A Brownian Motion Simulation

In this section, we introduce how W, W5 and W3 can be sampled. Let {Bt}t lo,h) be the standard

d-dimensional Brownian motion on ¢ € [0, h]. In Algorithm 1, W; = Oah (1 - 6*2("’1*5)) dB,,

Wo = [ (1— e 20=)) dB, and Wy = [ e2=2) dB,. We define G; = [ ¢** dB,, Go =

[ €2 dB,, Hy = ["dB, and Hy = [" dB,. Then, W, = Hy — e"2*"Gy, Wy = (H; +
Hy) — e~ 2" (G + G3) and W3 = e~ 2"(G} + G5). It is sufficient to sample H;, Ho, G; and Gs.
We can show that (G, Hy) is independent of (Gs, Hs), and (G4, Hy) and (G5, Hs) both follow a

2d-dimensional Gaussian distribution, which can be easily sampled.

Lemma 5. Define G = Oah e**dB,, Gy = fo};h e* dB,, H, = Oah dB, and Hy = foilh dBs;.
Then, (G1, Hy) is independent of (Go, Hs) . Moreover, (G1, Hy) and (G2, Hs) both follow a 2d-
dimensional Gaussian distribution with mean zero. Conditional on the choice of «, their covariance
is given by

E [(G1 ~EGy) (H — EHl)T: - % (e22h —1) . I,
E[(G1~EG)) (G~ EG)T] = i (¢hh — 1)1,
E [(H1 —EH,) (H; — EHl)T} = ah- 1y

E [(G2 —EG,) (Hs — EHQ)T: - % (e2h — e2ehy . 1,
E [(G> ~EG») (G2 ~EG)T| = % (M — eoh . 1,
E [(H2 “EH,) (Hy —EHy)"| = (h—ah)- I,

Proof. By the definition of the standard Brownian motion, (G, H;) is independent of (G, Hs)
and (G, Hy) and (G2, Hz) both have mean zero. Moreover,

ah ah T ah
E [(G1 ~EGy) (H, — EHl)T] —E </ e st> </ dBS> =/ e*ds - Iy
0 0 0

(62(1}1, _ 1) X Id7

1
2
ah ah T ah
E [(G1 ~EGY) (Gh — ]EGl)T] ~E (/ e2s dBS> (/ e st> :/ et ds - Iy
0 0 0

(€4ah _ 1) . Id7

| =

and

E [(H1 —EH,) (H; — EHl)T} — ah-I,

Similarly,

h h T h
E [(G2 —EG,) (H, —JEHQ)T] —E (/ 28 st> (/ st> =/ e ds - Iy
ah ah ah

— % (62h _ erch) . Id,

h h T h
E (GI—EGl)(Gl—EGl)T} =E </ 628d35> </ e2SdBS> =/ e**ds - I,
ah ah ah
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(€4h o e4ah) . Id;

A~ =

and

E|[(H, — EHy) (Hs — EHQ)T] = (h—ah)- I,

B Properties of the ULD and the Brownian motion

Here, we prove some properties of the ULD and the Brownian motion. These properties are used in
Appendices C, D, E and F to prove the guarantee of our algorithm.

B.1 Properties of the ULD
Lemma 6. Let {x(t)},c(y 5 and {v(t)},c( n) be the solution to the underdamped Langevin diffu-
sion (3) ont € [0, h). Assume that h < 55 and u = +. We have the following bounds.

E swp [lo®]* < O ([w(O) +u2h? [V (@(0) +udh),
te[0,h]

E swp ViAW) < 0 (IV/ @)+ L2 [o(0)|* + Ldh?)
te(0,h]

IN

E sup [|z(0) — z(t)|?

O (12 [0(0)* +u2h* |V £(w(0))|* + udh®)
te[0,h]

and

1
—E . f 2 < - 2 212 2
nf ()] S IO +0 (u2h? [V £ @(0)]* + udh)

1 )
“E inf V@) < 3 IVF@O)* +0 (WL o) + Lan®).

Proof. We first show the first three bounds. We can write E sup, (o 5 |V f(2(t)) | as

E sup |[Vf(z(t))]>

te[0,h]
< 2|V A(z(0)] +2E sup ||V f(2(0)) — Vf(z(®)]
t€[0,h]
< V(0|2 +2L°E sup [|#(0) — x(1)|?, 6)
te[0,h]

where the first step follows by Young’s inequality and the second step follows by V f is L-Lipschitz.
2
To bound E sup,¢(g 5 |z(0) — z()]",
t
/ v(s)ds

0

t
E sup ¢ [ [jv(s)|?ds
te(0,h] 0

R’E sup |v(t)]?, (7)
te[0,h]

2
E sup Hx(O)—m(t)||2 E sup
te[0,h] te[0,h]

IN

IN

where the first step follows by the definition of x and the second follows by the Cauchy-Schwarz
inequality. To bound E sup;¢(g ) [[v(?) 12,
2

¢ t
v(0)e 2 — u/ e 2=V f(x(s)) ds + 2\/1;/ e 20=9) 4B,
0 0

E sup [[v(t)|> = E sup
te[0,h] te[0,h]
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2

t

< 3|v(0 )|| + 3u’h*E sup |Vf(z ())||2+12uIEI sup / e 2(t=9) 4B,
te[0,h] tefo,h] |1J0

