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Abstract

This document provides the complete proofs and additional details for the main

results stated in the NeurIPS submission titled “Randomized tests for high-
dimensional regression: A more efficient and powerful solution”.
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Notation. We use < for two random variables that have the same distribution. Let ®(-) denote
the CDF of N(0,1), and 2, denote the upper a quantile of A/(0,1). The upper o quantile of F-
distribution with degrees of freedom (p, n — p) is denoted by gq p n—p. Moreover, the norm || - |2
stands for Euclidean norm for a vector, and spectral norm for a matrix. Matrix Frobenuis norm is
denoted by || - || 7. We call a,, < b,, if there is a universal constant ¢y such that % < 32 < ¢ for

large enough n, and a,, < by, if a,, < cob,, for large enough n.

~

A Relaxation of Gaussian Assumptions

In this part, we show that the proposed sketching test is still valid under more general conditions for
both data matrix and noise distribution. To do this, we invoke a new set of assumptions on X; and z;
in model (2), which hold beyond the Gaussian setting.

(B1) The design vectors are generated as «; = I'u;, where I' € RPX™ satisfies T'T'" = 3 and
U1, ..., Uy are i.i.d. instances with E[u;] = 0 and Var[u;] = L,,, for some m < k. Additionally, we
assume that u,; satisfies

(a) (polynomial tail) There exists constant ¢, C' > 0 such that for any n € N, orthogonal projection
PinR™ and t > Crank(P), we have P(||Pu;||? > t) < Ct~17¢;

(b) (bounded moment) We have supy, - (E|v'u;|®)/® = O(1) and for any symmetric matrix
sequence M € R™*"™,

Var[u, Mu;] = O(tr(M?)) + o(tr*(M)).

(B2) The noise vector z is independent of design matrix, with E[2?] = 1and E[z}] < cfor1 <i < n
and some universal constant ¢ > 0.

With this new set of assumptions, we are able to obtain similar results as in the Gaussian case.
Theorem A.1 below, which builds on [7], includes Theorem 1 as a special case; we can also show
Theorem 3 holds if we replace the Gaussian assumptions of X and z with (B1) and (B2).

Theorem A.1. Besides (B1) and (B2), assume limsup k/n < 1 and B"X8 = o(k/n). Then, for
almost all sequences of sketching matrix Sy, the power function W5 (Sy) = P {F(Sy) > Qoken—k

of test (3) satisfies
A2 [1—k/n
v, < Za + = o /n —0

The proof of the result shares the same spirit as the proof of Theorem 1; one major difference is that,
when the design matrix is not Gaussian, sketched noise zf is not independent of sketched data S X;
anymore, requiring extra efforts to characterize the behavior of F'(Sy). We list some technical details
in Section D.

Remark: We note that the assumptions (B1) and (B2) are mild. The moment and tail conditions
hold for a wide range of random instances beyond Gaussian, including heavy-tailed ones such as
log-normal. Also note that we do not require entries of u; to be independent to each other.

B Formal version of Definition 1

In the following, we present a full version of Definition 1, which accounts for more general scenarios.

Definition B.1. We say model (2) has intrinsic dimension up to r, if we can find n = o(1) and r < p,

such that _ ) )
(iZB’?) : ( > Ai> + 3 Bn<nBTBB;
i=1

i=r+1 i=r+1

r P
(71"2512 + p%r > ﬁf) A < 1B 6.
=1

1=r+1

)]

Denote the collection of such (3,%) as D(r).
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Here quantities 1 and r are both sequences of parameters indexed by p. When each Ez follows the
same distribution P, the above conditions boil down to Definition 1.

C Proof of results in main text

C.1 Proof of Theorem 1

In order to complete the proof, we need to check the conditions in Lemma 1 under the sketched

regression setting. For a fixed Sy, by the property of a conditional Gaussian distribution, we have
Yil (X[Sk) ~ N (BT ES,(Sy =Sk) 'S Xi,17),

with 12 1= 02 + 3723 — AZ. Additionally let us write 3° := (S, £S;)~1S,] 3. Indeed

Algorithm 1 aims to test whether

HOS ;8% =0 versus Hls 1 8% £ 0, 2)

for the new regression model
vi = X[SkB° + 27, (3)
where 27, ..., 25 are independent random errors with Var(z;) = v/2. Furthermore, when S, £y, is

invertible, the problem stated in (2) becomes equivalent to testing whether

HS :S/2B=0 versus H{:S/28#0.
It is shown in [6] that A? < B3T3 3. Then we can show A? = o(1) and v? = 02 + o(1). Putting
pieces together with Lemma 1 completes the proof.

C.2 Proof of Lemma 1

We present the full proof of Lemma 1 in this section. First, write the second term inside ®(-) as

1-6HnB’x
gy OO, @

We also define

T _ Ty\-1wT ~2 _
n—p o 2

The proof builds on the following two claims, which are proved at the end of this section.

82

VGL<21> = Op(1) and (5)
g

T—niw\/(o,l). (6)

We now continue the main line of the proof assuming the claims in (5) and (6) hold. By the claim (5)

we know 52/0% £ 1. Note that n = o(,/n) under local alternative assumption. By Slutsky’s
theorem,

2
We can use the convergence result (7) to show the claim in Lemma 1. Additionally write

Iné(l—9
§ = %(Qa,p,n—p - 1)~ ()

Notice that ®(-) is Lipschitz-1 and thus we have
¥y — B(—2a + )| = [P (G 2 s — 1) = ©(—2a + 1)

5(1—46 2 ?
G- n(NF—D—W=;AT—W+<;—4>W$NmJ) (7)

INZ

P(G<s—n)—P(s—n)|+[P(s—n) = P(za —n)



79
80
81

82

83
84

85

86

87
88

89
90
91

92

93

94

95

96

97

98
99

100
101

where step (i) uses the fact ®(z) = 1 — ®(—=x)) and step (ii) uses Lipschitz property of ®. To analyze
the second term, we need Lemma 2.1 of [1] which provides an approximation of g, p n—, When
p=dnford € (0,1).

