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Supplementary material

The theorems stated in the paper are consequences of Proposition 2, Proposition 4 and Proposition 3.
These results are proved in subsequent sections, which are organized as follows. Section 8 contains
tight risk bounds for general matrices satisfying the transfer principle and the incoherence property.
We then show in Section 9 that the Gaussian design satisfies, with high probability, both the trans-
fer principle and the incoherence property. We complete the paper by showing how Theorem 1,
Theorem 2 and Theorem 3 can be deduced from Proposition 2, Proposition 4 and Proposition 3.

To help the reader to navigate through the proof without losing the thread, the diagram below outlines
the relations between different auxiliary results.

 { 2
P Lemma5 |

Proposition 1

i ¥ N .
| ;L(_lﬂfl‘?ilglg_)) ATP (sub-optimal rate) 5
| P )i Prop3 —— TFoerenr | 5
i |l Lemma 3 — p jiemma 7 Ir y———
p oo | |
O e N . I
: Lemmad4 |!! L(KKT for '@2) ]
- ((Chevetineq 7 oy 2 ¥ |
e Proposition 2
| | I (Iiemm? 6 )I (nearly optimal rate)
: 2 eelin . :
i Gaussian design ; | =P PeE e General design !
________________________________________________________________________________________________________________________
Section 9.1 Section 9.2 Section 9.3 Section 8

Thus, Proposition 1 establishes a risk bound valid under ATPx. This risk bound is sub-optimal
for Gaussian designs, but it is an intermediate step for getting the final risk bound, established in
Proposition 2. The latter follows from the TPy, IPs and an auxiliary result proved in Lemma 3.
The fact that the TP holds true for Gaussian matrices is proved in Proposition 3 as a consequence
of Lemma 3 and one-parameter peeling (Lemma 5). Similarly, the fact that the IP5; holds true
for Gaussian matrices is proved in Proposition 4 as a consequence of Lemma 4 and two-parameter
peeling (Lemma 6).

8 Main technical results for general design matrices

In the sequel, we denote by S*~! the unit sphere in R¥ with respect to the Euclidean norm centered
at the origin. With a slight abuse of notation, R¥ will be identified with R**!. The unit ball with
respect to the £,-norm centered at the origin will be denoted by ]B%];. Given a matrix ¥ € RP*P,
we will use the definition p(X) := max;c[,) y/2;; without further notice. We will use notation
AP =33, A% =6 — 6" and A = [AP; A®] € RPT". We denote by S the support of 3* and
by O that of 8*. We know that Card(S) < s and Card(O) < o. Throughout, we set v = A/, and
define the dimension reduction cone Cs,0(co,7) = {(u,v) € R" X R? : [[upe|1 + v|vse|1 <
co(Jluollr + vl|lvsll1)}, where ¢g > 1 is a constant.

8.1 Augmented transfer principle implies the sub-optimal rate

This section is devoted to the proof of the fact that the estimators ,CA'] and 0 achieve, up to logarithmic
factors, the rates

s 0 s 0
+ — and

[ [— Jr JE—
nx? n Vnx? o \/n

for squared /5 error and /; errors, respectively. This is true under suitable conditions on the design
matrix X. These rates are not optimal, but they will help us to obtain the optimal rates.
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Proposition 1. Let X sarisfy the RE(s, 5) with constant s > 0. Let 1, Ca, c3 and ~y be some positive
real numbers satisfying

s 6.250) 2
8(c2 V yes) ?-&- 2 <cj.

Assume that on some event S, the following conditions are met:
(1) X satisfies the ATPy; (cq;co;5¢3) .
(i) Ay =70 = (¥n)[XTElloc, and Xo > (2/v)|l€]|o-

Then, on the same event €}, we have A € Cs,0(3, As/Ao) and

2
=2 a0+ 14 < T (35 + 625000 ).

cf \ a2
24 [ N2

A|| AP+ Ao A, < C2< %28 + 6.25A30>. (14)
1

Proof. First, we use the KKT conditions to infer that for some vectors u € B?, and v € BY_ such
thatw' @ = ||0]|; and v 3 = || 3|1, we have

[X(n) In]T (y(n) - X(n)B - a) = [)‘sv; )\ou]'

Using the facts that y(™ = X (™ 3* 4+ 0* + £€™ and rearranging the terms, the last display takes the
form

(XM L) XM T]A = [(XM)TEM ¢+ [\ v; \oul.
Multiplying the last display from the left by AT, we arrive at
IXMLJA[S = (A%)T(X™)Te™ + (A% T + A (A%) Tv 4+ A\ (A%) Tu.
The relations ||v]|s < 1andv' 8 = ||y imply that (A®)Tv = (8" —B)Tv = (8*) Tv—||B|; <

