Supplementary Materials for “Natural Policy Gradient Primal-Dual Method
for Constrained Markov Decision Processes”

A Proof of Lemma 3

We prove Lemma 3 by providing a concrete CMDP example as shown in Figure 3. States s3, s4, and
S5 are terminal states with zero reward and utility. We consider non-trivial state s; with two actions:
a1 moving ‘up’ and as going ‘right’, and the associated value functions are given by
Vi(s1) = m(az|s1)m(ar|s2)
Vi(s1) = m(a |s1) + m(ag|s1)m(a | s2).
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Figure 3: An example of CMDP in the proof of Lemma 3 where V,7 () is nonconcave and the set
{0 € ©] V™ (s) > b} is not convex. The pair (r, g) alongside the arrow depicts reward r and utility
g of taking an action at certain state.

=

We consider the following two policies 7(*) and 7(?) using the softmax parametrization (5),
0 = (log1,logx,logx,log1)
9® = (—logl,—logz,—logz, —log1)
where the parameter takes form of (05, 4,05, 025 052,015 052,a,) With x > 0.

First, we show that V™ is not concave. We compute that

7 (ay | s1) = 1i$7 7 (as|s1) = 1_’_%’ (a1 s2) = 1-11:33
VD (sy) = (1_T_x)2, Vi (s1) = w

(a1 |s1) = 1ix’ e |51) = 1i ) = 141r:r
VD (s)) = <1—il-:8>2’ Vg(z)(&) = W

Now, we consider policy 77(4),
oW+ (1-¢)0? = (log1,log (x2<_1) ,log (:1024_1) ,log 1)
for some ¢ € [0, 1], which is defined on the segment between #(!) and §(2). Therefore,

W (ay|s1) = 1+;2<71, 7 (az|s1) = %a (a1 | s2) = %
SN2 - -
V(1) = (ﬁ;) , Vi (1) = Hfj(;x;gj; r
Whenz =3 and ¢ = %
%Vr(l)(s )+ sV P(s1) = — > V() = 1%



which implies that V™ is not concave.
When x = 10 and ¢ = %
1
VO (s1) = V@ (s1) > 0.9 and V3 *)(s1) = 0.75

1
which shows that if we take constraint offset b = 0.9, then Vg(l)(sl) = Vg@)(sl) > b, and Vg(i) (s1) <
b in which the policy 7(z) is infeasible. Therefore, the set {0 | V7(s) > b} is not convex.

B Proof of Lemma 4

The dual update is based on Lemma 1. Since \* < (V*(p) — V,"(p)) /€ with 0 < V%, V7_r <i=

we take projection interval A = [0, ﬁ] such that upper bound ﬁ is such that > 2)\*

(a-)¢ ’v)&
We now verify the primal update. We expand the primal update in (7) into the following form,

pu+D — g 4 anp(e(t))T ) Ver(t) () + nl)\(t)Fp(e(t))T ) VeVg"(t) (). (13)

We now deal with: F,(6®)T . V418" (p) and F,(61))T - VQV;M (p). For the first one, the proof
begins with solutions to the following approximation error minimization problem:

minimize E,.(w) := By dm anmo(als) [(A:e (s,a) —w-Vglogmy(a] s))ﬂ .

w € RISIAI
Using the Moore-Penrose inverse, the optimal solution reads,
W = FyO0)E, g0 moia) ) [Vologmalal s) A (s,@)] = (1= 1)E,(0) - VoV (p)
where F),(6) is the Fisher information matrix induced by mg. One key observation from this solution

is that w is parallel to the natural PG direction F,,(6) - VoV, 70X (p).

On the other hand, it is easy to verify that AT¢ is a minimizer of E,(w). The softmax parametriza-
tion (5) implies that
dlogmg(als)

50 = {s=5}{a=d}—m(d|s)) (14)
where I{ E'} is the indicator function of event E being true. Thus, we have
w-Vglogmg(al|s) = wsq — Z ws o mo(a’ | s).
a’ €A

The above equality together with the fact: 3°, . , mo(a | s)AT* (s, a) = 0, shows that E,. (A7) = 0.
However, AT may not be the unique minimizer. We consider the following general form of possible
solutions,

AT 4 u, where u € RISIIAL

For any state s and action a such that s is reachable under p, using (14) yields

u-Vologmg(als) = usq — Z Us,arTo(a' | s).
a’ €A
Here, we make use of the following fact: 7y is a stochastic policy with 7 (a | s) > 0 for all actions a

in each state s, so that if a state is reachable under p, then it will also be reachable using 7. Therefore,
we require zero derivative at each reachable state:

u-Vylogmg(als) = 0
for all s, a so that u  is independent of the action and becomes a constant ¢, for each s. Therefore,
the minimizer of E,.(w) is given up to some state-dependent offset,

Fo(0)T- VeV (p) =

e

Tt (15)
1=y

where u, , = c5 for some ¢, € R for each state s and action a.

We can repeat the above procedure for F,(6))fV, V@(t (p) and show,
Ty

() VaVirip) = £ e (16)

1—
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where v, , = d; for some d; € R for each state s and action a.
Substituting (15) and (16) into the primal update (13) yields,
o+ _ g L M (Au) 4 A<t>A§t>) o (u 4 A%)
11— U7

exp (225 (A(s.0) + XO AP (5,0)) + 11 (e, + A d.) )

ZW(s)

where the second equality also utilizes the normalization term Z(*)(s). Finally, we complete the
proof by setting c; = d; = 0.

7 (a|s) = 7 (a|s)

C Supporting Results from Optimization

We collect some optimization results from the literature for readers’ convenience.

It is noted that all these results hold for the parametric setting of (3) and (4) if the parametrized policy
class is complete, e.g., the closure of the softmax policy class (5). To rephrase them for our general
purpose, we recall the maximization problem (1),

maxirﬁize V™ (p) subjectto V(p) > b
e

in which we maximize over all policies and b € (0,1/(1 — ~)) with v € [0,1). Let the optimal
solution be 7* such that

T _ P T T > )
V" (p) = maximize {V,"(p) | V5'(p) = b}

Let the Lagrangian be V" ”\(p) = V7 (p) + AV (p) — b), where A > 0 is the Lagrange multiplier
or dual variable. The associated dual function is defined as

Vi (p) = maximize Vi (p) := V7 () + A (V] (p) = b)
and the optimal dual is A\* = argmin, < o V) (p),

Vi (p) = minimize V5(p)

We recall that the problem (1) enjoys strong duality under the Slater condition [36, Proposition 1].
Assumption 5 (Slater condition). There exists £ > 0 and T such that V;r (p)—b=>¢&

We use the shorthand notation V™" (p) = V;*(p) and V)" (p) = V% (p) whenever it is clear from the
context.

