Supplementary Material for Improved Analysis of
Clipping Algorithms for Non-convex Optimization

Anonymous Author(s)
Affiliation
Address

email

Appendix A  Properties of (L, L;)-smooth functions

In this section, we prove some important properties of (L, L1 )-smooth functions. These properties
will be frequently used in subsequent sections.

We first present a basic lemma without proof.

Lemma A.1 (Gronwall’s inequality) [Gronwall, T919] Let I = [a, b] denote an interval of the real
line with a < b. Let f,g,h be continuous real-valued functions defined on 1. Assume g is non-
decreasing, h is non-negative, and the negative part of g is integrable on every closed and bounded
subinterval of I.If

t
t +/ h(s)f(s)ds, Vtel, (D
then .
f(t) < g(t)exp (/ h(s)ds) , Vtel ()
The following result, Lemma A7, is a generalization of Lemma 9 in [Zhang et al] [2020].
Lemma A.2 Let F be (L, L1)-smooth, and ¢ > 0 be a constant. Given x, for any xt such that

ot — all < ¢/ Ly, we have [V f ()] < e (2 + |VF(2)]]).

Proof: Let () be defined as y(t) = t(x* — z) + 2, t € [0, 1], then we have

/v2 zt —z)dr + VF(y(0))
We then bound the norm of V F (~(
IVFG@) < / IV2F (7)) (a* = @) ldr + [VE((0))] )
g||x+_xy|/0 IV2F(y(r)| dr + [VF(@)] @
<t /O (Lo + LVEGO)]) dr + [VF)] 5)

The first inequality uses the triangular inequality of 2-norm; The second inequality uses the property
of spectral norm; The third inequality uses the definition of (Lg, L1 )-smoothness. By applying the
Gronwalls inequality we get

IVE( (D) < (Z)CH ||VF(:c)||> exp(ct) (6)
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The Lemma follows by setting ¢ = 1. ]

Now we are able to prove a descent inequality, which is similar to the descent inequality for L-
smooth functions. In fact, if a function F' is L-smooth, it is well-known that for any x, y, we have

Ply) < F@) + (VF(@),y —2) + lly |

Lemma A.3 (Descent Inequality) Let F' be (Lg, L1)-smooth, and ¢ > 0 be a constant. For any x,
and x41, as long as ||z, — 41| < ¢/L1, we have
ALy + BLy ||VF ()

5 Ve —=l® @

F(241) < F(wg) + (VF (2r) , D1 — ) +

where A =1+ ¢ — =1 B = ¢=1

c c

Proof: Let v(t) be defined as y(t) = t(zr+1 — @) + zk, ¢t € [0,1]. The following derivation
uses Taylor’s theorem (in (B)), then uses triangular inequality, Cauchy-Schwarz inequality and the
property of spectral norm (in (9)):

F(xpy1) < F(2k) +(VF (k) , Tps1 — k) +/O (zrr1 — z1) " VEE (Y (1) (w41 — y(t))dt

®)
1
< F(ag) +(VF (zk) , Tp1 — k) +/ [(@rsr = 2)IIV2E(y @) lrsr =y (t)l|dt
0
©))
Ik — el [ o
= F(zp) + (VF (zr) , Tp1 — k) + 5 / |V2F(y(t))]| dt (10)
0
Then we use (Lo, L1 )-smoothness and (B) to bound || V2F(v(t)) H
[V2E(y(0)]| < Lo + L [VF (v (1))
L (11)
< Lot L Poet + [V F (@] ) exp(et
1
Taking integration we get
1 9 . e —1 e —1
[V*F(y(t)||dt < Lo [ 1+ — — )t L1||VF(zy)| (12)
0
Substituting (I2) into (Id) concludes the proof. O

Corollary A4 Let F be (Lo, Ly)-smooth, and ¢ > 0 be a constant. For any xy, and xj41, as long
as ||z — xp41|| < ¢/ Ly, we have

IVF (@) = VF(@)| < (ALo + BLy IVE (o0)]) s — i 13
WhereA = 1 + eC _ ec_l,B _ ec_l'

c C

Proof:

||VF(.’L‘;§) — VF(xy — 1)” = ’ /0 VQF(t.’L‘k_l + (1 — t)xk)(xk — a’:k_l)dtH

1 (14)
< / ||v2F(t$k_1 +(1- tmk)Hka — xk_1||dt

0
Using (2) leads to the results. O

Finally we prove a result which provides a way to upper-bound the gradient norm. A similar result
for L-smooth functions is the following: if F'is L-smooth, then for any x, we have

IVE@)|? < 2L (F(ac) it F<y>)

y€eRd
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Lemma A.5 (Bounding the gradient norm) Let F(x) be an (Lg, L1)-smooth function, and F* be
the optimal value. Then for any x(, we have

uin (L7Fe2)] IV F (o)l

I i ) < 8(F(xo) — F*) (15)

Li||[VF(zo)|l
ALo+BL1||VF(xzo)]|

to see that such 0 < ¢ < 1 exists. Let A = ALoFBLL N @)
||z — zo|| < ¢/L;. By the descent inequality we have

ALo + BL1 ||V F (xo) ||

Proof: Define the constant ¢ = =

and A =1+¢°— <=1 B = €=1 Ttis easy
L and x = z9 — AVF(x¢). Then

F* < F(z) < F(zo) = M|VF (o) [|* + 5 NV F(x0)]”
(16)
1
= F(x0) — 5)\||VF(960)||2
If | VF(z)|| > 4%, then

. VF(z VF(z VF(z
Flzo) — F* > HALO (o)l S 4B(LO)H > | i o)l -

2 (7HVF(ro)H + BLl) ! !

If | VF(z)|| < 572, then

1 || V1 ($0)||2 H V1 (x0)||2
F — F* > Z)\IVE 2> > 18
(f()) = 2)‘” (f())H = 1 4[0 = 8[0 ( )

A.1 Relaxation of (Lg, L )-smoothness (Remark 2.3)

The original definition of (Lg, L1 )-smoothness requires the function to be twice-differentiable. Un-
der this definition, (Lg, L1)-smoothness is actually not weaker than L-smoothness, which only re-
quires the function to be continuous differentiable. In this section we prove that the alternative
definition provided in Remark 2.3 is sufficient for all the results in this paper.

Now, suppose that there exists Ky, K1 > 0 such that for all z,y € R if |z —yl < K%, then

IVE(z) = VE(y)l < (Ko + K1[VE@) DIl — yll (19)

We check that Lemma [A™1 and B73 still holds under the new assumption (with Lg, L; replaced by
Ky, K1, up to numerical constants) We immediately obtain from ([9) above that

IVF@) <2IVF@) + 0)
which is of the same form as Lemma B2. Next, we have
Fly) = F(z) = (y — 2, VF(2))
= /1 (VF (0y+ (1 —0)x) —VF(z),z —y)do
, 2D

1
< / (Kobllz — y|2 + K10))z — y|2|VF()]) db
0

_ Ko+ K |VF(x)
- 2

which is of the same form as Lemma B73.

I
lz = y?

Since all the other results are established on the basis of these two lemmas, we can see that the
conclusion still holds under (I9).
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Appendix B Proof of Theorems

We first prove the deterministic case (Theorem 3.1), then generalize the result to stochastic case
(Theorem 3.2). In deterministic case we can use fewer notations, which will make the proof more
readable and elegant. The proof in stochastic case will rely on all the techniques used in the deter-
ministic case, as well as some new methods.

B.1 Proof of Theorem 3.1

To simplify the notation, we write the update formula as
mt = pm+ (1 - B)VF(z)

ot =g — (1/ min <n, ||nZ+||> m* + (1 — v) min <n, ||v1~j(a:)> VF(af))

when analyzing a single iteration. The error between m™ and VF(x) is denoted as § = m* —
V F(z). Suppose v < ¢/ L, for some constant ¢, and we denote A = 1 4 ¢ — Lc_l and B = e°c—1 ,
just the same as in the descent inequality (Lemma B73).

(22)

Lemma B.1 Let i > 0 be a real constant. For any vector u and v,

{u, v)

~ o] < —pllull = (X =@l + 1+ p)llv —ull (23)
Proof: (. v) ( >
U, v v —Uu,v
—el = o+
[[v]] o]l
< ol + lv —u|
< ol + llv = ull + p(llo = ull + [lofl = [lul])

—pllull = (1 = wllvll + (1 + p)llo —uf
]

To prove the theorem, we will construct an energy function and explore the decreasing property of
this function. We define the energy function G(z,m) to be

vp ) 9
G(x,m) = F(x) + ———— min (n||m|*, v||m 24)
(z,m) = F(x) 50— B) (nllm]1, y[lm])
and analyze G(z*, m*)—G(x, m). We first bound min (n||m™||?, y||m™||) —min (n||m||?, y|m]).