Lemma C.1 (Lemma 2.1 of [1]). When p = én with ¢ € (0, 1), we have

dopn—p =1+ Zo t 0(7171/2)

2
ndé(1—4)

Rearranging the statement of Lemma C.1 yields s = z, + o(1) where s is defined in (8). We also
know sup,cp [P (G < 2) — @ (x)| — 0 by the approximation (7). Combining these pieces yields
|WF — ®(—24 4+ 1)| = o(1) and thus Lemma 1 follows.

Proof of Claim (5)

Write H = X (X " X)X . Notice that HX = X and then (I, — H)X 3 = 0. By the linearity
assumption y = X 3 + oz, we can write
872 (XB+o02)'(1, - H)(XB+o0z) 1

_ _ T _
5 = (n—p)o? = n—pz (I, — H)z. 9)

ag

Additionally, by our model assumption, the noise vector z ~ N(0,1,) is independent of X. For
any given X with rank p, I, — H is a projection matrix with rank (n — p), and in this case

z"(I, — H)z|H ~ x2_,. Under the Gaussian setting, we know rank(X') = p almost surely, so

52/02 L Xi_p/(n — p). Recall that p = én, and thus v/n (x%_,/(n — p) — 1) = Op(1), which in
turn leads to /n (62/0% — 1) = Op(1). This completes the proof of claim (5).

Proof of Claim (6)

We first rearrange the expression of 7" in (6). By definition of 7" in (6), we have

% [né(1—96) 2 [né(1—-6) [y Hy/p né(1—46) (y"Hy/p &2
T=mV—5 D=5\ ( 72 ‘1)— 2 ( 2 o2

Using the fact that HX = X, we have
y Hy=(XB+oz)  HXB+o0z)=0’2"Hz+208" X2+ 8" X" X3.

Combining the above with another expression of 2 /02 in (9), we can write T as

T =

né(1—-9) (2" Hz zT(Ipr)z_F,BTXTX,B_FgﬁTXTz
2 p n—p po? o p '

By recalling 7 defined in (4), we can decompose T' — nas T — n = T + (T2 — n) + T3, where

T — né(1—9) zTHz_zT(Ip—H)z

1 — 2 p n—p )
_ (BTXTXB

Tg—n_n< ST -1 and

ngl MﬁTXTZ'
o né

In what follows, we prove T} LN N(0,1), T, — n 4 0 and Ty 4y 0 and thus T — n LN N(0,1) as
desired.

Analyzing T;: Note that H = X (X " X)~!X T is a projection matrix with rank p almost surely.
Therefore, conditional on H, we have z" Hz|H ~ x2 and z" (I — H)z|H ~ x;_,, and these are

).
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independent to each other. By letting wy, wo YN (0,1), we may apply the central limit theorem and
see that

2 "Hz/p|H = 14w //p+op(n~/?),
2" (I~ H)z/(n—p)|H =1+wa/Vn—p+op(n/?).

Then we conclude that Ty | H 4N (0,1) and thus T LN (0, 1) as well by dominated convergence
theorem.

Analyzing T»:  Since X3 ~ N(0, (3" £3)1,) under the Gaussian setting, it follows that

B'X'Xp a (X
Y il Y (TR
nBTEB n
Together with observations (i) = o(y/n) and (ii) v/n(x2 /n—1) = Op(1), we conclude T — 17 4 0.

Analyzing 75: To show T3 4 0, it suffices to prove 3" X "2 = op(y/n). By the indepen-
dence between X and z, we have E [8T X Tz] =0and Var(8' X "2) =E [3' X T22" X 3] =
E[B"XTXB] =nB"EB = o(n). Therefore 3" X " z = op(/n) holds.

Combining the results, we complete the proof of claim (6).

C.3 Well-definedness of Algorithm 1

In this part, we show that S,;FX T X S, is invertible almost surely.

Since rank(A " A) = rank(A) for any matrix A, we observe rank(S,’ X " X Sy,) = rank(X Sj). For
any realization of X with no all-zero rows, the entries of X Sy are independent Gaussian random
variables and thus X S, has full-rank k. By construction, X does not have all-zero rows almost
surely, and thus rank(S, X T X S;,) = k almost surely.

C.4 Proof of Proposition 1

Rearranging expression (8) in the main text, we have

. o5y _ 4 w(® 1\ (BT=8k\ [ISEI> p
AREA(1 ’\I’”)_<¢p<1p> wr(z%\/ﬁ) ( A7 2p> ( )

where we recall that
A% = BTES,(S, =S,) LS 24.

The first term is exactly what we want; it remains to derive high-probability bounds for the second
and third terms. Define

A2 k 202 2u(=
(st} m om (3 <2)

If we can show P(&1) — 1 and P(&;) — 1 as n — oo, the claim of Proposition 1 follows.

The remaining parts of the proof rely on concentration bounds of Gaussian quadratic forms. See
Lemma 0.2. in [2] for the proof of the following lemma:

Lemma C.2 ([2]). For any symmetric matrix A € RP*P with A = 0, Z ~ N(0,I,x,) and any
t > 0, we have

P (ZTAZ > tr(A) + 2|| Al pVE + 2\|AHt) < exp(—t) and
P (ZTAZ < tr(A) — 2||A||F\/i) < exp(—t).