Lemma 5 (Strong duality). [36, Proposition 1] If the Slater condition holds, then the strong duality
holds,

Vii(p) = Vi(p)-
It is implied by the strong duality that the optimal solution to the dual problem: minimizey > V7 (p)
is obtained at A*. Denote the set of all optimal dual variables as A*.

Under the Slater condition, a useful property of the dual variable is that the sublevel sets are
bounded [7, Section 8.5]. Although our problem is nonconcave, we customize it as follows.

Theorem 5 (Boundedness of sublevel sets of the dual function). Let the Slater condition hold. Fix
Cx €R. Forany A € {\ > 0|Vj(p) < C,}, it holds that

A< 2OV,

Proof. If X € {\ > 0|VA(p) < C,}, then,
Cxn > Vi(p) = VI(p) + A (Vi (p) =b) > VT(p) + A¢
where we utilize the Slater point 7 in the last inequality. We complete the proof by noting £ > 0. [

Corollary 1. If we take Cy\ = V*(p) = V3, then A* = {\ > 0|V} (p) < C\}. Thus, for any
A€ A,

A<

(V7 (o) = Vi (0) -

A
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Another useful theorem from the convex optimization [7, Section 3.5] is given as follows. It describes
that the constraint violation b — V7 (p) can be bounded similarly even if we have some weak bound.
We next state and prove it for our problem, which is used in our constraint violation analysis.

Theorem 6. Let the Slater condition hold and \* € A*. Let Cx« > 2)\*. Assume that 7 € 11 satisfies
Vo) = V() + Cae = Vi) <0

Then,

[bfvf(p)h = on

where [x]1 = max(z,0).

Proof. Let
o(r) = maximize { V(o) | V7 (p) 2 b+ 7).

By the definition of v(7), we have v(0) = V;*(p). We note the proof of [36, Proposition 1] that v(7)

is concave. First, we show that —\* € 9v(0). By the definition of Lagrangian V" *(p) and the
strong duality,

Vi (p) < maximize Vi (p) = VB(p) = Vi(p) = v(0), forallm e IL.

S "
Hence, for any 7 € {7 € II| V"(p) > b+ 7}, we have
v(0) —TA* > VN (p) — A
= Vi(p) + (V7 (p) =) —TA

g
= Vip) + (V7 (p) —b—7)
= V7(p).

If we maximize the right-hand side of above inequality over 7 € {7 € II| V" (p) > b+ 7}, then
v(0) = TA* > v(7) (17)

which show that —\* € 0v(0).

On the other hand, if we take 7 = 7 := —(b — V7 (p))4., then

Vi(p) < Vi (p) = v(0) < (7). (18)
Combing (17) and (18) yields -
Vi (p) = Vi (p) < —TA.

Thus,
(Coe = X)) T = =XN|T]+Cx |7]
= TN+ |7A:‘
< Vi(p) = Vi(p) + Ox [7].
By our assumption and 7 = [b — Vf(p)] 4

p-viv], < oo < o

D Proof of Theorem 1

We warm-up with an improvement lemma, stating a difference for two consecutive policies.

Lemma 6 (Non-monotonic Improvement). The iterates ©\*) generated by algorithm (8) satisfy
1—
VD () = VO ) + X (VED () = VO () > —TEoulogZz0(s)  (19)
m
(t+1) (t+1)

andEg ., log Z (t)(s) > 0 for any initial state distributions i, where notation dy " means dj,
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Proof. To prove our main inequality, we first apply the performance difference lemma as follows:

1
Vr(tﬂ)(/i) - Vr(t)(ﬂ) = mEsdet+l),a~7r<t+l)(.‘s) [Agt)(S,a)}
1
= =B, [Z 7r(t+1)(a|s)A£t)(s,a)]
v N a€A
1 7t (a | s)
- (t+1) MR Sl VA A Q)
= E5~d§;+1> a;ﬂ' (a|s)log( O (als) Z (s))
A®)
- 1 — ]ESNd(f+1) Z 7T(t+1 (t)(s,a)
v ) acA
= m E ~ (D DKL (77(t+1)(a | s) || 7 (a 5))}
1
77 E d(t+1) IOg Z(t)( )
A (t+1) (s )
T E e > 7l (a]s) AP (s, a)
1 v Lla € A i
Z 7’]7 ESNdferl) IOg Z(t)(S)
1 -
A (t+1) (g ()
- Es~dfj“> Z ™ s)Ay7 (s, a)
1 v la € A i
= B log ZM(s) — A0 ( Vit (u) = v (u))
1 %

where the first two equalities are clear from definitions, the third equality is due to the multiplicative
weights update in (8), the fourth equality utilizes the Kullback-Leibler divergence or relative entropy

between two distributions p, ¢: Dki(p |l q) = Ez ~plog Z E‘z; , we drop a nonnegative term in the

inequality, and the last equality is due to the performance difference lemma again. Finally, we obtain

the desired inequality by noting dffﬂ) > (1 — ) componentwise from (6).
It is easy to show that log Z(*) (s) > 0.

log ZW(s) = log (Z 7®(a|s)exp (177—1'7 (A( )(s,a) + 2D A t)(s a))))

acA

S 70 (als)log (eXp (1 = (A(t (5,a) + AV AW (s,a))))

aEA

_ Z 0 (a (A(t (s,a) + /\(t)Agt)(s,a))

v

aeA
= 1 Zﬂ' (a B(s, )\(t Zw A(t) (s,a)
o aeA a€A

= 0
In the above inequality, we apply the Jensen’s inequality to the concave function log(z). The last

equality is due to
Zﬂ'(t) 5)AW (s, a) Zﬂ' A(t)(s a) = 0.
acA acA

Next, we prove the average difference to the optimal policy.

Lemma 7 (Bounded Average Performance). Let Assumption 1 hold. Fix T > 0, p € Ag, 60 = 0,
and /\(0) = 0. Then the iterates w(t) and \V) generated by algorithm (8) satisfy

log |4 1 212
(Vi (p A (VE(p) -V < + + .
T Z Z 2 ) < mT (1=9)T  (1-79)
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Proof. Since p is fixed, we unload notation dg* as d*. We first apply the performance difference
lemma as follows:

Vi) = V) = B [Z w*<a|s>A£“<s7a>]

7t (g s
_ %Esw [Z *(als)log (WZW(S))]

a€A

A .
g Eqax [Z ™ (a|s)Aét)(s,a)]

a€A

= —Eeesr [P (7*(al ) 170(a]9)) = D (@l 9) 7 (al 5))

1 A0

+ —EonarlogZW(s) = =—Eonar | > 7 (a]5)AP (s, 0)
m 1—~ T

1

- E]ESNd* [DKL (77*(“ |5) [ 7 (al 3)> — Dxr (W*(a |5) | 7"+ (a| s))}
1
+EES~d* logZ(t)(s) —A\® (Vq*(p) _ Vq(t)(m)

(20)
where the second equality is due to the multiplicative weights update in (8), the third equality utilizes
the Kullback—Leibler divergence or relative entropy between two distributions p, ¢: Dy (p || q) :=

Ey~plogt Exg , and the last equality is due to the performance difference lemma again.