18*/l1 = 18]l Similarly, (A®)Tw < ||6*||; — ||8]|1. Combining these bounds with the duality
inequality and the last display, we infer that

XV LIAIR < AP K)TE o + A€
FA 8%~ 1B) + Ao (10~ 1811)
(if) * 3 * a
< (o)A + Co/2) | A+ A (18" 11 = 1B11) + Ao (116712 — [16]]1).
15)
Recall that J = {j : B, # 0} and O = {i : 8] # 0}. We have
1AL+ 208 = 21Blh = 1A2 ] + 21851 — 2(1Bs]x — 2] A%

< APy + 2| A% — 2 AL
=3 A%l — A%

The same type of reasoning leads to || A% ||y + 2/|6%||; — 2[18]x < 3|AL || — ||AL.||;. Combining
these inequalities with (15), we get

XM LA < (+/2) 31 AG I = [ AZ L) + (Ae/2) (B AG I — | A |1).

On the one hand, since the left hand side is non negative, this obviously implies that the vector A
belongs to the dimension reduction cone Cs,0(3, ). On the other hand, using the ATPy;,

al[[B2AP; A%, — col| APl — 5[ AY

< O BIASL — 1A% 1) + Co2 (B AS L — [A%[).  (16)

We split the rest of the proof into two parts: the first corresponds to the case 5||Ag 1 > A2,

1

while the second treats the case 5||A§||1 < | AP, ||;. The main goal of this splitting is to avoid
imposing strong assumption on 3 such as oy,in (X) > 0 and to use the RE condition only.
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ss« Case 1: 5||A§||1 > || A, ||1. This is the simple case, since we know that A lies in the suitable

485 dimension reduction cone for which we can use the RE condition. We first use the already
486 proved fact A € Cg o(3,7) to infer that
6 C2 6
&l A% + e A% < (A\/ v )(A 142 + A | A%)

W[V FRUPWVVA(Y

(v

1/2
a2V )( 20) " (AIAZIE + AgIE)?
1/2
< ( )( ) [[=12af; A%, a7
487 Similarly, the right hand side of (16) can be bounded by the square-root of the expression

)\?S 1/2
3(A:/2)[| A1 +3(2/2)| A ||1<15(%2+)\30> (| A5 + 1Ad]35)"?

)\2 1/2
< 1.5( ) [[=12AP; A%, (8)
22
488 To ease notation, we define A = 4($=\/ ;3)( )1/2,3 = 1.5(% —&—/\30)1/2 and
489 T = H [El/zA[a ; AB] ||2 These notations are valid in thlS proof only. From (16), (17), (18),
490 we get
B
cr<Ar+vVBr — < -—-—
(c1 — A)?
491 provided that A < c¢;. Assuming 24 < ¢y, we get
163
[=12al)3+a%; < :
492 For deriving the bound on the ¢; norms of the errors, we first use the fact that A lies in the
493 dimension reduction cone, followed by the Cauchy-Schwarz inequality, to get

M A+ 00187, < 40 A + x5 )

/\2 1/2
<4( +>\2> =248 A%,

16B [ A2 /2
3 < SS“‘)\EO)

2
c1 P
()\2 )
=2
c? \ s?

aa  Case 2: 5||Ag 1 < |[A2,]1. In this case, we can infer from the already proved fact A € Cs.0(3,7)
495 that

29[| AGIh + | Al

< 3] A% -

496 Hence, we have

APl +e|a’l < (V1) ul A%+ 1a%))
Co
(V5

2/ 32) (ull Al + 201 23]1)

<10(V/ 52 nellAd s

>/

IN
>/
S

< 10(%\/A—O)Aoﬁ||A”||2. (19)
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Similarly, the right hand side of (16) can be bounded by the square-root of the expression
3(A/2)| ALl +3(+/2) | AG 1 < (15/4) X[ AG 11 < (15/4)Aov/0 [A%[5. (20)

To ease notation, we define A’ = 10(2 V $£)\ov/0, B' = (15/4)X;\/0 and o’ =
|[=12A8; A%)
get

| o* These notations are valid in this proof only. From (16), (19), (20), we

B’ 4B’
/ 1! /
ar sAvavBE = ws (cp — A")? = c?

provided that 2A’ < ¢;. Thus, we have proved the inequality

15X0y/0
=2, v A, < 252

which implies that

150,
], + 1A%, < 46]afl, + [a5],) < 10]A], < 10vo[| A, < ==

To complete the proof, it suffices to remark that the upper bounds provided in the statement of the
proposition are larger than the bounds we have just established both in case 1 and in case 2. O

8.2 Augmented transfer principle and incoherence imply the nearly optimal rate
Lemma 1. The following bound holds:
IXC) APJE < (AP)T(XO)TA? 4 AL (X TED oo + A, (214510 — 1A°]1) .

