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Abstract
We consider the problem of fitting variational posterior approximations using
stochastic optimization methods. The performance of these approximations depends on (1) how well the variational family matches the true posterior distribution,
(2) the choice of divergence, and (3) the optimization of the variational objective.
We show that even in the best-case scenario when the exact posterior belongs to
the assumed variational family, common stochastic optimization methods lead to
poor variational approximations if the problem dimension is moderately large. We
also demonstrate that these methods are not robust across diverse model types.
Motivated by these findings, we develop a more robust and accurate stochastic
optimization framework by viewing the underlying optimization algorithm as producing a Markov chain. Our approach is theoretically motivated and includes a
diagnostic for convergence and a novel stopping rule, both of which are robust to
noisy evaluations of the objective function. We show empirically that the proposed
framework works well on a diverse set of models: it can automatically detect
stochastic optimization failure or inaccurate variational approximation.

1

Introduction

Bayesian inference is a popular approach due to its flexibility and theoretical foundation in probabilistic reasoning [2, 46]. The central object in Bayesian inference is the posterior distribution of the
parameter of interest given the data. However, using Bayesian methods in practice usually requires
approximating the posterior distribution. Due to its computational efficiency, variational inference
(VI) has become a commonly used approach for large-scale approximate inference in machine
learning [26, 56]. Informally, VI methods find a simpler approximate posterior that minimizes a
divergence measure D [q||p] from the approximate posterior q to the exact posterior distribution p –
that is, they compute a optimal variational approximation q ∗ = arg minq∈Q D [q||p]. The variational
family is often parametrized by a vector λ ∈ RK so the parameter of q ∗ is given by
λ∗ = arg min D [qλ ||p] .

(1)

λ∈RK

Variational approximations in machine learning is typically used for prediction, but recent work
has shown that these approximations possess good statistical properties as point estimators and as
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Figure 1: (left) The distance between the variational and ground truth moments for a full rank VI
approximation on linear regression models of varying dimensions of posterior (see Section 4 for a
precise definition of the distance). ∆ELBO denotes the standard stopping rule, MCSE denotes our
proposed stopping rule, and IA indicates that our iterate averaging approach was used while LI means
the last iterate was used. IA and our proposed stopping rule both improve accuracy, particularly in
higher dimensions. (right) The negative evidence lower bound (-ELBO) and the distances between
the variational and ground truth moments based on the current iterate and using IA. The stopping
point based on ∆ELBO is shown by the dotted red line and occurs prematurely. Using our proposed
algorithm, the starting and stopping points for IA are shown by the dotted orange and black lines,
respectively.
posterior approximations [7, 39, 57, 58]. Variational inference is therefore becoming an attractive
statistical method since variational approximations can often be computed more efficiently than either
the maximum likelihood estimate or more precise posterior estimates – particularly when there are
local latent variables that need to be integrated out. Therefore, there is a need to develop variational
methods that are appropriate for statistical inference: where the model parameters are themselves the
object of interest, and thus the accuracy of the approximate posterior compared to the true posterior
is important. In addition, we would ideally like to refine a variational approximation further using
importance sampling [23, 60] – as in the adaptive importance sampling literature [38].
Meanwhile, two developments have greatly increased the scope of the applicability of VI methods.
The first is stochastic variational inference (SVI), where Eq. (1) is solved using stochastic optimization
with mini-batching [21]. The increased computational efficiency of mini-batching allows SVI to
scale to datasets with tens of millions of observations. The second is black box variational inference
methods, which have extended variational inference to a wide range of models in probabilistic
programming context by removing the need for model-specific derivations [28, 44, 51]. This flexibility
is obtained by approximating local expectations and their auto-differentiated gradients using Monte
Carlo approximations. While using stochastic optimization to solve Eq. (1) makes variational
inference scalable as well as flexible, there is a drawback: it becomes increasingly difficult to solve
the optimization problem with sufficiently high accuracy, particularly as the dimensionality of the
variational parameter λ increases. Figure 1(left, solid lines) demonstrates this phenomenon on a
simple linear regression problem where the exact posterior belongs to the variational family. Since
q ∗ = p, all of the error is due to the stochastic optimization.
Because in machine learning the quality of a posterior approximation is usually evaluated by out-ofsample predictive performance, the additional error from the stochastic optimization is not necessarily
problematic. Therefore, there has been less attention paid to developing stochastic optimization
schemes that provide very accurate variational parameter estimates and, ideally, have good importance
sampling properties too. And, as seen in Fig. 1(left, solid blue line), standard VI optimization schemes
remain insufficient for statistical inference because they do not provide accurate variational parameter
estimates – particularly in higher dimensions.
Moreover, existing optimizers are fragile, in that they require the choice of many hyperparameters
and can fail badly. For example, the common stopping rule ∆ELBO [28] is based on the change in
the variational objective function value (the negative ELBO). But, as illustrated in Fig. 1(right), using
∆ELBO results in termination before the optimizer converges, resulting in an inaccurate variational
2

approximation (intersection of blue line and purple vertical line). Using a smaller cutoff for ∆ELBO
to ensure convergence resulted in the criterion never being met because the stochastic estimates of
the negative ELBO were too noisy. To remedy this problem a combination of a smaller step size
(resulting in slower convergence) and a more accurate Monte Carlo gradient estimates (resulting is
greater per-iteration computation) must be used. Thus, the standard optimization algorithm is fragile
due to a non-trivial interplay between its many hyperparameters, which requires the user to carefully
tune all of them jointly.
In this paper, we address the shortcomings of current stochastic optimizers for VI by viewing the
underlying optimization algorithm as producing a Markov chain. While such a perspective has been
pursued in theoretical contexts [12, 43] and in the deep neural network literature [15, 22, 24, 35], the
potential innovative algorithmic consequences of such a perspective, particularly in the VI context,
have not been explored. Our Markov chain perspective allows us create more accurate variational
parameter estimates by using iterate averaging, which is particularly effective in high dimensions (see
red dotted lines in Fig. 1). But, even when using iterate averaging, the problems of fragility remain.
In particular, we need to decide (A) when to start averaging (or when the optimizer has failed) and
b diagnostic [16, 54], a well-established
(B) when to terminate the optimization. For (A), we use the R
method from the MCMC literature. For (B), we use Monte Carlo standard error estimates based on
the chain’s effective sample size (ESS) and the ESS itself [54] to ensure convergence of the parameter
estimate (again drawing on a rich MCMC literature [13, 14]). We also use the k̂ diagnostic from the
importance sampling literature to check on the quality of the variational approximation and determine
whether it can be used as an importance distribution [55, 60]. By combining all of these ideas, we
develop an optimization framework that is robust to the selection of optimization hyperparameters
such as step size and mini-batch size while also producing substantially more accurate posterior
approximations. We empirically validate our proposed framework on a wide variety of models and
datasets.

