In (Z exp(:ci)> , (492)
i=1

the Legendre transform is the negative entropy function, restricted to the probability simplex:

"o * <zt "oxt=
f*(az*) — {21_1 xz 11’1(1’1) for O \ ‘rz and Zz:l xz 1 . (493)
00 otherwise
For the negative entropy function, restricted to the probability simplex:
T ; < 7 no =
fla) = {22—1 ziln(z;) for O < i and Y x; =1 . (494)
00 otherwise

the Legendre transform is the log-sum exponential

= In (Z exp(xf)) , (495)
i=1

Proof. See page 93 Example 3.25 in [9] and [22]. If f is a regular convex function (lower semi-
continuous convex function), then f** = f according to page 135 Exercise 11.2.3 in [23]. If f is
lower semi-continuous and convex, then f** = f according to Theorem 13.37 (Fenchel-Moreau) in
[7]. The log-sum-exponential is continuous and convex. O

Lemma 29. Let X X7 be non-singular and X a Hilbert space. We define

xt = {alo < X7 (xX") "a, 1"X7(XX") "0 = 1} . (496)
and
={ala=X"¢, £cX}. (497)
The Legendre transform of 1se(3, X 7€) with & € X is
(1se(8, X 7)) (€") = (se(8,v))" (XT (XX)"€") | (498)

with € € X* and v € X". The domain of (lse(ﬁ, XTE))* is X*.
Furthermore we have

(1se(8, XT€))™" = Ise(8, XT€) . (499)
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Proof. We use the definition of the Legendre transform:

(lse(ﬂ,XT.f))*(f*) = EEEETE* — lse(/J’,XTé) (500)
= sup (XT&)" XT (XXT) " g — 1se(8, XT€)

£ex
= sup o7 X7 (XXT)_1 & — lse(B,v)

veXv

= sup viv* — Ise(3,v)
;UEXU

(1se(8,0))" (v*) = (se(B,0))" (X7 (XXT)""¢") ,

where we used v* = X7 (XXT)f1 £

According to page 93 Example 3.25 in [9], the equations for the maximum max,¢ xv v’ v* —
lse(B3,v) are solvable if and only if 0 < v* = X7 (XXT)_1 ¢ and 1Tv* =
1TxT (XXT)f1 &* = 1. Therefore we assumed £* € X*.

The domain of (lse(ﬂ, XT£))* is X, since on page 93 Example 3.25 in [9] it was shown that
outside X * the sup,,c y» v7 v* — lse(, v) is not bounded.

Using
p = softmax(X7€), (501)

the Hessian of lse(3, X 7€)

0%1se(B, XT¢)

e = B X (diag(p) — pp") X” (502)

is positive semi-definite since diag(p) — pp’ is positive semi-definite according to Lemma 22.
Therefore 1se(3, X T'¢) is convex and continuous.

If f is a regular convex function (lower semi-continuous convex function), then f** = f according to
page 135 Exercise 11.2.3 in [23]. If f is lower semi-continuous and convex, then f** = f according
to Theorem 13.37 (Fenchel-Moreau) in [7]. Consequently we have

(1se(8, XT€))" = Ise(8, XT€) . (503)

O

We introduce the Lambert W function and some of its properties, since it is needed to derive bounds
on the storage capacity of our new Hopfield networks.

Definition B10 (Lambert Function). The Lambert W function is the inverse function of

fly) = ye?. (504)

The Lambert W function has an upper branch Wy for —1 < y and a lower branch W_4 for y < —1.
We use W' if a formula holds for both branches. We have

W(zx) =y =>ye¥ = x. (505)

We present some identities for the Lambert 1 function:
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Lemma 30. Identities for the Lambert W function are

W (x) W (@)

W (ze®) =

V(@)

W@

B (W?z))n’

enW(w)

_ W(— lnx)

Inz for x >

Inx for x <

DR |

T
In —— > —
nW(a:) for x >

D | =

)

nWi(x) for n,x > 0,

(o (sl i) oo

—Inz for 0 < z < e,
—Inz forz > e,

for x # 1.

— Inx

We also present some special values for the Lambert W function:

Lemma 31.