Lemma B.2 For any momentum vectors m and m™ = Bm+ (1 — 3)VF(x), let § = m* —VF(x),

then
2(1-8)
B

min (nl|m ||, llm ™) — min (llm||*,yllmll) <

gl (25)

Proof: Consider the following three cases:

e ||m|| > 7/n. In this case

min (n|[m*[|2, y[[m*|l) — min (nllml[*, v llml)) < yllm* ] = ~lml]

<qlm* —m||

1-p
=—5 7l
e ||m| < ~/nand|m*| <~/n. Inthis case
min (nl|m ||, llm™[l) — min (gllml|*, ylmll) = nllm*|* = nlm|*
= n(lm ™| = m)([lm™ [ + [lm])
2(1 - )
< ——lld]l

B



78 e ||m|| <~/nand ||m*]| > ~/n. In this case

o

min (|12, yllm|l) — min (nllm |2, yllml]) = yllm*]| = nlm|*

72
< Aflm*]| - [mnm - n]

< AlmTl| = 2v]m| + yllm ™|

=23 (|m ]~ ) < 25 o)

7¢ Thus in all cases min (n|lm™ |2, v||m™|) — min (n||m[/?,~|/m||) can be upper bounded by
2(1-5) 5]l 0O
g ol

o]
o

st Lemma B.3 Suppose max(||VF(z)|, Hm*‘”, Hm||) > 7y /n. Then
ALy + BL1||VF(x)||72

2 12
G(a™,m®) = Glz,m) < =y VF(@)] - z— - 55700+ 5 (26)
s2 Proof: We first write G(zt,m™*) — G(z,m) as
G(zT,m") — G(xz,m)
27

= (F(") = F(2) + [min (yl|m* 12, y]lm™ ) — min (m]?,y]m])]

vB
2(1-p)
83 Based on Lemma B, we only need to bound F(x %) — F(x). We will use the (Lg, L1 )-smoothness
84 assumption.

F(a™) - F(z)
ALg + BL||VF(x)
2

= — |vmin i m* T — V) min 7 T T
= = [pmin () (9t + 4 i (0, iy ) (90 P )
n AL +BL1||VF($)||72

< (z%* -2, VF(z)) + ”Hx+ —z|)?

2
<o [-2ior@i- 2L+ (- 1)sa] + @ -0 (“Bivr@i - 22+ S
ALy BL|VF >||v2

(28)
85 Where the first inequality uses the descent inequality (Lemma A7), the second equation follows
ss from the update rule, and the last inequality is obtained by the following two inequalities:

: 72 12

—nin () (0, VF@) < - 2IVP@) - 224 (55 - 1) Wil @9

. Y 2
— min IVF@)|? < —2AIVF@)| - 2L + f7||5|| (30)

( HIVE ()] ) 5
g7 First we prove that (Z9) holds by considering the following three cases:

88 e ||m™| > ~/n. In this case the algorithm performs a normalized update. Then (Z9) follows

89 by directly using Lemma B with ¢ = 2/5:

~ min (777 HWLH) (m*, VF(2)) = - <VF( ) Irm++||>

2 7
< —AIVE@)|| - =Ayllm™| + <
< —IVE@)I| 57||m IF+ £ vllall
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o |mT|| <~/nand|VF(z)|| > v/n. In this case the algorithm performs an unnormalized
update. We now prove —n (VF(z),m") < —2+||VF ()| — 37 + L[|[VF(z) — m™].

4 2 372 7 "
D(VF@),m*) = S| VP@)] - o + LI VF(@) - m*|

> 0 (VE(@),m*) - 219 F@] - 2+ Ty (1) - )
= (vr@l 7+ TED T QW -0
>3 Lm0

e |m*| < v/nand [[VF(z)|| < 7/n. This is the most complicated case. Due to the condi-
tion in Lemma B33, |jm|| > /7. In this case, the algorithm also performs an unnormalized
update. We first bound 1 (V F'(x), m) using the same calculation as in the second case:

—n(VF(z),m)

IN

2 32 7
_z 2L ) —
Sllml = o+ £IVF@) -~ m]

A

2 372 7
_z F 2 L8
<—3IVF@I - 2+ 5l
where we use the fact that |V F (z) —m|| = ||6]| /3. We then bound n||V F(z)||? as follows:

2
—|VF@)|? < —2v|VF ()] + %

= —2AIVF@)I - 2= + 2 (”n - WF@“)
< 2yvr@)| -2+ iwnmn — IVE@))
< - IVE@) - 2= + S5l

Combining the two inequalities, we obtain

—(VF(z),nm™) = —n(VF(z), Bm + (1 — B)VF(x))

< —§W\WF( ) - == Tt (556+ ﬁ( )) 4]
<P - 35%7 +(55-1) ol

Thus in all cases (Z9) holds. We now turn to (B0) which is proven in a similar fashion. Specifically,
consider the following three cases:

o ||VE(z)|| > v/n. In this case

: v 2 37
it (1, oy ) IVF@I? = I VF@I < =219 FG@) - 2

IVE()]|



99 o |VF(2)| < «/nand |m*| > ~/n. In this case bound n||VF(z)||? the same as in the
100 third case of (Z9):

— min 22 = — 22
( " VF(z )||> IVE ()] nlIVE )|

2 8 [+?
<—5NVF(W—+5(U‘“VVF@W)
2
< —IIVE@)I - 7+ 7(||m+\| —IVF()])
2
< -2V F@I - 5+ Sl
101 o |VF(z)|| <~/nand ||m™| < ~/n. Inthis case |[m|| > ~/n. Using the same calculation
102 above,
2
—min IVF@)|* < =2AlIVE(@)] - —~ - *7||5||
( HIVE( )||) 5

103 Thus (BO) holds. Merging all the cases above, we finally obtain

ALO + BL||VF(z)] ,
5 v

2
Glat,m) -~ Gle.m) < [~ 21w - 11+ Loy +
(€20)
104 (|

105 Now we consider all the steps ¢ which satisfy the condition in Lemma B3, denoted as S={te
106 [0,7 — 1] : max (|| F'(z4) ||, lmesall, [[m]]) > ~/n}. Similarly, use S = [0, 7 — 1]\S. Let T's = |S],
107 thenT —Ts =|S]|.

108 Corollary B.4 Let set S and T's be defined above. Then

ZG(xtH,th) — G2, my)

tesS
12+ 12

12~
<550 - >Mﬂ+(a1—m 500~ B)

vé;[mVF@wn+3 )+ FBLIVF@ + 5 2 BV F )l

1
ALy + BLy + 2AL0) V2 Ts+ (32)

109 Proof: Using Lemma B33,

Z G(It+1, mt+1) - G(Iu mt)
tesS
(33)

2 2
gl Ty 12 g
<-> [5(2|VF(3%)|| + 3;) - 33L1HVF(%)|| - %VH@H + 5 ALoTs
tes

110 We now focus on the summation of the term ||d;||. Define S(a,b) = VF(a) — VF(b). When
1 Jla = bl < v, |S(a,b)]| < v(ALy+ BL1||[VF(b)||) (see Lemma B4). Thus we can expand



12 8 = myy1 — VF(2;) using the recursive relation 6; = 36;—1 + 8S(x¢—1, 2¢) as follows

EAEDS

tes tesS

t—1

B0 +BY  B7S (tr-ro1, 1)
7=0

t—1

<Y UGl +B8D > B V(AL + BLy|VF(2—,)|)

tesS teS =0

(ALovTs)+

1 B
§1*5H60”+1*5

BLWZ( S BTVE@) Y Bt‘T“HVF(xTM)

tesS [1,t\S TE[LtINS

6
< B (ol + ALoyTs +BL17TS +BL1’YZ [VF(z:)]]
1-p\ B U Py

113 where the last inequality uses the fact that | VF (z,)|| < v/n forall 7 € [1,t]\S.

—

1

=

4 After substituting the above results into (B3) we obtain

> G@epr,mesn) — Glag,my)
tes

12y 12 12
1) — A [
<505 0”*(5(1—&) Lot 50—

vt;[— CIVFEl +32) + IBLIVF @] + 52

115 g
116 Now we turn to the case in which max(||VF (z)]], [|[m™|], [|[m]]) < ~/n.

BL;, + ALO) V2 Ts+ (34)

BL1VF<xt>||]

117 Lemma B.5 Suppose max(||[VF(x)||, [[m™]],||m||) <~/n. Then
Gt m*) = Gla,m) < = (| VE@)P + 202 (VE(x).m) + es|ml?)  (39)

118 wherec; = v(1 —3)(2—8) — Ln(l — Bv)? +2(1 —v),co = vB(1 — B) — LnBr(1 — Bv),c3 =
1o vB(1+ B) — Ln(Bv)?, and L = ALo + BL1y/n.

120 Proof: In the case of ||m/| < ~/n, we have n||m|? < v|/m||, thus
vp
Glar %) = Glaum) = (F(e) = F@) + 2 (P~ mll) 36)
121 We then bound F'(zT) — F(x) and ||m™*||?> — ||m||?>. Note that |[m™*|| < ~/n implies that the

122 algorithm performs an update without normalization. Define L := ALy + BL4+/7, then again by
123 descent inequality,

F(Z‘+) —F(a:) < <x+ —x,VF(a:)> + ALO +BI;||VF( )” ” + mHQ

= —[vn(m*, VF(z)) + (1 — v)n|| VF(2)|*] +

ALy + BL21||VF(33)|| P21 = )V (z) + Buml?

< = [pn(m*, VF(2)) + (1 = v)n|| VF(2)|*] + %772”(1 — Br)VF(z) + Bvm||?