2

Background: Variational Inference

Let p(y, θ) denote the joint density for a model of interest, where y ∈ Y N is a vector of N
observations and θ ∈ RP is a vector of model parameters. In this work, we assume that the
observations are conditionally independent given θ; that is, the joint density factorizes as1 p(y, θ) =
QN
i=1 p(yi |θ)p0 (θ). The goal is to approximate the resulting posterior distribution, p(θ) ≡ p(θ|y),
by finding the best approximating distribution q ∈ Q in the variational family Q as measured by
a divergence measure. We focus on two commonly used variational families – the mean-field and
the full-rank Gaussian families – and the standard Kullback–Leibler (KL) divergence objective, but
our approach generalizes to other variational families and divergences as well. It can be shown that
minimizing the KL divergence is equivalent to maximizing the functional known as the evidence
lower bound (ELBO) L : RK → R given by [3]
 X
N 
N
X
1
L (λ) ≡ Eq [ln p(y, θ)] − Eq [ln q(θ)] =
Eq [ln p(yi |θ)] − KL [q||p0 ] =
Li (λ) ,
N
i=1
i=1
where q is parametrized by λ ∈ RK and Li (λ) ≡ Eq [ln p(yi |θ)] −
approximation is qλ∗ for λ∗ = arg maxλ L (λ).
2.1

1
N KL [q||p0 ].

The optimal

Stochastic Optimization for VI

We will consider approximately finding λ∗ using the stochastic optimization scheme
λt+1 = λt + ηγt ĝt ,

(2)

where ĝt is an unbiased, stochastic estimator of the gradient L at λt (i.e., E [ĝt ] = ∇L (λt )), η is
a base step size, and γt > 0 is the learning rate at iteration t, which may depend on current and
past iterates and gradients. The noise in the gradients is a consequence of using mini-batching, or
approximating the local expectations Li (λ) using Monte Carlo estimators, or both [21, 37, 44]. For
1

R
In addition, we may have that p(yi |θ) = p(yi |θ, zi )p(zi |θ)dzi . But, for simplicity, we do not write the
explicit dependence on the local latent variable zi .

3

standard stochastic gradient descent (SGD), γt is a deterministic
only and converges
P∞ function of t P
∞
asymptotically if γt satisfies the Robbins–Monro conditions t=1 γt = ∞ and t=1 γt2 < ∞ [45].
SGD is very sensitive to the choice of step size since too large of a step size will result in the algorithm
diverging while too small of a step size will lead to very slow convergence. The shortcomings of
SGD have led to the development of more robust, adaptive stochastic optimization schemes such as
Adagrad [11], Adam [27, 52], and RMSProp [20], which modify the step size schedule according to
the norm of current and past gradient estimates.
Even when using adaptive stochastic optimization schemes, however, it remains non-trivial to check
for convergence because we only have access to unbiased estimates of the value and gradient of
the optimization objective L. Practitioners often run the optimization for a pre-defined number of
iterations or use simple moving window statistics of L such as the running median or the running
mean to test for convergence. We refer to the approach based on looking at the change in L as the
∆ELBO stopping rule. This stopping rule can be problematic as the scale of the ELBO makes it
non-trivial to specify a universal convergence tolerance . For example, Kucukelbir et al. [28] used
 = 10−2 , but Yao et al. [60] demonstrate that  < 10−4 might be needed for good accuracy. More
generally, sometimes the objective estimates are too noisy relative to the chosen step size η, learning
rate γt , threshold , and the scale of L, which results in the stopping rule never triggering because the
step size is too large relative to the threshold. The stopping rule can also trigger too early if  is too
large relative to η and the scale of L. In either case, the user might have to adjust any or all of η, γt ,
and ; run the optimiser again; and then hope for the best.
2.2

Refining a Variational Approximation

Another challenge with variational inference is assessing how close the variational approximation
qλ (θ) is to the true posterior distribution p. Recently, the k̂ diagnostic has been suggested as a
diagnostic for variational approximations [60]. Let θ1 , ..., θS ∼ qλ denote draws from the variational
posterior. Using (self-normalized) importance sampling we can then estimate an expectation under
PS
PS
the true posterior as E [f (θ))] ≈ s=1 f (θs )w(θs )/ s=1 w(θs ), where w(θs ) ≡ p(θs |y)/q(θs ).
If the proposal distribution is far from the true posterior, the weights w(θs ) will have high or infinite
variance. The number of finite moments of a distribution can be estimated using the shape parameter
k in the generalized Pareto distribution (GPD) [55]. If k > 0.5, then variance of the importance
sampling estimate of E [f (θ)] is infinite. Theoretical and empirical results show that values below
0.7 indicate that the approximation is close enough to be used for importance sampling, while values
above 1 indicate that the approximation is very poor [55].
Recent work [18] suggests that SGD iterates can converge towards a heavy tailed stationary distribution with infinite variance for even simple models (i.e. linear regression). Furthermore, even in cases
that don’t show infinite variance, the heavy tailed distribution may not be consistent for the mean,
i.e. the mean of the stationary distribution might not coincide with the mode of the objective. In this
work we again rely on k̂ to provide an estimate of the tail index of the iterates (at convergence) and
warn the user when the empirical tail index indicates a very poor approximation. We leave a more
thorough study of this phenomenon for future work.