Proof. We note that

—~ 1 12

B e arguin {3 [y - x5 -5 + x.1811 .

8 2 2
The KKT conditions of the above minimization problem imply that, for some v € RP such that
[v[loc <1andv™B = 8],
0= (X"HT (X(”)f’)’ +6-— y(")> + Asv
= (X(n))T (X(TL)AB + A g(n)) + .
Multiplying the above equality from the left by (AB )T we obtain
0 = [IX™AP|3 + (A7) T(XM)TA? — (AP)T(XM)TEM + 2, (B - 8°) "v.

From the above inequality, v' 3 = |31 and the fact that v 8* < [|3*||1 (since ||v]|cc < 1), we
obtain that
IXMAP|S < —(AP) (X)) TA + AP (X)) TE™ oo + A (18”11 = 18Ih)-
One checks that
1871 = 1B < 1AS ] — AL |h = 2l AG]L — A1
Combining this and the previous inequality we get the claim of the lemma. O

Proposition 2. Let X satisfy the RE(s, 5) with constant 3« > 0. Let a1, as, as, by, by, ¢1, ¢o, c3 and
~ be some positive real numbers satisfying

1/2
s 6.250
8(c2 V ves) (}{2+ > ) <a (21)
1/2
6.25
36b2(;+ 720) < (22)

Assume that on some event §Q, the following conditions are met:
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(i) X satisfies the TPy (ag; az).
(ii) X satisfies the IPs; (by;ba; bs) .
(iii) X satisfies the ATPx; (c1;co;¢3) .
(V) As =720 = (/)X oo, and  Xo > (2/v)[|€]|ox-

Then, on the same event ), we have

2 2
aj » vy 6ajs

Proof. Assume that we the event €2 is realized. Condition (21) implies that the claims of Proposition 1
hold true. In particular, the Euclidean norm of the error of estimating 8 can be bounded as follows:

6 [ A2s AW
A, < = | 22 < 2 23
8% < 5 (55 +omad) < g o3

where the last inequality follows from (22). Lemma 1 and item (ii) imply that
IX A < (AP)T (XU T A + | AP (X)) Te™ o + A, (21881 — 1A%]1)

(iv) )\s
< (AP)T(XUNTA 4 22| ay+ A (21a8 - A7)

Lo, [=H2 AP A%z + b || S AP, | Ay + 27, | AL —*IIABIh

+ba[| A7) A% ~ g‘SHAﬁHl
< by||SY2 AP A%z + bs[|[ZV2AP] A + (As/3) (51 AS 1 — AL ]])

where the last line follows from the fact that 2||A%||, — 1/3]| AP, = 1/3( ell1)
and (23). To ease notation, let us use notations A = by||A°||5 + bs B= /\s/3(5||A’g||1 -
HAﬁ clh) Landz = H z1/2AP 5» Which are valid for this proof only. On the one hand, combining
the last inequality and the TPy, we arrive at

(a1 — a2||AP|))2 < Az + B.
This implies that either = < (as/a;)||AP||; or

A2 Aa2

Wt Ia%h

A
(212 = as)| AP, — E) <B+

Therefore, in both cases,

32 IB A 1 A2 A32 ﬁ 2 232 ﬁ A Bl/2
< —=lA — B A A 24
< 2PN+ g+ B+ I} < 22 any, 2 4)
On the other hand, the RE(s, 5) property ylelds
B
5o MIALL _ 5AVEIALle _ SAEr (a9 05
3 3 3 2 631%

Combining (24) and (25), we get

2a A BAsy/s
5 < 22AP+ 4 TR
2 ag 6a?

Replacing A and z by their expressions, we arrive at

by || A°l> + bsl| A1 | 5Asv/5
a? 6a1%

232

\ /\

I\Aﬁl\

= 2a],

IN

232 b1 +b3 )\ \/g
2248 + 2522 a0, + 2
ai ajs

2a b1 +b 5Asv/S
S(Vaf\/l D) Gllal +1a%) + T2

2
a? 6ajs
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Finally, combining inequality (14) from Proposition 1 with the last display we obtain
24N, (2 b b As
|=72a8), < <32\/ Lt 3><+625) A5
cd \va1 a? 6ats

This completes the proof of the proposition. O

9 Properties of Gaussian matrices

The next lemma ensures that the parameters A and ~y satisfy, with high-probability, condition ii) of
Proposition 1 (which is the same as (iv) of Proposition 2).

Lemma 2. Let the rows of Z be iid Gaussian with zero mean and covariance matrix 3 and € ~
N,L(0,021,). Then the following two claims hold true.

