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Abstract

We consider the classical setting of optimizing a nonsmooth Lipschitz continuous
convex function over a convex constraint set, when having access to a (stochastic)
first-order oracle (FO) for the function and a projection oracle (PO) for the con-
straint set. It is well known that to achieve e-suboptimality in high-dimensions,
©(£72) FO calls are necessary [64]. This is achieved by the projected subgradient
method (PGD) [11]]. However, PGD also entails O(~2) PO calls, which may be
computationally costlier than FO calls (e.g. nuclear norm constraints). Improving
this PO calls complexity of PGD is largely unexplored, despite the fundamental
nature of this problem and extensive literature. We present first such improvement.
This only requires a mild assumption that the objective function, when extended
to a slightly larger neighborhood of the constraint set, still remains Lipschitz and
accessible via FO. In particular, we introduce MOPES method, which carefully
combines Moreau-Yosida smoothing and accelerated first-order schemes. This is
guaranteed to find a feasible c-suboptimal solution using only O(¢~1) PO calls and
optimal O(¢~2) FO calls. Further, instead of a PO if we only have a linear mini-
mization oracle (LMO, a la Frank-Wolfe) to access the constraint set, an extension
of our method, MOLES, finds a feasible c-suboptimal solution using O(¢~2?) LMO
calls and FO calls—both match known lower bounds [54], resolving a question left
open since [[84]]. Our experiments confirm that these methods achieve significant
speedups over the state-of-the-art, for a problem with costly PO and LMO calls.

1 Introduction

In this paper, we consider the nonsmooth convex optimization (NSCO) problem with the First-order
Oracle (FO) and the Projection Oracle (PO) defined as:

NSCO : min f(z), s.t.z € X, FO(z) € df(x), and PO(z) = Px(x) = argmin ||y — z||3, (1)
xT yEX

where f : R? — R is a convex Lipschitz-continuous function, and X C R? is a convex constraint.
When queried at a point «, FO returns a subgradient of f at « and PO returns the projection of  onto
X. NSCO is a fundamental problem with a long history and several important applications including
support vector machines (SVM) [12]], robust learning [44]], and utility maximization in finance [82].

Finding an e-suboptimal solution for this problem requires £2(¢~2) FO calls in the worst case, when
the dimension d is large [64]. This lower bound is tightly matched by the projected subgradient
method (PGD). Unfortunately, PGD also uses one PO call after every FO call, resulting in a PO calls

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.



Randomized Smoothing State-of-the-art Our results Lower

dimension dependent dimension-free (Theorems and bound
SFO O((G* + %) /) I27) O((G* +0H)/?) 651 O(G? +0%)/e?) QUG? + %) /%) [64)
PO O(d**G /e) 27 O(G?/*)* [65] O(G/e) Open problem
SFO  OWd(G* +0*)?/e 4] O(G? 4 02)/e?)t O((G? 4+ 0?)/e?) QG* + 0?)/e?) [64]
LMO O(dG?/<?) 54 O((G? + 0%)?/eht O(G?/e?) Q(G?/€?) [54]

Table 1: Comparison of SFO (@), PO (1) & LMO (@) calls complexities of our methods and state-
of-the-art algorithms, and corresponding lower-bounds for finding an approximate minimizer of a
d-dimensional NSCO problem (T)). We assume that f is convex and G-Lipschitz continuous, and is
accessed through a stochastic subgradient oracle with a variance of 0. *requires using a minibatch of
appropriate size, fapproximates projections of PGD with FW method (FW-PGD, see Appendix .

complexity (PO-CC)—the number of times PO needs to be invoked—of ©(£~2). This can be a major
bottleneck in solving several practical problems like collaborative filtering [79], where the cost of a
PO is often higher than the cost of an FO call. This begs the natural question, which surprisingly
is largely unexplored in the general nonsmooth optimization setting: Can we design an algorithm
whose PO calls complexity is significantly better than the optimal FO calls complexity O(e~2)?

In this work, we answer the above question in the affirmative. Our first key contribution is MOreau
Projection Efficient Subgradient method (MOPES), that obtains an e-suboptimal solution using only
O(e~1) PO calls, while still ensuring that the FO calls complexity (FO-CC)—the number of times
FO needs to be invoked—is optimal, i.e., O(¢~2). This requires a mild assumption that the function
f extends to a slightly larger neighborhood of the constraint set X'. Concretely, we assume that f is
Lipschitz continuous in this neighborhood and FO can be queried at points in this neighborhood. To
the best of our knowledge, our result is the first improvement over the O(e~2) PO calls of PGD for
minimizing a general nonsmooth Lipschitz continuous convex function.

We achieve this by carefully combining Moreau- Yosida regularization with accelerated first-order
methods [62] [81]]. As accelerated methods cannot be directly applied to a nonsmooth f, we can
instead apply them to minimize its Moreau envelope, which is smooth (as long as f is Lipschitz
continuous). Although this idea has been explored, for example, in [25}|9], PO-CC has remained
O(£72), unless a much stronger and unrealistic oracle is assumed [9] with a direct access to the
gradient of Moreau envelope. The key idea in breaking this barrier is to separate out the dependence
on FO calls of f from PO calls to X’ by: (a) using Moreau-Yosida regularization to split the original
problem into a composite problem, where one component consists of an unconstrained optimization
of the function f and the other consists of a simple constrained optimization over the set X’; and (b)
applying the gradient sliding algorithm [55]] on this joint problem to ensure the above mentioned
bounds for both FO and PO calls. We note that our results are limited to the Euclidean norm, since
our results crucially depend on smoothness of the Moreau envelope and its regularizer, which is not
known for Moreau envelopes based on general Bregman divergences [7]].

In some high-dimensional problems, even a single call to the PO can be computationally prohibitive.
A popular alternative, pioneered by Frank and Wolfe [28], is to replace PO by a more efficient Linear
Minimization Oracle (LMO), which returns a minimizer of any linear functional (g, -) over the set X'.

LMO (g) € argmin (g, s) (2)
seX

Linear minimization is much faster than projection in several practical ML applications such as a
nuclear norm ball constrained problems [15]], video-narration alignment [1], structured SVM [51]],
and multiple sequence alignment and motif discovery [89]. LMO based methods have an important
additional benefit of producing solutions that preserve desired structures such as sparsity and low rank.
For smooth f, there is a long history of conditional gradient (Frank-Wolfe) methods that use O(e 1)
LMO calls and O(e~1) FO calls to achieve e-suboptimality, which achieve optimal LMO-CC [45]].
For nonsmooth functions, starting from the work of [84], several approaches have been proposed,
some under more assumptions. The best known upper bound on LMO calls is O(v/de ~2) which is
achieved at the expense of significantly larger O(¢~%) FO calls. Details of these are in Section

Our second key contribution is the algorithm MOLES, which obtains an e-suboptimal solution
using the optimal O(¢~2) LMO and FO calls, without any additional dimension dependence. We



achieve this result by extending MOPES to work with approximate projections and using the classical
Frank-Wolfe (FW) method [28] to implement these approximate projections using LMO calls.

Finally, both of our methods extend naturally to the Stochastic First-order Oracle (SFO) setting,
where we have access only to stochastic versions of the function’s subgradients. Stochastic versions
of MOPES and MOLES still achieve the the same PO/LMO calls complexities as deterministic
counterparts, while the SFO calls complexity (SFO-CC) is O ((1 + 02)e~2), where o is the variance
in SFO. This again matches information theoretic lower bounds [[64]].

Contributions: We summarize our contributions below and in Table[Ill We assume that the function
f extends to a slightly larger neighborhood of the constraint set X i.e., f continues to be Lipschitz
continuous and (S)FO can be queried in this neighborhood.

e We introduce MOPES and show that it is guaranteed to find an e-suboptimal solution for any
constrained nonsmooth convex optimization problem using O(¢~1) PO calls and optimal O(s~?2)
SFO calls. To the best of our knowledge, for the general problem, this achieves the first improvement
over O(e~2) PO-CC and SFO-CC of stochastic projected subgradient method (PGD).

e For LMO setting, we extend our method to design MOLES, that achieves the optimal SFO-CC and
LMO-CC of O(¢~2), and improves over the best known LMO-CC by /d.

e We also empirically evaluate MOPES and MOLES on the popular nuclear norm constrained Matrix
SVM problem [85]], where they achieve significant speedups over their corresponding baselines.

e Our main technical novelty is the use Moreau-Yosida regularization to separate out the constraint
(PO/LMO) and function (SFO) accesses into two parts of a composite optimization problem. This
enables a better control of how many times each of these oracles are accessed. This idea might be
of independent interest, whenever a trade-off between PO-CC/LMO-CC and SFO-CC is desirable.

1.1 Related Work

Nonsmooth convex optimization: Nonsmooth convex optimization has been the focal point of
several research works for past few decades. [64] provided information theoretic lower bound of
FO calls O(£~2) to obtain e-suboptimal solution, for the general problem. This bound is matched
by the PGD method introduced independently by [34] and [S9], which also implies a PO-CC of
O(£72). Recently, several faster PGD style methods [50, [78} 187, 48] have been proposed that exploit
more structure in the given optimization function, e.g., when the function is a sum of a smooth and a
nonsmooth function for which a proximal operator is available [§]. But, to the best of our knowledge,
such works do not explicitly address PO-CC and are mainly concerned about optimizing FO-CC.
Thus, for the worst case nonsmooth functions, these methods still suffer from 0(5_2) PO-CC.

Smoothed surrogates: Smoothing of the nonsmooth function is another common approach in
solving them [62, 66]]. In particular, randomized smoothing [27,|9] techniques have been successful
in bringing down FO-CC w.r.t. € but such improvements come at the cost of dimension factors. For
example, [27, Corollary 2.4] provides a randomized smoothing method that has O(d'/* /<) PO-CC
and O(e~2) FO-CC. Our MOPES method guarantees significantly better PO-CC than PGD that is
still independent of dimension.

One or log(1/¢) projection methods: Starting with the work of [61]], several recent works [911[17,
88| have proposed methods that require only one or log(1/€) projections, under a variety of conditions
on the optimization function like smoothness and strong convexity. However, these methods require
that the constraint set can be written as ¢(z) < 0 and they require access to V¢(x)—the gradient of
c—in each iteration. Hence, for the general nonsmooth functions, they will require at least O(s~2)
accesses to gradients of the set’s functional form. On the other hand, our method is required to
access the set at only O (e~ 1) points. Furthermore, for several practical problems, the computational
complexities of computing V() and projecting are similar. For example, when ¢(x) = ||2||nue — 7
where || - ||nuc denotes the nuclear norm (see Section[d), then both gradient of ¢(x) as well as PO
requires computation of a full-SVD of z.

Frank-Wolfe methods: FW or conditional gradient method [28},59]] for smooth convex optimization,
which uses LMO, has found renewed interest in machine learning [92| |45]] due to the efficiency
of computing LMO over PO [33], and its ability to ensure atomic structure and provide coreset
guarantees [22]. Over the last decade, several variants of FW method and their analyses have
been proposed [54, 29, 13} 131} 158, 168}, [14], and FW has been extended to stochastic nonconvex



[49,1391 75/ 176,15, 1377] and online [38} 30} 152, |18 186} 40] settings. However these methods provide
dimension-free LMO-CC and SFO-CC only for smooth functions, and further it is known that FW
fails to converge if subgradients are used instead of gradients [68]].