Rearranging

1= B (1= vy = (1 | IVE )P

~ [wn — D (B)(1 — 5w)] (VE(),m) + 8%
(37



124  Since
lm*|[* = Iml* = (1 = B IVE @) = (1 + B)(1 = B)[ml> + 281  B)(VF (), m) (38)
by definition of the energy function, we have
Gt m®) ~ Ga,m) <~ (@ [VF@)? + 262 (VE(w),m) + csllm]P)

125 where c; = v(1 —3)(2 - B) — Ln(l — Bv)? +2(1 —v),co = vB(1 — B) — LnBr(l — Bv),c3 =
126 vB(1+ B) — Ln(Bv)2. |

Lemma B.6 Let c1, co, c3 and L be defined in Lemma B3. If Ly < 1, then the matrix

I — < [c1 — (1 —vp)]lq caly )

c2ly (c3 —vB) 14
127 is symmetric and positive semi-definite, where 1 is the d X d identity matrix.
Proof: In fact we only need to consider the case when d = 1, because the eigenvalues of Hojx 24

can only be those that appears in Hsx5 (d = 1). Denote two eigenvalues be A1, Ay whend = 1. A
direct calculation shows that

My =det H=[c; — (1 —vB)](cs —vB) —c2 = v(1 —v)B*(1 — Ln)
M+d=cr+c3—1=(1-vB)*1—Ln)+ (vB)*(1 — Ln) +28%*v(1 —v)
128 If Ly < 1, then Ay A2 > 0 and A1 + A2 > 0, which is equivalent to the semi-definiteness of H. [J
129 Corollary B.7 Suppose max(|VF(z)|],||m],||m™]) <~/n. If Ln < 1, Then
Gla* m*) = Gla,m) < =2 (1= vB)[VF(@)|* = JvBl|m|? (39)

130 Proof: Let H be defined in Lemma Bf. The result of Lemma B can be written in a matrix form:
131

T
Gla* m*)=Gla,m) < = (1=vB)|VF(@)|*~FvBlim|*~] (VF(@)T,m") H (VF(x)",m")
(40)
132 Using the fact that [ is positive semi-definite, we obtain the desired result. O

133 Note that the amount of descent in Corollary B2 is small in terms of ||V F'(x)]| if § and v are close
134 to 1. We now try to convert the term ||m|| into | VF(z)||, which is stated in the following lemma.

135 Lemma B.8 Suppose ALyn < ¢1(1 — B) and BL1y < c3(1 — ) for some constant c; and c3. Let
13 mo = VF(x0) for simplicity. Let set S and S be defined above. Then

1
il = 1o D2 (1 = a1 = v8) — ) V(@)
teS ! teS (41)

~ LS 4L + BLVE@))y
1 ﬂ tesS

137 Proof: Foranyt > 1, we have
me — VF(x)[| < [|my — VE(ze—1) || + [VF(21-1) — VF(2¢)||
< Blmi—1 — VF(xt-1)|| + (ALo + BL1||VF (2¢-1)||) x

(min (o Y ol 4 (1= i (. e ) IV )

(42)
138 where the last inequality follows by Corollary B~4. Applying (B2) recursively, we obtain
t
lme = VF ()|l <Y 8" T(ALo + BL1 |V F(z7-1)]) %
T=1
(min (2 ) el 0 = ) min (o ) 19
[[m=| IVE(z7 1)
(43)



139 Therefore,

T-1
> e — VF ()|

t=0
_ y .
S AL + BL,||VF(x (len(n,) m +(1—v mln( > VF(z )
T—
<713 Z BL\y|VF(zo)l| + > ALoy + Y ALon (1 = v)|VF ()| + vlmeia )
t=0 teS tES
(44)
140 Therefore we obtain
T—1
> e = VF ()|
t=0
1
<713 > (ALg + BLy|[VF(zy)|)y + > [ALovnllmg || + (BL1y + ALo(1 — v)n) | VF ()]
tesS teS
1
< —— | Y (AL + BLy[[VF(2) )y | +
1-6 tes
1
15 > ALgvnBllmal| + (ALon(1 — vB) + BL17) | VF (zy)||

tes

1
<13 <Z(AL0 + BLlIIVF(It)H)V) + [ D (et —vB) + e3) [V ()| + cavBllm|
tes tesS

(45)

141 Using ||m¢]| > [[VF(x¢)|| — ||m: — VF(x¢)|| and some straightforward calculation, we obtain

(L)Y llmell = ([ D-(1—ea(l = vB) — e3)|[VF(ar)|
teS tes (46)
1
1.3 (Z(ALO + BLIHVF(%)H)“Y)
tes

142 (Il

143 Now we are ready to prove the main theorem.
Theorem B.9 Let F* be the optimal value, and A = F(xo) — F*. Assume mo = VF(xq) for
simplicity. If v < 13,;& and n < ﬁ, where constants A = 1 + ¢'/1° — 10(e'/1° — 1) < 1.06,
B =10(e"/1° = 1) < 1.06, and ¢ < g, then

T
1
=D IVF(@)| < 2

t=1

144 as long as
3
T>—-A (47)
e

145 Proof: By calculating Ln = ALon + BL1y < (1 — 3)/5 < 1, we can use Corollary BZ2. Taking
146 summation of the inequality (BY) over steps t € S = [0, T — 1]\S, we obtain

Z G(zer1,mut1) — Gz, my) < _g Z ((1 —vB)|VF(x)|? + V5||mt||2) (48)

teS teS

10



147 Combining (E8) and (B2) in Corollary B4 we obtain
T-1
G(xr, mr) — G(zo,mo) = Z G(xiq1, miq1) — Gz, my)

t=0

< =5 2 (A= v®IVE @) +vBm?) +
teS (49)
12y 12 _ 1y 1 2
60|l + (5(1—5)AL0+5 ( BL, + 2AL0>7 Ts+

58(1—0) n(l—p)
12

7; {;(2IVF(xt)II + 3%) + <; + 5(1—5)) BL17|VF(xt)||}

148 By the assumption

1-p 1-p5
S

10BL, 10ALg

149 we have ALon < (1 — $)/10 and BLyy < (1 — /3)/10. Using Lemma B4 we have

Il = 5 3 IVF @l - 1= (Z(ALO + BL1||VF<mt>||>v> 61

teS teS teS

v < (50

150 Therefore by standard inequality 22 > 2ex — €2 and (B9) we obtain

G(.T(), mo) — G(,TT, mT)

n
> 5 2 (L= vB)IVE @I + 2ve]mil| — vBe?)

tes
342 < 12 12 1 )2)
+=—- ALo + BL, + AL T,
(5n 51-p) " mpi-p) T2 ) s (52)
2 /(1 12
Z_(2+—"_)BL F
+1(2- (34 5025) n)tezsnv (@)
tesS tesS
151 Where
342 12 12~ 1 9 vp
Ul):= (21 - (—2—ALo+ ——"_BL; + AL - AL
) (577 (5(1—@ R R °>” gt
2 /(1 12 %
S (1, 2 __vr (53)
+’y<5 <2+5(1_B))BL17 1_ﬁ5nBL1> IVF ()|
N 2, 8 _1 52
V(z) = g0 = vB)|[VF@)|" + 7gvBenllVE(z)]| — 5v8e™n
152 We now simplify U(z). Lete < % By (B0) we have
2 /1 12 % 2 12 1 _ 1
g BLiy— ———enBLy > = — = — — > —
5 <2+5(1—6)> VT3P =5 750 207 10
(54)
B 12y 3
5 5(1-p8)""710
153 Therefore
3 52 12 1 2 vp 1
L e B 7 _
U@ 2 50 (s +3) ALo” - 125 ALeem + 1 VF@)
3 1 v 1
> — — ) ALyy?* — —— AL —4|VF 55
> (50— 3) AL - 125 ALem + I VF@) (55)

1 , 1
>_ - il
> o =5 AL+ g IVF @I

11



154

155

156

157

158

159

160
161

162
163

164

165

166
167
168

169
170
171

172

173

We can also bound V' (x) as follows:

8 1
V(@) > (1 = vB)en| VE@)] ~ (1~ vB)e? + SvBenl V(@) - JvBen
(56)
1 1
S L _ 12
> Lenl| V@) - 3¢
Since € < %, we have U(x) > V(z). Therefore by (B2) and Lemma B3 we have
-1, 3
- < —F mi 2
T3 g (IVF@I -2) £ A g minfall VEGo) | VF )}
4
<A+ %A max{Lon, L17} (57)
<Ia
)
Thus
=
= S IVEG)] < 2 (58)
t=0
as long as
T2 A (59)
e
]

B.2 Proof of Theorem 3.2

We now prove the stochastic case. As before, to simplify the notation we write the update formula
as

m* = pm+ (1 - )V f(z,¢)
et =z — (Vmin (n, WL”) m* + (1 — v) min (n, ”va )”> Vf(x,&))

when analyzing a single iteration. The error between m™* and VF(z) is denoted as § = m™* —
V F(z). We define the true momentum 7.2 as follows:

= B+ (1 - B)VF(x) (61)

(60)

where 7 = my. Similarly, the error between 7+ and VF(z) is denoted as & = ™ — VF(x).
In stochastic case, we define the energy function to be

Vﬁ . ~ 12 -
——— min (n||m||*, v||m (62)
sty i (b 1)
The only change is that we use the true momentum 1 instead of stochastic momentum m. Note that

Lemma BT and Lemma B2 can still be used in stochastic case. The momentum m and error § in
Lemma B™ will be changed to m and § respectively.