We also state the useful matrix inequality used in the proof:



Lemma C.3. For a symmetric matrix 3 € RP*P and 32 # 0, we have

() _ (u2(Z2)\"®
|2|F2(tr<24>> |

129 The proof of Lemma C.3 can be found in Section D.1. Using Lemma C.2, we first show P(&;) — 1.
130 By assumption (A), we can write £'/23/||21/23)||5 as Z/|| Z||2, where Z ~ N(0, I,,). Then
A1
B'EB8  |Z]l3 HZ||2
131 where we denote P := X1/28,(S]%8,)"1S] /2. To apply the second statement of

132 Lemma C.2, we first calculate tr(P) and ||P| r. By tr(AB) = tr(BA), it follows that tr(P) =
133 tr((SYESK)71(S) BSk)) = tr(I;) = k. Also notice that P is a projection matrix with rank £,

14 and then | P||p = \/u(PTP) = \/u(P) = Vk. By choosing ¢ = 3=2Y2 we have, for some
135 universal constant C' > 0,

Z'PZ,

ZTEV28,(8) 28, tSI =2z =

P (ZTPZ < \2) < exp(—Ck).

136 By the law of large numbers, || Z||3/p — 1 almost surely as p — oo. Thus P(||Z]|3 > v/2p) — 0
137 By the above reasoning and the following lower bound

P(£)>1-P(|Z3> Vap) + P (zTPz < g) ,

138 we know P(€1) — 1 as k — oo (recall that we assume p > n/2 and k — oo as n — 00).

139 We complete the proof by showing P(£5) — 1. Similar to the proof in the first part, we may write
=82 _ 1
BTEB  ||Z|?

140 Slightly modifying the first statement of Lemma C.2 yields

P(ZTSZ > tr() + 2|2 pv/E1 + 2|2 ats) < P (szz > () + 2| p/min(ty, t2) + 2|2 min(tl,tQ))
< exp(—min(ty,t2)).

b))

141 Choose /11 = 24HE|| and ty = 2Z|§z:|)\2' By |X||lF > ||

142 and Condition (6), we observe 1/t; — oo as p — oco. Then

i (ZTEZ > \/Qtr(z)) ~0, p— oo

VAV A

2, we know +/#; < 5. By Lemma C.3

143 Similar to the first part, we have
P(&) > 1-P(|Z]* > V2p) - P (2722 > Vou(®)).

144 Recall that we have shown P(|| Z||? > v/2p) — 0, and thus it follows that P(£) — 1

145 C.5 Details of Example 1

146 With the recommended choice k = |n/2], expression (9) in the main text becomes
tr(3 1

ARE (\IIZC \I]S) r( )
\/ tr(X2) NG
147 For Example 1, we have

(i)
tr(Z3) >N ... )\2 ()\1 +o ) s > (1 —e)*r?(T) /s,
148 where step (i) follows by Cauchy-Schwarz inequality and step (ii) uses the condition A; + - - - + A4
149 (1 —€) - tr(X). This inequality further implies that

tr(E) 1 < 8v/s
\/W\F (I—evn’

150 With s = \/n, we have (15\6/)5\/5 = n~1/* and then ARE,,(VZC; ¥3) < n=1/4,

Y

ARE,, (VZ¢; w¥) <
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C.6 Proof of Theorem 2

The key of showing the upper bound part in Theorem 2 and Theorem 3 is a high-probability
lower bound of the signal AZ. Recall A? < 3TX3. The Lemma C.4 below shows that, when
(8,%) € D(r) and sketching dimension is O(r), the sketched model can capture most of signals in
the original model.

Lemma C.4. When (8,%) € D(r) andr < k = O(r), we have A} /BT =8 5 1.
We defer the proof of Lemma C.4 to Section C.9. With the conclusion of Lemma C.4, we then

establish Theorem 2 by first proving an information theoretic lower bound and then proving that our
test achieves this lower bound.

C.6.1 Lower bound

We start with the lower bound that is based on standard Le Cam’s framework. Our argument is
particularly similar to that in [3]. Without loss of generality, we assume o2 = 1. First, we define a
new parameter class B,.(7) as

B (1) ={BeR:|B|2>7,6 =0forr+1<i<p}.

By definition of ©,(7), we can easily see that for any 3 € B,(7) and 3y = diag(1,,0,_,), it
follows (3, Xg) € O,.(7). Then the minimax Type II error can be bounded by

inf sup Pgx,(¢=0) <R.(7).
¥ BeEB,(r)

Let 1 be a probability measure on B,.(7). Consider any family of probability measures Pg indexed
by B € B,(7). Denote by IP,, the mixture probability measure

P [  Poutas).

Also let x*(P’, P) = [(dP’/dP)*dP — 1 be the chi-square divergence between two probability
measures P’ < P. Then,

a+R.(r)>inf sup {Po(¢ =1)+Pgx,(¥ =0)}
¥ BeB.(r)

2 1-— XQ(P[MPO)a

in which the infimum is taken over all test functions based on (X, y). To show the lower bound, it

suffices to show that, for 7 = 7(A,n) = A\"/%M , we can find p; such that

(P, Po) <1+ 0a(1), (10)
where 04(1) tends to 0 as A — 0.