Nonsmooth Frank-Wolfe methods: [84] posed an interesting question in the domain of nonsmooth
optimization with LMO: can LMO-CC be reduced from the O(¢~*) bound (achieved by PGD with
PO implemented via LMO: FW-PGD, see Appendix [B.2)) without increasing FO-CC significantly.
On the lower bound side, [54] showed that O(e~2) LMO calls are necessary. On algorithmic side,
several randomized smoothing approaches combined with Frank-Wolfe methods were proposed, and
can reduce LMO-CC to O(d'/?c~?). But, they come at the expense of increased O(d'/?c~*) FO
calls [54, improving Theorem 5ﬂ If we allow stronger oracles or additional structure in the problem,
the complexity can be significantly improved. Assuming a stronger than LMO oracle introduced in
(841, [73]] shows that O(1/£2) LMO-CC and FO-CC are achievable for a special class of problems
with low curvatures. Another popular setting is when the nonsmooth problem admits a smooth
convex-concave saddle point reformulation [35} 23| 72, 36| 41} 142} 132/ 160]]. Among these the best
complexity is achieved by semi-proximal mirror-prox [41]] which uses O(¢~2) LMO and O(¢~!) FO
calls. However, for the general nonsmooth convex optimization problem with LMO, the problem
posed by [84] remained open, and is resolved by our MOLES method that achieves the optimal
O(¢72) LMO-CC and FO-CC.

2 Preliminaries and Notations

We consider Nonsmooth Convex Optimization with FO and PO (T)) or LMO (2) accesses. Let X C R?
be a closed convex set of diameter Dy := maxy, 4, ex ||€1 — 22||, where || - || is the Euclidean norm
which corresponds to the inner product (-, -). Let X’ be enclosed in a closed convex set X’ C R? to
which it is easy to project, i.e. X C X”. For simplicity, let X’ be a Euclidean ball of radius R < Dy
around origin. We can satisfy R = Dy by re-centering R? around any feasible point of X'. We
assume f : X’ — R to be a proper, lower semi-continuous (l.s.c.), convex Lipschitz function.We
use Of(z) to denote sub-differential of f at z, and if f is differentiable we use V f(x) to denote its
gradient at z. We assume a first-order oracle (FO) can provide access to some subgradient at any
point in &, i.e. FO (z) € df(x).

Definition 1. A function f : X' — R is G-Lipschitz if and only if, | f(y) — f(z)| < G|ly — =|| for
all z,y € X'. For a convex [, this is equivalent to: max,ex' MaXgecoy(z) ||9]| < G.

Definition 2. A function f : X' — R is pi-strongly convex if and only if, &y — z||* + (g,y — z) +
f(x) < fly), forallx,y € X' and g € Of (x). Similarly, a differentiable function f : X' — Ris
said to be L-smooth if and only if, f(y) < f(z) + (Vf(z),y — z) + |y — 2| forall z,y € X'

In addition to FO, we also consider problems with stochastic FO (SFO) access, which computes
stochastic subgradient of a point  with variance o2, as defined below:

SFO(x) := g, where E[g| z] = g for some g € df(x), and E[||g — g||* | z] < 0. 3)

Moreau Envelope: The key idea behind our method is to use “smoothed” version of the function via
its Moreau envelope [63| 90]] defined below.

Definition 3. For a proper l.s.c. convex function f : X' — R U {oo} defined on a closed convex set
X' and \ > 0, its Moreau-(Yosida) envelope function, fy : X' — R, is given by

1
fin(z) = min, fl@)+ ﬁﬂz —2/||?, forallz e X' . 4)
Furthermore, the prox operator is defined: prox, ; (@) = argmin, ¢y, f(z) + ﬁ |z — 2|2

When f is clear from context, we will use () to denote prox, ; (). Note that this definition of

Moreau envelope is not standard as 2’ is constrained to X’ C R?, However, the following lemma
(whose proof is in Appendix|C.3) shows that this Moreau envelope and the prox operator still satisfies
most useful properties of the standard definition.

! Needs tightening of [54] Theorem 5], by reducing the number of SFO calls per step by a factor of d—1/2,
ie. Ty, = [kd™Y/%]



Lemma 1. For a closed convex set X', a convex proper Ls.c. function f : X' — RU{oo} and A > 0,
the following hold for any x© € X'

(a) &\ (x) is unique and f(3x(z)) < fu(z) < f(2),

(b) fx is convex, differentiable, 1/\-smooth and V fx(x) = (1/X\)(x — & ( ), and,

(c) if f is G-Lipschitz continuous, then, ||y (x) — z|| < G\, and f(z) < fr(x) + G*N/2.

This lemma implies that, to find an e-approximate minima of a nonsmooth f, one can instead minimize
/> and achieve a faster convergence by exploiting its smoothness. Concretely, if f is G-Lipschitz
and \ = O(s /G?), and Lemma |1} lc) ensures that solving f up to O(e) accuracy guarantees O(g)
accuracy in the original minimization of f (Lemma[2). This insight allows us to design a simple
method that can reduce PO-CC but at the cost of a higher FO-CC. Next section starts with this result
as a warm-up and then presents our method, which ensures reduced PO-CC with optimal FO-CC.

3 Main Results

We present our main results in this section. We first present the main ideas in Section[3.]and then the
results for PO and LMO settings in Sections[3.2]and [3.3]respectively.

3.1 Main Ideas

We are interested in the NSCO problem (I). As discussed in the previous section, instead of
optimizing f(z) over X, we can instead optimize the Moreau envelope function f(z) with A = O(¢)
to get e-suboptimality. Since by Lemma () is a 1/ A-smooth convex function, a straightforward
approach is to iteratively optimize f) () using Nesterov’s accelerated gradient descent (AGD) [69]
method. But to get gradients of fy(x), we will need to solve the inner problem @) approximately.

A key insight is that since the inner problem does not involve the constraint set X', PO calls are not
required in inner steps for estimating V f (). So the total number of PO calls required is equal to the
total number of outer steps in minimizing f» (z), which for Nesterov’s AGD is O(1/v/Ae) = O(e~1).
We see that this already improves over the O(c~2) projections of PGD. However, since V f)(z)
needs to be estimated to a good accuracy, the total number of FO calls, including in the inner loop,
turns out to be O(e~?), which is worse than the optimal O(¢~2) FO calls of PGD.

Similarly, when we have access to LMO for X, we could optimize fy using FW [28] 45]], with total
number of outer steps = O(1/\e) = O(¢~2), and hence the total number of LMO calls is O(e~2).
However, this again leads to suboptimal O(¢~*) FO calls. We can improve the FO-CC to O(¢~3) by
using the conditional gradient sliding algorithm [56] instead of FW method, but this is still worse
than the optimal O(e~2) FO calls.

In order to achieve optimal number of FO calls, we directly optimize the Moreau envelope through
the following joint optimization.

. A 1 ! A 1 ! 2
omin [0 (@a) = (@) + @) where b (@) = oofla’ —al® )
where the function ¥y, : X’ x X’ — R is convex in the joint variable (z,z’). The main advantage of
this new form is that, this is a composite optimization problem with a nonsmooth part (corresponding
to f(2')) and a 2/ A\-smooth part (corresponding to (1/2))||a” — z||?) with the constrained variable
x € X only appearing in the smooth part. Now, by the following lemma, an approximate minimizer
of W), is also an approximate minimizer of the Moreau envelope fy, and further if A = ¢/ G2, it is
also an approximate minimizer of the original function f. A proof is provided in Appendix

Lemma 2. Under the same assumptions as in Lemma |]| l let X C X' be a convex subset and Wy
be defined as in (B). Then, (i) mlnzex mingey Yz, 2’) = mingex fi(z) < mingex f(x), and
(i1) for any random vectors (e, xt) € X x X', E[f(z.)] — G*N/2 < E[fa(z:)] < E[VA(zc,2L)).

Our algorithm essentially solves (3)) using Gradient Sliding [55] and Conditional Gradient Sliding [56]]
frameworks, which are optimal for minimizing composite problems of the form (3] for the PO and
LMO settings respectively. The resulting algorithm for PO setting, called MOPES is given in
Algorithm |1} The algorithm for LMO setting, called MOLES is presented in Algorithm [2] The
only difference between MOPES and MOLES is that MOLES uses FW to compute approximate
projections while MOPES uses exact projections. Finally, our algorithms extend straightforwardly
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Algorithm 1: MOPES: MOreau Projection Efficient Subgradient method

Input: f, X, X', G, Dx, R, zo, K, D, ¢/, \,
Set xf = z{, = xo = 20 = T
fork=1,..., K do
Set B = 3% , Tk = ki—&-l’ and T}, = {W—‘
Set (yx, yi,) = (1= k) - (@r—1, 2% 1) + W - (2k-1, 21
Set 2 = Pa (251 = 5 - Vi Walyr, o)) @ // Note V,, Ux(ye,y}) = L%
Set (z},, 2;,) = Prox-S1ide(Vy ¥x Yk, Up)s 215 Br: Tk) /7 Vi Oa(r, y1) = Q
| Set (z,2) = (1 — k) - (Tp—1, 2 1) + 7% - (2, %)
Output: (zx,2%)
Prox-Slide(g, uo, 8, T) // Approx. resolve prox; 5 (ug — g/f)[55)]:
Set ug = ug
fort=1,...,T do
Set 0, = 3}, Gi1 = SFO (u1) @
Set Uy = ur—1 — ryayg  (Ge—1 + Blue—1 — (uo — g/B)))
// subgradient method step for ¢(u):= f(u)+ %Hu — (up — %)HZ
Set uy = Uy - min (1, R/ ||utl]) // projection of u, onto X': Ph(u)
Setty = (1—64) - Up—1 4 0; - uy

| return (ur,ur)

to the case of stochastic subgradients through a stochastic first order oracle (SFO) and the resulting
bounds depend on the variance of SFO in addition to the Lipschitz constant of f(-).

3.2 MOreau Projection Efficient Subgradient (MOPES) method

A pseudocode of our algorithm MOPES is presented in Algorithm[I] At a high level, MOPES is an
inexact Accelerated Proximal Gradient method (APGD) [67, 8] scheme which tries to implement Nes-
terov’s AGD algorithm on U (x, ’). Now, standard AGD updates for solving minge x - U (x, 2'),
if U\ were smooth are:

Br — 4/Ak , v+ 2/(k+1)
(Y yge) < (L= 1) (@1, 2 —1) + (21, 21)
21 P (2r-1 = Vi UAWh, Y1) /Br) s 2k 2he1 — Vi Yk Yi)/ B,

(e 2h) < (1 — ) (The1, Th_1) + Vo2, 21)-

(6)

MOPES essentially implements the above updates, but as ¥y is nonsmooth in 2/, we use prox steps
for the =’ variable instead of the GD steps. The prox step—prox; g, (21 — Vi ¥, vi)/ Bre)—
is implemented via Prox-Slide procedure (see Line(l.6)), which is the standard subgradient method
applied to a strongly convex function ¢ (see Line Now, Prox-Slide procedure outputs two
points (z;,,z;,) which are the final and average iterates, respectively, of the subgradient method, This
achieves optimal FO-CC by exploiting strong convexity of ¢. If we were to use only the average of the
iterates, the FO-CC would increase by a factor of O(e~1) (see the failed attempt in Appendix .

Note that MOPES needs only a PO call & no FO call in Line[I.5] and only a FO/SFO call in Line[T.TT
Therefore, we bound below, the total number of PO calls K and the number of FO/SFO calls K - T'.