Suppose v < ¢/L; for some constant ¢, and we denote A = 1 + e® — 57_1 and B = =1 just the
same as in the descent inequality (Lemma BAT). When v < 510_Lﬁl e < ﬁ (in Theorem 3.2), we
can take ¢ = 1/500 and A = B = 1.002.
Lemma B.10 The difference between m and m satisfies:
[mt —m*|| <o (63)
Furthermore, in expectation
1-8_
E[m* —m™|? < —2 64
[ 1< 150 (64

12



174

175

176

177

178
179

180

181

182

183

184
185

186
187

188

Proof: By expanding my;4; and 1, we get
t

S BTV (@ br) VF@T))H

7=0

M1 — Mgl = (1 - 5)

7B)Z/Bt7THVf($Ta€T) 7VF(~'ET)|| (65)
7=0

t
—-B) Z BT <o
=0
Furthermore, using the noise assumption, for different time steps ¢, t’, we have

E[(Vf(2s, &) — VE(2r), Vf(2y, &) — V()] =0

Therefore
Ellmes1 = s |’] = E i:a =BV f (&) VF(:cT)H?] <1 ;goz (66)
- O
Lemma B.11 Suppose max(5||VF(z)||/4, [m™* |, |#]) = v/n. Then
Gt m) — Gz, ™)
<5 x DIVF@I - 32 x 2+ (AL + BLIVF@)) + 1ol
— v (VE (), m" - m+> - (= (VF(@), VS0, = VF@) + (0IVF@ + 1) o
(67)

Proof: Based on Lemma B2, we only need to bound F(z %) — F(z). We use the (Lg, L1 )-smooth
condition:

F(zt) — F(z) < <VF(J;), T a:> + g(ALO + BLy||VF(x)]) (68)

Now we bound (VF( ),xt — x). The calculation is similar to the deterministic setting. We first
bound — min (7, Hm+ 0 (m*,VF(x)). Consider the following three cases, all of which are analo-
gous to the proof of Lemma B73:

e ||m™|| > «v/n. The algorithm performs a normalized update. We have

gl

2 3 7
— T m* VF()) < —2A||VE@)| — 2yljm*| + 2|16
e (7 VE@) < 22 IVE@)] = 2ol + £l

o |m*| < v/nand |VF(x)| > 4v/5n. The algorithm performs an unnormalized update.
We have

4 2 16 3’}/ 4
_ N < w2 I A T
1(VF@)m*) < =2 x 29IVF@)l - 35 x 2o + 5 x ol

o |m*| < ~/nand ||VF(z)| < 4v/5n. In this case ||m|| > ~/n. The algorithm performs
an unnormalized update. We have

o (TF@) i) < ~25|[VF@)| - 2 (;; - 1) N

Therefore in all the cases, we have

. 4 2 16 342 12 ~
—min (2 ) (0%, VF@) <= x 219 - o x B4 (22 -1) 2080 )
(69)

—n <VF($),m+ - m+> + (T]HVF(m) + Z’y) o

13



189 where (BY) uses the following two inequalities which can be obtained by Lemma B-T0:
]l < 18]l + & (70)
—(VF(z),m" —m™*) <||[VF(z)|o (71)

190 We next bound — min (77, WJ”ZW) (Vf(x,£),VF(z)). Consider the following cases, all of
191 which are analogous to the proof of Lemma B33:

192 o |Vf(z,&)|| > v/n. In this case we can use Lemma BT with y = 2/5:
. g
— min | 7, Vf(x,§&),VF(x
( Fertea) (7100570
_ (V[ (=,§), VF(z))
\Y
T 7 .
<2 (“2I9F@I - HIVs@ 1 + {IVF@) - Vi)
2 3y 7
< _Z _ =
<2 (-2vr@i- 2+ Lo)
193 o |V f(z, &) <~/n. In this case
. g
— min Vf(z,&),VF(z
(o Festa) (7700570 )
= —n(Vf(z,§), VF(z))
= —nllVF ()| = n(Vf(z,€) - VF(x), VF(x))
104 We now bound —7||VF(x)]|*. If||VF( )l > 53 then —n[| VF(2)[* < —37[|VF(2)]].
195 If |[VF(2)| < 47 and ||m™*| > 5 1| then using the same calculation as in the deterministic
196 case,
2 2 4 16 3y* 4 8 4
_ < _ 2= et AT _
MYF@I? < —2 % SAIVE@I ~ g0 % 2+ % Sy ()~ IVE@))
4 2 16 3
< = X 24| VF(@)| - — x 2L
<=5 * SVF@I = 52 x 2+ 2o (16]+ )
197 If |VF(2)| < 47 and |[m*|| < & ¥, then ||mH > 7/77 Using the same calculation we have
8 -
—nl|VF()]* < —5V||VF( o)l = - - 57(Hm|| — IVE(@)[])

2
< —pVE@) = =~ + ||5||

198 Therefore in all the cases we have

~ gl 4 2 16 342 8 -
—in (1. o7 )|><Vf(w,§)7VF(x)>S—5><57||VF( Dl - g5 % B+ 35

-0 (VF ). VS0, = VF@) + (0IVF@I + 1) o

(74
199 we finally obtain
Gz, m™) - G(x,m)
4 2y 16 342 42
S*gxg\WF(x)H*%XE ?(AL0+BL1HVF( z)|) + 7||5||
7
— v (VF(@),m* — ") = (L= ) (VF(2), VI(2,6) - VF()) + (nHVF(x)u +in)o
(75)
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200

201
202

203

204

205

207
208
209

210
211
212

213
214
215
216

217
218

O
Let S = {t € [0,T — 1] : max(5||F(x,)[|/4, [mesall, [I7el]) > 7v/n} and S = [0, — 1\S. Let
Ts = |S|, then T — T's = |S|. Parallel to Corollary B4, we directly have the following corollary.

Corollary B.12 Let set S and Ts be defined above. Then

Z G(xtr1,mey1) — Gz, my)

teS
12y 12 12

< saa- g%+ <5<1 At s g

=0y (W (VF(xe),morr — M) + (1= v) (VE (@), Vf(24,6) = VF(2:))+
tes

16 3y 7 ¥ 12y
WZ:S[ (53 - Zo)Ivreal+ (g x 22~ 1o) ) + JBLAIVF@l + 572551
(76)

1
BL1 + 2AL0> ’72T5

Next we turn to the case in which max(5(|VF(z)||/4, |m™ ||, [|m|) < ~v/n.

Lemma B.13 Assume max(5||VF (z)||/4, [|m™]|,||m|]) <~/n, and v/n = 50. If ALgn < 1, then

0w VE@P - DBl + L BL V)]
2 2 g 7H1 v
— vy <VF(:E),m+ - ﬁ1+> -1 =v(VF(x),Vf(z,&) — VF(x))

P ALoair® + (1= V)VE@)| + st ALollvm® — i) + (1 - )(VS(2.€) - VF@)|?
(77
where ¢ = v(1—3)(2—8)—ALon(1—Bv)2+2(1—v),co = vB(1—B) — ALonBr(1—pBv),c3 =
vB(1+B) — ALogn(Bv)? ¢1 = (1= B)[2—B— ALyn(1 — B)], co = B[1 — 8 — ALon(1 — B)] and
c3 = B(1+ B — ALonpB).

Proof: Because ||V f(z,&)|| < 4v/5n+ o = /n and ||m™|| < ~/n, the algorithm performs an
unnormalized update. The proof is similar to the one in Lemma B3 except for bounding the term
F(zT) — F(x).

F(a*) = F(x)
< —(VF(z),vym™ + (1 —v)nVf(a, f)> + i(ALo + BLy[|VF ()| lvm™ + (1 = v)V f(z, )]
< —vn(VF(z),m*) —vn(VF(z), nt)

—(L=v)n(VF(x), VF(z)) — (1 - V) (VF(x), Vf(x,§) = VF(x))
2
+ 77514130 ([vm* + 1 =) VF@)|? + lv(m™ —m®) + (1 = v)(Vf(z,6) = VF(2))[*)

2 2
+ 1P ALgo|lvi + (1 - ) VE(x)| + %Bmllw(x)\%
(78)
2
For bounding term —vn (VF(z),m") — (1 — v)n(VF(z),VF(z)) + L ALo|vm* + (1 —
v)VF(x)||? that is not related to noise, the subsequent steps are the same as in Lemma B3, B

and Corollary B2 (except for L in these Lemmas being replaced by AL ). Other terms in (IZ8) just
appears in (). Proof is completed. ]

Note that the descent inequality in Lemma B3 is small in terms of ||V F(z)|| if v and 8 are close
to 1. We now try to convert the term ||[7n| into ||V F'(x)||, which is stated in the following lemma.

15

IVE ()|



219
220

221
222

223

2
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=

225

226
227
228

Lemma B.14 Suppose ALgn < ¢1(1— ) and BL17y < ¢3(1 — B) for some constant ¢, and cg. Let
o = VF(xg) for simplicity. Let set S and S be defined in Corollary BI2. Then

EY ] = Z(l —a(l=vh) —e3)[[VF(zi)|| — 10

teS tes (79)

_ ﬁE (Z(ALO + BL1||VF($t)||)'7>

teS

Proof: The proof of Lemma BT4 is similar to the proof of Lemma B=R. We first write (B4 again
as follows:

T—1
> me = VE(2y)||
t=0
| Tl
< == D _(ALg + BLy|[VE(x))]])
t=0
(vmin () el 0 = ) min (e ) 19760 )
([l IV f(@e, &)l
1 T-1
<13 BLy|VF(zo)l| + Y ALoy + Y ALon (1 = v) |V f (2, &)l + vlmesal)
t=0 tes teS
(80)
Therefore,
T-1
Z [me = VE(z)|
— Z (AL + BL{||[VF(z)|)vy
-8
1 -
ﬁ [ALOVn”mt-HH + (BL1y + ALo(1 — v)n) |V F(2:)|| + ALono]
< 75 Z AL + BL1[|[VF (z4))v+
es
1 -
Z (ALovnp|lme| + (ALon(1 — vB) + BL1y)||VF(2:)|| + ALono)
tes
1
< =52 (ALO + BL||VF(z,))y + Y ((er(1 = v8) + e3)[IVF ()| + cxvBlmy || + c10)
tesS
(1)
Using ||[/]] > ||VF(xy)| — |/ — VF(x,)| and some straightforward calculation, we obtain
(L+e) Y [lmell =Y (1= er(1 = vB) = e3)|[VF (24)]| - c10)
tes tes
1 (82)
- mE (Z(ALO + BL1VF(33t)||)7>
tes
(]

We now merge the two cases corresponding to Corollary BT and Lemma BT3. The proof of the

following theorem involves many techniques which are different from the deterministic case and is
far more challenging.