<

3[0(0)||* + 3uh’E sup ||V f(z(t)]]* + 60udh, 8)
te(0,h]

where the first step follows by the definition of ULD, the second step follows by the inequality
(a+b+c)? < 3a® + 3b% + 3¢? and the third step follows by Lemma 8. Then, combining (6), (7)
and (8), we have

E sup V()] <2|Vf(@(0)|* +2L°E sup [2(0) - =(t)|*
te[0,h] t€[0,h]

< 2|V f(2(0)|* + 2L*h°E sup |v(t)|®
te[0,h]
< 2|Vf(@(0)|* + 6h*E sup ||[Vf(z(t))||? + 6L*h? ||v(0)]|* + 120LdR>.
t€[0,h]
Since 6h* < 1,

E sup [|Vf(z(t)|?

te[0,h]

3|V £ (z(0)||* 4 8L2A? ||v(0)||* + 160Ldh*

IN

IA

O (IVF @O + L20? [v(0)]° + Ldn®) . ©)
By (8) and (9),

E sup [|o(t)| 3[0(0)||* + 3u*h°E sup ||V f(x(1))]* + 60udh
te[0,h] t€[0,h]

3[w(0)]|* + 3uh?- O (||Vf(x(0))||2 + L2R? |w(0)|* + thS) + 60udh

O (0O +u?h? |V f@(O))|I* + udh) .
where the last step follows by h is small.
By (7) and (9),

E sup [#(0) — ()| < K°E sup [[v(t)]?
te[0,h] te[0,h]

O (12 0(0)|* + u?h* [V f(@(0)| + udh®) . (10)

IA

IN

IN

IA

To prove the fourth claim,

f
nf, [lo(t)|
t t 2
= inf |[v(0)e™? —u/ e 2=V f(x(s)) ds—|—2\/ﬂ/ e 279 4B,
tE[O,h] 0 0
t
> inf e ¥ |v(0)]]* — 2¢20(0)T <u/ 6_2(t_s)Vf(x(s))ds)
te[0,h] 0
+2e” % (2{/ 2e—s) dB)
1 ¢ 2
> inf e ||lu(0)|” — 5e—4t [0(0)]1? —4Hu/ e 2=V f(2(s)) ds
€[0,h] 0
t 2
4”2@ / e 2(t=9) 4B,
0
1 ¢ ?
>t S =4R) o) ~ 462K sup [V f(a(s)] - 160 / 219 4,
€lo,h] | 2 s€[0,t] 0
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2

—_

> S (1—4h) [o(0)* — 4u*h? sup ||V f(x(t))]* — 16u sup
te[0,h] t€[0,h]

)

i
/ e—2(t—s) dB,
0

where the first step follows by the definition of v , the second step follows by the inequality (a +
b+c)? > a® + 2a(b + c), the third step follows by the inequality 2ab < a? + b? , the fourth step
follows by e~4 > 1 — 4t, and the last step follows by A is small.

Then, by (9) and Lemma 8,

DN

—E inf [jo(t)|?

1
ato =5 [0 +0 (w2 [V f@(O)|* + udh)

To show the lower bound on Einf;c(o n1 |V f(2(2)) ||, notice that

E i[nfmI\Vf(ﬂv(t))ll2 > %IIW(JS(O))IF—IE sup ||V f(2(t)) = Vf(2(0))]
telo, t€[0,h)

> %IIVf(ﬂc(O))II2 — L’E sup [lz(t) — x(0)].
te[0,h]

Then, by(10) and h < 55,

“E inf V()] < —% IV £@O)I* + 0 (h2L2 [0(0)]* + Ldn®).

B.2 Properties of the Brownian Motion

Lemma 7 (Doob’s maximal inequality [16]). Suppose {X (t) : t > 0} is a continuous martingale.
Then, for anyt > 0,

E[sup |X<s>|2] < E[xoPF].

0<s<t

Using the Doob’s maximal inequality, we can show the following lemma.

Lemma 8. For d-dimensional Brownian motion By ont € [0, h], assuming h < 15,

t
/ e 2t=%) 4B,
0

2

sup < bdh.

E [ sup ||B(t)||2} < 4dh, and E
0<t<h

0<t<h

Proof. To show the first inequality,

N

E{Sup ||B(t)||2} < iE{sup Bz-(t)IQ]

0<t<h 0<t<h

< 4dE [|Bi(h)]
= 4dh,
where the second step follows by Lemma 7. To show the second inequality,
t 2 t 2
E[sup /efz(tfs)st < E| sup e ¥ /ezsdBS
o<t<h ||Jo 0<t<h 0
t 2
< E| sup / e%*dB,
o<t<h ||Jo
d t 2
< E | sup / e2*dB, ;
; o<t<h |Jo ’
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d h

< 4) E / ¢**dBs ;
i=1 0
d h

= 42/ etsds
i=170

< bdh,

where the second step follows by e~%* < 1, the fourth step follows by Lemma 7 and the last
inequality follows by foh e*ds < %h for h < %. ]

C Discretization Error of Algorithm 1

In this section, we bound the discretization error of Algorithm 1 in each iteration. In order to prove
Lemma 2, we first prove Lemma 9, stated next.