-1
—co (6" — +

0,

L,

-1,

67

In2,

Q,

e W In (1) = — InW(1)
W (1) ’

s

50

—0.31813 + 1.337237 ,
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B4 Modern Hopfield Networks: Binary States (Krotov and Hopfield)

B4.1 Modern Hopfield Networks: Introduction

B4.1.1 Additional Memory and Attention for Neural Networks

Modern Hopfield networks may serve as additional memory for neural networks. Different ap-
proaches have been suggested to equip neural networks with an additional memory beyond recurrent
connections. The neural Turing machine (NTM) is a neural network equipped with an external
memory and an attention process [24]. The NTM can write to the memory and can read from it.
A memory network [48] consists of a memory together with the components: (1) input feature
map (converts the incoming input to the internal feature representation) (2) generalization (updates
old memories given the new input), (3) output feature map (produces a new output), (4) response
(converts the output into the response format). Memory networks are generalized to an end-to-end
trained model, where the arg max memory call is replaced by a differentiable softmax [40, 41].
Linear Memory Network use a linear autoencoder for sequences as a memory [13].

To enhance RNNs with additional associative memory like Hopfield networks have been proposed
[3, 4]. The associative memory stores hidden states of the RNN, retrieves stored states if they are
similar to actual ones, and has a forgetting parameter. The forgetting and storing parameters of the
RNN associative memory have been generalized to learned matrices [54]. LSTMs with associative
memory via Holographic Reduced Representations have been proposed [15].

Recently most approaches to new memories are based on attention. The neural Turing machine
(NTM) is equipped with an external memory and an attention process [24]. End to end memory
networks (EMN) make the attention scheme of memory networks [48] differentiable by replacing
arg max through a softmax [40, 41]. EMN with dot products became very popular and implement
a key-value attention [16] for self-attention. An enhancement of EMN is the transformer [45, 46]
and its extensions [|7]. The transformer had great impact on the natural language processing (NLP)
community as new records in NLP benchmarks have been achieved [45, 46]. MEMO uses the
transformer attention mechanism for reasoning over longer distances [5]. Current state-of-the-art for
language processing is a transformer architecture called “the Bidirectional Encoder Representations
from Transformers” (BERT) [19, 20].

B4.1.2 Modern Hopfield networks: Overview

The storage capacity of classical binary Hopfield networks [27] has been shown to be very limited.
In a d-dimensional space, the standard Hopfield model can store d uncorrelated patterns without
errors but only C'd/ In(d) random patterns with C' < 1/2 for a fixed stable pattern or C' < 1/4 if all
patterns are stable [33]. The same bound holds for nonlinear learning rules [32]. Using tricks-of-trade
and allowing small retrieval errors, the storage capacity is about 0.138d [14, 25, 44]. If the learning
rule is not related to the Hebb rule then up to d patterns can be stored [1]. Using a Hopfield networks
with non-zero diagonal matrices, the storage can be increased to C'dIn(d) [21]. In contrast to the
storage capacity, the number of energy minima (spurious states, stable states) of Hopfield networks is
exponentially in d [42, 11, 47].

Recent advances in the field of binary Hopfield networks [27] led to new properties of Hopfield
networks. The stability of spurious states or metastable states was sensibly reduced by a Hamiltonian
treatment for the new relativistic Hopfield model [6]. Recently the storage capacity of Hopfield
networks could be increased by new energy functions. Interaction functions of the form F'(z) = z”
lead to storage capacity of a,,d"~*, where c,, depends on the allowed error probability [28, 29, 18]
(see [29] for the non-binary case). Interaction functions of the form F(x) = x™ lead to storage

capacity of an% for ¢, > 2(2n — 3)!1 [18].

Interaction functions of the form F/(x) = exp(x) lead to exponential storage capacity of 2¢/2 where
all stored pattern are fixed points but the radius of attraction vanishes [ 8]. It has been shown that the
network converges even after one update [18].

B4.2 Energy and Update Rule for Binary Modern Hopfield Networks

We follow [18] where the goal is to store a set of input data x1, . . . ,  x that are represented by the
matrix

X = (x1,...,xN) . (529)
The x; is pattern with binary components z;; € {—1,+1} for all 7 and j. £ is the actual state of

the units of the Hopfield model. Krotov and Hopfield [28] defined the energy function E with the
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interaction function F that evaluates the dot product between patterns x; and the actual state &:
N
E=-> F(¢) (530)
i=1

with F'(a) = a™, where n = 2 gives the energy function of the classical Hopfield network. This
allows to store cv,,d" ! patterns [28]. Krotov and Hopfield [28] suggested for minimizing this energy
an asynchronous updating dynamics 7' = (7;) for component &;:

N

T;(&) := sgn {Z(F(fﬂu + Y wa &) = F(-ay + >z 51))} (531)
i=1 1#] I#]

While Krotov and Hopfield used F'(a) = o™, Demircigil et al. [18] went a step further and analyzed

the model with the energy function F'(a) = exp(a), which leads to an exponential storage capacity

of N = 24/2_ Furthermore with a single update the final pattern is recovered with high probability.
These statements are given in next theorem.