16



229

230

231

232

234

235
236

237

238

239

Theorem B.15 Let F* be the optimal value, and A = F(x) — F*. Assume mo = VF(xq) for
simplicity. Fix e < 0.1 be a small constant.If v < £ min (AEL(,’ ,14L§7 5(1)B€1) and vy /n = 50 where
constants A = 1.01, B = 1.01, then

T
1
72 EIVF () < 2¢ (83)
t=1
as long as
T > %A (84)
en

Proof: Based on the previous results, we take summation over ¢ and obtain

T-1
D (Gl@pyr, i) = Gl i)
t=0
12y - 12 12y 5
< Syl + (gt + s 2y 0 + 3450 T
T-1
-n Z(V (VE(z1),me1 — mug1) + (L= v) (VF(21), V(21,&) — VE(20))))+
=0
4 2 16 3y 7 ol 12~
> (3% 2-Zo)ivreol+ (5 x 2 - 1o)) + JBLIVFEI + oo BE
2
35 (A= vAIVE@) | + vl |?) + +35 BLVF ()]
tes
+ > ALoo|[(1 = v)VF(z,) + ving|| + == ALO (1= v)(Vf (e, &) = VF (@) + v(mea
teS (s5)
We now simplify (83) by taking expectation. We first have

due to the noise assumption. For the term E||(1 — v)(V f (2, &) — VE(x4)) + v(mee1 — mer1)|?,
similarly using the noise assumption and Lemma B0, we can obtain

B

E|(1 = v)(Vf(we, &) — VE(xe) + v(mepr — mepn)|* < ((1 — Br)? + 175

— 5% 2>a (87)

We now tackle the most challenging part: the expectation of (VF'(x;), myy1 — 1) for some ¢.

— E <VF(.T,5)7 mi41 — Tht+1>
= —E[(VF(2), 8(ms — 1) + (1= B)(V (21, &) — VF(21)))]

- 88
— _BE (VF(z1), m; — i) (88)
= ﬁE [— <VF($t_1),mt — ’I’ht> + <VF($t_1) — VF(xt),mt — ’ﬁ’lt”
Applying the above equation recursively, we obtain
t—1
—E(VF(x),mip1 — myq1) < EZ BT (VF(27) = VE(Trg1), Mri1 — Mrg1) (89)
7=0
Therefore
T—1 g L=
-E Z (VE(z¢), mpp1 — myyr) < -5 Z E(VF(2;) = VF(2411), Mir1 — Mig1) ,0)
t=0 t=0
(90)

IV E ()|

— 1) |?



240  We now bound E[<VF(.’L'1§) — VF($t+1), mey1 — mt+1>}.

241
242

243

E <VF((E¢) — VF(.’L't+1)7 me41 — mt+1>
1
= E/ (2 — 2141) " VEF (g + (1= p)@e1) (masr — mgp)dp
0

1
=E [min (Tla 7) / vm{ VPF (py + (1= p)ais) (mep — "’ht—&-l)dﬂ}
mesall ) Jo

‘E [min (m M) / (L )V &)V E 4 (1 o) (mess — mtmdu]

1
<E [min (Tla |mj+1||) /0 vind  V2F (pay + (1= p)ais) (meps — "’ht—&-l)dﬂ}
1
+E [min (Th m) /0 (1= v)VF ()" V2 F(pwy + (1 — p)we) (megr — mt+1)dﬂ}
EAL)+ BLITE o0 - ) (g +1-v)

<E [min (77,

) V(ALo + BL1||VF<xt>|>||mt+1||a}
Hmt+1||

+E [min (n, M) (1 —v)(ALy + BL1|VF(z,)| ||VF(:Et)|J]
+E(ALy+ BLIVPGO o1 -8) (g +1-v)

<E[@lmiall + (L= v)[|VE(z)]))ALoo]

w8 | (vanin (2 ) Bl + (1 ) min (oD ) IVF (@] ) B F @)l

T UE[(AL + BLy V() [)]o(1 - ) (1 e )

< pE (W] + (1 — ) [VE(e0)])ALoo] + nALeo® (1 — 8) ( A )

1+8
6 1
+ 571E [BL1||VF(z¢)|[o] + ng [BL1[|VF (x4)]|o]

oD
where the first inequality uses the proof of Corollary A~4 and Lemma B, and the last inequality
uses y/n = 50. By taking summation of the above inequality we obtain

T-1

T-1
Z - 7
— E <VF({Et),mt+1 — mt+1> S % E <77AL() + 5’}/BL1> O'HVF(CEt)H
t=0

t=0

v V32
ALyo®B | ——+1—v|T ALyo|VF
#nALoos (2 10 Tt AL |V F (o)
92)
where we uses the following inequality to convert |71 || to ||V E (z)]|.
T—1 T—1 ¢t
2 [ < 1—||VF(1:0 [+(@-p ;Z%Bt TIVE ()|l
. 93)
< 1 5 VEo) | + > IVE(x)|
t=0

18



24+ Combining (83), (86), (B@), (I2), using inequality (B3) to get rid of the term ||7|| and applying
245 Lemma BT{, we obtain

E Z(G(mtﬂ, Met1) — Gz, 174))

12y < vf 9 12 12+ 1 9
< 507 _B)H(SOH + =52 _ﬂ)QALon a||VF(xo)| + <5<1 _B)AL0+ 51 —B)BLl + 2AL0> v Ts+
2 16 3y 7 ¥ 12y
’YEtEZS [ (( X = 7‘7> IVF(z¢)| + <25 B 50>> + §BL1HVF(331:)|| + 5(1_5)3[/1||VF(9U:&)|]
U 1 7
+EY (20 IVF@I - Jvslml? + S BLIVFW))
tes
IET_l 2ALgo [ |VF (A-vp)®, 1-5 22
O (L R e e k).
”’B”” Tzl ALoy||VF(z)|| + 7BL IVE(@)|| | + ALon?0®vB [ —— +1—v) T
2 o t 1Y t o7 1+ 3
=Py +E | PiTs+ Po(T —Ts)+ Y _ P3|VF(z,)| + Y Pi||VF ()|
tes teS
—]EZ ADIIVE (@o)l* + Bl ||*)
teS
(94)
246 where
12~ vp vB
Py = 531 — )H50|| + e ALon?o||VF (o) = WALOU%HVF(@“O)H
16 3y 127 72 1273 7
Pl——25><&)+(M+2)AL0+5(]-IB)BL1+5’YU+P2
1—vpB)? 1— 1
Py = ALgn*o® (( ;ﬁ) + 30 +/6ﬁ) v ) + ALon*0*vp3 (Hﬂ +1- ) = 5772141:002

575 2 "51-p) 1-8 1
7 2

4 2 2 1242 vBno
P3:—><’Y+770+<7+ S Gl 57 )BL1+77ALOU+ﬂ6AL077

vBo

Py =n*AL ——

4 =" 00 + -3

247 Lety < 5= min (ALO’ 1142/3, 2;5? ), and fix the ratio /7 = 50. Then for small enough £ < 0.1
248 and large enough noise o > 1,

16 3¢ 12¢ 7 e? 3
< (== R T T _=
Pl-( 2% 3 o, T 50 T +1000)7— 1077 )
P. < éxg+1+ ﬂ+2+zxé i+i+i <_i
3=3\T5 7575 2 5 ' 57°5) 500 5002 5002)7 =107
249  We can also bound P, as follows:
I5) 7 5
P, < AL -+ - | BL
4_1—ﬁ 001 +<1_5><5+2 10797
1 15} 7 5\ e
< = -+ ) =@1- (96)
—10”+<15X5+2>50( U

<15 —I—ia —35
=70 90" T 90"
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250 Applying the above estimates and rearranging (24)), we have

G(.’I}()) —F* +PQ

3
>E Z <1OU’Y+’Y||VF (z¢)] ) Z(
| tes €3

AL 3
(1 = vB)IVF (@) + vllm|?) - 2“a2n2—2()sn||w<xt>|)}

1\3\3

AL 3
(L= vB)IVE@)|?) - =0 ~ msnIIVF(xtH)]

1\3\3

>E Z(ﬁ)a’y-i—’Y”VF (24) ) ZS(

tesS

+ SmpE [Z (2] - 52)]

tes
o7
251 Due to Lemma BT (ALono < 15(1 — B8), BL1y < £5(1 — 3)), we clearly have

EY [l

teS

- (= 50)2 [ (0= o) | 2[5 (25 = s

TES
(-3

S (IVF(a, ||]—10<T Ts)—E Z(#(ALHBMHVF(@)))]
teS

TES
(98)
252 Define
1 v 3 vp
Uw)i= (157 - 125 Bhem) IVF@I + (o7 = 25 ALz
V(@) = 20l — vB) [VF@)|? + ( vfne — —en) [VF@)] - (S ALoop + 2ufe?n + —ve?
= gh . 20" P1" T 5" . g RO T QVPE T gV
(99)
253 Plugging (BR) into (81), we obtain
Glzg) —F*+ Py >E [Z Ulaxy) + ZV(mt)
tes te5 (100)