Lemma 9. Let a be the random number chosen in iteration n. Let x,, 1 be the intermediate value
computed in iteration n of Algorithm 1. Let {x},(t)},c(0 ) be the ideal underdamped Langevin
diffusion starting from x;,(0) = x,, coupled through a shared Brownian motion with x,, 1 Assume
that h < %. Then,

2
E (Vi (@nry) = Vi@ < O (B foal® + BV F(@a)|? + Lan").
Proof. We have the bound

B V70 - Vi)

< L’E ‘ Tppl — x;(ah)HQ
ah 2
= 2B [ (1= ) (95(0) - V@) ds
ah
< iE [/O (1 — 6_2(0"1—8)>2 ds - ah - (tg}é%)h] IV f(x(0)) — Vf(xfl(t))2>]
< A'E sup ||[Vf(25(0)) — Vf(ﬁ;(t))HQ

te[0,h]
< L*R'E sup ||25(0) — 2 (1))
t€[0,h]

< O (L fon* + B [V f ()| + LdAT)

where the first and the fifth step follows by V f is L-Lipschitz, the third step follows by Cauchy-
Schwarz inequality, the fourth step follows by 1 — e~ 2(®"=t) < 92}, and the last step follows by
Lemma 6. O

Now, we are ready to prove Lemma 2.

Proof. To show the first claim,

IEazni1 — x,(R) ||2
2

Ea%uh (1 — e_Q(h_ah)> Vi(x, 1) — ;u/oh (1 — e_z(h_s)) Vf(z;(s))ds

2

IN

%Ea uh (1 - e_Q(h_ah)) Vf(anr%) —uh (1 - e_Q(h_ah)) Vf(xZ(ah))HZ
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1
+=

3 [Eaun (1= 2= (s a)) — /0 (1= e20m9) s ds

< o [(1- e Ot - St [ ] o

< 2uRh*E,

)

VS (2ey) — Vi (an)|

where the first step follows by the definition of x,, 1, the second step follows by Young’s inequality,
the third step follows by

Eoh (1 e2000) (2, (ah)) = /0 ' (1-e720=9) V(s () ds,
and the fourth step follows by 1 — e=2("=@") < 2 By Lemma 9,
E[Eaznts =2 < O (B flonll® + w22 [V f ()| +udh?) .
To show the second claim,
E 2041 — a7, (h)]

uh (1 - e_Q(h_O‘h)) Vf(anr%) —uh (1 - e_z(h_ah)) Vf(avfl(ah))H2

IN

3
4{2‘
4

2

3
+°E

1 uh (1 - e_Q(h_“h)) V() (ah)) — u/h (1 - e_Q(h_ah)) Vf(z(s))ds

0

2

3
-E
+4

)

u/oh (1 - eiQ(h*O‘h)) Vf(xr(s))ds — u/oh (1 - 672(}175)) Vf(x)(s))ds

which follows by definition and Young’s inequality. To bound the second term,

2

uh (1 - 6_2("’_“”)) Vf(x)(ah)) — u/h (1 - e_Q(h_o‘h)) Vi(xr(s))ds

0

2

h
w [ (1= e (91 ah) - V() ds
0

h
< [ (1) as sy 95 0) - VAGEE)E h
0 te[0,h]
< 4u?h* sup ||Vf(xfl(0¢h))—Vf(mfl(t))HQ
te[0,h]
< 16R* sup |\$2(0)—$Z(t)||2 (i

te[0,h]

where the second step follows by the Cauchy-Schwarz inequality. The third term satisfies

h h 2
1— —2(h—ah) v * ds — 1— —2(h—s) v * d
u/o ( e ) fan(s))ds u/o ( e ) f(z%(s))ds
h 2
= 2 —2(h=s) _ g=2(h—ah)) 7 f(z* d
@ [ (e e ) V(3 (s)) ds
< 4uh* sup ||Vf(zE()]?, (12)

te[0,h]

where the second step follows by the Cauchy Schwarz inequality and |e*2(h*5) — e~ 2h—ah) | < 2h.
Thus,

* 2
Elzni1 =25 (R)]|
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< 3wHE|Vf(r,y) ~ ViGham)|| + 120'E sup a7(0) - }(0)]”
+3uh*E sup ||V f(ay ()] |
te[0,h)
< 340 (h6 o) + B3u? |V £ (z2)]) + udh7)
+120% -0 (h2 ol + w2h* |V £ (z) || + udh3)
+3uht -0 (||Vf(xn)||2 LR (o |® + Mdh?’)
< O (K llonl® + w2h* |V f (@) |* + uan?)

where the first step follows by (11) and (12), the second step follows by Lemma 6 and Lemma 9,
and the last inequality follows by i < 1.