Theorem 1. Let f : X' — R be a G-Lipschitz continuous proper Ls.c. convex function equipped with
a SFO with variance 02, and X C X' = B(0, R) be some convex subset equipped with a projection
oracle Px and contained inside the Euclidean ball of radius R around origin. If we run MOPES (Al-
gorithm with inputs A = €/G?, D = c||xg — z*||? and K = [2,/(10 + 8¢)G||wg — x*|| /€] for
any absolute constant ¢ > 0 and x* € argmin, ¢y f(x), then, using O(M) PO calls and
O(w) FO calls, it outputs x i satisfying f (zx) — mingey f(z) < e
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Remarks: Note that FO-CC is same as that of PGD (up to constants) while PO-CC is significantly
better. A natural open question is if PO-CC can be further reduced. Also, MOPES requires querying of
SFO/FO at u;_1 which is not necessarily in X’ but is always in X’ (Line[I.11). Recall from Section 2]
that X’ is a Euclidean ball of radius R < Dy around origin. Being able to query SFO/FO in X’ seems
like a mildly stricter requirement than the standard requirement of querying on X only, but for most
practical problems this seems feasible. Even if f is unknown outside of X, theoretically we could
work with its convex extension to the entire space, which remains G Lipschitz (see Section[6). Also,
notice that the guarantee only depends on the diameter D y of the constraint set X’ and not the radius
R of the enclosing set X”. This is so because the first-order method only depends on the distance from
initial point (z, z() to the desired solution (z*, z*), which is O(||zg — z*||) = O(Dx), as z(, = .
Finally, for simplicity of exposition, we provide desired suboptimality € as an input to MOPES—-in
practice, we can remove this assumption by using standard doubling trick [80, Algorithm 6].

See Appendices[A.2]and[C.2.T|for a proof sketch and a detailed proof, respectively, of TheoremI} Ata
high level, our proof uses a potential function [6] for analyzing APGD, combines it with Proposition|[T]
which provides a fast convergence guarantee on Prox-Slide iterates, and then apply standard APGD
proof techniques [81] to obtain the final result.

Proposition 1 (Proposition 3] informal). For some 0 < 7, < 1.5, output of Proz-Slide satisfies
Br B 16 G2

A / Pl 2 <« PR r 2 rI2 )
Ou(Z) = 0u(a’) + oy = 2P < Flrells — oI~ mimallh — 21+ 2o

3.3 MOreau Linear minimization oracle Efficient Subgradient (MOLES) method

Algorithm 2: MOLES: MOreau Linear minimization oracle Efficient Subgradient method
Use the same steps as MOPES (Algorithm , but replace Line|1.5| with:
Set 2z, = FW-Based-Projection(zp_1 — ﬁik Vi Uk, Y3), Zk—1, {

7K D3
C’DX~|)
FW-Based-Projection(z, uq, T):
// T steps of standard Frank-Wolfe for min,cy ||u — z||2
fort = 1,...,Tdo
Set sy = LMO (us—1 — 2)
L Setut = ((t* ].) cUL—1 +2- St)/(t+ ].)

return u

We now present our results for the LMO setting. A pseudocode of our algorithm, MOLES, is
presented in Algorithm 2} MOLES does exactly the same steps as in MOPES (Algorithm|I)), except
that the projection in Line[T.5]of MOPES is estimated using the LMO and Frank-Wolfe algorithm. At
the outer-step k, the output z of FW-Based-Projection, which uses 7' = O(1/¢) LMO calls to
approximately project, satisfies the following bound on the projection problem’s Wolfe dual gap [45]]:

max Br (2 — (ze=1 — (1/Br) - Vi Oa(Urs Uk)) s 21 — 8) < 4 D/AKk @)

In practice we can use the above condition as a stopping criterion for FW-Based-Projection. The
following theorem, a proof of which is in Appendix[C.2.2] provides the convergence guarantee.

Theorem 2. Let f : X' — R be a G-Lipschitz continuous proper Ls.c. convex function equipped with
an SFO with variance o, and X C X' = B(0, R) be some convex subset of diameter D x equipped
with an LMO and contained inside the Euclidean ball of radius around origin. If we run MOLES (Al-

gorithm with inputs \ = ¢/G2, D = ¢cDx, K = [2,/10 + 8¢(1 + ¢)G||zo — z*||/¢], for some
212
g Dx) LMO calls and

£2

absolute constants ¢,c’ > 0 and z* € argmin . f(x), then, using O(
(’)((Gztﬂ) FO calls it outputs x g satisfying f (vx) —mingex f(z) < e

Remarks: Thus our algorithm obtains the optimal O(¢~2) dimension independent FO-CC and LMO-
CC for general nonsmooth functions [54]]. Similar to MOPES, here also, we require FO/SFO of f to
be well-defined in X”. If f is a maximum of smooth convex functions, then we can get similar PO-CC



by applying min-max saddle point approaches [41]. But even for such functions, it is non-trivial
to extend saddle point approaches to stochastic FO, which is important in practice. In contrast, our
result matches the optimal FO-CC (on all key parameters) of unconstrained stochastic-PGD method.

4 Applications

We first explain the gain of MOPES in practical applications. One of the main applications of our
method is Empirical Risk Minimization (ERM) with nonsmooth loss functions. For a nonsmooth loss
fi for the th training example in a set of n examples, the general form of ERM is:

n n

1 ) 1
xEY/TYHéIRd o ; fi(z) For example, XeRmxrpr}‘llr)l(”nuér - ; max(0,1—b;(X, A4;)), (8

which is known as the low rank SVM [85, 183 74] as the nuclear norm constraint induces low rank
solutions. As the cost of a single PO call involves a full SVD on a potentially full rank X, MOPES
significantly improves over the competing baseline as we showcase in Fig.[l| There are numerous
examples of ERMs with costly POs to a nuclear norm ball (e.g. max-margin collaborative filtering
[79]), to an ¢; norm ball (e.g. sparse SVM [13}193] |4]]), and to a large number of linear constraints
(e.g. robust classification [10]). One notable example is SVM with hard constraints on a subset of the
training data, so that some predictions are constrained to be always accurate [70] (See Appendix [E.2).

In all these examples, PO calls can be more costly than FO calls, making MOPES attractive. In
comparison, popular accelerated proximal point methods, such as FISTA [8], cannot handle general
nonsmooth losses. The standard projected subgradient methods suffer from O(e~2) PO-CC. Mirror
descent [[64] may give better d dependence, but it too requires O(¢~2) (proximal) operations.

Now, several nonsmooth loss functions have a special structure where they can be written as a smooth
minimax problem. Such (stochastic) problems can be solved using (’)E(s_l) (S)FO and PO calls [66].
However, the resulting complexity scales up with the dimension d or the number of samples n. Thus
the PO-CC of the minimax formulations becomes inefficient (even with variance reduction [71} [16]]),
whenever n or d gets large. In the deterministic setting, each step of the optimization problem requires
gradient of the entire empirical risk function, so for problems with large n and small ¢, total time
complexity can be significantly higher than MOPES. See Appendix [E.T|for exact complexities.

Further, beyond ERM, nice minimax representations might not always exist. For example, in
reinforcement learning/optimal control setting, f could be an (already trained) input-convex neural
network [2,[19] approximating the Q-function over a continuous constrained action space [20].

For several of the above examples, LMO might be preferred if it is significantly more efficient than a
PO call e.g., for high-dimensional low rank SVM, a LMO call only requires computing top singular
vector, as opposed to full SVD required by a PO. Further, LMO-based methods have an additional
benefit of preserving the desired structure of the solution, such as sparse and low rank structures [22].
This makes MOLES particularly attractive, for example, in differentially private collaborative filtering
[46], where structured updates lead to improved privacy guarantees. In Appendix [E] we present the
details of some these examples, and give analytical comparisons to competing methods.

S Empirical Results

We experimentally evaluateE] MOPES (Algorithm and MOLES (Algorithm methods on a low
rank SVM problem [85]] of the form (8] on a subset of the Imagewoof 2.0 dataset [43]. The training
data contains n = 400 samples {(A;, y;)}", where A; is a 224 x 224 grayscale image labeled
using y; € {0,1}. Note that the effective dimension is d = 50176. We use » = 0.1 as nuclear
norm ball radius of X. First, we compare the PO and FO efficiencies of MOPES with those of PGD
with a fixed and PGD with a diminishing stepsize. In Figure [T] we plot the mean (over 10 runs)
sub-optimality gap: f(zx) — f*, of the iterates against the number of PO (top) and FO (bottom)
calls, respectively, used to obtain that iterate. Next, we compare the LMO and FO efficiencies of
MOLES with those of FW-PGD (see Algorithm [3|in Appendix [B.2)) and Randomized Frank-Wolfe
(RandFW) [54, Theorem 5] methods with a fixed and diminishing stepsizes. In Figure[2] we plot the

2Code for the experiments is available at https://github.com/tkkiran/MoreauSmoothing
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Figure 1: MOPES uses significantly fewer PO Figure 2: MOLES uses fewer LMO calls and simi-
calls and comparable number of FO calls than PGD 1ar number of FO calls than FW-PGD and RandFW

mean (over 10 runs) sub-optimality gap: f(xy) — f*, of the iterates against the number of LMO
(top) and FO (bottom) calls, respectively, used to obtain that iterate. In both these plots, while
MOPES/MOLES and baselines have comparable FO-CC, MOPES/MOLES is significantly more
efficient in the number of PO/LMO calls, matching our Theorems[I]and[2] As the nuclear norm ball
has a non-trivial projection/LMO, PO-CC/LMO-CC will dominate the total run-time as m becomes
larger for X € R™*™, Note that matrix mirror descent [47] would also require O(¢~2) SVD based
proximal operations. We provide additional experimental details in Appendix

6 Conclusion

We study a canonical problem in optimization: minimizing a nonsmooth Lipschitz continuous convex
function over a convex constraint set. We assume that the function is accessed with a first-order
oracle (FO) and the set is accessed with either a projection oracle (PO) or a linear minimization
oracle (LMO). In this general setting, we address the fundamental question of reducing the number
of accesses to the function and the set. When using projections, we introduce MOPES, and show
that it finds an e-suboptimal solution with O(¢~2) FO calls and O(e~!) PO calls. This is optimal
in the number of FO calls and significantly improves over competing methods in the number of PO
calls (see Table E]) When using linear minimizations, we introduce MOLES, and show that it finds
an e-suboptimal solution with O(¢~2) FO and LMO calls. This is optimal in both the number of PO
and the number of LMO calls. This resolves a question left open since [84] on designing the optimal
Frank-Wolfe type algorithm for nonsmooth functions.

The two properties we need of the superset X’ D X are that (a) it is easy to project onto X’ and
(b) f is G-Lipschitz on X’. In our paper, we choose X’ to be a Euclidean ball (which is easy to
project to) but any other choice of X’ which satisfies the above properties works just as well. For
example, if f is Lipschitz everywhere, we can set X’ = R? and ignore the explicit projection to X’
in line[T.13]of Algorithm|[I] However, even if f is G-Lipschitz inside the constraint X, f could (i)
have unbounded Lipschitz constant, or (ii) be undefined just outside of X'. Thus an X"’ satisfying
our requirements may not exist. In our experiments, we do not explicitly project onto X’ (line
but still observed that ||z}, — || = O(GA) = O(e) and small, which hints that we may only need
Lipschitzness over a much smaller set, say X + B(0, O(G\)). Theoretically, we can work around
the above issues by minimizing the convex extension fy : R? — R of the function f from the set X',
defined as fx (2') 1= max,cx Maxyeps(z) f(z)+ (g, 2" — x). The extension fx has the same value
as f inside X’ and is G-Lipschitz everywhere. Therefore the minimization problems ming¢x f(x)
and min,cy fx(2’) are equivalent. However, it is not clear if we can estimate the gradients of fx
efficiently. We did not find any relevant prior work and leave this question for future work.