Theorem B10 (Storage Capacity for Binary Modern Hopfield Nets (Demircigil et al. 2017)). Con-
sider the generalized Hopfield model with the dynamics described in Eq. (531) and interaction
function F given by F(x) = €®. Fora fixed 0 < o < In(2)/2 let N = exp (ad) + 1 and let
x1,...,xN be N patterns chosen uniformly at random from {—1,+1}%. Moreover fix o € [0,1/2).
For any i and any x; taken uniformly at random from the Hamming sphere with radius od centered in
x;, S(x;, 0D), where od is assumed to be an integer, it holds that

if a is chosen in dependence of ¢ such that
I(1 - 29)

a <
2

with
1
I:awm~ 5((1+a)ln(1—|—a) + 1—-a)ln(l—a)) .
Proof. The proof can be found in [18]. O

The number of patterns N = exp (ad) + 1 is exponential in the number d of components. The result
means that one update for each component is sufficient to recover the pattern with high probability.

The constraint o < £3=22) op gives the trade-off between the radius of attraction o/N and the
number N = exp (ad) + 1 of pattern that can be stored.
Theorem B10 in particular implies that

Pr(33j: Tj(x;) # zi5) — 0
as d — oo, i.e. with a probability converging to 1, all the patterns are fixed points of the dynamics. In

this case we can have av — @ =1In(2)/2.

Krotov and Hopfield define the update dynamics T} (§) in Eq. (531) via energy differences of the
energy in Eq. (530). First we express the energy in Eq. (530) with F'(a) = exp(a) [18] by the lse
function. Then we use the mean value theorem to express the update dynamics T;(&) in Eq. (531) by
the softmax function. For simplicity, we set 8 = 1 in the following. There exists av € [—1, 1] with

T;(&§) = sgn [E(&‘ =1) - B = —1)} = sgn [— exp(lse(§; = 1)) + exp(lse(§; = —1))}
(532)

rlse(§ = U)}

= san |(26))" VeB(g; = v)] = san [expllse(g; =) (2e)" =0

= sgn [exp(lse(fj =1)) (2e;)" Xsoftmax(XT¢(¢; = v))}

= sgn [[Xsoftmax(X"&(g; = v))];| = sen [[Xp(g; =v)];] .

where e; is the Cartesian unit vector with a one at position j and zeros elsewhere, [.]; is the projection
to the j-th component, and

p = softmax(X7T¢). (533)
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BS Hopfield Update Rule is Attention of The Transformer

The Hopfield network update rule is the attention mechanism used in the transformer and BERT (see
Fig. B2). To see this, we assume patterns y; that are mapped to the Hopfield space of dimension d.
We set &; = Wiy, & = W y;, and multiply the result of our update rule with Wy. The matrix

Y = (y1,...,yn)? combines the y; as row vectors. We define the matrices X = K = Y W,
Q =YWy, andV = YWWy = XTWy, where Wi € Ré>d W, € RIv¥de Wy, €
R?*dv For combining all queries in matrix Q, 3 = 1/+/dy, and softmax € RY changed to a row
vector, we obtain for the update rule Eq. (17) multiplied by Wy, :

softmax (1 /\d, Q KT) V. (534)

This formula is the transformer attention.

Hopfield Energy New Energy Update Rule Transformer
] 1
—exp (se (L,EXT)) [ [-1se(8,£X7) + %5T5+c |$ softmax (8 €XT) X | |softmax (ﬁ QKT) \%

Figure B2: We generalized the energy of binary modern Hopfield networks for allowing continuous
states while keeping convergence and storage capacity properties. We defined for the new energy also
a new update rule that minimizes the energy. The new update rule is the attention mechanism of the
transformer. Formulae are modified to express softmax as row vector as for transformers. "="-sign
means "keeps the properties".
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