Z min{U (z,), V(z¢)}

t=0
)
(101)

T
E ]ItGSU JCt teg
t=1

254 Since

1 vpe 3 1
> (= —
V() 2 (10 5002) MVE@)]+ (10 " 1002”7
1 1
> | VF =
> CAIVE@)] + 5o

255

V(x)

Y

o= sRITF@IP + (ggvsne - gen) IVF@I - (g5 + 208

Y

1= v8) (eI VE @) - ) + (une = en) IVF @) - ( 5+ 2v8)

Y
G N = N =

4
| V()] - 22
(102)
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256

257

258

259

261

262

263
264
265

S

w

266
267
268

270
271
272
273
274

275

It clearly follows that min{U (z), V ()} > 2en||VF ()| — 2&n. Therefore
4y T
G(xo) — F*+ Py > = > (IVF@)| - e) (103)
=0

) 1
Therefore, as long as T' > o (G(zp) — F* + Fy), we have TE [Zthl ||VF(xt)||} < 2e.
n

We finally show G(z¢) — F* + Py = O(F(xo) — F™*). Using Lemma A7,

1-p

For the term Py, if ||VE (zo)|| = Q(Lo/L1), we can similarly use Lemma [A3 to obtain Py =
O(F(xg) — F*). If |[VF(x0)| = O(Lo/L1), using Lo||VF (z0)| < L1||VF(z0)||*> and Lemma
A7 leads to the result. ]

B I ) < S (Fla) - ) (104)

= 50

[VE ()|l VF(xo)HQ) 8
50

R 1 .
min (7llmoll, nllmo|?) < mm(

Appendix C Discussion of the normalized momentum algorithm

In this section we analyze in detail the theoretical aspects of the normalized momentum algorithm,
as well as some practical issues. Recall that this algorithm can be seen as a special case of our
clipping framework. For convenience we re-write it in Algorithm D.

Algorithm 2: The Stochastic Normalized Momentum Algorithm(SNM)
Input : Initial point x, initial momentum my, the learning rate 7, momentum factor 3 and the

total number of iterations 1T’
fori< 1toT do

L my < fmy—1 + (1 = B)V f(xe—1,&-1);

my

[l

Tt <~ Tp—1 — M

We remark that SNM is different from the clipping methods in traditional sense, in that it makes a
normalized update each iteration. This algorithm has been analyzed in Cutkosky and Mehta [2020]
for L-smooth functions. In that setting they were able to prove that SNM achieves a complexity of
O(ALc%c7%).

For (Lg, L1)-smooth functions, we show that: (). With carefully chosen momentum parameter
3 and step size 17, SNM can achieve a complexity of O(ALyo?c~*), which is the same as the
complexity we obtain in Theorem 3.2. (b). There are some practical issues that make SNM less
favorable than traditional clipping methods (such as the other three special cases of our framework
discussed in Section 3 of the main paper).

The following results provides convergence guarantee for Algorithm .

Lemma C.1 Consider the algorithm that starts at xoy and make updates x111 = xy—nmy41. Define
0t := myp1 — VF (1) be the estimation error. Assume n) < ¢/ Ly for some ¢ > 0 and let constants
A=1+e— <=L B=<=L Then

1 1
Flavsn) = Fleo) < = (n= 3BLu? ) IVF(@)] + 3 ALar? + 218

And thus, by a telescope sum we have

T—1 T-1
1 F(xg) — F(x 1
(1 - 2BL177> S IVE(zy)|| < Flao) - Flor) + 5 ALoT +2 > sl
t=0 t=0
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282

Proof: Since ||z11 — 2¢|| = n:, by Lemma B33 we have

_n
172441 ]|

1
< (=|IVFE ()|l + 2]|6¢]]) + 5772 (ALg + BL1||VF(x4)]))

1
(VF(x4),me41) + 5n° (ALg + BL1 ||V F(z¢)|)

F(xp1) = Fa) < — 5

1 1
~ (1= 3B ) IVF @Ol + pALor? + 2016
where in the second inequality we use Lemma Bl ]

Theorem C.2 Suppose that Assumptions 1,2 and 4 holds, and A = F(xg) — F* where F* =
inf,cra F(x). Let mg = VF(x0) in Algorithm B for simplicity, and denote o = 1 — . If we choose

n=06 (min(Lfl, Lals)a) and o = © ( —2 2) then as long as € = O (min{%,a}), we have

1 T-1
= S E(VF@)] <
t=0

holds in T = O(ALgo?e™*) iterations.

Proof: Define the estimation errors d; := my11 — VF(x;). Denote S(a,b) := VF(a) — VF(b),
then for a, b such that |ja — b|| = < ¢/ L4, we can upper bound S(a, b) using Corollary BE2:
15(a, )|l < n(ALy + BL:[|[VF(b)]) (105)

We can use S(a, b) to get a recursive relationship:
6t+1 = Bmey1 + (1 = B)V (@41, &1) — VE(D141)

106
= BS (x4, 241) + B0 + (1 = B)(V (w441, &41) — VF(2441)) (106)
Denote §; = V f(x¢,&) — VF (), then
t—1 t—1
=BY B8 (wr 1, )+ (1=B)D_ B0, + (1 —B)B'S,
=0 T7=0
Using triangle inequality and plugging in the estimate (I03) , we have
t—1
I < (1 - Z B78i_, || + 60> 87 (ALg + BLI|VF(zi—r—1)|)  (107)
7=0
Taking a telescope summation of 07 and using Assumption 2.4 we obtain
T—1 “+oo
ALynT  BL
Do la| < T(L= )\ 3820 + S 4 g Z E[|[VF (a0)]]
t=0 7=0 (108)
ATL BL -
< vars + ATL , BLOS g 1o )
@ o =

Now we use Lemma CT:

T-1
1 A ALonT
2 -7 o

t=0

If we choose n = © (min(Ll_l,Lgle)a) and o = © (072¢%), then
1 2
1—-|=-+—)BL =0(1
(- (3 ) pran) o0
T-1

A AL A
—]EZHVF;Q 0(+ SALon + Vao + 0’7) 0(+e)
T o

In this case
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Therefore for T' = © (%) we have +E ZtT;()l IVFE(x)|| = O(e). If e = O(Lg/L1), then %
reduces to ALyo2e™%. O

We have shown the theoretical superiority of Algorithm B. Specifically, it enjoys the same complex-
ity as Theorem 3.2. However we notice some potential drawbacks of Algorithm D

e Firstly, the step size of Algorithm B is at the order of O (53), while the step size we chose

in Theorem 3.2 is O (52). Previous works have noticed that a smaller step size makes it
easier to be trapped in a sharp local minima , which may result in worse generalization
[KIeinberg et all, POTH].

e Secondly, although the complexity of Algorithm [ is the same as Theorem 3.2 for small ¢, it
requires a more restrictive upper bound of ¢ to ensure the e~ term dominates. For instance
with a poor initialization, A may very large. This suggests that in practice, where we do
not get into a very small neighbourhood of stationary point, the performance of Algorithm
D may be worse.

Appendix D Details of Lower Bounds in Section 3.3

In this section we discuss the lower bound for SGD in Drori_and Shamirt [20T19] in detail. The
following result is taken from this paper:

Theorem D.1 [Theorem 2 in Drori and Shamin [200T9]] Consider a first-order method that given
a function F : R? — R and an initial point vo € R? generates a sequence of points {x;} satisfying

Typ1 =Tt + Mgz, - (VF () + &), t€[T—1]

where &; are some random noise vectors, and returns a point T, € R as a non-negative linear

combination of the iterates:
T

- E (t)
Tout = Cq:g,...,wT'rt

t=0

We further assume that the step sizes 0,,...», and aggregation coefficients Cg(cf,),__wT are deter-
ministic functions of the norms and inner products between the vectors xg,...,x:, VF (xg)+
€o,...,VF (z¢) + &. Then for any L,A,c > 0 and T € N there exists a function F' : R? s R
with L—Lipschitz gradient, a point zo € R and independent random variables &; with E [£;] = 0

and E [||gt||2} = 02 such that ¥t € [T

and in addition

a.s. o |LA
F(xO)_F(ajout) S A‘i‘ﬁ T
VE (Zou) =

2_0o, LA

Now we discuss why this shows the optimality of clipped SGD under Assumptions 2.1, 2.2 and 2.4.

where v € R% is a vector such that

Firstly, Theorem D assumes an upper bound A on F(zg) — F(x;) rather than the one assumed
in Assumption 2.1 (F(zg) — F* < A). However, in fact we only need to assume that F'(xg) —
F(z7) < A to prove Theorem 3.2 for clipped SGD. The reason is as follows. In fact, since 8 =
0 for clipped SGD , the momentum term in the energy function disappears, as well as the term
%ALMQJHVF(:EO)H in (84). So we no longer need to use Lemma B to bound the term
IV E (o). The rest of the proof only needs F'(z¢) — F(xr) < A (which is used in the telescope
sum in (84)).
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Secondly, although Theorem D only assume that the variance of stochastic gradient is bounded, in
their construction the noise is actually defined as

1
P (& = +oer) =5, te[l—1] (109)

Therefore the norm of the noise is bounded by o, and the example used to prove Theorem DTl still

works under Assumption 2.4.

Now suppose we need an output such that ||V f(zow)|| = ||77]| < &, then it follows from Theorem
DO that T = Q (LA025_4). Therefore we have shown the optimality of clipped SGD in this class
of algorithms, as stated in Section 3.3.