3

Stochastic Optimization as a Markov Chain

Figure 1 (left) shows that as the dimensionality of the variational parameter increases, the quality
of the variational approximation degrades. To understand the source of the problem, we can view a
stochastic optimization procedure as producing a discrete-time stochastic process (λt )t≥1 [5, 8, 32,
36, 59]. Under Robbins–Monro-type conditions, many stochastic optimization procedures converge
asymptotically to the exact solution λ∗ [33, 45], but any iterate λt obtained after a finite number of
iterations will be a realization of a diffuse probability distribution πt (i.e., λt ∼ πt (λt )) that depends
on the objective function, the optimization scheme, and the number of iterations t.
We can gain further insight into the behavior of (λt )t≥1 by considering SGD with constant learning
rate (that is, with γt = 1). Under regularity assumptions, SGD admits a stationary distribution
π∞ (that is, lim πt = π∞ ). Moreover, π∞ will have covariance Σ∞ and mean λ∞ such that
kλ∞ − λ∗ k = O(η) [8]. Thus, for some sufficiently large t0 , once t ≥ t0 the SGD will reach
approximate stationarity: πt ≈ π∞ . This implies that E[λt ] is within O(η) of λ∗ . However, the
4

variance V[λt ] ≈ Σ could be large. Indeed, we expect that as the number of model parameters
increase – and hence the number of variational parameters K increases – the expected squared
distance from λ to the optimal parameter λ∗ will increase. For example, assuming for simplicity that
the stationary distribution is isotropic with Σ = α2 IK (where IK denotes the K ×K identity matrix),
∗ 2
2
2
the expected squared distance from λ to the optimal value is given by E[kλ
√ − λ k ] = α K + O(η ).
∗
Therefore, we should expect distance between λt and λ to be O( K), which implies that the
variational parameter estimates output by SGD become increasingly inaccurate as the dimensionality
of the variational parameter increases. As demonstrated in Fig. 1(left), one should be particularly
careful when fitting a full-rank variational family since the number of parameters is K = P (P + 1)/2.
Although the preceding discussion only applies directly to SGD, it is reasonable to expect that robust
stochastic optimization schemes such as Adagrad, Adam, and RMSprop will have similar behavior as
long as γt and ĝt depend at most very weakly on iterates far in the past.
3.1

Improving Optimization Accuracy with Iterate Averaging

While we have shown that we should not expect a single iteration λt to be close to λ∗ in highdimensional settings, the expected value of λt is equal to (or, more realistically, close to) λ∗ .
Therefore, we can use iterate averaging (IA) to construct a more accurate estimate of λ∗ given by
PT
(3)
λ̄ ≡ T1 i=1 λt+i ,
where we should aim to choose t ≥ t0 . In the fixed step-size
P setting described above, the estimator
λ̄ has bias of order η and covariance V[λ̄] ≈ Σ/T + 2 1≤i<j≤T cov[λt+i , λt+j ]/T 2 . Hence, as
long as the iterates λt are not too strongly correlated, we can reduce the variance and alleviate the
effect of dimensionality by using iterative averaging.

Iterate averaging has been previously considered in a number of scenarios. Ruppert [50] proposes
to use a moving average of SGD iterates to improve SGD algorithms in the context of linear
one-dimensional models. Polyak and Juditsky [42] extend the moving average approach to multidimensional and nonlinear models, and showed that it improved the rate of convergence in several
important scenarios; thus, it is often referred to as Polyak–Ruppert averaging. In related work,
Bach and Moulines [1] show that an averaged stochastic gradient scheme with constant step size
can achieve optimal convergence for linear models even for (non-strongly) convex optimization
objectives. Recent work demonstrates that averaging iterates can help improve generalization in deep
neural networks [15, 22, 24, 35]; note, however, that our application of IA aims not just to improve
predictive accuracy but also the accuracy of the posterior approximation.
3.2

Making Iterate Averaging Robust

In order to make iterate averaging robust in practice, we must (1) ensure that the distributions of the
iterates have finite variance, and (2) determine effective, automatic ways to set the two (implicit) free
parameters of λ̄: t (when to start averaging) and T (how many iterates to average). #1 is crucial since
otherwise even computing a Monte Carlo estimate λ̄ is questionable. We use an approach based on
the k̂ statistic (see Line 9 of Algorithm 1); since in our experiments we did not find any cases of
infinite-variance iterates, we defer further discussion of our approach to the Supplementary Material.
This use of k̂ over the process’ iterates is not to be confused with our application of k̂ to determine
the quality of the variational approximation that we compute after the optimization. For #2, recall
that our Markov chain perspective suggests that we should start averaging at t > t0 , where t0 denotes
the iteration after which the distribution of λt has approximately reached stationarity and therefore is
near the optimum [25, 47]. We must then select T large enough that λ̄ is sufficiently close to λ∗ . We
address how to robustly choose t and T in turn.
Determining when to start averaging Previous approaches to selecting t rely on the so-called
Pflug criterion [6, 41, 48], which is based on evaluating the sum of the inner product of successive
gradients. Unfortunately this approach is not robust and can be slow to detect convergence [40]. To
develop an alternative, robust approach to selecting t we turned to the Markov chain Monte Carlo
b statistic is a canonical way to determine if a Markov chain have reached
literature. In MCMC, the R
b is to use multiple Markov chains.
stationarity [16, 17, 54]. The standard approaches to computing R
(j)
If we have J chains and N iterates in each chain, λi , such that i = 1, . . . , N ; j = 1, . . . , J, then
5