Another possible direction of future work is developing e-horizon oblivious algorithms, where
we need not fix K and ¢ a priori. In our experiments, we observed that varying A according to
Ak = O(%) and By, = ﬁ works just as well as fixing it.



Broader Impact

As this is foundational research that is theoretical in nature, it is hard to predict any foreseeable
societal consequence.
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Appendix

A Supplementary results

A.1 Intuition behind the design of MOPES and a failed attempt

In this section we study the main ideas behind the design of MOPES method through a failed attempt.
Only for the section, for simplicity, we assume that X" is the whole vector space, and f is G Lipschitz
in X’. Recall that we want to solve the problem (E])

e nin 0@, o) = ¥alz, @) + f(2)]. )

Notice that this is a composite objective which is a sum of a 2/ A-smooth function ', and a nonsmooth
function f. This implies that, if we have access to the proximal operator (recall Definition [3) for f

. t
prox (=) i= arg min, £(2) + 2o — 2|2, (10)

then theoretically we can solve this problem using accelerated proximal gradient algorithm (APGD) [8|
67, 181]], which has the following update rule

B — 4/0k , v+ 2/(k+1)

(Y y1) = (1 =) (@p—1, 1) + 0 (2k—1, 24_1)
2k < P (21 — Vatr Uk, vi) / Br) : (APGD)
21, <= proxy g, (25—1 — Varoa(We, yi) / Br)

(zr, ) < (1= yk) (Tr—1, 2% 1) + W (2r, 21)

for some stepsize 1/ and iterate weight ;.

Notice that this update rule is different from the standard accelerated schemes, because the latter
either first update the primal variables (z,z’) and then extrapolate the dual variables (z, z’) [65]]
or simultaneously update them both [69] 57], whereas (APGD]), which is fashioned along the lines
of [81], first updates (z,z’) using proxima step and then extrapolates these to update (z,z’).
Advantage of [81] over the standard rule are three fold; former only needs one proximal step per
variable (as opposed to two in [69, 57]]) per iteration (which makes it practically faster), or keeps
the dual and middle iterates zy, y; feasible (as opposed to [65 (2.2.17)]), and can easily handle
stochastic FO and constraints [S3]]. Another reason for the choice, which will be evident later on,
is that, our update rule can simultaneously provide the optimal complexity for the smooth 1)) and
nonsmooth f parts of the composite function, ¥ (3} [53].

With the right choice of S, v, can find an e-approximate solution to the problem (3),
(xi, %), in O(y/2/Ae) steps. Now if we choose A = O(g), we can show that z is also an O(e)
solution of our original nonsmooth constrained problem (TJ). This is formalized in the Lemma[2} Thus
applying on (B) with A = £/G? gives us an ¢ solution to the original problem (T)) using only
K = O(G/e) projections, which is a significant improvement over the O(G?/?) PO calls used by
the standard subgradient method.

For a general G-Lipschitz convex function f, we cannot solve prox /8, exactly, and hence we resort
to some approximate solution. We emphasize here that it is not immediately evident that we can
implement an inexact prox operator, and still maintain that the total number of FO calls used by this
inexact APGD method match the optimal lowerbound O(G? /£?) [64} [63]]. Perhaps surprisingly, this
is achieved using the Gradient Sliding method [55]], which proposes a specific form of an inexact
APGD. Note that the constrained variable z € X is not an input to the nonsmooth part f of ¥,
which means that approximately resolving the prox operator prox; , does not require any projection.

As an intermediate algorithm we first present (TAPGD)), which is derived from (APGD) but replaces
the proximal update of zj, with an inexact resolution for prox operator prox /3, Up to an approxima-

tion error of 4. Notice that § = 0, implies that 2 is an exact resolution of the operation prox; gz, (25,)-

3projection Px could be considered as a proximal step for the 0-co indicator function for the set X
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The specific choice of the approximation error is important, as other notions of approximation error
of the proximal operator in the context of APGD (such as those in [77]) do not explicitly control
the distance ||z’ — 2}||* which is crucial for our guarantee. Although with § = ¢, (APGD)) would
require O(1/&3) FO calls, we provide the details of its analysis, in the next theorem, as it showcases
some of the ideas behind the design of our our main algorithm (Algorithm4).

Use the update rule of (APGD), but replace prox step by the following:

find z}, satisfying the following for all z' € X’

B Biv, Bey . . (IAPGD)
Tl = 2P+ Flek) + Sl = AP S )+ e = 5P+

where 2, = (2;,_; — Vo ¥a Yk, ¥3.)/ Br)

Theorem 3. Let f : X' — R be a G-Lipschitz continuous convex function and X C X' be any
convex set with a diameter Dy and projection oracle Px. If we choose A\ = ¢/G? and § = ¢, then
after K = O(GDy /¢) iterations of the IJAPGD|update rule, initialized with y, = yo = x{, = o,
finds xrc € X satisfying f(zx) —mingex f(z) < e. Further, O(G? D3, /?) iterations of a standard
subgradient method ensures the condition in (APGD). In total, this algorithm requires O(G> D3, /&%)
FO calls and O(GDx /) PO calls.

Remarks: Even though [[APGD|only achieves a FO-CC of O(1/%), the main take away from this
result should be that with this right choice for approximate resolvent of the proxoperator proxy s,
(TAPGD)), we can achieve O(1/e) PO-CC. This is exploited by our MOPES method (Algorithm|I])
which uses a more efficient Prox-S1lide procedure [55] to approximately resolve the prox operator,
s0 as to obtain a PO-CC of O(1/¢) while still maintaining the optimal FO-CC o O(1/¢?).

Proof of Theorem[3] Now consider the following potential (Lyapunov) function from [6] for arbitrary
x€Xanda' € X"

Dy 1= k(s + 1) (U (@5, 7) — Ua(2,2)) + (/N (21, 2) — (7)1 an

We will prove that this potential satisfy the following approximate descent condition 5 < &1 + ke
as follows. Notice that by 2/A-smoothness and convexity of 1

1
U@k, 7) < Ok Yk) + (Vs (@, 22) = (0 90)) + L l1@ns 22) = (s, 1)

< (=) Ua(@p—1, 2y_)+

WA ) + (T (2 2) = (s 90) + 20 G 26) = (et 24 P] (12)

where we use the shorthand V := [V{ V[ 17 := [Votn(yk, vp)" Vertoa(yr, vy,)"]". Now
combining this with f(x}) < (1 —~x)f(z}_1) + v f(2;,) (convexity) and v, /X < (/2 we get that

k‘(k‘ + 1)\1’)\($k, Z‘;g)

< k(k = 1)Ux(@p—1, 2p_1) + 2O Yk, Y3) + 2k[(Viws 21 — Yi) + %llzk — zp-1|]

B
2MF(21) + (Viewrs 2k = yi) + 512k = 2 )

<k(k— 1)U (zp—1,2%_1) + 2k Yk, Yi)+

(Vs — ) + (12 — 2l = Il — al)]

2
2k[f (@) + (Viar @’ — i) + %(”Z;c—l —a'|* = |2, — 2||*) + €]
<k(k—1)Ux(Tp—1,T)_1) + 2T (z, 2" )+
4/ N (zr-1, 2%-1) = (@, 21 = [l (20, 21) = (@, 2)|%) + ke (13)

where the second inequality uses the definition of projection and the e-approximate resolution of
the proximal operator (TAPGD), and the last inequality again uses convexity of 5. This proves that
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®). < &j_1 + ke, which directly implies that

(lzo — 2|® + |lzo — /||%) 1 &
14
MK (K + 1) +K(K+1);k8 (14

4
Uy (zx,2) — Ur(z,2') <

Setting ' = x, choosing A = ¢/G? and K = O(GDx /¢) gives us Wy (xy,z}) — f(z) < /2.
Then by Lemma |2| we get that f(zj) — mingex f(z) < e. For each inner problem the stan-
dard (unconstrained) proximal subgradient method applied on min, ¢/ f(2') + (Br/2)||z" —
(2h_1 — Vi /Br)||?, initialized with zo (for ease of argument), can achieve this error using

O(G?||mg — Ta(2)|?/e?) = O(G*D% /e?) FO calls (Lemma 3] in Appendix [B.1). Thus the al-
gorithm uses totally O(G D x /) projections and O(G3 D3, /&%) subgradients. O

A.2 A proof sketch for Theorem[I](MOPES)

This section provides a short proof sketch for the Theorem [T}—guarantee for the MOPES (Algorithm
[I) method—to showcase the main analysis techniques used by the full proof in Appendix[C.2.1] Ata
high level, our proof uses a potential function [6] for analyzing APGD, combines it with Proposition 3]
which provides a fast convergence guarantee on Prox-Slide iterates, and then apply standard APGD
proof techniques [81] to obtain the final result.

Proof sketch. Here we only consider the deterministic FO. We define the following potential (Lya-
punov) function for some arbitrary x € X, by slightly modifying the standard AGD potential [[6].

Op, = k(k + 1) (a(r, 23) — Ua(z,2)) + @/ N Iz — 2l® + mepallz —2)®) (15

where 7, 1= (T} + 1)(Tx + 2)/Ti(Tk + 3). We will prove that this potential satisfies the descent
rule: & < Op_1 + k%, for some error n}c. Using the fact that ¥ is a sum of two convex functions:
2/A-smooth quadratic v, and G-Lipschitz f, and standard analysis techniques for AGD we can get

k(k + 1)‘1’)\(1']9, CE;C) < k’(k’ — 1)‘11)\(‘%]@,1, w;,l) + 2]61/})\($7ZL')+
2k[(Vies 2k) + (Br/2)1z6 — 261 [°] + 2K[0x (1) — dr(2) + (Be/2) | — 20 ?]  (16)
where we use the short-hands V, := Vi) (yx, y.) and ¢ (z') := f (2') + (Ve 2') +(Bk/2) ||z’ —
2,1 ||%. Next, using definition of projection z, we bound the third term in the RHS of as
2k[(Vio @ — 2k) + (Br/2) 26 — 21 [I”] < 2k(Be/2)[|26—1 — 2l|* = |ze — 2. A7)

The fourth term in the RHS of (T6) corresponds to the e-approximate resolution of the prox /8, OP-
erator through the Prox-S1ide procedure (Line[I.5), whose output satisfies the following guarantee.