According to Lemma 6, if we choose ;1 = d*, then,
1 —
VD (@) — vO@) 4 A® (V;tH)(d*) - v;ﬂ(d*)) > 2R, log Z®(s). (1)
m

Therefore we have
— Z (V* V. (p ))

= 7717T Z Es g+ [DKL (7‘(*(0, B ﬂ(t)(a | s)) — Dyt (ﬂ.*(a Bl 7T(t+1)(a | s))}
t=0

1 T—1 9 1 T— " ,
mT Z Eona-log 20 (s) = ZOA ) ( — v >(p))
T— 1

A
Tﬂ
M
=
2
%

[ (7 (als) ||w<f><a|s>)—DKL (7 (al )= (als))]

+ o 2 (W) - Vo)
t=0
F o LAY (V) - o) - Z*“ (AORRAI0)
t=0
1

meESNd*DKL( “al9) 7 (al9) +

T-1
-7 _ 3 A0 (Vs o) = V()
t=0 )

where in the second inequality we take telescoping sums for the first two sums and drop all non-
positive terms: Dy (7*(a|s) | 7 (a|s)), V9 (d*); we utilize the following result with y = d*

« 2n
)+

IA
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to the third sum,

T-1
1 A®) (Vg(tﬂ)(ﬂ) _ Vg(t) (M))
t=(1) — 1 T-1
-7 Z (A(t+1ﬂ/;,(t+1)(u) - ,\<t>vg(t>(ﬂ)) + 7 Z ()\(t) _ /\(t+1)) VI ()
t=0 =
1 1 L=t
< ?)\(T)Vg(T)(M) + T Z ’)\(t) _ )\(t+1)’ Vg(t+1)(ﬂf)
t=0
212
= T-o2

where in the first inequality we take telescoping sums for the first sum and drop a non-positive term,
and in the second inequality we utilize the fact: [A(7)| < % and |A®) — A(HD| < T2 due to the

dual update in (8) and the non-expansiveness of projection, and the inequality Vg(t) () < ﬁ due to
the bounded value.

Finally, we use the fact that: Dk (p|| ¢) < log|A|, where p,q € A 4 and ¢ is the unifom distribution,
v (ar) < 1=, and V;* (p) > b to complete the proof. O

We now prove our main statement in Theorem 1. We recall a key inequality from Lemma 7,

T—1 T-—1
1 . 1 *
=2 (V) = V) + 2 DA (V) = V()
t=0 t=0 (23)
log |A| 1 212
< ~.
mT — (1=9)°T  (1-9)?
Bounding the optimality gap. By the dual update in (8),
T-—1
0< (M = Y ((Aum)z _ (Aa))z)
i :
= X (P03 =) - 0)" - 00
.
< > ((W ~m(V ) =) - (AW) (24)
tZOTfl T-1
= 2 > A=V (p) +n3 > (Vi (p) =)
t=0 t=0
= T
< 9 O (v*(p) — y® _mt

where the last inequality is due to the feasibility of the optimal policy 7*: V*(p) > b, and
|Vg(t) (p) —b < ﬁ The above inequality further implies,

T—1
1
_— (t) *( ) _ 1 ®) < 2
T;A () -Vi20) = 5575

We substitute the above inequality into (23) and use the fact that: Dgy. (p| ¢) < log|A|, where
p,q € A4 and ¢ is the uniform distribution to show the optimality gap bound, where we take

m = 2log|A| and ne = %
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Bounding the constraint violation. By the dual update in (8), for any A € [0, ﬁ} ,

AGHD A2 < ‘)\(t) — (Vg(t)(p) _ b) B )\‘2
O A" 2 (V) ) (MO = 2) 403 (VO (p) 1)’
o (1) (0 3)+ 2

where the first inequality is due to the non-expansiveness of projection operator P, and the last
inequality is due to (Vg(t) (p) —b)% < ﬁ Summing it up from ¢ = 0 to t = 7" — 1 and dividing
it by T yield

1 1 2 2 772
<7A<T>7A2<7’A<0>7A‘ _ 2 Oy —p) (AD —\) 4+ T
< 7l P =7 Tt_zoofg 2 )( )*(1_7)2’

which further implies,
T-1
1 72
ST (V) —b) (A —2) < ‘)\(0 )\‘ T
TZ(H (r) )( )_2772T 2(1— )2
t=0
We now add the above inequality into (23) and note V*(p) > b,
N
* t t
TZ@' MWM+fZ@fwwD
t=0
“log 4 1 2n2 ‘ 2 2
< O
- oomT Q= 9PT  (1-9)° 2772T 2(1 —n)?

We take \ = when Z o (b— v (p )) > 0; otherwise A = 0. Thus,

_ = Z V(t Z V(t)
+
log | A] 1 2772 o
< + + + + .
mT (I—=72T  (1—7)? 21— 7)2€2T 2(1— )2

It should be mentioned that there exists a policy «’ such that V™ (p) = % t—O V(t)( ) and

Vg”,(p) =7 f—O V(f) (p). This holds in the following way (see [4, Chapter 10]). We recall

that Vr(t)( ) and Vg( )( ) are linear functions in the occupancy measure induced by policy 7(*) and
transition P(s’| s, a). By the convexity of the set of occupancy measures, an average of T occupancy

measures is still an occupancy measure that produces a policy 7’ with value VT”/ and Vq”/.

)

Therefore,

! 2 !
Vi) = V() + e [b = Vi ()]
<3M|u e 29<>+ 1
0
< = L S —
mT (1=72T  (1—-7) 2m2(1 = 7)282T  2(1—v)
We note that ﬁ > 2)\*. According to Lemma 2, we obtain

+ + +
mT (1=T  (1=7)?  2pl-7)Er  2(1-7)

which shows the constraint violation bound by noting 7 Z (b - Vg(t (p)) =b— Vg”/ (p) and

taking n; = 2log |A| and 72 = \;%

E Proof of Theorem 2

We first characterize the effect of the compatible function approximation error on the convergence.
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Lemma 8. Ler Assumption 1 and Assumption 2 hold for a policy class {my |6 € ©}. Fix a feasible
comparison policy be m, a state distribution p, and T' > 0. Define the induced state-action visitation
measure under w: v(s,a) = dj(s)m(a|s). Suppose the iterates 7" and X generated by the
algorithm (10), ©) = 0, X =0, 5y, = 1, = 1/V/T satisfy

T-1

— Z EY(w®;00 \®) < &, 0 and 0P| < W forall0 <t <T.