b ≡ (V̂/Ŵ)1/2 , where V̂ and Ŵ are estimates of, respectively, the between-chain and within-chain
R
b version, where all chains are split into two before carrying out the
variances. We use the split-R
computation above, which helps with detecting non-stationarity [17, 54] and allows us to use it even
when J = 1.
b we run J optimization runs (“chains”) in parallel and consider the iterates at
In order to utilize R,
b < τ , where τ > 1 is a user-chosen cutoff. We select a moving window and
stationarity when R
b (where 0 < a ≤ 1 and t is the current
only use the most recent a × t samples for computing R
iterations counter), since we do not expect iterates before the (unknown) t0 to be close to the stationary
distribution. There is a trade-off between making a large, which leads to more accurate and potentially
b and making a small, which leads to more quickly determining when the
smaller estimates for R,
iterates are near stationarity, but more noisy estimate. In practice we found a = 0.5 to be a good
choice, although somewhat larger or smaller values would work as well. a = 0.5 is also the most
commonly used window size in MCMC literature. Concerning the choice of the cutoff τ , in the
b is required to be very precise since the stationary distribution is the true posterior,
MCMC literature R
so τ = 1.01 or even smaller is recommended [53, 54]. In our case, since we are less concerned about
the quality of the stationary distribution, we use τ = 1.2. The algorithm is robust for values even
b is computed after every W iteration.
upto 1.4. R
b we must determine how
Determining when to stop averaging Once t > t0 is found using R,
many iterates to average. Since all J optimizations are guaranteed to reach the same optimum (if
b we can combine the iterates into a single variational
there are no local optima) due to our use of R,
PJ PT
(j)
(j)
parameter estimate λ̄ = j=1 i=1 λt+i /(JT ), where λs the sth iterate of the jth chain.
Due to the non-robustness of the ∆ELBO stopping rule, we propose an alternative stopping criterion
that is robust to the (unknown) scale of the objective and which accounts for the fact that the
variational parameter is the quantity of interest, not the value of the objective function. Again
turning to the MCMC literature and taking advantage of our iterative averaging approach, we
propose to use the Monte Carlo standard error (MCSE) [14, 19, 54], which is given as MCSE(λi ) ≡
{V(λi )/ESS(λi )}1/2 , where V(λi ) is the variance of the ith component of the iterates, ESS ≡
P∞
b
JN /(1 + t=1 2ρt ) is the effective sample size (ESS), N is the number of iterations after R
convergence (used to compute the variance), and ρt is the autocorrelation at lag t. The ESS accounts
for the dependency between iterates and in general we expect it to be smaller than the total number of
iterates JN . We compute the ESS using the method described in Vehtari et al. [54]. In addition to
checking that the median value of the MCSE(λi ) is below some tolerance , to ensure the MCSE
estimates are actually reliable, we also require that all of the effective sample sizes are above a
threshold e.
We note that a benefit of our approach is that the MCSE also provides an estimate of how many
significant figures in the parameter estimate λ̄ are reliable. Such reliability estimates are particularly
important in high dimensions since, as we will see (Section 4 and Table 1), even small perturbations
to the location or scale parameters can result in a very bad approximation to the posterior distribution.
Diagnosing convergence problems with autocorrelation values The autocorrelation values ρt
b is not falling below τ
that are computed when estimating ESS can also used as a diagnostic if R
or the MCSE is not decreasing when more iterations are averaged. Large autocorrelations before
b < τ may indicate that the window a needs to be increased in order to estimate R
b effectively. Large
R
autocorrelations after averaging has started suggests iterate averaging may not be reliable.

4

Experiments

We now turn to validating our robust stochastic optimization algorithm for variational inference
(summarized in Algorithm 1) through experiments on both simulated and real-world data. In our
experiments we used η = 0.01, W = 100, a = 0.5, τ = 1.2, and e = 20. To ensure a fair
comparison to the ∆ELBO stopping rule, we used J = 1 in all of our experiments; the exception
is that Fig. 2 used J = 4 since it does not involve a comparison to ∆ELBO. We also put ∆ELBO
at an advantage by doing some tuning of the threshold , while keeping  = 0.02 when using
6

Algorithm 1 Robust Stochastic Optimization for Variational Inference
b cutoff
1: Input: learning rate η, # of optimization runs J, window size a, evaluation window W , R
(j)

2:
3:
4:
5:
6:
7:
8:
9:
10:
11:
12:
13:
14:
15:
16:
17:

τ , MCSE cutoff , ESS cutoff e, iterate initalizations λ0 for j = 1, . . . , J
for t ← 1 to Tmax do
(j)
Compute λt via Eq. (2), j = 1, . . . , J
if t mod W = 0 then
bi , the R
b value for the ith component of λ
Compute R
. using last at iterates
bi < τ then
if maxi R
T0 ← t
break
bi < τ or k̂ of iterates > 1.0 then
if maxi R
Warn user that optimization may not have converged
return λ̄ computed from the last W iterates
else
for t ← T0 to Tmax do
(j)
Compute λt via Eq. (2), j = 1, . . . , J
if t − T0 mod W = 0 and MCSE <  and ESS > e then
. using last t − T0 iterates
break
return λ̄ computed from the last t − T0 iterates
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Figure 2: For the linear regression model with posterior correlation 0.9, the evolution of (a) moment
b statistic during optimization. For D and k̂ (of the variational
distance D, (b) k̂ statistic, and (c) R
approximation) we show the values for the last iterate (solid lines) and averaged iterates (dashed
lines).
our MCSE criterion. We show the results based on using RMSprop, but we found that AdaGrad
performed similarly (see Supplementary Material). For the variational approximation family we used
multivariate Gaussians q(θ) = N (θ; mq = µ, Σq = LLT ) where L is the Cholesky decomposition
of the covariance matrix. We used viabel [23] for inference, TensorFlow Probability [9] and Stan [4]
for model-construction, and arviz [29] for tail-index estimation.
The linear regression experiments with synthetic data mentioned in Section 1 (and described in detail
in the Supplementary Material) provide a useful case study of stochastic variational inference where
the true posterior distribution belongs to the variational family, meaning that any inaccuracy in the
variational approximation was due to the stochastic optimization procedure. We also investigated
a variety of models and datasets using black box variational inference: logistic regression [61] on
three UCI datasets (Boston, Wine, and Concrete [10]); a high-dimensional hierarchical Gaussian
model (Radon [34]), the 8-school hierarchical model [49], and a Bayesian neural network model with
10 hidden units and 2 layers [30] to classify 100 handwritten digits from the MNIST dataset [31]
(MNIST100). The 8-school model has a significantly non-Gaussian posterior and has served as a test
case in a number of recent variational inference papers [23, 60]. We considered both the centered
parameterization (CP) and non-centered one (NCP) because the NCP version of 8-school is easier to
approximate with variational methods [23, 60], and therefore experiments on both provide insight
7