Proposition 2 (informal version of Proposition[3). Output of Proz-Slide satisfies

Br B 16 G2
7IIZ§c —z|? < 7(% = Dlllzt_y — =l = llz1. — 2)*] +

BeTr

ok (%) — dr(x) +

The above lemma guarantees the optimal O(1/T},) convergence rate for the strongly convex min-
imization problem: min,¢ys ¢x(z'), corresponding to the proximal operator. By combining the
inequalities (T6) and (T7) and the proposition we get: &, < ®;_1 + kO(G?/B1T}). Now, using
Lemma and setting z = 2, A = &, B = /\47, T, = O(k) and K = @(M) we get

flok) — f(@*) < Ux(zg, k) — Ua(z*,2") + GQ%

8llzo — %2 Soh k16G?/8 Tk
~ AK(K +1) AK(K +1)

A
+ 025 = 0(e)

Therefore, the total number of PO calls made is K = O(G||z¢ — *||/¢) and the total number of FO
calls made is Y p_, Ty = O(K2) = O(G?||Jzg — z*||2/€2). O
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B Supporting results

B.1 Proximal Subgradient method
Lemma 3 (proximal subgradient descent). Consider the regularized optimization problem
min{fs o (u) = f(u) + (8/2)u — || (18)
and the proximal subgradient method’s update rule
ur 1 = argmin{Fy(u) = (g, v — ) + (1/2n)|lu — uell* + B/2]lu — 2]
=up — (n/(L+n18))(ge + Blur — x)) (19)

where g; € Of(us) and 1 is the effective stepsize. Now, if 1 = 2G?||ug — u||/VT and ur =
+ ZtT;()l Ugi1, then for any u

_ 2G [lug— u]

B~ 5 _
P — L) — fon 20
5 lur —ull” + foa(ir) = fou(u) < T (20)
Proof. Let u be an arbitrary feasible point. By convexity and G-Lipschitzness of f,
flugsr) = f(u) = fuggr) = fu) + fw) — f(u)
<A Geg1s Upgpr — Ue) + (e, up — u)
= (Gts w1 — Ut) + (Gr1 — Gty U1 — Ue) + (ge, ur — u)
< gty w1 — u) + 2G [|ugrr — welf (21)
As uy 1 is the minimizer of a (8 + 1/n)-strong convexity update objective F; and since, we get that
g 1
(5 + %) [uerr = ull? + Fy(usi1) < Fy(u) (22)

Now summing up 1), sand (22)) we get

A
s =l + fpaen) = Fo.a(w) < oo (e =l = s = ul)+
2G| - 2
U — U — —||U — U
t+1 t 277 t+1 t
1
< g e =l = vy =) + 267
1 = 1
= 7 2 gl =l + foeuen) = foa(u) < 5mluo —ull® = llur — ul®) +2G%
t=0 n
g R
Slliir = ull® + fyo(iir) = foa(v) < 23)

where the second inequality follows from ax — x2/2b < a?b/2, the third inequality is obtained
by summing over ¢ = 0,...,7 — 1, and the third inequality uses Jensen’s inequality. Choosing

T = 2G |Jug — ul|/V/T, we get the desired result

_ 2G [lup— u]

Sl = ulP + fon(ir) — frow) < 2 4

O

B.2 Frank-Wolfe projected subgradient method FW-PGD (Algorithm 3)

Here we provide the details of the Frank-Wolfe based projected subgradient method (Algorithm [3)
used in the experiments. The main idea is to use some competitive LMO based method to approximate
the projection step in the standard projected subgradient method. The following theorem gives some
guarantees for the output of the Algorithm 3]
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31
3.2
33

Algorithm 3: Frank-Wolfe projected subgradient method using LMO

Input: f, X, G, Dy, xo, K,

fork=0,..., K —1do

Set g, = SFO (xx)

Using any competitive LMO based algorithm (e.g. Frank-Wolfe method [28] or CndG
procedure [56, Algo. 1]), approximately solve the projection problem

PN 1 o1 R
Tp1 & argmin (g, x) + Sar |z — ry||? = argmin — |z — (zr — ag -g,€)||27 (25)
zeX g reX 20[k

ensuring that the Wolfe duality gap [45]] of the above problem at upy satisfies

z max Gk + /g (Th1 — k), Tppr — 8) < M (26)

Z;If;ol QT
~K-T1__
D=0 Ok

Output: Tx =

Theorem 4. Let f : X' — R be a G-Lipschitz continuous proper Ls.c. convex function, and X C X'
be some closed convex subset of R® with diameter D . Then after K iterations, the Algorithm I
projection tolerance 0, = (G? + 02)ay, stepsize ay, = ﬁ and outputs T € X satisfying

2VG2 + 02Dy
Ef (zx)] — f(z") L ———— 27)
[ @r)] = fat) <
Further, the algorithm uses K SFO calls and O(K?) LMO calls.
Proof. Using the Wolfe duality gap guarantee we get that for any x € X
N 1
gk + o (Thy1 — k), Thp1 — T ) <M (28)
By rearranging the terms above we get that
et — 7)< (g — z]? — e - TS B
G, ze — ) < o—(lze — 2]” = llzher — =[%) [2k1 = @kl + (Grs T — Trg1) + M
20tk- 20tk-
1 1 —~
< 2y e = ol = lorsr — 2l*) - ey 1561~ will® + gkl ok — zarll +
1 O |
< g (llor = 2l = llwksr = 2l1?) + -Gl + (29)
204]€ 2

where the last inequality uses the fact that —(a/2)2% + bz < b?/2a for all a,b,z € R. Next,
multlplymg by aj and summing the above inequality over k = 0,...,K — 1 and dividing by

S ey we get

K-1 K-1
k(G wr — @) < S(lvo = 2” = llox — ) + > ai ak), (30)
k=0 k=0

Now taking expectation w.r.t. all the stochasticity in {gk} e 0 on both sides and using, the tow-
ering conditional expectation property Ela] = E[E[a|xt]], and E[g; | 2x] = gx € Of(zx) and
E[llge]|* | zx] < 2(G* + o) we get

K-1 K—-1 n
> akEl{gr, zx — 2)] < *on —al?+ ) 0} ((GP+0%) + ), (31)
k=0 k=0 Ok
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Next diving by Zi{,;é ay, using convex affine lower bound of f at xj, and Jensen’s inequality we
get

K—1 1 2 K-1 2 2 2 Nk

o gllwo —zl]® + > @i ((G* +07) + &)
S e E[f () - f(2)] < 2 = a
k=0 2k'=0 VK’ D k=0 Ok’

E[f(Kzlaﬁf’“ﬂ — f(z) < (32)

k=0 2-k/'=0 QK

Next if we choose 1y = (G2 4 02), and set z = z* € argmin,, . f(2’) and o, = 2\/%7*‘;2\/?
we get
K-1 172 K-1 2 2 2
Qg - T . sD% 4+ >, o - 2(G* +0%)
E[f(Zm)]—f(x)SQ =5
k=0 2uk'=0 VK’ D k=0 '
2\/ G2 + O'QDX
== (33)
VK
Clearly the algorithm uses K SFO calls. At step £ when approximating the projection using an LMO
~ 2
based method, after using T}, = [%] LMO calls in the Approx-Proj procedure, the Wolfe
k

duality gap (38) is at most [6(1/0%7’“)%1 < ax(G? + o?) if we use CndG procedure [56, Theorem
k

2.2(c)] or [7(1/‘;7’“)]31} < ax(G? + 0?) if we use the standard Frank-Wolfe algorithm [45], Theorem
k
2]. Therefore the total number of linear minimization oracle calls made by the algorithm is
K—1 K-1

. 7D?
Ty, = e L K = 28K? + K = O(K?) (34)
2 L e
where we use the given choice for a, = 2\/%7’;2\/?. O

C Proofs of the main results

C.1 Proof of Lemmal[2|

Proof. First we prove part (i). By definitions of ¥\ (@) and fy (Definition ), we have
mingey mingey Uy(z,2') = mingex fr(xz). By Lemma a), we also can show that
mingex fr(z) < mingey f(x).
For part (i4), first we show the following.

Efx(ze) = E¥x(ze,Za(z:)) = E I,I(lin) Uy (2, 2 () < ]EEK\PA(xstwglwsxls)

S ]ETEECE/Ellg \Ij)\ (xsv xls)

=KW, (2., 20) (35)

Finally, combining the above inequality with Lemma|[I]c) we get the desired result
Ef(z.) <Efa(zo) + G*A/2 < B, (z.,20) + GZN\/2 (36)
O

C.2 Analysis of MOPES (Algorithm [I) and MOLES (Algorithm 2) method

Instead of separately analyzing MOPES and MOLES, we first analyze a more general algorithm,
Algorithm[] which has the following guarantee.

Theorem 5. Let f : X' — R be a G-Lipschitz continuous proper lL.s.c. convex function, and
X C X’ = B(0, R) be some convex subset contained inside the Euclidean ball of radius R around
origin. Then after K iterations, the Algorithm[ outputs i € X satisfying

o 0z —a*|2+8D S, 2k
Bl (e)] = 07) S e o R

for any choice of A > 0, D > 0, and tolerance {0t rex) BG8).

+ G% (39)
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4.1
4.2

43
44
45

4.6
4.7

48
49

4.10
4.11
4.12

4.13

4.14

4.15
4.16

4.17

Algorithm 4: Moreau subgradient method for nonsmooth convex optimization using PO or LMO

Input: f, X, X', G, Dx, R, z0, K, D, \, {m € Ry }ier]
Set x = 2( = To = 20 = To
fork=1,...,Kdo
_ _ 4 _ 2 [ (4G* 46N KE?
Set A —)\»Bk RPYWE Ve = %x1o and T}, = ’VT—‘
Set (yr, y1.) = (1= ) - (Tr—1, % _y) + Ve - (2h-1,2_1)
Set z), = Approx-Proj (Vy, Wx(yk, U1.), 2k—1, Bk, M) // Note V,, Ux(yp,yp) = 5%
Set (z},,2;,) = Prox—Slide(Vy;ﬂ@[JA(yk,y;),z;_l,ﬁk7Tk) // Vy/kwA(yk_/yL) - @
| Set (xr,x),) = (1 — k) - (Th—1,Z_q) + Ve - (2, 2},)
Output: (zx, 2 )

Approx-Proj (g, uo, B, n) / Approx. resolve Px (uo — g/B)[156]]:

Either using exact PO, Px (I , or using any competitive LMO based algorithm
(e.g. Frank-Wolfe method [28] or CndG procedure [56 Algo. 1]), approximately solve the
projection problem

. B . B
un ~ argmin (g, u) + §Hu — u0||2 = argmin §||u — (up — g/ﬂ)HQ, (37)
ueX ueX

ensuring that the Wolfe duality gap [45]] of the above problem at upy satisfies
Isnea)i((ngﬂ(un*Uo),un*S)Sﬁk (38)
return uyg

Prox-Slide(g, uo, 8, T) // Approx. resolve prox; (uo — g/B) 155]]:
Set ug = ug
fort=1,...,Tdo

Set 0, = 3, Gi-1 = SFO (u 1) @)

Set Uy = up_q1 — m “(Ge—1 + Blug—1 — (w0 — g/B)))

// subgradient method step for ¢(u):= f(u)+ gHu — (up — %)HQ

Set uy = Wy - min (1, R/ ||u||) // projection of W, onto X': Ph(u)
Sett, = (1—6;) - Uy—1 4 0, - wy

| return (ur,ur)

Remarks: Before providing a proof for the above result we discuss some its implications. MOPES
makes K PO calls, one per outer step, and Zszl Ty = O(A2K*%) SFO calls, one per inner step. The

above analysis shows that we need to choose A = /G2, which is expected from Lemma Since PO
returns exact projections, the second term is zero with 773, = 0. The target accuracy of ¢ is achieved by

tuning the first term, where we need to choose K = ©(1/v/\¢). Put together, this gives the desired
O(e~1) PO-CC and O(¢~2) SFO-CC for MOPES. A complete proof is provided in Section|C.2.1]

When we have inexact projections in MOLES, we need 1, = ©(1/k) to ensure that the second
term is O(g). At (outer) iteration k, this uses 7" = Q(K) iterations of Frank-Wolfe algorithm
in FW-Based-Projection of Algorithm MOLES makes Zle O(K) = O(K?) LMO calls,
resulting in O(e=2) LMO-CC as K = O(1/v/Ae) = O(1/¢). A complete proof is in Section