To show the third claim,

2

h
E|Eqvns1 —vi(R))> = E Eauhe_2(h_o‘h)Vf(xn+%) - u/ e 2h=V f(x(s)) ds
0

2
< 9E Huhe*(h*ah)v F(@nys) — uhe 20Ny f(x;;(ah))H
h
+2E Eauhe_Q(h_o‘h)Vf(fo(ah))—u/ e 2=V (2 (s)) ds
0
2
< 20WE |V (w,44) = VS(@i(ah)| +0

< OB llonl® + w20 |V £ @) + udn)

where the first step follows by Young’s inequality, the second step follows by

h
Eouhe 20NV f(z% (ah)) = u / =200 f(2% (1)) dt,
0

and e~ 2(h=ah) <1 and the third step follows by Lemma 9.
To show the last claim,
* 2
E lvn+1 —vp (Bl
2

h
= E uhe*ﬂhwh)w(xn%)fu/ e 2=V f(2*(s)) ds
0

IN

3E ’‘uhe_2(h_"‘h)Vf(ganr ) — uhe_z(h_ah)Vf(m*(ah)) H2

1
2
2

h h
+3E u/ e_Q(h_“h)Vf(xfl(ah))dt—u/ e 2=l £ (g% (5)) ds
0

0

2

h h
+3E ||lu / e 2=l £ (2% (s)) ds — u / e 2T (2 (s)) ds
0

0

2
< 3UWE| V(@) = V@hh)| +30%E sup ||} (ah) - o @)
t€[0,h]
+12u2h*E sup ||V f (x5 ()|
te(0,h]
<

3u2h2 - 0 (h6L2 [l + B3|V f ()| + th7)

+302-0 (h2 ol + w2h* |V £ (z)])? + udh3)
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#1263 O (Y f@a)|I* + L202 onl* + Lan?)

< O (W lloul® + w2h" |V f (@) | + udh®)

where the first step follows by the definition, the second step follows by Young’s inequality, the third
follows by e~ 2(h—ah) _ ¢=2(h=5) < 9p _the fourth step follows by Lemma 9 and Lemma 6 and the
last inequality follows by h < 1. O

D Boundson ||V f(z)| and ||v||
In this section, we bound the sum of |Vf(zy)|®> and |jv.||> over all iterations n,

Zg;ol E ||Vf(xn)|\2 and 271:7:—01 E an”2 In Appendix E, we use the results in this appendix to-
gether with Lemma 2 to prove the guarantee of our algorithm.

Lemma 10. Assume h < 2—10. For each iteration n, let x.,, be the starting point of iteration n of

Algorithm 1. Let {v,(t), x, (t)}te[o, n) be the solution of the exact underdamped Langevin diffusion

starting from (vy,, ©,,) . Let E,, be the expectation over the random choice of « in iteration n. Then,
the difference between the value of f on the starting point of iteration n+ 1, x,,11, and that of x,,(h)
satisfies

Ef(20:1(0)) = f@a(h)) < O (ub® [V f(@a(O)I + LA® [0a(O)])° + dn®)

Proof. We first consider the expectation over the choice of « in iteration n,
Eaf(xn-‘rl (O))

< flza(h)) + Vf(xn(h))T (Eazn+1(0) — 2, (h)) + gEa [2n+1(0) — xn(h)HQ

< flan(R) + IV (@n(W)] Eazni1(0) — zn(h)]| + gEa |41(0) = 2 (h)]*

2, L 2 L 2
< flan() +ub? [V @) + 75 [Bazni1 (0) = 2a (B + FEa [[2211(0) = za (B,
where the first step follows by V f is L-Lipschitz, the second step follows by Cauchy-Schwarz
inequality and the third step follows by Young’s inequality. By Lemma 2 and Lemma 6,

Ef(zn41(0)) < Ef(z,(h))+ uh’E ||Vf(xn(h))||2 + %E [Eapn+1(0) — xn(h)HQ

L
+5E [2n11(0) 2 (h)||”

+E% -0 (hw lon (017 + w?h'2 |V £ (2,(0))]]* + udh“)
+E§ -0 (h6 [0 (0)]|* 4 B4? |V £ (2, (0))|” + udh?)
< Ef(zn(h) +0 (uh3]E IV £ (2 (O)||* + LE°E |0, (0)]|? +dh6) _

where the second step follows by Lemma 2 and Lemma 6, and the last step follows by h < %. O

Lemma 11. Assume h is smaller than some given constant. For each iterationn = 0, ..., N — 1, let
(Un, Xy, be the starting point of Algorithm I in iteration n. Then,

N-1 N-1
S Elwal* < O <u2h ST E(Vf(xa)|® + Nud) :
n=0

n=0

Proof. Let {v,(t), zn(t)},c[o,5) be the solution of the exact underdamped Langevin diffusion start-
ing from (v, x,,) . By definition, for ¢ € [0, h],

df (za(t))
dt

7 dan(t)

VF(ea(t)
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= vf(xn(t))TUn (t)a

SO

h
faa() = flan(0)+ / df (e (1))

h
f(x,(0)) + /0 V£ (2n (1) v, () dt. (13)

Also, since
dog(t) = (~20,(t) — u¥Vf(za () dt +2v/udB,

by Ito’s lemma,

d% l[vn (£)]]” {(vn(t), 2v/udBy) + ((vn(t), —2u,(t) — uV f(zn(t))) + % -4uTr(Id)> dt

= 2V (t) dBy + (=2 on(®)]]” — woa(®) V(@ (t)) + 2ud) dt,
and therefore

1

2 1 2 . 2 2
g lon(W” = Eg-[loa(0)]" +E / <4du||vn<t>|| vn<t>TVf<xn<t>>+2d> dt. (14)

Now, we consider the term 5 [vn (R)))? + f(zn(h)). By (13)and (14),

E | o o ()] + f(xn<h>>]

h
= B O+ S )+ [ (=2 Jono)” + 60) dt]

[1 2 2., 2
< — ||y, n — —h f n(t dh
< B[l + £n0) = 2 int on 0] +6an]

1 2
< B |5 IO + fan0)] - 3

where the first step follows by (13) and (14) and the third step follows by Lemma 6.