(i) Forany § € (0, 1], with probability at least 1 — 6,

o 20 < {14250 ),

(ii) Forany ¢ € (0,1] and n > 2log(3p/d), penalization factors such that

satisfy conditions of item (iv) of Proposition 2 with probability at least 1 — 0.
Proof. Let Z := ZX /2. We also note that
~ 2
1Za sl = 3 [Zin(E)0s]
i€[n]

where 217.(21/2)”—, cee Zny.(Elm).J are iid N'(0, ¥,;). By standard x? concentration inequali-
ties, for all j € [p], with probability at least 1 — 4 /p,

n 1/2 2 IOg(p/§)
120, < w2 |
Item (i) follows from this inequality using the union bound.

We now prove item (ii). Recall that Z and & ~ AN, (0,0°L,) are independent and, therefore, con-
ditionally on Z, (Zs ;) ' & ~ N, (0,0%|Zs ;||3). The well known maximal Gaussian concentration
inequality implies that for all j € [p], with probability at least 1 — §/3p,

(M\T ¢(n) (n)y. [ 210g(3p/d)
(Z0)TEM]| < o2y EE 26)
Similarly, with probability at least 1 — §/3,
n 2log(3n/d
1€ o < 7{;(” /%) 27)

Taking the union bound over the p sets satisfying (26), the set satisfying (27) and the set satisfying
item (i), we prove item (ii). O

9.1 Bounding extrema on compact sets

In what follows, we will use the notion of Gaussian width for measuring the richness of a set of
vectors. For a compact set B C RP, we define the Gaussian width of B by

9(B) ==E[supb €|, &P N(0,1).
beB
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In view of (Boucheron et al., 2013, Theorem 2.5), for every symmetric p X p matrix A, E [||A€]|»] <
{max; ey (A2);§2}\/2 log p. This implies that

G (ABY) = E[| A€||o0] < p(A?) \/2logp. (28)

The above inequality is tight for orthogonal matrices A, but it might be sub-optimal, up to a log
factor, especially for poorly conditioned matrices A.

Lemma 3. Let Z be an x p matrix with iid N'(0, 1) entries. For alln > 1, t > 0 and any compact
set B C SP~L, with probability at least 1 — exp(—t2/2),

n
inf ||Zb||, > —— —¥9(B) —t.

g l12ell, = 7= 9

As a consequence, for all n > 1 and 6 € (0, 1], with with probability at least 1 — 0, the following
inequality holds:

1 2log(1/0) 9 (B)

i (n) = _
S

Proof. The norm of Zb can be written as

|Zb||y = sup v Zb.

veBy
We define the centered Gaussian process Zp ,, = —v"Zb=— Z?zl Z,;bv;. It satisfies
E[(Zbo — Zo )] = llbv" =¥/ (v') "7
We are interested in upper bounding the quantity inf,, sup,, Zp .. To this end, we define the process
W = trace[v' £] + trace[b' €],

where £ € R™ and £ € RP are two independent vectors with iid A(0, 1) entries. One checks that

E[(Zo — Z0r)°] = E[(Woo = Weror)’] = o —b'(0)T|[F — [lv = o'|[F = [[b = ¥/ %

=-21-v"v)1-b"¥)<0.

Using Gordon’s inequality, we get
n

\/n—&—l'

To complete the proof of the first statement, it suffices to note that the mapping Z — infpcp || Zb||,
is Lipschitz with constant 1, and to apply the Gaussian concentration inequality (Boucheron et al.,
2013, Theorem 5.6). Scaling the obtained bound by 1/+/n, the proof of the inequality in the second

statement is immediate after we use the simple bound (7/n+1)'/2 > 1 — 1/2n. O

Efinfsup Z.0] < Elinf sup Wyo] = 9(B) — E[|€]l2] < 9(B) -
v b v b

Lemma 4. Let Z be a n X p matrix with iid N'(0,1) entries. Let V be any compact subset of
SP=1 x S"~! and define Vi = {v : Ju s.t. (v,u) € V}and Vo = {u: Jv s.t. (v,u) € V}. Then
foranyn > 1andt > 0, with probability at least 1 — exp(—t2/2), we have

sup u'Zv < G (V1) + 4 (V) +t.
[v;uleV

Proof. For each (v, u) € V, we define
T :=u' Z, Wo o i= v E+u'E,

where & and & are two independent standard Gaussian vectors. Therefore, (v, u) + Zyu and
(v, u) — W, ,, define centered continuous Gaussian processes W and Z indexed by V.