Appendix E  Justifications on the Mixed Clipping

We will show in this section that combining gradient and momentum can be better than using only
one of them. We consider a basic optimization problem: min,eg F'(z) = minger E¢[f(x,€)]
where f(z,€) = 1(z + £)?, and the noise £ € R follows the uniform distribution U[—+/3, v/3] so
that E[¢2] = 1. To simplify the analysis, we set v in Algorithm 1 to be sufficiently large such that
clipping will never be triggered, since the function F'(z) = %xQ is (1,0)-smooth.

In the above optimization problem, the general update formula can be written as:

myp1 = By + (1 = B) (2 + &)

110
T = T — vy — (L —v)n(ze + &) (10)

We have the following proposition:

Proposition E.1 Ler o, my € R be arbitrary real numbers. Let &;s be i.i.d. random noises such
that E[¢2] = 1. Let the sequence {x;} be defined in (OI0), where 0 < 7 < 1,0 < B < 1 and
0 < v < 1 are constant hyper-parameters. Then in the limit

lim ]E[F(xt)]:gx (1+5)(1—5+377)—VU5(1+35—2V5) (111)

t=o0 (2=n)(1+B)(1 =B+ Bn) —vnB(4B —n — 360+ 2vnp)

We now analyze three cases based on the proposition:

e Only use gradient in an update. Set v = 0 in ([I)), we obtain lim; o, E[F(z:)] = ﬁ.

e Only use momentum in an update. Set v = 1 in (), we obtain lim;_,, E[F(x¢)] =
n

4—2niE"

e Combine gradient and momentum in an update. It can be verified that for proper 0 < v < 1,
(ICI) is less than ﬁ (therefore less than ﬁ). Furthermore, when 3 — 1, a straight-

41y
forward calculation shows that lim;_, o E[F(z;)] — %—Qn Thus lim;_, o E[F ()] can
1—v

be arbitrarily close to zero if v is close to 1. However, this does not happen in the previous
two cases, where lim;_, o E[F'(x;)] there must be greater than 7.

We further plot the value of (1) with respect to v and 3 in Figure [ to visualize the above finding.
It can be clearly seen that the using both gradient and momentum with a proper interpolation factor
v outperforms both SGD and SGD with momentum by a large margin (Figure [(a)). Furthermore,
we can drive 5 — 1 to further improve convergence (Figure (b)), while in SGD with momentum
we can not.

Although we use the simple function F'(z) = %mQ as an example, similar result exists in any gen-
eral quadratic form with positive definite Hessian. Furthermore, the experiments in Section 4 also
demonstrate that the mixed clipping outperforms both gradient clipping and momentum clipping.
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Figure 1: Convergence value of different hyper-parameters 7, 3, v over stochastic function f(z, &) =
%(x + €)2. The mixed update with proper v outperforms both SGD and SGD with momentum
by a large margin. Furthermore, for the mixed update we can drive 5 — 1 to further improve
convergence, while for SGD with momentum we can not.

E.1 Proof of Proposition E

E.1.1 Proof of a simple case

For clarity, we first assume v = 1. Consider a specific time step t. We first calculate E[m?].

E[m; 1] = E[(Bm: + (1 — B)(z¢ + &))?]

= B*E[mf] + (

(E[z7] + E[&7]) + 2(1 = B)*Elwe&] + 28(1 — B)(E[mez:] + E[meée)

1 —p)?
= B*E[mi] + (1 - B)*(Ele7] + 1) + 28(1 — B)E[my )

where we use the fact that & is independent with z; and m;. We then calculate E[z?].

Elz7y4] = El(¢ — nmy)’]

=E[z} + n°miy, — 2nximy ]
= (1+7°(1 = 8)% = 2n(1 — B))E[z7] + n*BZE[m7) + n*(1 — )% + 2(n*B(1 — B) — nB)E[myz(]

(112)

(113)

where in the last equation we use (II2). To complete the recursive relationship, we also need to

calculate [z 1myy1].

Elzirimis1] = E[meize — 77m5+1]
E[Bmizy + (1 — B)a; — npmi, ]

= (1= =11 = B))E[x7] — np*E[mi] —n(1 - B)* + (8 — 208(1 — B))E[m,z,]

(114)

Combining ([12), (IT3) and ([I4)), we can write the recursive relationship into a matrix form:

2
Ext;-l
Emiy
Ext+1mt+1

1

(1-p)1 ] n(1—5))

L+ = B = 20(1 - B)

n?6%  2n*B(1— B) —np)
B2 28(1 - p)
7%52 8- 277%(1 - B)

n*(1—p)?
(1-p5)?
—n(1—p)?
1

(115)

Denote the above matrix as M. After a straightforward calculation, we can find that Ay = 1 is an

eigenvalue of M, and

g 2m

is the only eigenvector associated with A\; = 1. Similarly, Ay = f3 is also an eigenvalue of M. Let
the other two eigenvalues be A3 and A4, then

1
u = <—77+ﬂ, -2

A Ao A3y =det M = BS

1+8\"
3)

MAX+ds+M=trM=1-3+n1-p)-p5-1)
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It follows that A3Ay = 32 and A3 + Ay = (n(1 — 8) — B—1)2 — 2. Since (1 + B8 —n(1 — B))? <
(1 + )2, we have A3 + Ay < 1+ 2. Therefore |\3| < 1 and |\4| < 1 (note that A3 and \4 can be
composite numbers). If n < 1, we can further conclude that the four eigenvalues are different from
each other (otherwise A3 = Ay = 3, which contradicts to A3 + Ay = (n(1 — 8) — 8 — 1)% — 23).

Based on the above calculation, for any initial vector v, lim;_, ., M*v converges to a vector propor-
tional to u. In our case, (Ez3, Em3, Ezgmo, 1)T = (0,0,0,1)7, and we also know that the the last
element of the vector lim;_, o, M*(0,0,0,1)7 is 1. As a result,

1-p
: t T _ _
tlggoM (0,0,0,1)" = 2(1+B)u
Namely,
lim E[z7 4] = i
t—00 t+1 _pl=8
n1vs

E.1.2 Proof of the general case

Now we prove Proposition ET for general v.

Elz7,,] = (1 —n+vnB)’Elz{] + v*n*B°E[m;] — 2unB(1 + vnB — n)E[mex] + (vn(1 — (51)1463(1 —v)n)?

Elzi1mesr] = (1—n+vnB)(1 — B)E[x7] — vnB°E[m;] + (1 — n — vn + 2vnB) BE[zymy]
—vp(1—=p)? = (1 —v)n(l - B)

(117)
Combining ([12), (IT8) and (I4), we obtain the following recursive matrix M:
(L—n+wvyB)?  v*’B%  —2vmB(l+wvnp —n) (vn(1 = B) + (1 —v)n)?
M (1-5)* B2 26(1 - ) (1- )2
(1—-n+ Vgﬂ)(l —B) *Vgﬁz (1—n— g +2unB)B —vn(l - B)? *1(1 —v)n(l - p5)
Using the same calculation as in the previous section, we finally get
o Bl ] (L+B)(1 = B+ Bn) — vnB(1 + 38 — 20B) g
A B = B U= B B — BB - —sanr2mp) T

Appendix F  Soft Clipping

Algorithm 3: The General Soft Clipping Framework

Input : Initial point ¢, learning rate 1), clipping parameter v, momentum 3 € [0, 1),
interpolation parameter v € [0, 1] and the total number of iterations T

Initialize my arbitrarily;
fort < 0toT —1do

Compute the stochastic gradient V f (x, ;) for the current point z;;

mis1 < Bmg + (1= B)V f (2, &)

mi41 Vf($t7 Et)
vp——————+ (1 —v ;
T almenty T T G €07 )

Ti41 S T —

For Algorithm 1, as long as the norm of the gradient (or momentum) exceeds a constant, it is then
clipped; we refer to this form of clipping as hard clipping. One can also consider a soft form of
clipping, as presented in Algorithm B.

We take v = 0 for example to analyze soft clipping. For any gradient norm /g, the norm of the
update [, is a function of [o:

l
lu = hsoft(lg) - 7]% (119)
g
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Figure 2: The update norm [, w.r.t. the gradient norm [, for hard clipping and soft clipping (n =
1,v=1).

For hard clipping, we can similarly write
ly = hnara(lg) = min(nlgy, y) (120)
A straightforward calculation shows that

1

— min(n! <np—-=— < min(nl 121
5 min(nlg, ) S A < min(ly,7) (121)
Therefore soft clipping is in fact equivalent to hard clipping up to a constant factor 2 in the step size
choice. Thus it’s easy to see that our results also hold for Algorithm B. However, compared to hard
clipping, soft clipping has the advantage that the function Ay in (IT9) is smooth while hpaq in (C20)
is not, as shown in Figure 0. We also empirically observe that the training curve of soft clipping is

more smooth than hard clipping.

Appendix G Experimental Details in Section 4

Based on the discussion in Appendix H, we use the soft version of clipping algorithms in all the
experiments.

G.1 CIFAR-10

The CIFAR-10 dataset contains 50k images for training and 10k for testing. All the images are
32 x 32 RGB bitmaps. We use the standard ResNet-32 architecture. The total number of parameters
is 466,906. For all algorithms, we use mini-batch size 128 and weight decay 5 x 10~*. For the
baseline algorithm, we use SGD with momentum using learning rate {r = 1.0 and momentum
factor 5 = 0.9. Note that we use the momentum defined in Algorithm 1, which is equivalent to a
Pytorch implementation with [r = 0.1 and § = 0.9. We optimize ResNet-32 for 150 epochs, and
decrease the learning rate at epoch 80 and epoch 120. For other algorithms, we perform a course
grid search for [r an ~, while keeping all the training strategy the same as SGD. We use 5 random
seeds ranging from 2016 to 2020, and the results are similar. The plot in Figure 2 uses the random
seed 2020.