BLE [[va(0)|]* + O (uh®E |V f (wa(0))]* +dh)

Since

E 041 ()1 = llva(R) ]

E (vn41(0) = 0 (k)" (vn41(0) + va (1))

S o1 (0) — va()|? + 7 1 (0) + ()

IA

IA

SE[|0n41(0) = 0n(B)[|* + B7E [[vn11(0) = vn (R)|[* + 4B°E [[on (1) |
2 2 2 2
ZE[[n11(0) = va(B)]]* + 4B%E [lon (R

< 0 (h2E lon ()| + w*h*E |V £ (2 (0)]* + udh3) ,

IN

where the first inequality follows by the inequality 2ab < a? 4 b2, the second inequality follows by
Young’s inequality and the last inequality follows by Lemma 2 and Lemma 6.

Since
Ef(2n41(0)) — f(zn(h)) < O (uh?’E IV £ (20 (0)I|* + LE°E ||vn (0)[|* + th) ;

which is shown in Lemma 10, we have

B [ e O + 7 ania0)]
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< B 52 1onO)” + £ 0)] = SHZE Ion(O + O (B Ve O + a)
+0 (B2LE [0, (0)| + uh®E ||V f(w,(0)) > + dh*)

+0 (uh*E ||V f (20 (0)|* + LHE [ (0)]1* + dn°)
< E [; 0 (0)]> + f(xnm))} - éhm: lon(0)]> + O (wh?E |V £ (n(0)|* + hd) .

where the last step follows by A is small. Summing n from 0 to NV — 1, we get

N-1

> E [;u loms1 Q)1 + f(wn+1(0>>]
n=0
-1

Z [vn )I* + f(2n(0 ]—hLZEMn

= n=0

IN

N—-1
+0 <uh2 ST E(VF(za(0)]* + th) .

n=0
Since [|vo (0)]| = 0 and f(z0(0)) < f(xn(0)),

1 N—1 N—-1
3L L ElnOfF < 0 <uh ST E (V£ (a(0))]? +th> 7

which implies

N-1 N-1
S Elu)* < 0 (u% SRV (0) + Nud> :
n=0 n=0

O

Lemma 12. Assume h is smaller than some given constant. For each iterationn = 0, ..., N — 1, let
(Un, Tn) be the starting point of Algorithm 1 in iteration n. Then, the x,, in iterationn =0, ..., N —1
satisfies

N
S EIVA@)It < 0 (NLd+F[EVf(on) ux]).

Furthermore, the vy, in iterationn = 0, ..., N — 1 satisfies

S Elval® < O(Nud+u|EVf(xy) vn]).
n=0

Proof. For each iteration n = 0,..., N — 1, let {v,(t), zn(t)},c[0 ) e the exact underdamped
Langevin diffusion starting from (vn, %) computed in Algorithm 1. By definition,

E[dV/ (@a(t)) va ()]
E [ n(t )Tvzf(xn( )on(t) + Vf(xn(t))T dvn(t)]
E [0a(t)" V2 f(@a(6)vn(t) = 2V f@a(t) Ton(t) = u [V f (2a ()]

So we have

E [V f (2 (h)) vn ()]

h
- E[Vf(a:n(O))Tvn(O)+ / de(zn(t))Tvn(t)]
0

22



h
= E[Vf(fﬂn(o))Tvn(O)Jr/o Un ()T V2 f (@n(8))on(t) = 2V f(2a(t)) va(t)

—u ||V f (@ (1)) dt]

< E [vmn(o»%n(m var [ a3 [ IIVf(xn(t))IIth]

< E [vmn(o»%n(m +3Lh sup un(®)® - phu it IIVf(xn(t))IIQ]

< EVS(@0(0)"00(0) ~ chul |V ()] + O (h*LE un (0)* + dn)
+3Lh-O (]E [0 (0)[|? + w2h2E |V £ (2n (0))]) + udh)

< EVS(@0(0)) on(0) = ShuE [V f(a ()]

+O (LhE [0 (0)|1% + uh3E ||V f (20 (0)]) + d/f) : (15)

where the third step follows by Young’s inequality, the fifth step follows by Lemma 6 and the last
step follows by /& is small. Also, we have

IN

IN

IN

IN

E [V f(2n41(0)) 00 41(0) = V f (2 (h) v, ()]

E (Vf(2nt1(0)) = Vf(zn(h) + VI (@n(h)" (n41(0) — va(h))

+E (V£ (2041(0) = Vf(@n(h) vn(h)

UE |V £ (241(0)) = VF(@n (b)) + LE [v541(0) — va (B)[|* + uh®E ||V £ (n ()|

F LB 01(0) — 0a () + SB[V (21(0)) — V7w (h))|® + ALE o ()
2UE IV (2 11(0)) — VFEalh) I + T3 E [0051(0) — vn(B)I + whE |V f(zn(h))]
+hLE [[o, (b)]?