Proof of Theorem 5] We define the following potential (Lyapunov) function, for some arbitrary
re X,z € X

(Tht1 + 1) (Tho1 + 2)
Tht1(Thy1 +3)

4
Dy = (k4 1)(Ua(z, 2),) — Ua(z,2")) + X(sz —z|* + 22 — '|1%)

(40)
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This is a slightly modified version of the following potential function for the standard AGD setting
with a 2/A-smooth function W [6]: k(k+1)(¥x (zk, 2},) — Ua(z, ) + 5 (|2 — 2|2 + || 2}, — 2'[|?).
Notice that the modification factor
(Tho1 + 1) (Th41 +2)
Tt 1(Thoqr + 3)
is upper-bounded by a constant when 1 < Tj,. Below we prove that this potential satisfies the

approximate descent guarantee: ®;, < ®j_1 + kny, + kn,, for some error 7). First, notice that by
2/ A-smoothness and convexity of ¥

IN

3
3= o) 41

Yr(1 ) < 00 ) + (Vi (1 78) = (o) + 1 2 = o) P
= (1= v6) [a Wk, vi) + (Vi (Te-1,25—1) = (Yrs U)))]
WA Wi 98) + (Vs (20 38) = s 9)) + S0 1) = (o, )
< (=) a(@r—1,2)_q)+
W0 Wk Uh) + (i (2 Z) = (i U)) + 22l (20 Z) — (2r. 24 )?) (42)

A
where we use the shorthand V. := [V} VI 17 = [Votx (yr, y3)" Vartoa(yr, yi)"]", and the

second inequality uses Lines [4.4| and Now combining this with () < (1 — ) f(z},_,) +
v f(Z},) (using convexity of f and Line|4.7) and v, /A = 2/(A(k + 1)) < 2/(Ak) = Sk/2 (using
Line4.3), and multiplying it with k(k + 1) we get that

k(k + 1)\11)\(17@; (E;C)
< k(k — D)W (zr—1,2)_1) + 2K Yk Vi) + 26[(Vi,z, 26 — yi) + %sz — zg1l’]
- - B i~
2K () + (Vi T — i) + S — 2]

= k(k — 1)U (@p—1, 7)) + 2kUx (Y, Yk) + 2K[(Viw, 26 — yr) + %sz — zp—1||]

2k[¢k (%) — or(2') + %Ilw’ = 2l + £(@') + (Vi 2 = yi)] (43)

where for brevity we use the notation

B 2
Or(@') = f (@) + (Viar, @)+ 5 o' =2 (44
Now using the approximate optimality of zj, through the bound on the Wolfe dual gap (38) we get,
% Non = znal? = s — 2l B (o — = ) — =

< % 2ot — 2l + (Viw, @ — 22) + 75 — % o —al>.  @5)

When z;, is the exact projection (as in Line [I.5) then the above inequality is satisfied with above
M, = 0. Otherwise, with the LMO oracle we will later set 7, = O(g). Next we state the following
lemma which provides a guarantee for the Prox-Slide procedure [S5]. Here for rigorousness, we
denote the iterates of the Prox-S1lide procedure (Line called at the outer step k, with {uy ¢ }+.
Similarly at the outer step &k, we denote the stochastic subgradients used by the Prox-S1ide procedure
and the corresponding subgradient with {gy, ; }+ and {gx ¢ }+. 1. gkt = E[Gk ¢|uk,] € Of (up,.) for
all k£ and ¢. A proof for this lemma is provided in Section

Proposition 3 ([55 Similar to Proposition 1]). Let ¢y, (@4) be the minimization objective solved by
Proz-Slide procedure at step k ofAlgorithm Then (zy,, z),) obtained after Ty, iterations of the
procedure satisfy the following for any ¥’ € X,
o~ 2 B (T +1)(Tk +2) B
CARE )< ——= PRy —le———zl—x/2+
Tp—1 Tp—1
1200 26+ 195011 kz: 72(2& 2 Ok, 7 — up ) (46)
BT (Tk + 3) — Tp(Te+3) " ’

where 0y, 4 := Qi1 — gk, and uy . are private inner variable of the Proxz-Slide procedure.
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Aside: Note that Prox-Slide procedure essentially applies T} steps of the proximal standard
subgradient method to the ¢ (@), which is a composite function of a G-Lipschitz function f and
prox-friendly Sj-strongly convex quadratic. Finally the procedure outputs the average of its iterate
z;. and its last iterate z;.. In the end we will set T, = ©(1/¢) and K = ©(1/¢) so that total number

of subgradients used by the algorithm be Zle T, = O(1/%).
Now substituting (@3)) and Proposition [3]into #3) we get
k(k + 1)U (g, 2y) < k(k = 1)Wx (21, 2h 1) + 2k0a Yk, yi)+

(Ve — 1) + 2 211 — 2l 2~ al®) + ]

2k[f (") + (Vi o' — yp)]+

(T +1)(Th + 2) 5k|| 2 - (Tk+1)(Tk+2)@”
T (Ty + 3) o1 Tu(Tp +3) 2

k(k = D)W (zr—1,2%_1) + 26U (z,2") + 2k (nx, + ;)

2k 2, — ull* + i)

IN

3 (l2k1 =2l =z — 2[?)

4 (T +1)(Th +2)

i1 + 1) (Ths1 +2)
f—z_—x’z—( 2z, — 2|1,
“47)
where we use the shorthand
A 26+ 0k RS 2t +2)
/ — I 4
Tk BiTk(Ti + 3) Z Ty (Tj, + 3) Ok, = Ukr) .

and the last inequality uses convexity of ¥y and ¥y = f + 1, definition of B (Line @, and the
fact that

(T + D) (Thy1 +2) _ (T + 1)(T) + 2)
Tps1(Thsr +3) T (Ty + 3)

This proves the approximate descent guarantee: ®, < ®;_1 + k(1 + 7;,), which along with the
facts: 1 < Tj and zp = 2, = z gives

Ty <Ti+1 (Line[d3) ,and

< (49)

4 — z|? ) 2 ,
Uy (25, 2 ) — Uy (2, 2) < (Jleo — z||* + (3/2)||zo — 2'||?) Zk L 2k + )

NE(K +1) K(K+1) (50)

Now we take expectation, with respect to randomness in all the stochastic subgradients ((Gx ;) 75, )5,
used in the algorithm, on both sides of (30). Then the expectation of the error from the Prox-Slide
procedure can be bounded as follows

K K T,—1 Tr—1

410G + |16 2t + 2
> 2KE[;] § 2E| Dizo G+ 100l > A +2) Bty 1 — 1))
k=1 t

ﬂka(Tk +3) = Ti(Th +3)
8 (4G? + 0?)
< Z 2k () (UGN KR? +0
k=1 T 2D )
8D
— 51
3 (51

where we use {#J), linearity of expectation, (a + b)? < 2(a? + b?), variance of stochastic gradient
E[[|0k,¢1?|uk.¢] = Ell|Gk.t — gr.tll?|uk,e] < o? @), the value of T} from Line and the fact that
expectation of the second term becomes zero, since E[gk ;—1 | uk,i—1] = gk,i—1, which in turn implies

E[(0k,t, 2" — upt)] = E[E[(Grt — Grtr @ — ) |une] |s = E[0,2" —upi—1)] =0. (52)

Aside: Note that, in the final guarantee, when we set A = ¢/G? and K = O(1/¢), we are setting
T, = O(ck?) = O(1/¢) and 1/8, = ©(1/c k) = O(1), so that the error from the Prox-Slide
procedure is small enough. For example, at k = K, E[ng| = O((G% + 02) /B Tk) = O(e).
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Now taking expectation on both sides of (50) and using linearity of expectation and (51)) we get that

4(llzo — &||* + (3/2)llwo — «'|]* + 2D) n i 2k

E[W P =W ) < 53
[¥x (@, )] = (e, @) < NK(K +1) KK+1) )
Next setting 2’ = z = 2* € X C X’ and using Lemma[2]and (@) we get that
10”330—37*”2"'8[) Zkal 2k . 2 A
E - ) < = G*— 54

Aside: Note that, in the final guarantee, when we set A = ¢/ G2, the third term, which is the error
from the Moreau smoothing becomes €/2. Additionally, when K = O(1/¢), first term above is O(¢).
Further, when we set T, = O(e k%) = O(1/e), we get 1/, = O(1/c k) and E[n;.] = O(1/k) so
that the second term is also O(¢). O

Next using the above result we derive the guarantees for MOPES (Algorithm [T)) and MOLES (Algo-
rithm [2) as corollaries of Theorem 3

C.2.1 Proof of Theorem[]

Proof. Notice that exact projection on Line[I.5]of Algonthm I]is equivalent to choosing 77, = 0 in
Algorlthm Then setting, 7, = 0, and A\ = £/G? in Theorem 5| we get

G2(10]|zo — 2|2 + 8D
(0]} —2"I" +8D) € (55)

EIf ()] — f(0") < T 2o :

Now, by using the given choices: D = ¢||zy — z*||? and K = [Q—W]

Elf (zx)] — f(z") <e (56)

Then the number of PO calls made by the algorithm is K = O(M) and the total number of
SFO calls made subgradients made is

(4G? + o )>\2Kk2 (4G? + 0?)?K3(K + 1)(2K + 1)
< —
ZTk Z ( 1) 12cG 7o — 2312 o

2 2 * (|2
o (G, 5

£2

, we get

where we used Line and the given choices for A\, K, and D. O

C.2.2 Proof of Theorem2]

7KD/?\,—|
/D /

N = in Algorlthm (see below). Therefore by setting, nx, = %% O(%), and A = £/G? in

Theorem we get

Proof. Notice that at step k of Algorithmlchoosing T = [
4c D

= O(%) is equivalent to choosing

Ux

G?(10||zg — z*||? + 8D + 8¢'D) s

Elf (ex)] - f(a") < . S :

(58)

Now, by using the given choices: D = c||zo — 2*|| and K = [2V 10+8C(1+€CI)GI|x°_x*|‘], in the (58)
we get

Elf (zx)] = f(z") < e (59)
Then using the similar arguments as in proof of Theorem . we can show that K = O(M)

and the total number of SFO calls made is 31 w1 1l O(M)

Finally we calculate the total number of LMO calls made. At outer step k of Algorithm 2} after using
T = [7KDX 1 LMO calls in the Approx-Proj procedure, we can find a feasible point z; whose
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Wolfe duality gap (38) is at most [66 ,}Di ] < 4 D — = 1y, if we use CndG procedure [56, Theorem

AKE
2.2(c)] or [%] < ‘f\cl;ji = 1y, if we use the standard Frank-Wolfe algorithm [45, Theorem 2].
Therefore the total number of linear minimization oracle calls made by the algorithm is
. TK?D? G*D3
KT = — % k=054, (60)
e ||xg — z*|)? g2
where we used Line|1.3and the given choices for K and D. O

C.2.3 Proof of Proposition[3; Analysis of Prox-Slide (Lined.10) procedure

Proof. We analyze the Prox-Slide procedure for a fixed k, therefore we drop k from ¢y, uk +, G+,
and dj, ¢, which are denoted here with ¢, u,, Jt» and d;. Prox-Slide has the following update steps.