To compute the variance of the increments of . We remark that

ngu - Zv’7u’ = trace[Z(vuT - v/(u/)T>] ~ N(07 ||U'U’T - 'U/(u/—r>||%‘)'
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Hence,
E[(Zou — Zv’,u’)Q] =Jou’ =o' (@) |7 = (v —v)u" +0' (u—u)" ||}
<o —o'[3 + [lu— /|3, (29)

using Cauchy-Schwarz’s inequality and the facts that v, v’ € SP~! and u, v’ € S*~!. On the other
hand, the definition of the process Z yields

E[(Wo,u = Worw)?] = [lo — '3 + [lu —o'[[3. (30)
From (29),(30), we conclude that the centered Gaussian processes W and Z satisfy the conditions

of Gordon’s inequality. Hence, using the notation V; = {v : Jus.t. (v,u) € V} and Vo = {u :
Jou st (v,u) € V}, we get

]E{ sup Z,,,u} < ]E{ sup W,,,u} < E{ sup ’UTS:| + E[ sup uTé} =9(WV1)+9 (V).
[v;uleV [v;uleV veVL ueVa

Moreover, Z — SUD[y.0)cv; x Vs, u' Zv is Lipschitz continuous with constant 1, so the Gaussian
concentration inequality holds (Boucheron et al., 2013, Theorem 5.6). This and the previous inequality
bounding the mean complete the proof. O

9.2 Removing compactness constraints: peeling techniques

Lemma 5 (Single-parameter peeling). Let g : Ry — R, be a right-continuous non-decreasing
function and h : V. — R.. Assume that for some constants b € Ry and ¢ > 1, for every r > 0 and
forany § € (0,1/(7V c)), we have

A(r,d) = { inf  M(v) > —g(r)— b\/log(l/é)},

veV:h(v)<r

with probability at least 1 — cd. Then, with probability at least 1 — ¢, we have
Yo eV M(v)>—1.2(goh)(v) — (3+ +/log(9/0))b.

Proof. Throughout the proof, without loss of generality, we assume b = 1. Let 1,¢ > 1 be two
parameters to be chosen later on. We set® 19 = 0, p, = un* Y, vp = g (up) and Vi, = {v € V
pr < (g o h)(v) < pg41}, for k > 1. The union bound and the fact that Y, k=7 ¢ < 1+e!
imply that the event -

A= ﬂ A(vg, €6/((1 + )k )
k=1
has a probability at least 1 — cd. We assume in the sequel that this event is realized, that is

Yo € V such that h(v) < vy, we have
M(v) > —g(vi) — \/log{(1 + €)/(e6)} + (1 + €) log k,
For every v € V, there is £ € N such that v € V. If £ > 1, then h(v) < vp41 and (31) implies that

M(v) > —g(ver1) — V1og{(1+¢)/(e0)} + (1 + €) log(¢ + 1)
= —pes1 — V9og{(1 +€)/(€0)} + (1 +¢) log(¢ + 1)
= —npe — /log{(1+ €)/(e6)} + (1 + €)log(¢ + 1)
> —n*(goh)(v) + (n—Vun" — /log{(1+¢)/(ed)} + (1 + €)log(+1).  (32)
If ¢ = 0, then (31) with £ = 1 leads to
M(v) > —g(v1) — /og{(1 + €)/(ed)}
= —g(g~" (1)) — Vlog{(1 + €)/(ed)}
= —p— /log{(1 + €)/(d)}. (33)

Here g~ ! is the generalized inverse defined by g~ *(z) = inf{a € Ry : g(a) > x}.

€2y

Vk € N* {
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From (32) one can infer that, for ¢ > 1,

M(w) > —1P (g o h)(w) — v/log{(1 + )/ (3]}
. nZ(m 1y o YT F AN F 59 g ¥1) - Ve[ + 9]

We choose 1 so that the last term vanishes, that is

(n— 1)y \/10g{ (1+6€)/(ed)} + (1+¢€)log(z + 1) — y/log{(1 (e6)}
z>1 77z
- (1+ )= log(z + 1) |
2>1 /log{(1 +€)/(6)} + (1 + €)log(z + 1) + /log{(1 + €)/(ed)}
To compute the last expression, we choose 772 = 1.2 and € = 1/8. This yields
sup (9/8)(1.2)7*/2log(z + 1)
2>1 1/log(9/9) + (9/8) log(z + 1) + /log(9/0)
< (71— 1) sup (9/8)(1.2)*/%log(z + 1) <3
2>1 /1og 36 + (9/8) log(z + 1) + /Iog 36
Combining with (33), this yields
M(v) > i1 —1.2(g o h)(v) — v/10g(9/5)
> —1.2(goh)(v) — (3 + \/log(9/5)).