% 0 (WE [0 () + h*’E |V /(2 (0))]* + udh”)
+% 0 <h4]E [0 (0)]1? + u?R*E ||V f (2, (0))||* + udh5)
fuh?-0 (]E IV £ (2 (O))]% + L2h2E [|v, (0)]% + th3)
YhL-O (E [ (O)[| + u2h2E |V f (2 (0)]1 + udh)

O (RLE [[0,(0)|* + uh?E || f (2 (0))| + d?) (16)

where the second step follows by Young’s inequality and the fourth step follows by Lemma 2 and
Lemma 6. Combining (15) and (16),

EVf(2n41(0)" vn41(0) < lEVf(ﬂcn(O))Tvn(O)—%MEHVJ‘(%(O))II2
+0 (LHE [[oa(0) | + uh®E |V f (2 (0))|I” + dh?)
+0 (LE [on(O)” + uh®E [V £ (2 (0)* + dh?)

< BV f(a(0)7un(0) — hul |95 (za(0))]

+0 (Lh]E 0 (0)]% + uh2E ||V £ (2, (0))]| + dh?) .
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Summing fromn =0to N — 1,

N-1 N-1

Z EV f(2141(0) 0,11 (0) < Z EV f(,(0)) v, ( fhu Z E |V f (2, (0))]*

N-1 N-1
+0 (Lh D Eva(0)]* +ub? Y E[Vf(2a(0))]° + Ndh2>
n=0

n=0

n=0

N—-1
+0 (Lh <u2h ST EVF(a(0)]° + Nud) + Ndh2>

n=0

N—-1 1 N-1
<D EVF(@n(0))T0n(0) = ghu Y [V (an(0)I
n=0

N—-1
< D BV f(@a(0) 0a(0) - ,hu Z IV f(@a(0)* + O (Ndh),

n=0

where the second step follows by Lemma 11 and the last step follows by & is small. Then, since

Vo = 0,
*hu Z E([Vf(z(0)]* < O (Ndh+ [EVf(zn(0))"vn(0)

n=0

).
which implies
N—-1 I
S EIVI ) < 0(NLa+ F Vi an ) ox0)]).
n=0

By Lemma 11,

N-1 N-1
STE e (0))* < o<u2hZE||Vf<xn<o>>|2+Nud>
n=0

n=0
O (Nud + u |EVf(xN(O))TUN(O)|) .

IN

E Proof of Theorem 3

Here, we combine Lemma 12 and Lemma 2 to prove our main result.

Proof. Let x, 1, Tn and v, be the iterates of Algorithm 1. Let (y,,w,) be the n-th
step of the exact underdamped Langevin diffusion, starting from a random point (yo,wp) o

exp (— ( fy)+% ||w|\2)>, coupled with (x,,v,) through the same Brownian motion. Let

(2},41,v5,1) be the 1-step exact Langevin diffusion starting from (x,,,v,,) . For any iteration n,

let E,, be the expectation taken over the random choice of « in iteration n. Then,

o [ll2n = ynll® + @ + v0) = (g +w) ]

* *\ (12 * * *
= Ea [I@n = 23) = (W = Sl + @0+ vn = 2 = 03) = (g + w0 — 2 -

2
)|

— )

<y — 2l 4 lyn + wn — 25 = 031 + Ballzn — 231 + Eo l|2n + vn — 25, — 0|
—2(Yn — xr*z)T (Eazn —23,) = 2 (Yn + wn — 75, — U:;)T (Ea [Tn + vn] — 23,
h * (12 * * (12
< (150 ) (I = 0P + o+ a0 =25 - 031
2K B <12 4R o2 L E 2
+ﬁ [Eazn — 2" + |Ea [Tn + 0] — 25, — 03 I7) + Ea [l2n — 27,
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+Eq [|#n + v — 2% — X,

where the second step follows by y,,, wy, x;, and v}, are independent of the choice of « and the third
follows by Young’s inequality. Then,

E [y =yl + I @n +ox) = (v + wn)?]

h\ _n
< <1 + %> e ~E [HyN—l — x|’ + lyvor w1 — N — UN—1||2}
2K
+7 (EEazy — o [* +E[Eazy +vn — 2k — vill)
+ (Ellzy = oy l® + Ellon + oy - ok — vk I*)
_h
< e =R {HZJN—1 — x|’ + lyvor +wn_1 — N — UN—1||2}
2K * (12 * (12
+ (2 IEavy — vir|I* + 3E [Eazn - ak|®) + (2E Jux — vx|* + 3E oy — 25 *)
_Nh
< e HEllyo — zol* + llyo + wo — w0 — vol?]

N
2K " *
+ 3" = (2E [Bavn — vl + 3E [Eagn — ;1)

n=1

N
* 2 * 2
+ 3 (2 lon = 03> + 3B [lz — a3 )1)

where the first step follows by Lemma 1, the second step follows by 1 + % < ez , and the last step
follows by induction.