Note that when 3 = 35, data matrix X under the null and alternative model only differs in the first
r features. Thus the chi-square divergence is essentially the divergence between two r-dimensional
distributions, which allows us to borrow techniques for linear regression with 3 = I,.. More
specifically, we may apply the results in Section 7.1 of [4] and observe that

X2 (P, Py) < exp(A?) (11)

for some properly chosen p-. See Section 7.1 of [4] or Section 4.4 of [3] for more details.

C.6.2 Upper bound

We now turn to the upper bound. Recall that we always assume 3" 3 = O(1), since the problem is
trivial otherwise. In order to show the upper bound, following the definition (ii), it suffices to show,
if we choose 1/ to be the sketched F-test in Algorithm 1 associated with any fixed sequence of
sketching matrix { Sy} € A, it holds that

T(wsﬁn, En) = OP(l)a when Tn/en — oo and (/6’ 2) S @r(T)'
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For (8, %) € ©,(7), by Chebyshev inequality, we have

Varg s (F*)
Egs [1 -0 =P(F® > qu kni) < B, . (12)
8, [ () } ( k, k) = (QQ,k.,nfk —Esx [FS])2
We claim that the following inequalities hold, and leave their proofs to the end of this section:
C [r?+ A2
Vargs(F%) < PEX L+ N] and (13)
s A2
(Gon—n — Bg s [F7])? > 5, (14)

for any fixed S, € A. Here we define A\ := nA?/v? which satisfies \/r/A = op(1). As a
consequence of expression (13), we have
(r2+X)/n+(r+X)

= Op(l).

This completes the proof.

Proof of inequalities (13) and (14)

We omit the subscript 3 and ¥ of Var and E for short. Recall that we define 3° =
(SfxSk) 18] =B and v? = 02 + 378 — A?. Following the reasoning in the proof of Theo-
rem 1,we have under H1,

(B9)TSI XTXS,3°

FSIX ~ Fjp pr(MX)) where \(X)= .

v
By the moment expressions of a non-central F'-statistic, it can be easily seen that

(n—k)(k+ XX))

k(n—k—-2) 7’

k+AX))2+ (k+2X(X)n—k—2) (n—k\>
(n—Fk—22(n—k—4) ( k ) '

Then we have, with X := E[A(X)] = nAZ?/v? and Var(A(X)) = 2A\?/n,

E[FS|X] =

Var(F9|X) =2

Var(E[F°|X]) < %Var()\(X)),
E[Var(F®|X)] < % @ +(k+X)+ V"ﬁ‘r(i(x))} .

By the law of total variance,
2
Var(F5) = Var(E[F5|X]) + E[Var(F5|X)] < % {(’““) 4 (k+ )\)] ,
n

which proves inequality (13) under the assumption k = r.

To prove inequality (14), notice that

E[FS] = (Z(; £ ;’“_*2?).

In addition, Lemma C.8. of [7] yields

Qa,kn—k = 1+ Zo T 0(k71/2)~

2n
k(n—k)

By the assumption 7,,/€,, — o0, it follows A > +/r. After checking each term in (qo. kn—k —

E[F?])2, we have
2

A
(Q(x,k,n—k - E[FS])2 = p(l + 0(1))a
which verifies inequality (14).
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C.7 Proof of Theorem 3

By Theorem A.1 and Lemma C.4, it suffices to show that when Ai / ,BTZB EN 1, we have

o VnA: |1 —k/n VnBTEB [1—Ek/n\
Yn =P (—za + = k o/ ) - P (—za + 2 2% /n ) — 0. (15)

_ vnB'EB [1-k/n _ B'=B-A;
= o2 2k/n and 7, = BTSh

M 2 0 and 7n > 0, due to the fact that Ai < BTEB. Assume n is large enough, such that
7n < 1/2. By Lipschitz-1 property of ®(-), we have

‘yn| < M- (16)

For ease of notation, let us write a,, . Then we have

On the other hand, we have

0] NN VnBTEB [1—k/n
lyn] < @ (Za o2 2k/n ) e <Za ; o? 2k/n
VnAZ |1 —k/n
=22 (Z“ o2\ 2k/n ) (17)

(ii)

<20(z4 —an/2)

(ii) ]-z —a a — Un 22

2 26Xp{ {za nmgogz an/2) },

where step (i) is due to ®(2)—P(y) < |®(z) — O(y)| = |®(—z) — D(—y)|
(ii) follows from 7,, < 1/2 and step (iii) uses the Gaussian tail bound ®(x)

P(—z)+P(—y), step
2 eXp(—l{wS0}$2/2)

INIA

Combining inequalities (16) and (17), we have

1{zafan/2§0}(za - an/2)2 }}

‘yn| < min {Unan,QGXp{— 9

Givenr,, > 0, we know n,,a,, and 2 exp { —1(_ _q, 2<0} (2a — an/2)?/2} are monotone increasing
and decreasing respectively as functions of a,,. Then we have the upper bound

Ve tma)/2<03 (20 — f(1n)/2)° }

(18)

n| <2
lyn| < eXp{ 5

where f(7,,) is the unique x,, that solves

l{z(y—zn/2§0} (Za — .’L’n/2)2 }
9 .

NnTn = 2eXp {_

We can directly check that f(7,) is a monotone decreasing function of 7,,, and lim f(n,) = +oo.

Nn—07F
Then

{ Liew—r(nn)/2<0} (Za — f(nn)/z)Q} =0.

lim 2exp 5

Nn—0+

By bound (18), it follows that y,, 2 0. This completes the proof of Theorem 3.

C.8 Details of Examples 2

In this section, we provide details of Examples 2 with n = 1/ log p. Note that for the first two cases,
the conditions in Definition B.1 essentially boil down to that in (10) in the main text.