This completes the proof. O

p=m-17"

Lemma 6 (Bi-parameter peeling). Let g, g be right-continuous, non-decreasing functions from R,
to Ry and h, h be functions from V' to R... Assume that for some constants b € Ry and c > 1, for
every r,7 > 0 and for any § € (0,1/(cV 7)), we have

A(r,7,8) = inf M(v) > 3(7) — by/log(1/9)
(TT ) {‘UEV!(}L,}_LI)l(‘U)S(T,I) (v> g g Og / }

with probability at least 1 — c¢d. Then, with probability at least 1 — ¢, we have
Yo eV M(v)>—12(goh)(v) —1.2(go h)(v) — b(4 8 4+ /log(81/9) )

Proof. We will repeat the same steps as for the one-parameter peeling. W.lo.g. we assume b = 1. We
choose 11 > 0,7 > 1 and € > 0. Define ¢ o = 0, ,qu = pun* Y v, = g k), v = g (k) and

Vir={veV:u <(goh)(v) < prs1, pgp < (goh)(v) < pig41}. The union bound implies

that the event
pay €25
A= ﬂ Al v, g, TRIECYER AV
I (78 )

has a probability at least 1 — ¢6. To ease notation, set §. = €25/(1 + €)2. We assume in the sequel
that the event A is realized, that is

Vk,k € N*, Vv € V such that (h, h)(v) < (vk, 75) we have

M(v) > —g(n) — (75) — \/log(1/6.) + (1 + €) log(kF). (34)

For every v € V, there is a pair ( , ) € N2 such that v € V,. If ¢ A€ > 1, then (h, h)(v) <
(Veg1, Pgy1), and (34) implies that

M(v) > —g(vir1) — 3(771) — \/log(1/60) + (1 + ) log(£ + 1)(£ + 1)
— a1 — Hzpr — \108(1/5) + (L+ ) log(¢ + 1) (T + 1)

= —ne — Ny — \/log(l/5€) + (1 +¢€)log(f 4+ 1)(£ +1).

SHere g~" is the generalized inverse given by g~ ' (z) = inf{a € R} : g(a) > z}.
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From this inequality, we infer that
M(v) = =n*[(g o h)(v) + (g o h)(v)]
+n(n — 1) (ke + ng) — \/10g (1/6) + (1 + ) log(¢ + 1)(€ + 1)
= —772(9 o h)(v) = n*(g o h)(v) — y/log(1/)
+ {0 = D’ + 1) + loa(1/5.) — \/loa(1/6.) + (1 + ) loa(t + 1)(7 + 1)}
We choose ( so that the expression inside the braces is nonnegative, that is

(1) = sup V1og(1/5¢) + (1 +€)log(1 + 2) + (1 + €) log(1 + 2) — /log( 1/5
2,221 Ui

Setting € = 1/8, n? = 1.2 and using that § < 1/7, we get that . < 1/567 and hence

/102567 + (9/8) log(1 + 2) + (9/8) log(1 + 2) — v/Iog 567
2,251 1.92/2 4+ 1.9%/2

p<(n-17" <24

Combining with the case £ A £ = 1, this yields
M(v) > —2u — 1.2(g o h)(v) — 1.2(g o h)(v) — v/log(81/6)
> —1.2(go h)(v) — 1.2(g o h)(v) — 4.8 — /log(81/6).
This completes the proof. O

9.3 Structural properties of Gaussian designs

Proposition 3. Let Z be a n x p matrix with iid N,(0, X) columns. For alln > 100 and § € (0,1/7],
with probability at least 1 — 6, the following inequality holds: for all v € RP,

4.3+ +/210g(9/6 1.29(='/2BP
2], > (1 2EENEIEON0 ey, L2 TR
2 Vn vn
Remark 1. The above result is similar to (Raskutti et al., 2010, Theorem 1), but it has three
advantages. First, the influence of the failure probability J on the constants is made explicit. Second,

the factor p(X) appearing in the last term is replaced by the smaller quantity ¢4 (21/ *BP). Third, we
improved the constants.

(35)

Proposition 3 is a useful technical tool that allows one to transfer the restricted eigenvalue property
from the population covariance matrix to the empirical one. Following Oliveira (2013) we refer to
(35) as the transfer principle.