T =

Then,
T-1

1 C 1 1
otimali Z VT v® < 1 /e
( P””lalll} gap) T ( r (p) r (p)) — (1 7)3 /*T 1 v Eupprox (253)

t=0

2 D, = a—prrtaoge Ur
(25b)

(Constraint violation)

where Cy := 1+ log |A| + BW?2 and Cy := /3 + 2\* + 2log [A| + SW2

Proof. By Assumption 2, application of Taylor’s theorem to log 7(*)(a | s) yields
" (a]s)
T+ (a ] 5)

where (1) — (1) = ﬁw(t). We unload d7 as d since 7 and p are fixed. Therefore,
Es~d (Dxu(n(-]s) [ 7D (-]5)) = Drw(x(- | s) [ 7+ (-] 5)))

log + Vologn®(a|s) (9(t+1) _ g(t)) < §||9(t+1) W2

(a] s
T als
= ~EendBann 9108 Gy T
2
> MEeiBana o [VologrO(alut] - po i u?

= nlEswdEaNﬂ(~|s) |:V6 IOgﬂ- )(a|s) w7(“t):|
+771A(t)Es~d]EaN7T(' | s) |:VQ log ﬂ'(t) ((1 | 5) ] - ﬂ 7)2 || ||2
= nlESNdanﬂ(~|s)A7(«t)(Sva) + nl)\(t)]Eswd]EaN‘n' 9)A ( )

A+ MEan B (.| s) [Vglogﬂ (a| )(w,@Hmwg)) (A<t>(s )+ A AW (s, a))}
nt

R
m(1 =) (V7 () = VO(p)) + m(1 = )AO (V7 (o) = VO (p)

2
m\/ESNdEM(M [(Ve log 7)(a ) w® — AP (s, a)) }

(t)||2

Y

2
N 2
_ 571/1/
2(1 —~)?
where in the second equality we decompose w® = w!? + /\(t)w Y for a given A, 1n the last
inequality we apply the performance difference lemma, the Jensen’s inequality, and ||w® || < W.
Using notation of E” (w®); ), \(!)) and rearranging it yield,

V7 (p) — Vi (p)

= 1% (1E8~d (Dre(a(-15) 17O (| )) = D (m(- | ) [ 7D s>>)>

i \/Ev(w<t);0<t AD) + B3 21 7>3W2 - ® (V;(p) - Vg(t)(p))
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Therefore

P X (w0 - 0)

T-1
S T anZ( M(DKL 7(-|5) 70| 9)) = Diw(a(-]5) [ 7] 5)) ) )
T:( T—1
+TT Z\/ w(®); 00, \0) + fo—— ( 7) w2 - % S (Vi) -v(0)
= t=0
log\A| 1 9 2
AT * T3V + Ag ™ + ooy

where in the last mequahty we take telescoping sum of the first sum and drop a non-positive term; we
apply the Jensen’s inequality to 1/« for the second sum and use the error bounds, and the last sum is
due to,

T-1
0 < ()\(T))2 _ (()\(t+1))2 . (}\(t))z)

t=0
T-1

= > <(maX<0,A< )V ) 1) <A<t>>2>
= 2

= ((A(t) (VO (p) ~ b)) (A(”)Q) (26)
t=0_* .

= 27722)\@)(() Vg(t)(p)) +77§ (Vg(t)(p) b)2

= .
t T t B
< 23 30 (V0 -V00) + 7oy

where the last inequality is due to the feasibility of the comparison policy 7: V;"(p) > b, and
|Vg(t)( ) — b] < = The above inequality further implies,

t ™ t n
Bt < gt

Now, we obtain the first bound by taking n; = ﬁ and 7 = % and some simplification.

We next prove the second bound. By the dual update in (10), we have At+1D) — \(®) > _p, (Vg(t) (p) —
b). Notice AT) > 0. Therefore,

1 T—1 1 T—1 1
b — v® < AGHD) ) — N\,
T;( D(p) s %T;( )=z

It comes down to establishing a bound on A\(7). Similar to (26), by the dual update in (10) with
A =0, 00),

T
s s B )
- T-1
= 2 Z)\(t) V(t ) + 2 Z V(t
— =

T-1 0 2T
2y Y A (V;’(p) - Vg(”(p)) +
t=0

(1—7)?

IN
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where the last inequality is due to the feasibility of the optimal policy 7”: V(p) > b, and
|Vg(t) (p)—0b < ﬁ Thus,

N2 T—1 . . n%T
()" < 2772;)A<>(Vg”(p) - V() + TR

Viewing the above bound, we return back to
T-1
1 s
72 A (Vo) - v ()
t=0

g 2 (et (Dae19) 150 19) = DianC19) |1 )
t=0

T-1 T—1
1 Ui 1 x
T S VB (®:0,00) + 52(17i)W2 -z> (14 (p) — V,® (p))
1 |A7| B ! M1
0g ~ m 2 ¥+
(=T 1=y Voo © 52(1 S g

where in the last inequality we take telescoping sum in the first sum and drop a non-positive term; we
apply the Jensen’s inequality to /z for the second sum and use the error bounds, and the last sum is

due to
Vir(p) V() + (V7 (p) — Vi5(p)
1
> * [ ——
2 Vi) -1 =
= Vilp) - 1—4 1
= maximize V7 (p) + A* (Vg"(p) —b) — ﬁ
1

> Vo) + X (V0 (p) = b) - T— -

A4+ 1
> My 2 T
= Vi) = 1= S

where in the second equality we apply the strong duality in Lemma 1, the first and last inequalities

are due to the boundedness of |V,"(p) — V.X(p)| < ﬁ and |Vg(t)(p) b < ﬁ

Therefore,

€. * 2
Lo % 2772T< log|A] \/ €approx LomBWE +1> L mT
2

T I—y)mT = 1-v = 20-7)3  1-v (1—7)2

L andn, = ﬁ and some simplification. O

which leads to the desired bound by taking 1; = N

In Lemma 8, the compatible function approximation error shows up as an additive term in the upper
bound for the optimality gap (25a) or the constraint violation (25b).