into the robustness of a variational algorithm. We also experiment with a four layer normalising
flow (NF) model to fit the 8-school posterior, which gave the best estimate for posterior mean in
all experiments with 8-school, with iterate averaging. For all real-data experiments we estimated
the ground-truth posterior moments (i.e., the mean µ and covariance matrix Σ) using the dynamic
Hamiltonian Monte Carlo algorithm in Stan [4]. We used these to compute the normalized moment
2
2 1/2
distance D ≡ (Dµ
+ DΣ
) , where Dµ ≡ kµ − µ̂k2 , DΣ ≡ kΣ − Σ̂k1/2 and µ̂ and Σ̂ denote,
respectively, the variational estimates of the posterior mean and covariance.
Iterate averaging improves variational parameter estimates First we investigated the benefits
of using iterate averaging rather than the final iterate. For the linear regression model, Fig. 1 shows
the benefits of IA when using either ∆ELBO or MCSE as a stopping criteria, with a larger gain
b since in that case the iterates were closer to the optimum.
coming from its use with MCSE (and R)
Figure 1(right) shows the improved accuracy of iterate averaging compared to using the last iterate
in detail for the case when the dimension of the linear regression model was P = 70. Figures 4a
and 4b provides a further example of the benefits of iterate averaging for linear regression in the
more challenging case of strong posterior correlation. IA provides an approximately two orders of
magnitude improvement in accuracy. The improvement in importance sampling performance is also
dramatic: while the k̂ statistic for the variational approximation after the last iterate is above the 0.7
reliability threshold even when with data of dimension P = 10, the k̂ statistic of IA remains below or
near the 0.7 when P = 60.
Table 1 shows that in our real-data experiments, IA almost universally outperforms the last iterate
when using Algorithm 1, both in terms of moment estimates and approximation’s k̂; however, because
the ∆ELBO stopping rule sometimes resulted in premature termination of the optimizer, IA did not
always provide a benefit with ∆ELBO, which lends further support for using our more comprehensive
robust optimization framework. The only exception was the (multimodal) MNIST100 posterior,
where for MCSE the k̂ statistic for the last iterate was superior to that for IA – although both were
very large.
MCSE stopping criteria improves robustness and accuracy Recall that Fig. 1 (left) provides
an case where the ∆ELBO stopping rule results in premature termination of the optimizer. For the
real-data examples, in Table 1 we see that due to substantially earlier termination (small T ), using
∆ELBO consistently results is less accurate posterior approximations in terms of moment estimates
and k̂. The only exception is the Radon model, which never reaches convergence according to the
∆ELBO criterion and, as a result, produces better posterior mean accuracy and a smaller k̂ statistic
Table 1: Real-data results comparing the ∆ELBO stopping rule to our proposed MCSE stopping rule
(which implements all of Algorithm 1). K = number of variational parameters,and T = total number
of iterations before termination. ? denotes that convergence was not reached after Tmax iterations.
Rule=Stopping Rule, 8-s.=eight school, E=ELPD
Model

K

Rule

104 ∆ELBO
MCSE
Wine
77 ∆ELBO
MCSE
Concrete
44 ∆ELBO
MCSE
8-s. (CP)
65 ∆ELBO
MCSE
8-s. (NCP) 65 ∆ELBO
MCSE
8-s. (NF)
84 ∆ELBO
MCSE
Radon
4094 ∆ELBO
MCSE
MNIST100 7951 ∆ELBO
MCSE

Boston

T

Dµ
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(a) Linear Regression
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Figure 3: Autocorrelation plots for (a) the location parameters for weights:β1 , β2 , and β3 for linear
regression using a mean-field variational family and (b,c) the location parameters of µ, τ and θ1
for 8-schools centered and non-centered parameterisations. The plots serve as a diagnostic tool for
assessing the efficiency of averaging.
than using MCSE. On the other hand, MCSE runs for approximately half as many iterations, still
has a k̂ statistic less than 0.5, and produces a more accurate posterior mean estimate. The threshold
 = 0.02 was kept the same for all the datasets in case of MCSE, roughly of the same order as the
step size, and we found it to be quite robust compared to ∆ELBO. We also report Expected Log
Predictive Density for the UCI datasets, our algorithm obtains a better ELPD on two of the datasets.
Autocorrelation and k̂ detect problematic variational approximations Figure 3 provides an
example where, for linear regression, the oscillation in the autocorrelation plot indicates superefficiency in the averaging due to negative correlation in odd lags [54]. Supplementary Figures 1b
and 1c provide examples where, for the 8-school models (both CP and NCP), the iterates are heavily
correlated and thus averaging is less efficient, which is reflected in the less dramatic benefits of using
IA (Table 1). The k̂ statistics (Table 1) provide good guidance of approximation accuracy.
b successb detects optimization failure Figures 1 and 2c and Table 1 provide examples where R
R
b can also diagnose optimization
fully detects convergence of the optimization. Just as importantly, R
problems such as multi-modality. For example, if the variational objective has multiple (local)
optima, different optimizations can end up in different optima due to by random initialization; but
b For example, when we used Algorithm 1 with J = 4 for
this would be indicated by a large R.
b was 4.8. This result also provides support for
the multimodal MNIST100 model, the maximum R
using J > 1 parallel optimizations, since such multimodality cannot be detected when J = 1. A
direction for future work would be to approximate a multimodal posterior by extending our approach
to analyze the convergence in each mode and then combine results of different modes (e.g., by
stacking weights [60]).
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Broader impact
There are sometimes misconceptions about how fast or accurate variational inference can be for
Bayesian inference. In this paper, we show potential pitfalls of current practices that may lead to
incorrect conclusions, especially when the interest of the user is more focused on inference than
prediction. More robust and reliable inference makes data analysis for decision-making by scientists
and organizations (e.g., corporations, governments, and foundations) more reliable and reproducible.
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Whether such improvements in decision-making quality lead to better outcomes for society will
depend upon the goals of the organization or person. On net, however, we expect more reliable data
analysis to be for the good.