For the a-polynomial decay case, notice that

p p
§ - p—atl E -
/\i =r-¢ s )\l = 1.
i=1

i=r+1
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Then the conditions translate to r ~*+! < 1/log p, or equivalently, there exists 7 < (log p) a1 such
that (3, X) € D(r).

For the y-exponential decay example, first note that A, /A\r+1 = exp((k + 1)7 — k) by definition.
When v > 1, we have A\ /Ap+1 > e > 1+ 1/k; whereas 0 < v < 1, we have

wN

k+1
(k+ 1) — k7 :’y/ 27 e > y(k+ 1) >
k

Thus A\g/Ag+1 > 1+ ~y/k. In either case, we know {\; } decays faster than (y A 1)/k. Then observe

that
p
Z Ai <A Z 771<exp( r7)(log p), ;Ai

1=r+1 1=r+1 =
Thus the conditions translate to exp(—r7)(logp) < 1/logp and rexp(—r7) < 1/logp, or there
exists r < (loglog p)% such that (3,3) € D(r) as stated in Table 1 in the main file.

For the structured coefficient example, we know that

r P P
> Bixlogr, Y Aixlogp—logr, > BIhix1/r, BTEB=L
1=1

1=r+1 1=r+1
Then the first condition of Definition B.1 is now logr(logp — logr)/r + 1/r < 1/logp, or r >
log? plog . Thus we can see that there exists r < (log p)? satisfying both conditions.

C.9 Proof of Lemma C.4

First we introduce some additional notation. In the SVD decomposition 3 = UAU T, write U =

U, U,_,] and A = {AT A }, where U, € RP*" and A, € R™*", Then ¥ = U, AU, +
p—r

U,,_TA,,_TUPT_T =3+ 32,

The intuition comes from low-rank case. If rank(3) = r, using sketching dimension k = r is
enough. To see this, notice that when rank(3) = r, we have rank(XSy) = r almost surely,
i.e., 35} is of full-rank almost surely. Then 3¢ € RP, such that 33 = 3S;&. It follows that
A2 = BTES,(S]=S,) 1S 2S¢ =378

In general case, we may not be able to find & satisfying 33 = 3.5;&, and we seek for some £ to
make the difference between 33 and ¥.5;.£ small. Formally, as long as sketching dimension k& > 7,
for any £ that satisfies

U'B=U, S, (19)
definev = 3, (8 — Si§). Then 38 = 35,£ + v, and
AL = (€TSS +vT)Sk(Si B8k) 1S (BSk€ +v)
>BEB — (B - 51€) Bp—r(B - Sk€)
>BTE6 (8- 5:6) S, (B~ Si€)
for any E _, = Xp,_,, where the first inequality follows by positive semi-definite property of

Sk(S,;rESk) 1S,;r. When k > r, we have rank(U,’ Sy) = 7 almost surely, so such £ exists. To
optimize the results, we seek for a solution of the problem

ming (8 - Sx€) ' B (8- Sk€) st U(B— Si€) =0.
The optimal £* can be obtained by Lagrange multiplier. With Lagrange function
1
LEA) = 5(8— k€)= (8 = Sk€) = ATU (B - $1),
by solving the following two equations
9L N)
oA
we can solve for £€*. The following lemma gives an upper bound on (3 — SkE*)TEZ__,«(ﬁ — SK€*):

=0 and U, (8- Si&) =0, (20)

10
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251

252
253

254

256

257
258

259

261
262

Lemma C.5. Write S, = U, Sy, Sy = U,_,.Sy, B1 = U, B and B> = U, B. With £ in (20),
we have (8 — Sp€*) "2 (B — Sik€*) < Ly + Lo, where

- 1SS A, Sz TAE
—_— o~ ~__ 27
Amin(515]) 1)
Ly = (1+ (8] A, S2)n($15T)) - BT AL, Bo.
Here K(-) represents the condition number of matrix, i.e., K(A) = Amax(A)/Amin(A).
To analyze the terms on the right hand side of (21), we make use of the following lemma.
Lemma C.6. For Ya > 1, if we choose sketching dimension to be ar < k < Cy E%riillkq, then

Zf:r{»l Ai

with probability at least 1 — exp(—car) — exp(—c1 =% -

), we obtain

1. K(Sy Ay_,Ss) < 4;
2 Amax(S3 Ap—pS2) <2377 A
3 Kk(518]) < Oy
4. Amin(S157) > C3 ',
where c1, co, C1, Cy are universal constants only depending on a.

The proof of Lemma C.6 can be found at the end of this section. Now suppose that Lemma C.6 is
given and also assume that ar < k < br with a > 1.

By Lemma C.5, we have

2||§;—A;77‘§2H2

BTEB - A} < == 18113 + 2 (1 + ﬁ(ngA;_r@)ﬁ(glgf)) By AS_,Be.
Amin(slsl )
Here we write & = U] A} U,_,, with A} =diag(\[,,...,\}). Then by Lemma C.7,
when sketching dimension k satisfies ar < k < C} Zfﬂ 41 /\j' / )\TJFH, we have

4C 30 AT _ _

BIZB - AL < — =Bl + 201 +4C) - By AT B
r p P (22)

1 ~ -
<o((2xm) (3 0)+ 3 )
i=1 i=r41 i=r41

with probability at least 1 — exp(—car) — exp(—c1 Y+, .1 A /AF ). Note that the constant C'3
here only depends on a.