We now prove Theorem 2. It follows from the proof of Lemma 8 with an application of the inequality,

v VD ). (t) 3 (1) v
E (w ,9 ,)\ ) S W

ol

where the last inequality is due to ) (s,a) > (1 — v)v(s, a).

v @) gt) (1) €approx v*
EY (w07, X)) < €approx < 1—~ o
00 -7

Vo

oo

F Sample-Based NPG-PD Algorithm with Function Approximation

We describe a sample-based NPG-PD algorithm with function approximation in Algorithm 1. We
note the computational complexity of Algorithm 1: each round has expected length 2/(1 — ) so
the expected number of total samples is 4K7"/(1 — +); the total number of gradient computations
Vo logm®(a|s)is 2K T; the total number of scalar multiplies, divides, and additions is O(dKT +

KT/(1=7)).
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Algorithm 1 Sample-based NPG-PD Algorithm with Function Approximation

1: Initialization: Learning rates 77; and 72, SGD learning rate o, number of SGD iterations K, and

2: fort=0,...,7T—1do
3: Initialize §(©) = 0, A(9) = 0, wy = 0.
4. fork=0,1,..., K —1 do
5: Draw (s,a) ~ v,
6 Execute policy () starting from (s, a) with a termination probability 1 —  and estimate,

R K'—1

Q(Lt)(s,a) = Z (r(sk,ak) + )\(t)g(sk,ak)> where so = s,a9 = a, K’ ~ Geo(1—7).

k=0
7: Start from s, execute policy 7(*) with a termination probability 1 — ~ and estimate,
V(s Z ( Sk ag) + A® (sk,ak)) where sg = s, K’ ~ Geo(1 — 7).
8: A\(Lt)(s, a) = @(Lt)(s, a) — VL(t)(s)
9: SGD update wg11 = wr — a Gy, where
Gp =2 (wk -Vologr®(als) — A\g)(s, a)) Vologrm®(als).
10:  end for
11:  Seto® = L Zk_lwk
12:  Initialize V( )( ) =0.
13: fork_O,l,...7 —1 do
14: Draw s ~ p and draw a ~ 7 (- | s).
15: Execute policy () starting from s with a termination probability 1 — ~ and estimate,
K'—1
Vg(t) (s) = Z 9(sk,ar) where s = s,a0 = a, K’ ~ Geo(1 — 7).
k=0
16:  Update V" (p) = V" (p) + £V (s).
17:  end for
18:  Natural policy gradient primal-dual update
g+l = o) 4y p®
A+ — 7)[0,00) ()\(t) — 1 (ﬁg(t)(p) . b) ) )

19: end for

simulation access to CMDP(S, A, P,r, g,b,, p) under initial state-action distribution vy.
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We provide several unbiased estimates that are useful in our convergence proof.

K'—1
E[Vg(t)(s)} = E| ) glswan)[0,50 =5
k=0
= E ZH{K’—IszO}g(sk,ak)w(t),so:s]
k=0

= Z E [EK/ [{K'—1>Fk >0} g(sk,ar) | 0P, s0 = s}
0

B
I

I
M8

E [’Ykg(sm a) [0, s = 8}

el
Il

0

lz V*g(sk,ar) [0, 50 = S]

k=0

( )(s)

where we apply the Monotone Convergence Theorem and the Dominated Convergence Theorem for
the third equality and the fifth equality to swap the expectation and the infinite sum, and in the fourth
equality we use Ex/ [I{K' —1 >k >0} =1 — P (K’ < k) = " since K’ follows a geometric
distribution Geo(1 — ).

I
=

<

By a similar agument as above,

K'—1
E{Ag)(s,a)} = E Z ( sy ar) + \Yg(sp, ak)) 100 5o =s,a0 =a
K’—l

E | Y (s ar) 09,50 =s,a0=a
k=0

K'—1

+AOE Z g(skyar) |09 50 = 5,00 = a
k=0
= ElZH{K'—l>k>0}r(sk,ak)|9(t)7so:s,ao:a]
k=0

+2\OF lz KK —1>k>0}g(sk,ar) |(9(t),80 =s,a9 = a]
k=0

= ZIE[IEK/[]I{K'flZkZ0}]r(sk,ak)|9(t),sozs,aoza}
k=0
+A® Z E {IEK/ [{K'—1>k >0} g(sg,ar) | 0P, 50 = s,a0 = a}
k=0

= Z [Wrsk,ak)w sozs,aoza}

B
(=)

+)\t)z ['ygsk,ak)wt) S0 = s, aofa}

= Z skakﬁ()so—sao—a]

+AOE lz Y* (s, ar) |00, 50 = 5,a0 = a]
k=0
= Q"(s0) +2Q(s,0)
(t)(
L

S, @).
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Therefore,
E[AP(s,0)] = E[QV(s0)] —E[V7()] = @P(s,0) = V{(s) = AP (s,0).

We also provide a bound on the variance of IA/g(t) (s).

~ ~ 2
var [V(s)] = E|(Vi"(s) - vi"(9)) e<f>,50=s}

- 2
E (ZkK:ol 9(sk, ax) — Vg(t)(s)> \9(”750 =35

i [B | (S8 atona) - 000) | 1
Ex: [(K')? |K/}

1
(=72

where the first inequality is due to 0 < g(zy,ar) < 1 and Vg(t) (s) > 0 and the last equality is clear
from K’ ~ Geo(1 — 7).

IN

G Proof of Theorem 3

We split the proof into two parts. We state the roadmap here for readers’ convenience. In the first
part, we establish the following two bounds for the optimality gap and the constraint violation,

1= log | A] 1 =
E|= (VT* p _Vr(t) p) < + E[ Ev (m®; 60 A(®)
Tz:: (®) ) (L=y)mT (l—v)TtZ::0 \/ ( )
M e 212
+8 w2 +
2(1—7)? (1—79)?
27
and
=
E[L 0 - V)| <
t=0 +
log | A T-1 o D). 01 BW?2 A an3T
mLT QTDT ((1—%)’|)7I1‘T + (1—1'\/)T Zt:OIE [\/E (w(t),g(t)’)\(t))} + 2](11B—fy)3 + 1—-’:yl) + (1Z2,y)2-
(28)
In the second part, we are seeking to control the error E [E¥ (@®); 0™, A(1))],
2
Vd
PN 1 1/* 2 (\/a WLTr + ﬁ + WLﬂ—)
E [E (@0; 60, A(t))} < 5w et = . (29)

Finally, we combine two parts to complete the proof by taking ; = % and 1 = % and noting

E[\/Eu*(@(t);e(m ,\<t>)} < \E [ (@0;00,A0)].