G.2 PTB

The Penn Treebank dataset has a vocabulary of size 10k, and 887k/70k/78k words for train-
ing/validation/testing. We use the state-of-the-art AWD-LSTM architecture using hidden size 1150
and embedding size 400. The total number of parameters is 23,941,600. For the baseline algorithm,
we follow Merity et all [20T7] who use averaged SGD clipping without momentum using learning
rate I = 30 and v = 7.5. Note that here v = 7.5 means that the gradient norm will be clipped to
be no more than 0.25. We use the same dropout rate and regularization hyper-parameters in [Merity
efall, POT7]. We train AWD-LSTM for 250 epochs, and averaging is triggered when the validation
perplexity stops improving. For other algorithms, we perform a course grid search for [r an -y, while
keeping all the training strategy the same as SGD clipping. We use 5 random seeds ranging from
2016 to 2020, and the results are similar. The plot in Figure 2 uses the random seed 2020.
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Figure 3: Experimental results on ImageNet.

G.3 ImageNet

We also conduct experiments on ImageNet dataset. This dataset contains about 1.28 million training
images and 50k validation images with various sizes. We train the standard ResNet-50 architecture
on this dataset. The total number of parameters is 25,557,032. We use a batch size of 256 on 8 GPUs
and a weight decay of 10~*. For the baseline algorithm, we choose SGD with learning rate I = 1.0
and momentum [ = 0.9, following Goyal et al] [Z0T7]. Note that we use the momentum defined in
Algorithm 1, which is equivalent to a Pytorch implementation with [r = 0.1 and 8 = 0.9. We train
the ResNet-50 for 90 epochs, and decrease the learning rate in epoch 30, epoch 60 and epoch 80.
For the other algorithms, we perform a course grid search for lr an -, while keeping all the training
strategy the same as SGD.

Figure B plot the training loss curve and validation accuracy curve on ImageNet. All the algorithms
reach a validation accuracy of about 76%. However, all the clipping algorithms train faster than the
baseline SGD. Mixed clipping performs the best among the four algorithms.

Appendix H Additional experiments in (L, L;)-smooth setting using MNIST
dataset

In this section, we are aiming to construct an optimization problem which provably satisfies the
(Lo, Ly)-smoothness condition in this paper rather than the traditional L-smoothness condition. We
then conduct experiments in both deterministic setting and stochastic setting.

We first cosider a binary classification problem. Suppose a dataset D contains n samples, denoted
as {(zi,y:)} 71, where z; is a d-dimensional input vector and y; € {—1,+1} is the corresponding
label. A discriminant function f with parameter w, b is a mapping from R< to R such that f,, ;(z) =
w2 + b. We use the empirical error under the exponential loss function (I22):

L(w,b)= E Dexp(—yfwﬂb(ac)) = %Zexp(—yi(wai +0)) (122)

(zy)~ =1

In fact, if the exponential function exp(-) is replaced by log(1 + exp(-)), the problem becomes the
well-known logistic regression. However, logistic loss has bounded second-order derivative (thus
is L-smooth), while exp(-) does not. Furthermore, exponential function is (0,1)-smooth, thus we
expect L(w,b) is also (Lg, L1)-smooth for some Lg, L; (see the following proposition). This is
why we use exponential loss here. We point out that such exponential loss is also used in a variety
of algorithms, such as boosting (AdaBoost).

When the dataset is linearly separable, parameter w will be driven to infinity through optimization,
thus adding some regularization is prevalent in linear classification. We use the following term (IZ3)
rather than Lo norm for regularization, in order to be compatible with L(w, b).

d
Ry(w) = Z {exp()\wi) +exp(—Aw;) ) (123)

2
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Figure 4: Experimental results on MNIST.

In fact, Ry (w) is similar to weight decay regularization in that Ry (w) = £ \2|lw||? + O(A\*||jw]|*)

- 2
when w is small.

The total loss Ey (w, b) = L(w, b)+ Ry (w). We now claim that F (w, b) is indeed (Lg, L1 )-smooth.

Proposition H.1 Assume bias term b = 0 for simplicity. Suppose the data points have bounded
norm, i.e. ||z;|| < R forall i and A < R. Let the loss function Ex(w, 0) be defined above. Then for
every p1 > 0,p2 > 0, p = p1 + pa2, Ex(w,0) is (Lo, L1)-smooth w.r.t w for

n(R? + dv))”é> L, (04nVd

2
T R

Lo = max (WRQ(R +d)), (R? + d)\2) (
We use MNIST dataset in this section, which contains 60,000 hand-writing training images. We only
evaluate the training speed for different algorithms on the training set rather than the generalization
capability. The loss functions is defined to be the sum of ten losses, each of which corresponds to
the loss of a binary classification problem to recognize number 0 to 9. Regularization coefficient A
is set to be 0.02.

To compare different algorithms, we choose the best hyperparameters /r and v for each algorithm
based on a careful grid search. v is set to be 0.7 for mixed clipping. The parameter initalization and
all inputs in the schocastic setting are the same for all algorithms. For each run, we average the loss
of the last 5 epoch in order to reduce variance. In the deterministic setting we train 500 epochs, each
of which uses the entire dataset. In the stochastic setting we train 50 epochs with a mini-batch size
200. We run on 5 different random seeds ranging from 2016 to 2020 altogether and average their
results.

Figure B plots the results. It is clear that in both settings, clipping is vital to a fast convergence. Also,
momentum helps training, and mixed clipping performs the best in the stochastic setting.

H.1 Proof of Proposition H1

Consider the augmented dataset D containing n + 2d data points {zi}?jfd, with

—Z,;Y; 1< n

Zi =14 Aei_n n<i<n+d (124)
—Xejn—a ntd<i<n+2d

where e; is the vector with all zero entries except the ith entry which is one. Denote coefficient

vector ¢ € R™24 with elements ¢; = 1/n if i < n and ¢; = 1/2 otherwise. It directly follows that
the original problem with regularization term can be written as:

1 n 1 n+2d n+2d
Ey\(w) = - Zexp(szi) + 3 Z exp(w’ z;) —d = Z ciexp(wlz) —d (125)
i=1 i=n+1 i=1
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L1 n(R24+d\?)
Let M = Zer[r:l;f;d] wT z;. Let p1 > 0, pa > 0 be two constants. Pick My = ( p2> log R
We consider the following two cases:
(1)M < M. In this case || V2E(w)|| can be directly upper bounded:
1 n 1 n+2d
2 T 2 T 2
IV2E@)] < 5 3 expTz)llal® +5 3 exp(u! =)l
=1 i=n+1
< (R* +dX\?*) exp(M) (126)
R%+d\2)\ ' e
< (B 44y (MBI
< (R4 dX7) ( P

The first inequality in (IZ6) uses the triangular inequality of matrix spectral norm and ||zz7| =
I272] = Jl=]1%.
(2)M > Mjy. Decompose My to be My = M; + My where
n(R? + d)\?) n(R? + d)\?)
p1R? R

Define set I = {i € [n+2d] : wT2; > M — My} and Iy = {i € [n+ 2d] : wT2; < 0}. Then

1
My = log ,Mg:p—log
2

n+2d

IVE(w)| = Z c; exp( w”’ 2)zi (127)
n+2d . ’LUTZZ'
> Z c; exp(w zz)w (128)
M- M
> Zci exp(szi)HTH1 - Z cillzil| (129)
iel i€l
M- M
> Z ¢ exp(szi)HT”1 — (R+dX\) (130)
iel

In (IZ8) we use the Cauchy-Schwartz inequality; In (IZ9) we partition the index {4 : i € [n + 2d]}
to three subsets I, I and [n + 2d]\(I U I5), and use the lower bound and upper bound of w? z; > 0
for each set.

Similar, we can upper bound ||V2E(w)|]:

|IV2E(w)| < z:cZ exp(w? z;)| 2% + ch exp(w 2;)]| 2 ||* (131)
i€l i¢I
< Z ciexp(w? z;)) R 4 (R% + d)\?) exp(M — M) (132)
iel

To bound exp(M; ), we again bound ||V E(w)|| from a different perspective:

wl'z;
(IVE(w)|| > ch exp(w? z;)—" ch||zl|| (133)
iel ”w” i€ly
1 M
> *eXP(M)m — (R+d\) (134)

where (I133) is obtained by selecting the 7 with the largest w” z; which is equal to M. Substitute
(I30) and (I34) into ([32) then we get

R? n(R* 4 d\?)

2

[VZE(w)| < (M_Ml Mo ))| |(IVE(w)| + R + dA) (135)
_ R? P1R
= (M_M > [w][([[VE(w)|| + R + dA) (136)
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Since M = r[nagd] w’ z; implies that |Awy| < M for all k € [d] from (T2d), we can upper bound
1€[n+

the norm of w: ||w|| < MT\@. Substitute this into (I36) we get
M Vd
Bw)|| < | ——+ ~—R*(|VE 137
VB < (57257 + o) S RVE@] + R+ (137
(14 p1 4 p2)Vd
A

Combining the above two cases concludes the proof.

< R%(|VE(w)|| + R+ d\) (138)
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