Up to now, the derivations do not depend on the form of matrix E;_T.. Now we are ready to choose a

+

particular form of 3 namely we can set

p—r>
E;—Lr = UprTA;,_,TUp_T and A =\ + in\il) forr+1<i<p. 23)
Cip—r
Then direct calculations give
f:rJrl /\?_ _ f:m_l Ai + C%r)\TH ir
A At B0 SO

Plugging the expression of A into (22) and then applying the conditions in Definition B.1 yield the
following result:

11



263
264

266

267

269
270

271

272

273

274

275

276
277

278
279

280
281

282

283

284
285
286
287

289

When sketching dimension k satisfies ar < k < br, we have with probability at least 1 — 2 exp(—c3r)

that )
Ay b
— =o(1).
ﬁTEﬁ_C3<1+Cl>n o(1)

2
Thus we finish the proof with the stronger conclusion gTAiﬁg 51

Now we are only left to prove Lemma C.6.

Proof of Lemma C.6. To establish Lemma C.6, we make use of the result below whose proof is
provided in Section D.1.

Lemma C.7. Suppose A = diag(\1,...,AN) > > 0and S € RV*" is a standard
Gaussian random matrix withn < N. Write A = (A1,...,An). Thenfort < 1,

N
Z A2 < i (AS) < Smax(AS)

4
with probability at least 1 — 9" - 2 exp (— min {% Hihﬁt %
4

Applying Lemma C.7 to A Sg with sketching dimension & and ¢t = 1/3 yields

V4

K(Sy Ap—rS2) <4 and Amax(S3 AppS2) <2 ) N (24)
1=r+1
with probability at least 1 — exp (1119 -k —min { T (%‘ rtl ):\2) V15 E";’Ill A }) Since
i=r+1 71 s
P .
(le 'Tl);z) > Zi v r+12 (94) holds with probability at least 1 — exp ( Z;:%) as long as
k< Oy Zpra
+1

Lemma C.7 can be used to bound all the four quantities in Lemma C.6. To obtain a better control for
k(51 S;'— ) and Apin (S1 Si'— ) in terms of constants, we invoke the following lemma from [6]:

Lemma C.8 (Lemma 4 of [6]). For k < p, let P, € R**? be a random matrix with i.i.d. N'(0,1)
entries. Then

P (Amax(lPJ Py) > (1++k/p+ t)2) < exp(—pt?/2);
P <)\min( P P) <(1—+k/p— t)2) < exp(—pt?/2).

With constant @ > 1 and k£ > ar, we now apply Lemma C.8 to Sy and obtain that with probability at
least 1 — exp(—car),

K(S18]) < Cy and Apin(S15]) > Cy 'k (25)
where co, Cs are universal constants only depending on a. This completes the proof of Lemma C.6.

C.10 Proof of Lemma C.5

Structure of the proof: We prove Lemma C.5 following the Lagrange multiplier procedure discussed
in the main text. We first derive the expression of £* using the Lagrange multiplier; the explicit form
of £* is summarized in (26) and (27). Then we plug &* into (3 — Sk&*) ' X, (8 — Sk€*), and get
its upper bound; see (28). The remaining part of the proof proceeds by bounding the terms in (28)
based on properties of the spectral norm.

Step 1: Finding minimal value of (3 — S;.¢*) "3, _,.(8 — Sp€*).

Recall that we define the Lagrange form

LEN) = (8- S5, (8~ 5,8) - ATU] (8- 516).

12



290 By solving the following two equations

a£(£7A) _ T _
Tg =0 and UT‘ (ﬁ - Skg) = 0,

291 we can obtain the optimal solution £*.

292 First, let us consider the first equation
OL(E,N) —0
o€ '
293 A direct calculation yields
SIE, Sp€—SIZ, .B+S UXN=0.

204 Similar to proof in Section C.3 and by noting that rank(3,_,) = p — r > k, we can show the matrix
205 S} X,_,.S is invertible almost surely. Then the solution can be written explicitly as

€ = (S, 2, k) 1S (2,8 - UN). (26)
206 By writing H = Si (S, 2,_,-S;) 1S, and plugging the above expression to the constraint condition
207 U,T (B — Si€&) = 0, we obtain the following equality:

U'B-U'H(=Z, .B-UX)=0.

208 Before preceding, we first justify that U,” HU, is invertible almost surely. Note that when
299 S,;'—Ep,rsk is invertible, we have wTUTTHUrw = 0 iff S,:Ura: = 0 iff :IZTUTTS]CS;—UT:B = 0.
300 Since SkT U, € RF*" is distributed as an i.i.d Gaussian sketching matrix, we conclude that
so1  tank(U,! S8, U,.) = rank(S; U,.) = r almost surely with & > 7. Now with S,/ 3,,_,.S}, invertible
a2 and rank(U,’ Sy.S, U,.) = r (which happens almost surely), we know that ' U,] HU,z = 0 iff
a3 x = 0, or equivalently, U,” HU, is invertible.