References
[1] F. Bach and E. Moulines. Non-strongly-convex smooth stochastic approximation with convergence rate o(1/n). In C. J. C. Burges, L. Bottou, M. Welling, Z. Ghahramani, and K. Q.
Weinberger, editors, Advances in Neural Information Processing Systems 26, pages 773–781.
Curran Associates, Inc., 2013.
[2] J. M. Bernardo and A. F. M. Smith. Bayesian Theory. Wiley, New York, 2000.
[3] D. M. Blei, A. Kucukelbir, and J. D. McAuliffe. Variational inference: A review for statisticians.
Journal of the American Statistical Association, 112(518):859–877, 2017.
[4] B. Carpenter, A. Gelman, M. Hoffman, D. Lee, B. Goodrich, M. Betancourt, M. A. Brubaker,
J. Guo, P. Li, and A. Riddel. Stan: A probabilistic programming language. Journal of Statistical
Software, 76:1 –32, 2017.
[5] J. Chee and P. Toulis. Convergence diagnostics for stochastic gradient descent with constant
learning rate. In International Conference on Artificial Intelligence and Statistics, 2018.
[6] J. Chee and P. Toulis. Convergence diagnostics for stochastic gradient descent with constant
learning rate. In A. Storkey and F. Perez-Cruz, editors, Proceedings of the Twenty-First
International Conference on Artificial Intelligence and Statistics, volume 84 of Proceedings
of Machine Learning Research, pages 1476–1485, Playa Blanca, Lanzarote, Canary Islands,
09–11 Apr 2018. PMLR.
[7] B.-E. Chérief-Abdellatif and P. Alquier. Consistency of variational Bayes inference for estimation and model selection in mixtures. Electronic Journal of Statistics, 12(2):2995–3035,
2018.
[8] A. Dieuleveut, A. Durmus, and F. Bach. Bridging the Gap between Constant Step Size Stochastic
Gradient Descent and Markov Chains. The Annals of Statistics, 48(3):1348–1382, 2020.
[9] J. V. Dillon, I. Langmore, D. Tran, E. Brevdo, S. Vasudevan, D. Moore, B. Patton, A. Alemi,
M. D. Hoffman, and R. A. Saurous. Tensorflow distributions. CoRR, abs/1711.10604, 2017,
1711.10604.
[10] D. Dua and C. Graff. UCI machine learning repository, 2017.
[11] J. Duchi, E. Hazan, and Y. Singer. Adaptive subgradient methods for online learning and
stochastic optimization. J. Mach. Learn. Res., 12:2121–2159, July 2011. ISSN 1532-4435.
[12] M. A. Erdogdu, L. Mackey, and O. Shamir. Global Non-convex Optimization with Discretized
Diffusions. In Advances in Neural Information Processing Systems, 2018.
[13] J. M. Flegal. Monte Carlo standard errors for Markov chain Monte Carlo. PhD Thesis, 2008.
[14] J. M. Flegal, M. Haran, and G. L. Jones. Markov chain Monte Carlo: Can we trust the third
significant figure? Statistical Science, 23(2):250–260, 2008. ISSN 08834237.
[15] T. Garipov, P. Izmailov, D. Podoprikhin, D. P. Vetrov, and A. G. Wilson. Loss surfaces, mode
connectivity, and fast ensembling of dnns. In S. Bengio, H. Wallach, H. Larochelle, K. Grauman,
N. Cesa-Bianchi, and R. Garnett, editors, Advances in Neural Information Processing Systems
31, pages 8789–8798. Curran Associates, Inc., 2018.
[16] A. Gelman and D. B. Rubin. Inference from iterative simulation using multiple sequences.
Statist. Sci., 7(4):457–472, 11 1992.
[17] A. Gelman, J. B. Carlin, H. S. Stern, D. B. Dunson, A. Vehtari, and D. B. Rubin. Bayesian Data
Analysis, third edition. CRC Press, 2013.
10

[18] M. Gurbuzbalaban, U. Simsekli, and L. Zhu. The heavy-tail phenomenon in sgd, 2020.
[19] W. K. Hastings. Monte Carlo sampling methods using Markov chains and their applications.
Biometrika, 57(1):97–109, 1970.
[20] G. Hinton, N. Srivastava, and K. Swersky. Neural networks for machine learning lecture 6a
overview of mini-batch gradient descent, 2012.
[21] M. D. Hoffman, D. M. Blei, C. Wang, and J. Paisley. Stochastic variational inference. Journal
of Machine Learning Research, 14:1303–1347, 2013.
[22] G. Huang, Y. Li, G. Pleiss, Z. Liu, J. Hopcroft, and K. . Weinberger. Snapshot ensembles: Train
1, get m for free. In International Conference on Learning Representations, 2017.
[23] J. H. Huggins, M. Kasprzak, T. Campbell, and T. Broderick. Validated Variational Inference via
Practical Posterior Error Bounds. In AISTATS, Oct. 2019.
[24] P. Izmailov, D. Podoprikhin, T. Garipov, D. Vetrov, and A. Wilson. Averaging weights leads
to wider optima and better generalization. Uncertainty in Artificial Intelligence - Proceedings,
UAI 2018, 2018.
[25] P. Jain, S. M. Kakade, R. Kidambi, P. Netrapalli, and A. Sidford. Parallelizing stochastic gradient
descent for least squares regression: Mini-batching, averaging, and model misspecification.
Journal of Machine Learning Research, 18(223):1–42, 2018.
[26] M. I. Jordan, Z. Ghahramani, and et al. An introduction to variational methods for graphical
models. In Machine Learning, pages 183–233. MIT Press, 1999.
[27] D. P. Kingma and J. Ba. Adam: A method for stochastic optimization. CoRR, abs/1412.6980,
2014.
[28] A. Kucukelbir, R. Ranganath, A. Gelman, and D. Blei. Automatic variational inference in stan.
In C. Cortes, N. D. Lawrence, D. D. Lee, M. Sugiyama, and R. Garnett, editors, Advances in
Neural Information Processing Systems 28, pages 568–576. Curran Associates, Inc., 2015.
[29] R. Kumar, C. Colin, A. Hartikainen, and O. A. Martin. ArviZ a unified library for exploratory
analysis of Bayesian models in Python. The Journal of Open Source Software, 2019.
[30] J. Lampinen and A. Vehtari. Bayesian approach for neural networks—review and case studies.
Neural networks, 14(3):257–274, 2001.
[31] Y. LeCun, L. Bottou, Y. Bengio, and P. Haffner. Gradient-based learning applied to document
recognition. Proceedings of the IEEE, 86(11):2278–2324, 1998.
[32] X. Li and F. Orabona. On the Convergence of Stochastic Gradient Descent with Adaptive
Stepsizes. In International Conference on Artificial Intelligence and Statistics, 2019.
[33] X. Li and F. Orabona. On the convergence of stochastic gradient descent with adaptive stepsizes.
In K. Chaudhuri and M. Sugiyama, editors, Proceedings of Machine Learning Research,
volume 89 of Proceedings of Machine Learning Research, pages 983–992. PMLR, 16–18 Apr
2019.
[34] C. Lin, A. Gelman, P. Price, and D. Krantz. Analysis of local decisions using hierarchical
modeling, applied to home radon measurement and remediation. Statistical Science, 14, 08
1999.
[35] W. J. Maddox, P. Izmailov, T. Garipov, D. P. Vetrov, and A. G. Wilson. A simple baseline for
bayesian uncertainty in deep learning. In Advances in Neural Information Processing Systems,
pages 13132–13143, 2019.
[36] S. Mandt, M. D. Hoffman, and D. M. Blei. Stochastic gradient descent as approximate bayesian
inference. J. Mach. Learn. Res., 18(1):4873–4907, Jan. 2017. ISSN 1532-4435.
[37] S. Mohamed, M. Rosca, M. Figurnov, and A. Mnih. Monte carlo gradient estimation in machine
learning. arXiv preprint arXiv:1906.10652, 2019.
11