Since (yn,wy) follows the distribution p* o exp (— (f(y) + £ ||w|\2)), E|wy|? = 4. By

Proposition 1 of [19], E ||yo — xOHQ < %. Then,

E |llyo — zoll® + Ilyo + wo — 20 — voll*| < 3E |lyo — woll? + 2E |jwo — vo|?
d

<5—.
m

When N = 22 ]og (20),

o €2d
e HE [llgo — 2ol + llgo +wo — 20 — o] < T
m
By Lemma 2,
Y 2k
> 5 (PBIEav, = vl + 3 |Eaa — ;)
n=1
N-1 u N-1 1
< ofne 1E||vn|2+h9ZEIIVf(xn)I2+Ndh8>v
n=0 m n=0 m
and
N
> (2Ellvw - w3l + 3B [le — 1)
n=1
N-1 N-1
< 0 (h > Elonl* +uth' 3 BIVS (@) + Nudff) -
n=0 n=0

By Lemma 2 of [12], E |V f(yn)||” < dL. Then, by E |V f(yn)||* < dL and E |wy|* = &,

[EVf@n)Ton| < E[Llowl® +ul[Vin)]]
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< 2K [Lwn |+ Lon = wnl® +w|VF@n)I* + L lon = yw?]
< 4d+2LE [||1;N—wNH2+H:cN—yN||2
< 4d+6LE [HIN—yNH2+||($N+UN)—<:UN+'LUN)H2} )

By Lemma 12 and our choice of N,

]:z_:: ||Vf(95n(0>)||2 <0 (KdLl og (jz) + %E [HxN - yN”2 +||(zn +on) = (yn —&-wN)Q}) ,
and

N—1 5 io 1 o N . 2
S Bl <0 (g ton (35 +8 [l —ux” + e + o)~ oy + )17

Thus,

N
2
Z h“ (215: Eavn — v2 |1 + 3E |Eaz, — x;;H?) +y (21E v — v2]|% + 3E |J2n — x;H?)

n=1 n=1

<o (5 + ) (2))

+0 (whT + ) E [l =y > + llon + o) — (o +wn)P]

Then, we can choose a small constant C' such that if we let

1/3 16 (1 2/3 13 (1
thmin( 1/61 g1/ <62),e/log_/ <€2>),

N
2K
32 = (2E [Eave — vI1° + 3E [Eaz — 23 ) + D (2B [[v = vi1* + 3E 2 — 73]1°)
n=1

n=1

ed 1
< 4 SE [y —ynll + I @n +on) = (v +wn)l?]

then

Therefore,

E|llox —ynll® + I @n + o) = (g + wn)IF]
ed €d 1

< 04 o S [law — vl + e +ow) — (o + o))
ed 1

= 2o SE [law — uwlP + lax + o) = (v + o)l

which implies

E |z = ynll] < E [law —ynl + @ + o) = (on +wn)l?] <

~ ,4;7/6 K
N < 0(61/3+62/3>.

By our choice of £,
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F Discretization Error of Algorithm 2

Here, we bound the discretization error in one step of Algorithm 2.  Since the terms
E|Eazni1 — a7 (h)||> and E || @41 — 27 (k)| are dominated by the terms E |Eqv,1 — v7 (h)]|?
and E ||v,41 — v (R)||>, we bound only the later two terms.

Lemma 13. Assume that R*6* < }l Let x (k=1,9) fori=1,...R, k=1,..., K be the intermediate
value computed in iteration n of Algorithm 2. Let {x}(t),v ( )} ieqo,n) e the ideal underdamped

Langevin diffusion, starting from ,(0) = x,, and v}, (0) = v, coupled through a shared Brownian
motion with {ar:gC 11)} - .Then, foranyi=1,...,.R,andk=1,.... K — 1,
i=1,...,R,k=1

IRERERLZ) IRRRE}

. 2
E ’ ) x:(oz,;h)H < 2R454

n

:U \

R
_Z 2 (s )]

+4R364Z]E sup @k (azh) — 2 ()]
o1 s€li-1)8.59]

Proof. Forany:=1,....,R,andk=1,..., K — 1,

. 2
E ‘ alk) xfl(aih)‘
min(jé,a;h)
< fuz [/ (1 — g 2laih=s )ds Vf(zk 1’”)1
(G-1)s
1 Ozih 2( h ) 2
—Eu/o (1—6 i )Vf(xn(s))ds
2
<

1 i min(jd,a;h) a(ashes L .

2
min(jé,a;h)

+5 ‘g uz VO N (1 e2eh) (Vf(x;;(ajh))Vf(x;;(s)))ds] ,

where the first step follows by the definition, and the second step follows by Young’s inequality.

To compute the first term,

7E uZ /(mln(J5 a;h) (1 B e_Q(a,;h—s)) ds - (Vf(x%k—l,j)) _ Vf(a:j;(ozjh)))]

i—1)é

IN

QRZE /(mm(]éah) (12t ) ds- (Vf(E1) = Vi (@hlash)

j—1)é

2

< 2R354ZEH$SLI€_1J)_QUZ(O‘jh)‘ , a7

Jj=1

where the first step follows by the inequality (>, az) < n> ", a?, the second step follows by
1 — e~2(@h=5) < 9R§ and V£ is L-Lipschitz.

For the second term,

i min(jd,a;h)
= D3 [ / (1 28 (7 f(a (ayh) — (a5 (5) d

j—1)8
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2

1 i min(jé,a;h)
< yerYE|[ (1= e72h=) (Vo (ah) = V(a3 (5))) ds
2 o Me-vs
R
< 2RI CE sup an(agh) —ah(s)]”, ()
j=1 sE[(j—l)&,j(S]

where the first step follows by the inequality (3, a;)’ <n >~ aZ and the second step follows
by 1 — e~ 2(@h=5) < 9R§ and V f is L-Lipschitz. Thus,

‘ 2
E Hz;’“l) - x:‘L(alh)H

R , 9 R
< 2R354ZEHJ:$L]“_L]) —xZ(ajh)H +2R354ZE sup  ||zk(azh) — 2 ()]
j=1 j=1 s€[(4—1)6,50]
Pl
* 2
< (2R'") = > B, — 2} (a;b)]