Let us begin with the first part. By Assumption 2, application of Taylor’s theorem to log 7(*) (a | 5)

yields
7 (a]s) p
AR (t) (t+1) _ p(t) Frpt+1) _ p(t)2
7+ (a5 + Vologm(als) (‘9 0 ) < 2||9 ol
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where 61 — () = %zﬁ(t). We unload dg* as d* since 7 and p are fixed. Therefore,
Eqnar (Dxu(m* (-] s) | 70 (- 5)) = D (m*(- | s) [ 7TV (-] 5)))

™ (a|s)
S)log ﬂ-(t—‘rl)( | )

> nlEswd*EaNﬂ.*(_ | s) |:V0 log 7T(t) (a | S) ﬁ}(t):| ~ B
= nl]Es ~ d*EaNﬂ—*(. | s) [Vg 10g W(t) (a | 5) @gt)}

FMAYE, g Eam e [vg log 7 (a| 5) @M

= *Es,\,d*EaNﬂ.*( |

sl

77% ()12
—ﬁm”w [
= nl]Eswd*EaNﬂ*(‘|s)A7(~t)(Sva) + nlA(t)Eswd*]Ean*(~|S)A_E]t)(saa)
+ Byt Eamne () [ Volog 7 (al 5) (@0 20D ) ~ (A0 (5,0) 42D AP (s,0) )|

2
_57771” o2
2(1—~)?

m(1 =) (VH0) = V() + m@ =D (Vi (p) = V()

2
—m\/ESNd*EM*«s) [(ve logw(®)(a|s) B — A (5.a)) ]

s
2(1—n)?
where in the second equality we decompose w*) = @,

Y

) )\(t)w( ) for a given \®), in the last

inequality we apply the performance difference lemma, the Jensen’s inequality, and ||@(")| < w.
Using notation of E*” (@®);#®), A(*)) and rearranging it yields
V(o) = Vi (p)

< L (1&% (D 1) 17O |5)) = D) [ 7+ | S>>))

IT—9\m
1 — M —~
— A EV (®. 91 \®) N w2z —\® * _y®
+177\/ (@000, 0) + 5T — ) (Vo) = V()
Therefore,
1T—l
— *(o) — 17 ()
T;(w (0) = V()
B 1 T-1
< Tt 2 (B (D (19170 19) ~ Daale (19 71 5)))
t=0
T—1
1 N UlﬂW 1
[ — v () 9) \(®) ()
g V@000 ZA (% 0 = v"0)
log |A 1 = BN
S o o VP @)
t=0
s T—-1
nlBW2 1 *
ores i I ACRLAR)
t=0

(30)
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where in the last inequality we take telescoping sum of the first sum and drop a non-positive term.
Taking expectation over randomness in ) and A(*) yields

T-1
%Z (W(P) Vr(”(p))] < ﬂlig% +E l 1 —V)T Z \/EV w(0;6¢) )‘(t))]

L M _ ll Z NG (V* Vg(t)(,o))

E

2(1 — T
(31
By the dual update in (12),
T-1
0 < ()\(T)) _ <(/\(t+1))2 _ ()\(t))z)
t=0
T-1 R )
= 3 (e (00 7000 -0 - 00)
i )
< 3 (- n@00) - b)) <A<t>>2)
=0l
= 2 > AO(b- ) + 03 Z
t=0
T-1
< 2 Z A (Vg*(p) — v ) + 2, Z NG (V;” e (p))

+ 15 Z V(t

(32
where the last inequality is due to the feasibility of the policy 7*: V(p) > b. Since Vg(t) (p) is
a population quantity and ‘A/g(t)(p) is an estimate that is independent of \() given #(*=1 \(*) is
independent of Vg(t)( ) — ‘A/g(t)( ) at time ¢ and thus E [/\(t) (Vg(t) (p) — ‘A/g(t) (p))] = 0 due to the fact
IE[‘A/;t)(p)] = Vg( )( ) (see Appendix F). Therefore,

12 ) (Vato v“())]

IN
=

o > (V0 () —b)?

e K+l
21— ) <1+ K )

where in the second inequality we drop a non-positive term and use the fact (see Appendix F),
{7t _ t
E[V20)] = v

and
E {(%”(P)f] _ %E [(vg(t)(s))z} + %E [V;t)(S)}E[V;”(s)}
_ % var [V0(s)| + (E {V(”(S)W) * Kg_inz
= % Var [‘A/g(t)(s)] + (Vg(t)(S))2> + Kg_'ly)Q

IN

where the first equality is due to line 16 of Algorithm 1; the last inequality is due to Var [Vg( )( )] <

= v {7 (see Appendix F) and 0 < Vg(t)( ) < ﬁ

We now return to (31) and apply 1 + % < 4 to obtain (27).
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On the other hand, by the dual update in (12), we have A1) — X(® > —py (V) (p) — b). Therefore,

1 T-—1 1 T-—1 1 T-—1 .
Z0-VOE) < |20 -V0e)| + 7Y (V00 - v00)
t=0 t=0 i t=0
PRI ()\(““1) _ A(t)) n lTZ_l (‘7(0([,) _ V(t)(p))
I T = ! !
= . -
1 1 -
NG () — y®
A+ T; (V) = v9(p).
By E[V;" (p)] = V4" (p) (see Appendix F),
E|. 3 b—v® < Lgho 33
T2 0= V0| < mEP)] (33)
t=0 +
Also, by (32),
5 T—1 —1 .
E [(MT)) } < 2mpE [ 3N (Vg*(p) —Vg(t)(p)> + 2 |3 A (Vg(t)(p) - v_;t)(p))]
t:’]“(ll R t=0
+mE | > (VD (p) - b)?
t=0
T—1
. 43T
t=0

where we use arguments similar to those right below (32): E[)\(t) (Vg(t)(p) _ ‘7g(t) ()] = 0 and
2o, 3T an2T
Eln3 tzo(Vg(t)(P) —b)?] < (1”4)2 (2+ %) < (1Z7)2.