2(t+1 ~
Gt = t((t—f—?)))’ gi—1 = SFO (ut—l) (61)
~ 1 i o
Up = Up—1 — 7(1 1 1/2)8 (Gt—1 + Bug—1 — (u" — g/p))) (62)
up = Uy - min(1, 2R /||u|) (63)
Uy = (1—6;) U1 + Oy (64)

By convexity and G-Lipschitzness of f in X, for any u € X', we get
fluegr) = f(u) = flugr) = fue) + f(ue) = flu)
< (g1, U — ue) + (9o, up — )
= (G, Ut 1 — ug) +{Grr1 — Gt — Opy Up 1 — Ue) + (Ge, ug — ) — (0g, up — u)
< (G w1 — u) + (2G + [|6e)]) [Jwer — well + (8¢, u — ) (65)

where we used the fact that 6; = g; — g¢+. Notice that u; = U - min(1, 2R/||u;||) is the projection of
uy onto X’ = B(0,2R). Therefore, using Line 4.14} we can re-write Prox-Slide update as

(t+3)8

U+ = argmin ——— fJu — a?
ueX’
= angnin (2 | 1 i
= ng v~ (- e O P~ o 0/o0)
. ~ t+1
= argmin [Fy () = {g.) + @) + D w24 S o) (66)
ueX’

By S(t + 3)/2-strong convexity of the quadratic update objective Fy(u) and the optimality of
Upy1 € argmin, ., Fy(u), we get that for any u € X’
B(t+3) |
4
We want to provide a lower bound on ¢(u . which is deﬁned as follows, when using the private
notation of the Prox-S1ide procedure by setting u = z’, v’ = zx,_1, 9 = V2, 8 = Bk

|Ut+1 — u||2 + Ft(ut+1) S Ft(u) (67)

B
o(u) = (u) + {g.u) + 5 Ju—uo|* (68)
Now adding together (63)) and (67) and using the definitions of F} and ¢ we get
B t+1 t+3
$ursr) = o(w) < S llu = ul® = == llwess — ul*)+

t+1
(26 + 1800 e — el = 2D s — 2 4 (0,0 — )
B t+1 » t+3 oy, (2G4 [|6.]])?
< 2 _ _ _
72( 5 g — | B g1 —ull”) + Bt+1) + (0t, u — )
(69)

25



where the second inequality follows from ax —bz? /2 < a?/2b. Now multiplying the above inequality
is by 2(t + 2)/T(T + 3) and then summing over t = {0,...,T — 1}, we get

T-1

2(t+ 2 2 T+ 1)(T+2
; T((T—:_;)@(utﬂ) —¢(u)) < gT(T+3)(”u0 —ul?® - %HUT —ul*)+
2 2N QOHIBE NS 20D
T(T+3) B ST(T+3)
b(ir) — d(u) < 70)

2(t+1)

(T13) Uts last of which follows

where the last inequality uses Jensen’s inequality and upr = Z =1 T
from Lines @13l and .16l as follows

ur = (1 — QT)ﬂTfl + Orur
(T-1)(T+2) _ 2(T+1)

- W((l — GT_l)uT_Q + HT_luT_1) + T(T n 3) ur
(T-2(T+1). 2(T) 2T +1)
TT+3 271w+ " Tt
r 2t+1
S, 2

Finally we get the desired result by setting ¢ = ¢, 8 = B, T = T, uo = Zj,_1, U = &', Uy = Uy,
ur = Zj,, and up = 23, we get the desired inequality

2 6k 112 (Tk + 1)(Tk + 2) Bk / 12
Ox(30) — n(0') < gy oo — I = RS e
43055 (26 + [0kt Tkzl 2042 5o vy
T —u
BrTr(Tk + 3) T (T), + 3) (Ot ot
O
C.3 Proof of Lemmal[l]
We re-write f(x) as minimum value of a %-strong convex function ¢, , as follows
. 1
fale) = min |ora(e) = f@) + oolle =22 73)

Note that ¢ () is a (1/))-strongly convex function as f is convex and (1/\)|| - —z||? is strongly
convex, and fy(z) = ming ey Px ().
(a) The existence and uniqueness of Z(z) € X’ follows from the strong convexity of ¢y . (-) and
the fact that f is a proper convex function. Then f(Z(x)) < ¢ o(Ex(x)) = ming e ¢y o(2') =
(@) < dau(a) = f(2).
(b) Let g, := (x — £x(z))/A for any x € R%. By (1/))-strong convexity of ¢y .(z') and 2 (z) =
argming, ¢y ¢ (2’), we have, for any ' € X’, that
Pro (@) = dra(@a(2)) + 2" — &x(2)]|*/2A
= @)+ [l —al?/20 > f@a(@) + 2" — @x(@)]?/2x + [|l2” — 2x(2)]]?/2A
= (@) = f(@x(2)) + (g2, 2" — Ea(2)) (74)
Using this, for any x,y € R? we get
) = fal@) = F@x()) — f(@a(@)) + (12x(y) = yll* = l2x(z) — 2]*)/2)
> thix(y)**fx(w)>4fk/2(H9yH2**HgmHQ)::<gx,y4*x>**A/2ngA*9%§;)
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By instantiating the above for y < z, z +— y, we also get f(y) — fa(z) < (gy,y — ) — A/2||g2 —
gy|/?. Combining these two inequalities

< =A/2[lgy = galI* + {9y — Gury — )
< =22llgy — g l* + llgy — galllly — =
< ly — =*/2A (76)

0<A/2llgy — 917 < fa(y) = fa(@) = {9y y — @)

This implies that lim, . (fx(y)— fr(2)— (92, ¥y — x))/|ly—z|| = 0. Thus f is Frechet differentiable
with gradient V f (z) = g, = (x — &(z))/\. The above inequality also implies f) is convex and
1/A-smooth.

(c) Let z € X’. Using 1/A-strong convexity of ¢, , and &(x) € argming ¢y ¢ (2’), and
G-Lipschitzness of f in X’, we get

o = 2x(@)[1*/2X < dra(2) = dra(@a(2)) = f(2) = fa(z)
= f(x) = f(@r(@)) = [lo — @x(@)]?/2)
< Gllaa(e) = zf = llz — ax(2)[?/2A < G*A/2. O

D Additional details for the experiments in Section [5|

For all the experiments we randomly and uniformly sample a point x( from the surface of the nuclear
norm ball of radius . For all the figures where we plot the estimated sub-optimality gap: f(xy) — f *,
where f * is the estimated minimum function value calculated by running the PGD method for a large
number of iterations. We plot the mean (standard error is negligible) of the sub-optimality gap over
10 runs using 10 different initial points xy’s (same 10 initial points for all algorithms).

For experiments in Figures[T|and 2} we use a subset of the Imagewoof 2.0 dataset [43]], which in itself
is a subset of the Imagenet dataset [24]]. The training data, contains n = 400 samples {(A;, i)},
where A; is a 224 x 224 grayscale image of one of the two types of dogs (classes n02087394 and
n02115641 in Imagenet dataset) labeled using y; € {0,1}. Note that the effective dimension is
d = 224 x 224 = 50176). These grayscale images are generated from the raw 8-bit RGB Imagewoof
images using the Pillow python image-processing library [21]], by (4) resizing to 256 x 256 pixels:
resize(256,256), (ii) cropping to the central 224 x 224 pixels: crop(16,16,240,240), (iii)
converting to the grayscale: convert (mode=‘L"), and (iv) normalizing by 255.0 so that the pixel
values lie in range [0, 1]. For incorporating bias scalar into the SVM model we also zero-pad the
training images with an additional column and row of zeros to the right and the bottom of the image
array A;. We use = 0.1 as nuclear norm ball radius of X, thus Dy = 0.2. We have access to a
deterministic FO.

In Figure [I} we use a Lipschitz constant of G = 50. For MOPES we set ¢ = 40 and € = 5.0,
and for PGD we use two stepsize schemes: (i) fixed stepsize Dy /(GVK) with K = 102 and (i4)
diminishing stepsize D /(GV'k) with K = 103,
In Figure[2] we use a Lipschitz constant of G = 50. For MOLES we set ¢ = 40, ¢ = 1 and ¢ = 5.0.
For FW-PGD we use two stepsize schemes: (i) fixed stepsize Dy /(G K) with K = 10° and (i)
diminishing stepsize Dy /(GVk) with K = 10°. Both of these stepsize schemes use a projection
tolerance of 7, G2 /2. For RandFW we use the standard parameter choices as given in [54, Theorem
5] with K = 150.
In practice, in the deterministic setup with FO, at outer-step k, we can use the following criterion for
stopping the Prox-Slide (Line procedure early at some ¢ > T (defined recursively below
with Ty = 1) and ¢ < T}. Let ¢y (2') := f (') + (Vi 2') + 2 ||z — z'k,_lu2 and g; € Of ().
Now if
t+1)(t+2) , ,
1) k)
E+1)(+2) B
t(t+3)

~ ~ ’
max (g: + Vi, Ut — ') —
z’'eX

8 (4G? + 0?)

= B(Tu+3) 2 5 Iz l® = ) D)

e — 2o |I* +
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then we stop the procedure, set T}, = ¢ and return (uy, %;). This implies that for (21, 2) = (ug, Uy)
~ 2 T, + 1)(Tx + 2
bu(ily) — op (@) < e Brpr g — T X D@+ ) B
Tp(Ty +3) 2 Te (T + 3) 2
BTy (Ty + 3)

for all z’ € X. Now the only change we need to make in the analysis of Theorem[3]is the change of
the potential (@0 to

e — 212+

(78)

(Tieyr + 1) (Thsr +2)

2, — 2'|I%)
Th1(Thy1 +3)

(79)

4
D, = k(k + 1) (U (z, ) — Ua(z,2")) + X(sz — |+

The LHS of is an linear optimization problem whose solution can be easily found as

LMO (ﬁt Ve EEDEED z;_l))

tt+3)
~ t+1)(t+2
= lim PO (—a (gt + Vi + Wﬂk(ut - z;_l))> - (80)
2G° N Kk?

We also use a slightly modified T}, = { )

FO we use, ensures this choice gets the same guarantees as given in our theorems. Also, in our
implementation we do not explicitly project z; onto X”, as in practice this does not seem needed.

-‘ for our experiments, since the deterministic

In practice, we can eliminate the need for selecting € of MOPES by employing e-doubling trick with
warm restarts, which can increase the worse-case iteration complexity by a factor of at most 2 but
oftentimes will accelerate the convergence [80, Algorithm 6].

E Additional details for applications

We refer to [[73] for some more nonsmooth problems which can be solved using an LMO. In the
following subsections, we compare the analytical complexities for solving some of the applications
mentioned in Sectiond] using different algorithms.