[38] M.-S. Oh and J. O. Berger. Adaptive Importance Sampling in Monte Carlo Integration. Journal
of Statistical Computation and Simulation, 41:143–168, 1992.
[39] D. Pati, A. Bhattacharya, and Y. Yang. On Statistical Optimality of Variational Bayes. In
International Conference on Artificial Intelligence and Statistics, 2018.
[40] S. Pesme, A. Dieuleveut, and N. Flammarion. On convergence-diagnostic based step sizes for
stochastic gradient descent, 2020.
[41] G. C. Pflug. Non-asymptotic confidence bounds for stochastic approximation algorithms with
constant step size. Monatshefte für Mathematik, 110(3-4):297–314, 1990.
[42] B. T. Polyak and A. B. Juditsky. Acceleration of stoachastic approximation by averaging. SIAM
Journal on Control and Optimization., 1992.
[43] M. Raginsky, A. Rakhlin, and M. Telgarsky. Non-convex learning via Stochastic Gradient
Langevin Dynamics - a nonasymptotic analysis. In Conference on Learning Theory, 2017.
[44] R. Ranganath, S. Gerrish, and D. Blei. Black Box Variational Inference. In S. Kaski and
J. Corander, editors, Proceedings of the Seventeenth International Conference on Artificial
Intelligence and Statistics, volume 33 of Proceedings of Machine Learning Research, pages
814–822, Reykjavik, Iceland, 22–25 Apr 2014. PMLR.
[45] H. Robbins and S. Monro. A stochastic approximation method. In The Annals of Mathematical
Statistics., 1951.
[46] C. P. Robert. The Bayesian Choice. Springer, New York, NY, 2nd edition edition, 2007.
[47] N. L. Roux. Anytime tail averaging. arXiv preprint arXiv:1902.05083, 2019.
[48] N. L. Roux, M. Schmidt, and F. Bach. A stochastic gradient method with an exponential
convergence rate for finite training sets. In Proceedings of the 25th International Conference on
Neural Information Processing Systems - Volume 2, NIPS’12, pages 2663–2671, USA, 2012.
Curran Associates Inc.
[49] D. B. Rubin. Estimation in parallel randomized experiments. Journal of Educational Statistics,
6(4):377–401, 1981. ISSN 03629791.
[50] D. Ruppert. Efficient estimations from a slowly convergent robbins-monro process. Technical
report, Cornell University Operations Research and Industrial Engineering, 1988.
[51] M. Titsias and M. Lázaro-Gredilla. Doubly stochastic variational bayes for non-conjugate
inference. In E. P. Xing and T. Jebara, editors, Proceedings of the 31st International Conference
on Machine Learning, volume 32 of Proceedings of Machine Learning Research, pages 1971–
1979, Bejing, China, 22–24 Jun 2014. PMLR.
[52] A. Vaswani, N. Shazeer, N. Parmar, J. Uszkoreit, L. Jones, A. N. Gomez, L. u. Kaiser, and
I. Polosukhin. Attention is all you need. In I. Guyon, U. V. Luxburg, S. Bengio, H. Wallach,
R. Fergus, S. Vishwanathan, and R. Garnett, editors, Advances in Neural Information Processing
Systems 30, pages 5998–6008. Curran Associates, Inc., 2017.
[53] D. Vats and C. Knudson. Revisiting the Gelman-Rubin Diagnostic. arXiv.org, Dec. 2018,
1812.09384.
[54] A. Vehtari, A. Gelman, D. Simpson, B. Carpenter, and P.-C. Bürkner. Rank-normalization,
b for assessing convergence of MCMC. arXiv preprint
folding, and localization: An improved R
arXiv:1903.08008, 2019.
[55] A. Vehtari, D. Simpson, A. Gelman, Y. Yuling, and J. Gabry. Pareto smoothed importance
sampling. arXiv preprint arXiv:1507.02646, 2019.
[56] M. J. Wainwright and M. I. Jordan. Graphical models, exponential families, and variational
inference. Found. Trends Mach. Learn., 1(1–2):1–305, Jan. 2008. ISSN 1935-8237.
12

[57] Y. Wang and D. M. Blei. Frequentist Consistency of Variational Bayes. Journal of the American
Statistical Association, 17(239):1–86, June 2018.
[58] Y. Wang and D. M. Blei. Variational Bayes under Model Misspecification. In Advances in
Neural Information Processing Systems, 2019.
[59] S. Yaida. Fluctuation-dissipation relations for stochastic gradient descent. In International
Conference on Learning Representations, 2019.
[60] Y. Yao, A. Vehtari, D. Simpson, and A. Gelman. Yes, but did it work?: Evaluating variational
inference. In J. Dy and A. Krause, editors, Proceedings of the 35th International Conference on
Machine Learning, volume 80 of Proceedings of Machine Learning Research, pages 5581–5590,
Stockholmsmässan, Stockholm Sweden, 10–15 Jul 2018. PMLR.
[61] I.-C. Yeh. Modeling of strength of high-performance concrete using artificial neural networks.
Cement and Concrete research, 28(12):1797–1808, 1998.

13

Appendix
A1

Monte Carlo Gradients in Stochastic Optimization

The exact gradient of the ELBO is given by
∇L (λt ) =

N
X
i=1

∇Li (λ) .