Proof of Proposition 3. Let r > 0. We define define the sets
Va(r) = {v e R : |20y = 1, o < 7},
and B := {20 : v € V(r)}. Note that, if € ~ N, (0,1,),

4(B) < E[ sup gTzl/%] < rg(SV/2BY). (36)

verBy
Let Zbean x p matrix with iid A(0, 1) entries such that Z = ARIES Clearly,

inf ||Z(")'v||2 = inf ||Z(" bH
veEVR(r) beB

The above equality, (36) and Lemma 4 (noting that B C SP~1!) entails that, for all » > 0 and
d € (0, 1], with probability at least 1 — 4, the following inequality holds:

1 [2log(1/6) _%(21/218%’{)T

inf ||Z(")v||2 >1-— o . T

veVx(r)
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We will now use the above property and Lemma 5 with constraint set V := {v € R? : | Z!/2y||, =

1},
M) = [|Z"]), — 1+ —,

2n
1/2
g(%nmf)r’ and constants ¢ := 1 and b := /2/n. Lemma 5

implies that with probability at least 1 — 4, for all v such that | £/?v]|, = 1, we have

3v2 + /210g(9/6)
e :

functions h(v) := [|v||1, g(r) :=

9('/°BY)
2 o)y -
NG

Replacing v by u/||X1/2u)|2, for an arbitrary u € RP, we get

1/2
Hz(n)qu > (1 — % _ 3V2 + \/27710,%(9/5)) H21/2u” _ 1'2%(2;}11811)) l|lwll.

To complete the proof, it suffices to note that (1/2,/n) + 3v/2 < 4.3 for n > 100. O

N 1
M(v) = ||Z™v||, -1+ 5 2 12

Proposition 4. Let Z € R"*? be a random matrix with i.i.d. N),(0,X) rows. For all § € (0,1] and
n € N, with probability at least 1 — 6, the following property holds: for all [v;u] € RPT™,

2
\Jz“%\ < ||21/%|;2|u|2\/; (4.8+ \/log(81/6))
@ (o 2By G (||ul| 1B} N [|ulBy
+1.2||v||1”u”2 ( 1) (H Hl 1 H H2 2).
vn Vn
Remark 2. If, instead of Proposition 4, well-known upper bounds on the maximal singular value of

a Gaussian matrix, we get a sub-optimal result. Indeed, upper tail bounds on largest singular value
imply that, with high-probability, for all v and wu,

+1.2||5%0]|,

[w200| < 520 ulls | 20T 5 ||21/%||2||u||2ﬂ.

In case v and w are sparse, the previous lemma establishes a much sharp upper bound with respect to
dimension. One may see Proposition 4 also as generalized control on the “incoherence” between the
column-space of Z(™) and the identity I,,. This is particularly useful when the vectors are sparse as
in our setting. Alongside Proposition 3, Proposition 4 is at the core of our methodology to obtain
improved near-optimal rates for corrupted sparse linear regression.

Proof. Letry,r5 > 0 and define the sets

Vai(ri) = {v e R |2 20p = 1, ol < m1},
Vo(ra) i= {u € R™ : flufls = 1, [[ufy < ra}.

We also define the set By := {21/20 :v € Vx 1(r1)}. By similar arguments used to establish (36),
we have the following Gaussian width bounds:

G(By) < 9(S'BY), G(Va(r2)) < oY (BY NB/ra). (37)
Let Z be an x p matrix with iid A'(0, 1) entries such that Z = ZX'/2. Clearly,

sup luT ZMo| = sup luTZMy'|.
[v;ul€eVs 1 (r1) X Va(rsa) [v";uleBy x Va(ra)

The above equality, (37) and Lemma 4 (noting that B; C SP~! and V5 (r2) C S"~1) entail that, for
any 71,72 > 0 and § € (0, 1], with probability at least 1 — ¢, the following inequality holds:

»1/2pp B" N BY 21og(1/6
sup |uTZ(")v\ < 9( 1)r1+g( 1N 2/7"2)r2Jr og(1/ )
[0iu] €V, 1 (r1) X Va (r2) Vn Vn n
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We use the above property and Lemma 6 with constraint sets V; := {v € R? : | £¥/2v||, = 1} and
Vo := {u € R" : ||v||s = 1}, functions M (u) := |u' Z(™v| and
9(='/°BY ¢(By N By /r
( 1) . §<T,2) — ( 1 2/ 2) T,
Vn Vvn

and constants ¢ := 1 and b := /2/n. The desired inequality follows from Lemma 6 combined with
the fact that

h(v) =l h(w) = lull,  g(r) =

v u

mQ m € Vs 1(r1) x Va(ra),

for all [v; u] € R? x R™ and the homogeneity of norms. O

Lemma 7 (TPx +1IPx = ATPx). Let Z € R"*P be a matrix satisfying TPs(ay;a2) and
IPx:(b1; bo; bs) for some positive numbers aq, as, b1, be and bs. Then, for any o > 0, Z sat-
isfies the ATPx(c1; co; ¢3) with constants ¢ = \/a3 — by — a2, ¢ = as + ba/a and c3 = b/
Taking oo = a1 /2, we obtain that ATPx(c1; co; c3) holds with constants ¢c; = \/(3/4)af —b; — a2,
Co = ag + 2b2/31 and C3 = 2b3/31.