It should be noticed that V> (p) = Vo (p). Viewing the bound in (30), we return back to

% § RABERGRIR)

1 T-1
e S (Baa (D (1) 7O |8)) = D () [ 70| )
(1—7)771TtT=01( o ( - )
1 . v (5. o) (¢ mpw?
i 2 V000N + g
T-1
2 (V) VW)
t=0

log | A] 1 = — n BW?2 A +1
+ Ev (w®); 00 \1B) + +
(1=y)mT = (1 ’Y)T;)\/ ( ) 21=9)  1-nv

where in the last inequality we take telescoping sum in the first sum and drop off a non-positive term;
the last sum is due to

VI (p) = Vi(p)+ (VT (p) = ViA(p)

1
> V*p) — ——
= Vip) -1 =
= Vh(p) — ﬁ 1
= maximize V,"(p) + A\* (V] (p) = b) — Fp—
1
V(o) + X (V9 (p) = b) = T—

L=n
A +1
Vr(t)p 4 -
()~

v

Y
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where in the second equality we apply the strong duahty in Lemma 1, the ﬁrst and last inequalities are
due to the boundedness of |V, ( )=V (p)l < 1 and |Vgt)( )—b| < j In the above context,
we abuse notation V,*(p) a bit: V.*(p) is descnbed by Lemma 1.

Notice (IE [)\(T)] )2 <E [()\(T))Q] Therefore,

LE[MT)} <
T ~
1 lo |A| T—1 vx (N R BWQ )\* 1 4 2T
M\/zngT((l_i)mT + iy ST [\/E (wu),a(t),m))} IR >+ ang1

which leads to the desired bound (28) via (33).

The second part seeks to upper bound the expecation of E*" (w(*); () \(*)),
E [EV* (@®;6®), )\(t))]

< E||% B @000, 2]

< LE[|Z] B @0;60,00)]

= =% (E [E”(”(G“ )}+E[E””(zﬁt) 6O\ )}—E{Eﬁ“’(e(”,A(“)D
< 2 |21 (o B [ @000, 0] & [0 010, 0]

To upper bound E [E”(f)( o) 9t )\(t))} -E [ v (9®), )\(t))} we analyze the SGD update in

line 9 of Algorithm 1. The SGD update performs minimizing the objective B (w; 0®, X)) with
an unbiased estimate of the gradient V,, B (wy,; 60, A®),

E [Gk | wk]
= 2E(5 )~ 0 Kwk Velogm®(a|s) — A\(lf)(87 a)) o logm® (a s)}
= 2E(50)~ 0 Kwk - Velogm®(a| E[A(Lt) (s,a)|s aD Vologn®(a| s)}

= 2B |(we - Vologn(als) - AL (5,0)) Vo log =) (al 5)|
_ VwEu(f’) (wk; Q(t), /\(t))

where the last equality is due to the fact that: ﬁg) (s,a) is an unbiased estimate of Ag) (s,a)inline 8
of Algorithm 1.

By the fast SGD result [5, Theorem 1] with o = and Assumption 3,

2 (aﬁ + WLﬂ)Q
K

E [ E" (@00, \O) — g (9®), A(t))} <
where ¢ is an uniform bound on the minimum variance,

-
Ea)~wv {Gf) (Git)> ] < o? Vquym

(w®;6,20)
¢ = (w®- Vylogr(als) — A7 (s.)) Vologn(als).

We complete the second part by noting o < L Hw 2 || +i5 = WLy + 1=

H Sample-Based NPG-PD Algorithm with Softmax Parametrization

We describe a sample-based NPG-PD algorithm with softmax parametrization in Algorithm 2.
Regarding the computational complexity of Algorithm 2: each round has expected length 2/(1 — )
so the expected number of total samples is 2(2|.S| + |S||A|) KT /(1 — 7); the total number of scalar
multiplies, divides, and additions is O(|S||A|KT + KT /(1 — 7)).
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Algorithm 2 Sample-Based NPG-PD Algorithm with Softmax Parametrization

1: Initialization: Learning rates 7; and 72, number of rounds K, and simulation access to

CMDP(S’ A7 P’ 7"’ g7 b’ /7/7 p)'

2: fort=0,...,T—1do

3:  Initialize 09 = 0, A\(O) = 0, wy = 0.
4:  Initialize VL(t)(s) =0Oforall s € S and Qg')(s, a) =0forall (s,a) € S x A.
5 fork=0,1,..., K—1 do
6: Starting from each s € S, execute policy 7(*) with a termination probability 1 — ~ and
estimate,
R K'—1
VL(t)(s) = Z (r(sk, ar) + \Bg(sp, ak)) where 5o = s, K’ ~ Geo(1 — 7).
k=0
7: Starting from each (s,a) € S x A, execute policy 7(*) with a termination probability 1 — ~
and estimate,
N K'—1
Q(Lt)(s,a) = Z (r(sk,ak) + )\(t)g(sk,ak)> where sg = s,a9 = a, K’ ~ Geo(1—7).
k=0
8: Update IA/L(t)(s) = 17L(t)(5) + %ﬁét)(s) forall s € S.
9: Update @g)(s, a) = A(Lt)(s, a) + %@g)(s, a) forall (s,a) € S x A.
10:  endfor R R
11:  Estimate A(Lt) = (Lt) = VL(t).
12:  Initialize V" (p) = 0.
13: fork=0,1,..., K—1 do
14: Draw s ~ p and draw a ~ 7 (- | s).
15: Execute policy 7 starting from s with a termination probability 1 —  and compute the
estimate,
R K'—1
Vg(t)(s) = Z g(sk,ar) where sg = s,a9 = a, K’ ~ Geo(1 — 7).
k=0
16:  Update V,;"(p) = V7 (p) + £V (s).
17:  end for
18:  Natural policy gradient primal-dual update
Nt
P+l = ) 4 %A(L)
(t+1) (t) () (34)
A = Poa/a-»o) (A =2 (Vg (p) = b) ) :
19: end for
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Similar to Appendix F, we have unbiased estimates,
E [?L(t)(s)] = VL(t)(s) and E [@\(Lt)(s,a)] = (Lt)(s,a) and E [‘A/g(t)(s)] = V®(s)

and a variance bound,

IN

Var [?g(ﬂ(s)}

I Proof of Theorem 4

The proof idea is similar to Theorem 1, we repeat it for readers’ convenience.