(4)

There are two possible sources of stochasticity in the gradient estimation: 1) use of mini-batches
of data and 2) Monte Carlo estimates of ELBO as in black box variational inference (BBVI). The
mini-batch approximation is given by
ĝtMB =

N X
∇Ls (λt ) ,
|S|

(5)

s∈S

where S is an index set for a random subset of the observations. In BBVI, the local expectations
PM
1
Eq [ln p(yi |θ)] ≈ M
m=1 ln p(yi |θm ) are estimated using M Monte Carlo draws θm ∼ qλ as
ĝtMC
A2


N 
M
1
1 XX
q(θm )
∇ ln p(yi |θm ) − ∇ ln
≈
.
M m=1 i=1
N
p0 (θm )

(6)

Further Details for Section 3

Recall in our discussion of the implications of Mandt et al. [36], we assumed for simplicity that the
stationary distribution of SGD is isotropic; that is, that Σ = α2 I. It follows that the squared distance
from λ to the optimal value λ∗ is given by
∗ 2

2

2

2 T

A = kλ − λ k = α kzk = α z z = α

2

K
X

zk2 ,

(7)

k=1

where z ∼ N (0, I). It follows that the expected squared distance to the mode is E[A] = α2 K. The
corresponding expected squared distance for the proposed estimator λ̄ is given by
Ā = kλ̄ − λ∗ k2 = k

T
1X ∗
(λ + αzt ) − λ∗ k2 ,
T t=1

(8)

 
where zt ∼ N (0, I). It follows that E Ā = α2 K/T and thus, using the estimator λ̄ reduces the
expected square distance by a factor of T when the iterates are i.i.d. However, in practice, the iterates
will correlated and the rate of decrease will be slower. The variance of λ̄ is then given by
X
  1
2
V λ̄ = Σ + 2
cov [λt+i , λt+j ] .
(9)
T
T
1≤i<j≤T

A3

b
Definitions for k̂ and R

k̂ can be formally defined as:

 p(θ, y)  k1
k̂ = inf k : Eq
< ∞)
q(θ)

(10)

When assessing the quality of the approximate sampled density as an IS- distribution, the importance
weights corresponding to the MC samples generated from approximate density, are fitted to a
generalized Pareto distribution to estimate its right-tail shape parameter. The k̂ is invariant to
multiplication of densities, and so the k̂ measure is related to the α divergence between posterior
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p(θ|y) and the approximation: q(θ). It is then possible to define k̂ in terms of α divergence (Rényi
divergence):


k̂ = inf k : Eq D1/k (p||q) < ∞
(11)
All α divergences for α > k̂1 will be infinite. Details for using k̂ as tail-index estimator are given in
next section.
b statistic is given as the ratio of estimate of marginal variance of the variational parameter
The split R
of interest, λi , V̂(λi ) and the within chain variance Ŵ using all iterates obtained after splitting each
b ≡ (V̂/Ŵ)1/2 where:
run of iterates into two ’chains’. R

N −1
1
Ŵ + B
(12)
N
N
where N is the number of iterates in each ’chain’ and B is the between chain variance.(variance of
means of individual chains.) Even when we use only a single run of VI, we end up with two chains
b
using split R.
V̂ =

A4

Stochastic process tail index diagnostic

In cases where the assumptions given in Section 3 are not obeyed, we cannot obtain reliable Monte
Carlo estimates via iterative averaging: as given by the central limit theorem, the stationary distribution
should have finite variance in order for averaging to work (or finite mean for the generalized central
limit theorem). A robust way to detect distributions with heavy tails is the Pareto-k̂ diagnostic given
in Vehtari et al. [54]. The k̂ diagnostic operates by fitting a generalized Pareto distribution to a
single tail of a sample. Specifically, k̂ is the estimated shape parameter k, that determines that the
distribution has moments up to the (1/k)th. We compute k̂ for the lower and upper tails of each
component of λt . Vehtari et al. [54] provide theoretical and experimental justification that small error
rates can be achieved in averages under the generalized central limit theorem if the tail index k < 0.7.
Because k̂ estimates tend to be conservative and we are often computing a large number of them, we
determined that any k̂ value greater than 1 to be reported as problematic in our experiments. The
maximum value of k̂ index over all the variational parameters for the linear regression model was
found to be 0.12, for the eight school models non-centred parameterization it was found to be 0.09,
and with centred parameterization it was found to be 0.40. Since these values were less than the
threshold of 1 as reported in the main text, we proceeded with our experiments and use the iterate
averaging workflow. Since, this value is related to the gradient variance, the analysis of different
models with different divergence measures will form potential future work.
A5

Additional Details for Bayesian Linear Regression Experiments

We now describe the Bayesian linear regression model used in our experiments in detail. We use a
Gaussian prior for the regression coefficients β and known noise variance σ 2 so that the posterior
is Gaussian. Therefore the only error in the approximation is explained by the optimization. We
compare the standard optimizer solutions to our proposal in a variety of configurations.
The assumed generative model is y | X ∼ N (Xβ, σ 2 ) and βk ∼ N (0, 1) with σ 2 = 0.4 fixed.
We generated data from the same model with covariates for each sample generated according to
(xnP , . . . , xnP ) ∼ N (0, K), where Kij = γ |i−j| . Note that correlation γ in the design matrix
imposes a correlation structure in the posterior. In our experiments we fix the sample size N = 300
and vary the dimension P . To account for randomness in the simulations we average the results over
50 data realizations of X, β, and y. We used Tmax = 120 000 iterations/20000 epochs (complete
passes over the data) with minibatch size |S| = 50 datapoints.
A6

Additional Results

The results in Fig. 2 are replicated in Fig. 4c using γ = 0.5 rather than γ = 0.9. The results in Table
1 are replicated in Table 2 using Adagrad rather than RMSprop.
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Table 2: Comparison of stopping rules on different datasets with different optimisers, where we
begin averaging after approximate convergence using Rhat statistic. We used Adagrad to obtain these
results.
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Figure 4: For the linear regression model with posterior correlation 0.5, the evolution of (a) moment
b statistic during optimization. For D and k̂ we show the values
distance D, (b) k̂ statistic, and (c) R
for the last iterate (solid lines) and averaged iterates (dashed lines). The convergence here happens
earlier than with 0.9 correlation shown in main text, which can be seen from both (a) and (c) plots.
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