304 Now we can safely write (U,] HU,)~L. In this case,

A= (U HU,) "YU HE, ., - U)g. 27)

T

305 Based on (26) and (27), we have
Sp¢* = H (Z,-.8-U,(U'HU,) (U 'HE,_, —-U,")B)
=H (%,_.-U,(UHU,) 'U, (HE,_, - 1)) 8.

With the above expression at hand, we are ready to control quantity (3 — Si€*) T X,_.(8 — Si&").
For the sake of notational simplicity, let us write

G:=U.UTHU,) U .
sos Then we obtain the following equalities:
Sk€" =H (Zp—, — GHZ,-, — 1)) B;
B—S¢* =1-HG)(I-HX%,_,)B.
307 Putting the pieces together yields
(B—Spt)' 2, (B-Skt)=B"1-%, . H(I-GH)S, ,I- HG)I1- HX, ,)B.

sos  Step 2: Upper bounding the minimal value.

s30s By recalling the notation H = S, (S, ,_,5;) 715, , we know HY,,_,H = H and GHG = G.
sto Then HY, ,(I—- HX,_,) =0, and

(B—- Skt 2, . (B-Spt")=p"01-%, .H)(Z,,-GHE, ,-%, . HG+G)(1-HX, )3
=B'(I-%, H)(Z)— +G)(1-HE,_,)B
=8'%,.8-B'%, HE, ,+B8'1-%, . HGI-HZ,_,)3
<B'E, B+ (U HU,) U, 8- U, HS,,8]5.
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311 By definition of §1 = U,T S} and §2 = UprTSk, We can see §1 and 52 are independent, and their
stz entries are independent standard Gaussian random variables. Additionally denoting 3; := U, 3 and
313 (g 1= UpT_Tﬂ, we can rewrite the above as

(B=Sk€") "By (B=Sk€") < B Ay Bot||(U HU,) ™ [|2]1B1—S51(55 Ap—r82) 'Sy A%an%.
(28)
314 With some algebra (see the details at the end of this section), it can be shown that
181 = S1(S3 Ap—rS2) 7S5 Ay B213 < 201813 + 2/ S1l1301(S3 Ap—rS2) Hlas  (29)
)\max(ggAper;Z)

U'HU,) |, < S
II( )7l N (5157)

(30)

315 Plugging inequalities (29) and (30) into (28) yields
(B~ SkE") T Ep—r (B — Sit")

by (29) ~ ~ -~ ~ -~ ~
< 20U HU) o813 + (1+ 210 HUD)  a1S0315S Ap-r82) 7 z) - B3 Ay o

by 30) ||ST A _T§ - P STA _“’g‘ Ao S, ST _ ~
< ZMH@”% +(1+2 (~2T P ~2) ) (~1~1T) 'ﬁzTAp—rﬂQ
Al'lﬂilfl(‘sll‘sll ) Amin(SQ Ap—rSQ) /\min(SlSl )
_ ||§2TAP—7'§2”2 2 112 oT . 3 oT ST ~
= QWHﬂle + (1 + 26(8y Ap—rS2)r(S515, )) By Ay B2

ste  This completes the proof of Lemma C.5.

317 Proof of (29) and (30). First we show (29). By the triangle inequality, we have
181 — 51(S3 Ap—r2) 755 Ap—rBall3 < 2Bull3 +2]151(S5 Ap—rS2) ™' Sg Ay a3

sts  Note that for A € RP*P and € RP, the multiplicative property of the norm shows | Ax|2 <
319 ||Al|2||z||2. Using this property, it can be seen that

151(S5 Ap—rS2) 155 Ay Bal2 < 15111311055 Ap—rS2) 1S5 A2 |12IAL Ba 2.

p—r p—r

220 By ||[AAT ||z = ||A|2, it follows that

1S5 AprS2) 155 A2 (12 = [1(55 Ap—rS2) 2.

p—r
s2t  Then we have

181 = S1(S5 Ap—rS2) 1S Ay Ball3 < 201813 + 20151 1311(S3 Ap—rS2) 2.
s22 It remains to show (30). By definition, for a symmetric matrix A, we can write A\pin(A) =

323 | rrulin x" Az. Taking Va € R” with |||y = 1, we have
€T 2:1

' U'HU,x =2 U, S,(S} Z,_.S) ' Sj U,z = xT§1(§2TAp_,,§2)_1§1T:B
Z Amin((gg—Apf'r‘gZ)_1)(w—r§1§;rw)

Amin(*glgzr)
Ama,x(g;Ap—rgé) .

Z Amin((Sgr-[xp—r"g\é)_1))\1‘11in(‘§1S;lT) =

324 Then we know

1 < )\max(S’;I—Ap*T§2)
Arrlill(l];l—-[_ll]?“) o )\min(glsqr)

I, HU,) 2 =
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D Auxiliary proofs

D.1 Proof of Lemma C.3

Let us write the singular value decomposition of ¥ as ¥ = UAU " with A = diag(\), A € R?.
Then we have tr(2) = [|A]|1, |Z]|F = [|All2, tr(22) = ||Al|3 and tr(X*) = ||A||1. With the new
notation, the claim of Lemma C.3 is now equivalent to [|A[|Z[|A[l4 > [|A[3.

We prove ||A||2||A]l4 > || A]|3 using the following ingredients:

@ AN = (IX]13;

i) [[ MG > (AL

(i) A1 = [[Al2,
where (i) holds directly from Cauchy-Schwarz inequality; (ii) follows from the equality

1
AN = IMIZIAIE = 3 D oAN i+ )N = X)* =0
i#]

with \; > 0; (iii) follows from the observation that [|A[|Z — [[A|3 = .. Aid; > 0 with A; > 0.

i#]
Then we have

AL
IAISIALE = (

BNE > CINILINIZ) - CINIT) = XS - IS - IA]S = A5
3

Thus we show || A[|Z[|A]l4 > [|A]|3, and Lemma C.3 follows.

D.2 Proof of Lemma C.7

We closely follow the proof of Theorem 5.39 in [8] that uses a covering argument with three steps: 1)
discretization; 2) concentration; 3) union bound. In the discretization step, we discretize the problem
using a net V; in the concentration step, we bound || Az||> for each & € N. Finally, we use the
union bound to establish a concentration bound over € S" L.