Jj=1

R
+ (1 PR (23454)’“‘1) 2R3 S E  sup |leh(ash) — ai(s)]?

o sel-1)8,40)

R R
1
< (2R'")" 53 Elles - al(ah)|* +4R* Y E  sup an(ash) — @i (s)]),
j=1 j=1 s€l-1)4,59]

where the first step follows by (17) and (18), the second step follows by induction, and the third
step follows by 2R*6* < 1. O

Lemma 14. Let (v, z,,) be the iterates of iteration n. Let xS{“'i) fori=1,..R k=1,... . K—1
be the intermediate value computed in iteration n of Algorithm 2. Let {x},(t), vy, (t)},c(0,n) e

the ideal underdamped Langevin diffusion, starting from x,(0) = x,, and v}(0) = v,, coupled

through a shared Brownian motion with {x%’“”} . Assume that h = R < %
i=1,...,R,k=1,..,K—1

and K > ) (log 5%) Let E, be the expectation taken over the choice of oy, ..., ag in iteration n.
Let E be the expectation taken over other randomness in iteration n. Then,

E|Eqvnit — vi(B)]®> < O(R668an||2+u2R6610||Vf(xn)||2+R659ud),

E|[vni1 —vE(R))? < O (3254 ol + w2 R26% |V f ()| + R265ud) .

Proof. To show the first claim,

E |[Eqvns1 — o} (h)]

R N 2
EauZée‘z(h_o‘ih)Vf(xle_l’i)) — u/ e_z(h_s)Vf(fo(s))ds

< E
i=1 0
R R 2
< 2E uz66_2(h_aih)Vf(x£LK_1’i))—uZée‘Q(h_a"h)Vf(fo(aih))
i=1 i=1
R h 2
+2E EauZée‘z(h_aih)Vf(mfl(aih))—u/ e 2=V f (2% (s)) ds
i=1 0
R 2
< 252RZE‘ p(K-10) —x;(aih)H +0
i=1
R
< 28R (2R*")" Y Ellz, — 2l (aih)|?

=1

28



R
+8R°6SY B sup |laf(ash) — ()] (19)
=1 SE[(i—1)6,i0]

where the first step follows by the definition, the second step follows by Young’s inequality, and the
third step follows by

0
Babe 200N S (aih) = [ MOV () ds
(i—1)6

To show the second claim,

E [[v+1 — vy (R

R h
u Z 5672(h7°‘ih)Vf(x§1K71’i)) — u/ eiQ(h*S)Vf(x:; (s))ds

i=1 0

R R
E ||lu Z de2hmaih)y f(gK=Li)y _y, Z Se 27 £ (2% (a;h))
i=1 i=1
R

0
D3 /( ¢~ 2h=aih) (7 f(2 (ah)) — Vf((5))) ds

i—1)5

2

IN

E

IN

2
+3E

2
+3E

UZ/ —Q(h—aih) _ 6—2(h—3)) Vf(z;(s))ds

(i— 1)6

Like the proof of the third claim, the first term satisfies

R R
E uZ56_2(h_0"ih)Vf(x§LK_l’i)) - uZée‘Q(h_o‘ih)Vf(ac:;(aih))

=1 =1

R R
< 382R(2R'")" 'Y Ellz, — 2l (a:h)|” + 12R°° Y E Lo 2 (cih) — 22 (3)]|° -
i=1 i=1 Sl 1)or

The second term satisfies

uZ / 20 (7 (a5 (4h) — V() s

2

IA

3u2RZE

i=1

/ e~ 2(h=aih) (7 £ (2% (a;h)) — V f (2 (s))) ds
(i—1)8

IN

352321@ sup  ||af (agh) — 25 ()]
i—1 s€[(i-1)d,id]

where the first step follows by (>, a;)’ < ny ., a?, and the second step follows by V f is
L-Lipschitz.

The last term satisfies

R e ——

(i— 1)5

2

<12u®R*$'E sup |V f(z%(s))],
s€[0,h]

which follows by e~2(h=@ih) _ ¢=2(h=5) < 96 for s € [(i — 1)6, i6]. Thus,
E [|vns1 — v (h)|?

R
< 38R (2R'6")" 'Y E|z, — a(aih)|®
i=1
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R
+12R°O DY "R sup [l (eih) — 2 (s)|
i=1  SE[(i—1)4,id]

R
+352RZE sup ||z} (ah) — gc:‘L(s)H2 +12u?R%*5'E sup ||Vf(ac:;(s))||2 (20)
i—1 s€l(i=1)d,id] s€[0,h]

By Lemma 6, fori =1, ..., R,
Ellzn — oih)” < O (B2 full? + w2 R |V f ()| + udR*?)
,and

E sup an(aih) = o () < O (6 floal* + u?6" [V f (@) | + uds®)
s€[(i—1)6,id]

Thus, when K > Q (log £ ), since RS < £, (2R*%6*)" ™" < 0 (§*). By (19) and (20),
E|Eqvnsr —oi(B)> < O (3658 o) + w2ROY ||V f ()] + R669ud) :

and

E|vni1 —vi(R))? < O (3254 on]l? + W2 R2SAE |V f (2n)]|? + R255ud) .
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