We highlight some different steps here. The proof is based on similar results as Lemma 6 and
Lemma 7 in which essentially we replace the population quantities by the empirical ones estimated
by Algorithm 2. It is noted that the trajectory samplings in Algorithm 2 are independent at different
times ¢ and all estimates are unbiased. By Lemma 6 and Lemma 7,

1 T-1 1 T-1
Bz (Vi) = V)| +E| 7 > A (Vo) - v;t><p>)] -
t= t=
log |A| 1 212

< + .
mT  (1=9)°T  (1-7)?
Bounding the optimality gap. By the dual update in (34),

T-1
0 < ()\(T))Q _ Z ((}\(t+1))2 _ ()\(t))2)
= 2
= X (P 0 — T - ) - 07
= 2
< X (- n@00)-n)" - 00)
t:OTfl T-1
= 2 Y A=V (p)) + 03 > (VP (p) —b)?
t=0 t=0
T-1 T—1
< 2 YA (Vo) = V() + 21 YN0 (VO () = V0 (0)
t=0 t=0

-1
+15 Y (Ve (p) —b)°
t=0
(36)
where the last inequality is due to the feasibility of the policy 7*: V*(p) > b. Since Vg(t) (p) is
a population quantity and YA/g(t)(p) is an estimate that is independent of \() given #(*=1), \(®) is
independent of Vg(t) (p) — ‘A/g(t) (p) at time ¢ and thus E[A( (Vg(t) (p) — ‘A/g(t) (p))] = 0 due to the fact
IE[‘A/g(t)(p)] = Vg(t)(p) (see Appendix H). Therefore,
=
- ® (v*(p) — V)
72 (Veto) -V, <p))]

T-1

BN (WO (p) — b)?

0
72 K+1
S I (s I
2(1—v)2< TR )

where in the second inequality we drop a non-positive term and use the fact (see Appendix F),
(¢ _ t
E[VO()] = V()

—-E

IN
=
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and

IA

K- " K-
where the first equality is due to line 16 of Algorithm 2; the last inequality is due to Var [Vg( )( )] <

= v E (see Appendix F) and 0 < Vg( )( ) < ﬁ
To finish this part, we now return to (35) with 77; = 2log|A| and 1, = 1%7

T—1
1 log [A| 1 2m2 M2 M2
E|= * _yv® < .
T;(V’”(p) " (p))] =TT TP 0= A= 20-1PK

Bounding the constraint violation. By the dual update in (34), for any A € [0, ﬁ] ,
E [|/\(t+1) _ )\|2]

_ E:’PA()\(t) (700 b)) - ()ﬂ

< E ‘/\(t)—w (Vg(t) b) )\”
= B[] - e (70 1) 00 0] 4 (7 )

E ‘/\(t) A } 2 E [(V(t)( )—b) (A =A)] + 2,
— 21 —

(1=7)?  K(@1-7v)?
where the first 1nequa11ty is due to the non-expansiveness of P and the last inequality is due to
E[(V;t)( ) —b)?] < = 7)2 + K(l ~yz- Summing it up from ¢ = 0 to ¢ = T' — 1 and dividing it by
T yield

0

IN

IN

'E {|A<T) - Aﬂ

2

IN

l]E U)\(O) _ )\‘2] _ @TEIE K‘A/(t)(p) _ b) ()\(t) _ )\)} L 213 . i
T T P g (1—~)2 K1 —7)2

which further implies,

T-1
E ;;}(Vg@)(p)—b) (O -] < %%E “Am) _Aﬂ - ?27)2 . 2K(17;2_ -

where we use E[V(t)( )] = VY (p) and A® is independent of V") (p) given (=1, We now add
the above inequality into (35) and note V" (p) > b,
= =
o [15  -i] 22[15 - v
5 (0 - v Y (- v
log |A 1 2
< logl4| S . ‘
mT (L=72T  (1-7) 20T

+ AE

2
A0 _ )\‘ "2 "2 _
a2 TR

We take \ = ﬁ when Z?;é (b— Vg(t)( )) > 0; otherwise A = 0. Thus,
1 Il
* . (t) _ (t
=V - X0 SNl
= +

log |4] N 1 2772 N Lo 12
- oomT (1-9)PT  (1-9)3 2772(1—7)2§2T (1=9)2  2K(1-7)?

2
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Similar to the proof of Theorem 1, there exists a policy 7’ such that V7' (p) = & 2/} V.9 (p) and
Vgﬂ,(p) =1 tT:_(l) Vg(t) (p). Therefore,

’ 2 ’
E [V (o) = V7 ()] + =B [b = V7 (0)]
o) = VZ' ()] + oo - VW)
log | 4] 1 202 1 L m
—omT (=T (1-9)%  2m(1—9)?8T  (1-7v)>  2K(1-7)*
According to Theorem 6 in Appendix C, we obtain

' §log| Al 3 2n26 1 n2§ n2€
E{b— % (p)}+ < T (177)T+ +

+ +

(1=7)% 21 =T (1-v) 2K(1-9)
which shows the constraint violation bound by noting 7 ZtT:_é (b— Vg(t) (p) =b— Vg”/ (p) and
taking n; = 2log |A| and 72 = %

J Experimental Results

In this section, we provide additional experimental results to support our convergence theory. Our
CMDP simulation is based on the shared MDP code [9]. We generate CMDPs with random transitions,
uniform rewards, and utilities in [0, 1]. We simulate our algorithms with random initializations. Given
T > 0, the total number of optimization iterations, our stepsizes in theorems become constants and
multiplying them with positive constants does not affect convergence rates.
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Figure 4: Convergence of the NPG-PD method (10). In this experiment, we have randomly generated
a CMDP with |S| = 20, |A| = 10,y = 0.8, and b = 3, and chosen: 1; = 12 = 0.1 and d = 150.

We show simulation results for algorithms with the general smooth parametrization. We consider a
class of linear softmax policies,

exp(e i d)s,a)
Za’ cA exp(6 - (bs’,a’)
where ¢, € R? is the feature map with ||¢sq]| < B. We compute Vglogmy(a|s) = ¢s.q —
Eo/ mmo(- | 5)[s,ar] i= 557(1 and the compatible function approximation error,

- N2
E"(w;0,\) = Egqnv {(A"Lre’)‘(s,a) —w - gi)s,a) } .

In this experiment, we take d canonical bases in R? as our feature maps. Since d < |S||A|, they can’t
capture the advantage function and will introduce function approximation errors. In Figure 4, we only
show the convergence of the reward value function to a stationary value that could be sub-optimal due
to the function approximation error. By contrast, the constraint violation converges to zero sublinearly.
It verifies Theorem 2 that the function approximation error does not dominate the constraint violation.

me(als) =

Last but not least, we show the objective and the constraint violation for running the sample-based
NPG-PD algorithm (10): Algorithm 1, using two different sample sizes. We see that both reward
value functions converge, and both constraint violations decrease to be negative. The large sample
size of K = 200 performs better, especially for the constraint violation. It confirms Theorem 3 that
the constraint violation is insusceptible to the function approximation error.
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Figure 5: Convergence of the sample-based NPG-PD algorithm (10): Algorithm 1, using different
sample sizes: K = 100 (--) and K = 200 (—). In this experiment, we have randomly generated a
CMDP with |S| = 20, |A| = 10, v = 0.8, and b = 3. We have chosen parameters for Algorithm 1:
n =mn2 =0.1,a = 0.1, and d = 150.
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