Step 1: Discretization. First we invoke Lemma 5.36 in [8]:

Lemma D.1. Consider a matrix B that satisfies
|B"B —1I||; < max(4,6?)

for some § > 0. Then
1- 5 S smin(B) S Smax(B) S 1 + 6

Conversely, if B satisfies 1 — < syin(B) < Smax(B) < 140 for some § > 0, then || BT B—1||5 <
3max(d, 6%).

Write T = ||A]|3 and A = AS. Then the claim is equivalent to

1
HTATA - IH2 < max(t, t?) = t.

We can evaluate the operator norm on a 1/4-net A/ of the unit sphere S”~!: with Lemma 5.4 in [8],
we have

ATA- IH < 2max
2 zEN

1 1
| Hldels - 1.

Note that we can choose N such that |N] < 9™.
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Step 2: Concentration. Fix € S"~!. Denote the i-th row of matrix A and S by A; and S;,
respectively. Then (A;, ) /\; = (S;, &) ~ N(0,1) and the (A;, z)’s are independent to each other.
We can express || Az||3 as a sum of independent random variables

N
|Az]3 =" (A2 ZAQ
=1

where Z; i N(0,1). By Lemma 1 of [5], we have

1 Z]\i A max A2
i |N2||A:c||%1 > 23 VO 2 R | <2,
s A Doica A PIREPY;
. v X1<; A2
When § = min { + H)\HﬁtQ, 3 HH/\HH"‘Z t} we have 2 i\;ll/\?l Ve < it and 2%6 it.

Then we can rewrite the tail bound as

LA s 1 IIALS
P 11>t §2exp<—m1n{ te, te ).
< ) 16 Al "4 A%

1
WIIA:EH% -
=17

Step 3: Union bound. Taking the bound over all vectors in the net A/, we obtain

1 LI, LIS
|Am||21‘2t) §9"~Qexp(m1n{ 4, - te].
T ’ 16 Afl: "4 (%

Thus, by Lemma D.1, we have, for ¢ < 1,

P (max
zeN

D.3 Technical details of Theorem A.1

In this part we check some technical details of Theorem A.1. Recall from the proof of Theorem 1
that the sketched linear model is

where 2z = (x;,3) + 0z — <w1,ﬁ5> and 8% = (9] £S;,)715,] 3. We are essentially testing
whether sketched coefficients 3° are zero or not as

HOS .35 =0 versus H?Y:pB%#0.
In what follows, we verify that the technical conditions of Theorem 2.1 and Corol]ary 2.2'in [7] are
satisfied under assumptions (B1, B2) and the sketched model y; = <ac1, B° > + z . This verification
step directly leads to the desired result in Theorem A.1. See Section 2.1 of [7] for the technical

conditions; specifically, it suffices to verify (Al)(a,b,c,d) and (A2) therein. We write them as
(S-Al)(a,b,c,d) and (S-A2) below.

Verification of (S-A1): By our assumption (B1) with Z; = S T'u;, we can directly see assump-
tions (S-Al)(a,b,c,d) are satisfied.

Verification of (S-A2): It suffices to check the following two conditions:
1=1

E [(E [(zf)ﬂiiDZ] —0(1) and whxE [(5)4@] = op(VE). 31)

16



First claim of (31). To simplify notation, write § := 3 — S 3°. Then we can write

25

i — 0% + 5’332-.
se0  We first derive the expression for E[(z)*|a;]. Notice that E[(2})*|@;] = E[E[(27)*|@;] | @], with

4

E[(25)" |2:] = E [(azi + o)t |m] < Scot +8(8'z:)". (32)

70 The above inequality follows by (z + y)* < 8(z* + y*) as well as assumption (B2). Then we further
371 have

B |(B[() 15)) ] =& | (seot 58 [0 3] )] < 128 (0 48 | (6 [0 ]) ] ).

(33)
a7z To show the first claim in (31), it suffices to show E[(E[(6'x;)*|Z;])?] = O(1). By Var(E[Y|X]) <
a7z Var(Y'), we have

E {(E [CEDE |§D2] —Var (E[(&'@:)" @] ) + (E [E[(0'20)" |@H)2

< Var ((5’@)4) n (]E [(a'mi)‘*])z —E [(5’@)8} .
s7a With 8 = 8 — S;,8°, we also have

8
E [(J’xi)é‘] —E [(;Ei,g —~ 5,8°%) } < ITT(B - SuB%)|3 su EPwl®). (34
v 2:1
375 By definition of 3%, we know | T T (83— Sx3%)|2 = BTEB—- A2 < 3723 = o(1). By (B1)(b), we
a7e  further know supy, 1 (E[v'u,|®) = O(1). Thus we show E[(E[(6";)*|Z;])?] = O(1). Therefore,
377 together with inequality (33), the first claim in (31) follows.

s7s  Second claim of (31). Next we show the second claim in (31). By inequality (32), we have

EIXE [(25)*3:] < 8co* + 8%15{1@ [(0'z:)*|2:]

K2

s79  and it suffices to show that max?_, E [(8'z;)*|@;] = op(Vk). Observe that

) M n (i) supjy =1 (E[v'wil®) iy (k)
= 0 .

€2

P (mng [(8'2i)*E] > e

na < 6—2Var ((5’:102»)4) <nB'Ep =

380 In the above argument, step (i) follows from the union bound and Chebyshev’s inequality; step (ii)
se1  is from (34) and Var ((8'x;)*) < E[(82;)"]; step (iii) uses the local alternative 3 £8 = o(k/n)

sz and assumption (B1)(b). Therefore we can conclude that max?_, E[(8'x;)*|Z;] = op(V/k), which
383 completes the proof.
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