Proof. Simple algebra and the TP property entail
1/2 1/2
{1520l + 1w} = {3120l + adull3 - (b1 + a®)(IZ20)3 + Jul})}
= . 2 1/2
{(1Z"901l> + 3 [vll2)” + a3 ull3 — (b1 + a®) (1= 20]13 + ul3)}

1/2
< {IZ03 + flul = (b + @) (=203 + ul) ) + 2ol
By Young’s inequality and IP, we get
1203+ Jful3 = 1200 + ull§ - 2u72v

IP
<NZ 0 + wlf3 + 261|220, ulls + 2ba[vs[[ulls + 2bs|| 50|, |lul

Youn " b2
200wl + (b1 +0?) (Y203 + ul) + 2ol + 2l

To get the claimed result, it suffices to put the previous two inequalities together and to rearrange the
terms. O

Proposition 3, Proposition 4 and Lemma 7 entail immediately that the ATPyx holds with high-

probability.

Corollary 1 (ATPy property for correlated Gaussian designs). Let Z € R™*P be a random matrix
with iid N, (0, 2) rows. Suppose ¢ € (0,1/7], n > 100 and o > 0 are such that

Cog e (1 43+ \/j%og(wé)) _ \/3(4.8 + y/10g(81/8)) — a* > 0.

Then, with probability at least 1 — 26, the following property holds: for all [v;u] € RPT™,

1/2 n n
1Z™ v + ulls >CI/QH[EW”'U]H C1of14 L) YETEY ol — 12g(||u|| B 0 [lul2B3)
= ~n,d 3 5 o \/» \/fﬁ

Remark 3. The particular choice o« = 1/2, in conjunction with the bound (28) on the Gaussian
width, leads to the simpler bound

1/2 H (=124 H 3.6¢ EI/QBP)

2logn

1200 + w2 > [vlly —2.4 el

with

Ty

o3 1T549.6\/2108(2/5)
n,g — &
o
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Remark 4. If the goal was to fight against logarithmic factors, we could use a tighter bound on
the Gaussian width of a convex polytope (Bellec, 2017, Prop. 1). It allows us to replace the term

V2logn ||lull; by 41/1 V log(8en|wl?/||w[?) [|u/1. On the one hand, if ||u||? > (o/e)||u|3, then

ay/1 v tog(8enllul3/llwl?) l[ull < 4y/TVIogBen /o) |lull. (38)

On the other hand, if ||ul|? < o |3, then we can use the fact that the function z

xy/1Vlog(e/x?) =: p(x) is increasing, we get

44/1V log(8enl|u||2/||wl|?) ||[u]|; = 4V8en ||u el
V1V log(Senlul3/[[ul?) [ul, Jeullago muun)
< 4v/Ben ||ullap(/o/8en)

= 4y/eo||ul|2y/1 + log(8n/o). (39)

Combining (38) and (39), we get
G (lulliBy N [[ull2Bs) < 4([uli + Vollull2)v/2 +log(8n/o).

If the proportion o/n is fixed, or tends to zero at a rate slower than polynomial in n, this latter bound
can be used to remove logarithmic terms.

10 Propositions imply theorems

The three theorems stated in the main body of the paper are simple consequences of the propositions
established in this supplementary material. The aim of this section is to quickly show how the
theorems can be derived from the corresponding propositions.

Proof of Theorem 1 Theorem 1 is essentially a simplified version of Proposition 2. First, note that
condition on A in Theorem 1, combined with the well-known upper bounds on the tails of maxima
of Gaussian random variables (Boucheron et al., 2013), implies that A satisfies condition (iv) of
Proposition 2. Furthermore, under the conditions of the theorem, conditions (i)-(iii) of Proposition 2,
as well as (21) and (22), are satisfied with vy = 1, a; = ¢; < 1, a3 = ¢ and b; = 0. Replacing all
these values in the inequality of Proposition 2, we get the claim of Theorem 1.

Proof of Theorem 2 From Proposition 3 and the fact that %(X/?B?) < \/21og p, we infer that
the TPy is satisfied with appropriate constants a;, a5 with probability at least 1 — §. Similarly,
Proposition 4 and the aforementioned bound on the Gaussian width imply that the IPy; is satisfied
with appropriate constants with probability at least 1 — J. In the intersection of these two events,
according to Remark 3, ATPy is satisfied with c1, co and c3 as in the claim of Theorem 2.

Proof of Theorem 3 Under the condition § > 2e~9%" we check that a; and c; are constants.
Therefore, combining the claims of Theorem 1, Theorem 2 and Lemma 2, we get the claim of
Theorem 3.
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