E.1 /; norm constrained SVM

For simplicity, we work with the vector version of the matrix problems and replace nuclear norm
constraint with the /; norm constraint. The standard ¢; norm constrained soft-margin SVM can be
formulated as the the following optimization problem:

n

i 2) = 1 3 [A(0) = max(0,1 ~ (. 0,)
subjectto ||zl < A (81)

where a; € R? captures the d-dimensional feature vector multiplied by a binary class value in
{—-1,1} and X = {z|||z||1 < 1} is the constraint set. We do not include any explicit bias term
above, because it can always be incorporated into the model by augmenting a; with a constant
dimension. We assume that n is large and therefore we only have access to minibatched stochastic
subgradients obtained through minibatching d (b = o(n)) uniformly sampled (with replacement)
training samples. We assume that f is G),-Lipschitz continuous and the variance of any stochastic
subgradient is upperbounded by o2, both calculated in £, norm || - ||, for p = 1,2. We define
q:=(1-1/p)~' € {c0,2}. Then

n

1
Gp = max [|=> T{{z,a;) < 1}a|, and

[zl <A N P
1 <& 1 b
> = 2
op = Hﬁﬂﬁ’;AE{g}gzl ||ﬁ ;H{@C,ai) <1}a; - b ;H{<x,a1j> < l}ay, |2 (82)
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PO based methods (using ¢/, norm)

Nonsmooth methods (p = 2) PO: O(dIn d) SFO: O(d +n)
Our MOPES (p = 2) [Theorem 0(£N) OG22 \2)
PGD (p = 2) 0(%22?) O(G2:”2 A?)
Randomized smoothing (p = 2) [27] O(dl/‘l%)\) O(LJQ'?)\Q)
Nonsmooth methods (p = 1) MO: O(d) SFO: O(d + n)
Mirror descent (p = 1) [64] O(In(d+ 1SN O(In(d+ 1)SLET\2)
Randomized smoothing (p = 1) [27] O(\/dln(d +1 G— ) (’)( In(d+1)=L i +01 /\2)
Minimax methods: O(n) extramemory  PO+MO: O(dIn d + n) SFO: O(d + n)
Variance reduced Mirror-Prox (p = 1)[I6] O + L2\ [ (\Wnlnd))

Table 2: Projection: Comparison of PO/MO and SFO calls complexities (PO-CC and SFO-CC)
of various methods for d-dimensional ¢; norm constrained SVM with n training samples. SFO
uses a batchsize of b = o(n). Our MOPES outperforms other nonsmooth methods in PO-CC/MO-
CC while still maintaining O(1/£?) SFO-CC. Complexities of methods based on smooth minimax
reformulation adversely scale with n or d.

PO: First we study the case of PO (or MO: Mirror descent step oracle) in the high-dimensional
(poly(Gp,0p, A, 1/e) < d) and large-scale (1 < poly(n)) regime. In Table [2] we provide the
PO-CC and SFO CC of MOPES (p = 1, Algorithm I)) and competing nonsmooth methods: PGD
(p = 2) (34, 1591, Mirror descent (p = 1) [64], Randomized smoothing (p = 1 or p = 2) [27].
The p value in brackets marks which ¢, norm the method uses. By definition G; < Gy < VdG,

and o7 < 09 < \/Eol. Therefore, in this high-dimensional and large-scale regime, and when
G2 = o(v/dG4) and 05 = o(v/do1), MOPES has a more efficient PO-CC than other competing
nonsmooth first-order methods, while still maintaining O(1/¢?) SFO-CC. Note that PO has a
computational complexity of O(d log d) because it involves sorting [26], MO has a computational
complexity of O(d), and SFO has a computational complexity of O(b(d + n)) because it involves
sampling b vectors from a set of n d-dimensional vectors. In practice, sorting could contribute to a
significant part of the wall-clock time.

Many nonsmooth convex objectives in machine learning like the hinge loss here can be written as
smooth convex-concave minimax objectives of the form

— 83

where g;(x, ) is concave and g; is L-smooth for all ¢ € [n]. However, the iteration/projection
complexities of even the best variance reduced algorithms could have a dependence on the number n of
addltlonally introduced dual variables {y; }?_, [71,[16]. Therefore in the regime when comparatively
n is large and ¢ is moderate (poly(1/¢) << n), it is more efficient to optimize the original stochastic
nonsmooth formulation than the smooth minimax reformulation.

Concretely, the soft-margin SVM problem with a hinge loss, can be reformulated as a saddle point
problem of the following form

: L 7 T
min max — 1—y" Ax). (84)
llz]l1<1ye€l0,1]™ n(y Y )

This smooth saddle point problem is an ¢;-f> matrix game (ignoring possibility of /., optimization
due to limited literature) which is L;5-smooth, where

1 1
Lip = max max —y’ Az = — max |af|2. (85)
[zl <1|lyll2<1 M n i=1,...,n

Note that the primal (in ¢; norm) and dual (in {5 norm) space diameters are Dy = O(\) and
Dy = O(y/n) respectively.
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Next we derive the MO and SFO calls complexities (MO-CC and SFO-CC) of the variance re-
duced Mirror-prox method [16]. For any stepsize a < # this algorithm runs for
x Uy

K = O % 1n) outer iterations, each of which uses ' = 1 + L“ SFO calls and one
FOcall,and T + 1 primal and dual MO calls. Computational complexity of

Primal MO is O(d log d) since it involves sorting,

Dual MO is O(n) since it involves normalization of each dual dimension,

FO is O(dn) since it involves d x n-matrix vector products, and,

SFO is O(d+ n) because it involves sampling from two set of n and d (d and n-dimensional,
respectively) vectors.

2
We assume that the algorithm uses T=1+ 12 + d+n = (’)(L12 d” *-) SFO calls per outer

a2

iteration, because computationally it is equlvalent o7 =1+ 1"‘ SFO calls and one FO call per

Lioy/ 1), we get that

outer iteration. Using the suggested stepsize o = max( an

DXDy\/lnd7

d+n €
In very high dimensional regime (n < d) or very large-scale regime (d < 1), MO-CC of this smooth

minimax formulation is O(d) or O(n) larger than PO-CC for MOPES. Further more the former
method uses extra ©(n) extra space for storing the dual variables.

LMO: Next we study the case of LMO in the high-dimensional (poly(G,, oy, A, 1/¢) < d) and
large-scale (1 < poly(n)) regime. In Tablelwe provide the LMO and SFO calls complexities of
MOLES (p = 1, Algorithm[I)) and competing nonsmooth methods: FW-PGD (p = 2)—projection
approximated with Frank-Wolfe method (Appendix [B.2), and Randomized Frank-Wolfe method
(p = 1 or p = 2) [54]. The p value in brackets marks which £, norm the method uses. By definition
G1 < Gy < VdGq and 01 < 09 < V/doy. Therefore, in this high-dimensional and large-scale
regime, MOLES has a more efficient dimension-free LMO-CC O(G3)\?/£?) than other competing
nonsmooth first-order methods, while still maintaining optimal O(1/£%) SFO-CC. Note that LMO
has a computational complexity of O(d) because it uses just one pass over a d-dimensional vector.

[MO-CC = O(K - T)] :o( dn +@,/d+ (Wnlnd )) = [K -T = SFO-CC]. (86)

A competing method based on the smooth minimax reformulation is SP+VR-MP which combines
ideas from Semi-Proximal [41]] and Variance reduced [16] Mirror-Prox methods. Here SP+VR-MP
uses the variance reduced Mirror-prox method [[16] in the ¢3-£5 setting to optimize (84) and then
approximates the projection steps with Frank-Wolfe (FW) method. This is an L9s-smooth minimax
problem with

1
Loy = max max —y’ —||A||2 (87)

lzll2 <1(lyla<1 10
where || A||2 is the spectral norm of the matrix A, but the algorithm we are discussing will depend on
~ 1
Loy = —||A|lr (88)
n
where || A|| is the Frobenius norm of the matrix A. Note that ——L—||A||r < || A2 < || A]|r-
Al i 4l < 4l < 4]
The primal and dual space diameters are again Dy = O()) and Dy = O(y/n), respectively.

For each of the projection steps, the Frank-Wolfe method solves an (o + 10%2)—smooth convex

optimization problem up to an error O(e). Therefore each of these uses at most T = [(a +
2

10%))\2 /€] LMO calls. Thus using similar arguments as the PO setting and using the suggested

stepsize a = max( 5 55 Loo din) K = O(M) outer iterations, 7' = 1 + %’;2 = O(i—%)

SFO calls per outer iteration, and T=1+ LZ"’ + d = O(-# Ly + 4 ) effective number of SFO
calls per outer iteration, we get that

- d L d
[SFo-cczK.T}:o(dfn+§,/dfnu\/ﬁ)), (89)
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LMO based methods (using ¢, norm)

Nonsmooth methods (p = 2) LMO: O(d) SFO: O(d + n)
MOLES (p = 2) [Theorem|2] o(G2 z?) O(Gz+02 )
FW-PGD (p = 2) [Theorem 4] O(M ) @(G 23 \2)
Rand. Frank-Wolfe (p = 2) [54] O(d1/2 <} A?) O(%% 2+02 A
Nonsmooth methods (p = 1) LMO: O(d) SFO: O(d + n)

G? 2 +a 2
Rand. Frank-Wolfe (p = 1) [54] O(dIn(d + 1) Z+X?) O(In?(d + 1) 57102)
Minimax methods: O(n) extra memory LMO: O(d) SFO: O(d + n)
SP [41]+VR [16]-MP (p = 2) SFO-CC + (9( O(%*

3
Too A2 n \2 | L2,)° n L
B () 4 mef(fan)) D)

Table 3: Linear minimization oracle: LMO and SFO calls complexity (LMO-CC and SFO-CC)
of various methods for d-dimensional ¢; norm constrained SVM with n training samples. SFO
uses a batchsize of b = o(n). SP+VR-MP combines ideas from Semi-Proximal [41] and Variance
reduced [16] Mirror-Prox methods. Our MOLES outperforms other nonsmooth methods in LMO-
CC while still maintaining O(1/£?) SFO-CC. Complexities of method based on smooth minimax
reformulation adversely scale with n or d.

and

[LMO-CC = O(K - T) - T)

o[+ ] [+ o+ B )
o+ B o] s G B )

dynX | Lo X/ dn N3 L3\ d
7SFocc+0(f 2 () 2 \/ﬁ( ") (90)
d+n 5 d+n g2 d+n
In very high dimensional regime (n < d) or very large-scale regime (d < n), LMO-CC of this
smooth minimax reformulation is O(d) or O(n) larger than LMO-CC for MOLES. Further more the
former method uses extra O(n) extra space for storing the dual variables.

Similar arguments hold for the nuclear norm constrained Matrix SVM [85], so that MOPES/MOLES
outperforms other nonsmooth methods in some regime, where n or d is large and ¢ is relatively
moderate, and complexities of smooth minimax reformulation based methods scales adversely with d
and n. For this case, the gain in the actual wall-clock time would be even more stark than vector SVM
due to the computation of SVD/largest eigenvalue, which is required for implementing PO/LMO.

E.2 SVM with hard constraints

Soft-margin SVM could be provided with some hard constraints [70], so that the classifier is forced to
always predict the correct labels for a subset (of size k) of important “gold” training examples. This
problem can be formulated as a nonsmooth constrained optimization problem with a large number of
linear constraints, as follows

min meax (x,a;))
subject to, 1 S (J;,aj) ,Vi=1,...,k
[zfli <A oD

We can solve this nonsmooth convex problem using first-order methods using projection onto hard
constraints set: X = {z|||z|1 < Aand 1 < (z,a;) ,Vj =1,...,k}. This projection can be can be
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implemented using linear programming methods, however it is computationally costly. Therefore
PO-CC efficiency is critical, and just as in the case of SVM with ¢/; norm constraint (Section ,
our MOPES method achieves smallest O(1/¢) dimension-free PO-CC which is better than other
competing methods. PO-CC and SFO-CC are the same as given in Table 2]

Note that, first-order methods using one projection [61]] cannot be applied here, since they need the
constraint set to be written in the functional form: ¢(z) < 0, such that p < ||g|| for all g € d¢(x), for
some p > 0. This is not true for general set of linear constraints, where a pathological case can occur
when two linear constraints have almost identical normal vectors.
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