A Deferred theorem statements

In this section, we state the theorems that were omitted in Section 3.3 due to lack of space. First, we
start by stating the ReLU-like version of Theorem 3.4:

Corollary A.1. Consider any dataset {(z;,v;)} Y, that satisfies Assumption 3.1. For an L-layer
FNN with ReLU(-like) activation (oR), assume that there exist indices ly,...,l,, € [L — 2] that
satisfies

o li+1<ljforjem—1]

m d;.—r; dy.41—7; . . .
o 4370, L e JJ L lJZ;y ]J > N, wherer; = d,1{j > 1} + 1{j < m}, for j € [m],
o dy>dy+1forallk € Ujcp—ylli +2: L1 — 1.

o di >dyforallk e [l, +2:L—1]
where 1 {-} is 0-1 indicator function. Then, there exists 0 such that y; = fo(x;) for all i € [N].

The idea is that anything that holds for hard-tanh activation holds for ReLU networks that has double
the width. One difference to note is that the number of nodes needed for “propagating” input and
output information (the circle and diamond nodes in Figure 2) has not doubled. This is because
merely propagating the information without nonlinear distortion can be done with a single ReLU-like
activation.

The next corollaries are special cases for classification. One can check that with L = 4 and m = 2
(hence l; = 1 and l; = 3), these boil down to Proposition 3.2.

Corollary A.2. Consider any dataset {(z;,v;)}~ , that satisfies Assumption 3.1. Assume that
y; € {0,1}% is the one-hot encoding of dy classes. For an L-layer FNN with hard-tanh activation
(on), assume that there exist indices ly, . .., 1L, € [L — 1] (m > 2) that satisfies

o li+1<ljyforjem—1],

o 4 Z Ldl _T’J Ldlﬁg_”J > N, wherer; =1{j > 1}+1{j <m —1}, forj € [m—1],

L4 dlm 2 2dy;
o d, >2forallk € Uje[m—Q] i +2: Ly —1]

o dp >dyforallk €[l +1:L—1]
Then, there exists 0 such that y; = fo(x;) for all i € [N].
Corollary A.3. Consider any dataset {(z;,v;)}~ , that satisfies Assumption 3.1. Assume that

y; € {0,1}% is the one-hot encoding of dy classes. For an L-layer FNN with ReLU(-like) activation
(oR), assume that there exist indices ly, . .. ,l,, € [L — 1] (m > 2) that satisfies

o li+1<ljyforjem—1],

o 4 Z Ldl _T’J Ldlﬁi_”J > N, wherer; =1{j > 1}+1{j <m —1}, forj € [m—1],

L4 dlm 2 4dy;
o d, >2forallk € Uje[m—Q] G +2: g —1]

o di >dyforallk e l, +1:L—1]
Then, there exists 0 such that y; = fo(x;) for all i € [N].

The proof of Corollaries A.2 and A.3 can be done by easily combining the ideas in proofs of
Proposition 3.2 and Proposition 3.4, hence omitted.

B Proof of Theorem 3.1

We prove the theorem by constructing a parameter @ that perfectly fits the dataset. We will prove the
theorem for hard-tanh (o) only, because extension to ReL.U-like (o) is straightforward from its
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Sum:
yi +1

Figure 1. [llustration of the construction for di = d2 = 4. Each box corresponds to a hidden node with
hard-tanh activation. In each hidden node, the numbers written in the three parts are indices of data
points that are clipped to —1 at output (left), those clipped to +1 (right), and those unchanged (center).
One can check for all indices that outputs of layer 2 sum to y; + 1.

definition. To convey the main idea more clearly, we first prove the theorem for d, = 1, and later
discuss how to extend to d,, > 1.

For a data point z;, the corresponding input and output of the I-th hidden layer is written as z!(z;)

and a!(z;), respectively. Moreover, zé (z;) and allj (z;) denote the input and output of the j-th node of

the I-th hidden layer. For weight matrices W', we will denote its (j, k)-th entry as Wé > 1ts j-th
row as Wé-’:, and its j-th column as Wl i Similarly, bé- denote the j-th component of the bias vector

b'. To simplify notation, we will denote p := dy and q := ds, for the rest of the proof. Assume for
simplicity that p is a multiple of 2, ¢ is a multiple of 2, and pg = N.

B.1 Proof sketch

The proof consists of three steps, one for each layer. In this subsection, we will describe each step in
the following three paragraphs. Then, the next three subsections will provide the full details of each
step.

In the first step, we down-project all input data points to a line, using a random vector u € R%
Different x;’s are mapped to different u”'z;’s, so we have N distinct u”z;’s on the line. Now
re-index the data points in increasing order of u” z;, and divide total N data points into p groups
with ¢ points each. To do this, each row le of W is chosen as u” multiplied by a scalar. We
choose the appropriate scalar for W]1 and bias b}, so that the input to the j-th hidden node in
layer 1, 2} (+), satisfies the following: (1) zj(x;) € (—=1,1) for indices i € [j¢ — ¢+ 1: jq], and (2)

z]l (x;) € (—1,1)¢ for all other indices so that they are “clipped” by oy.

In the second step, for each hidden node in layer 2, we pick one point each from these p groups and
map their values to desired y;. More specifically, for k-th node in layer 2, we define an index set Zj,
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(with cardinality p) that contains exactly one element from each [jg — g + 1 : jq], and choose Wi

and b} such that 27 (z;) = y; fori € 7y and 27(z;) € [~1,1]¢ for i ¢ Zy.. This is possible because
for each k, we are solving p linear equations with p 4+ 1 variables.

As we will see in the details, the first and second steps involve alternating signs and a carefully
designed choice of index sets Zj, so that sum of output a3 (+) of each node in layer 2 becomes y; + 1.
Figure 1 shows a simple illustration for p = ¢ = 4. With this choice, we can make the output fg(z;)
become simply y; for all i € [N], thereby perfectly memorizing the dataset.

B.2 Input to layer 1: down-project and divide

First, recall from Assumption 3.1 that all z;’s are distinct. This means that for any pair of data points
x; and x;, the set of vectors u € R% satisfying u”z; = u” 2, has measure zero. Thus, if we
sample any u from some distribution (e.g., Gaussian), u satisfies u” z; # u” z; for all i # i’ with
probability 1. This is a standard proof technique also used in other papers; please see e.g., Huang [22,
Lemma 2.1].

We choose any such u, and without loss of generality, re-index the data points in increasing order
of ulw;: ul'zy < ulwy < -+ < ulxy. Now define ¢; := ul'z; for all i € [N], and additionally,
co=c1—dand cyy1 = cy + 6, forany § > 0.

Now, we are going to define W' and b' such that the input to the j-th (j € [p]) hidden node in layer 1
has zj(z;) € (—1,1) for indices i € [jg — ¢+ 1: jq], and 2} (x;) € (—1,1)° for any other points.
We also alternate the order of data points, which will prove useful in later steps. More concretely, we
define the j-th row of W' and j-th component of b' to be
le = (_1)j_1 ! uTa
’ Cjq t Cjg+1 = Cjg—q ~ Cjg—gq+1
b} = (-1 jCia + Cjgr1 + Cig—q T Cig—q+1 _
Cjq T Cjg+1 — Cjg—q ~ Cjg—q+1
When j is odd, it is easy to check that z; () satisfies

-1< zjl-(:ch,qﬂ) << zjl-(qu) < +1,
zjl(:zzz) < —1fori < jq—q,
zjl(xl) > +1 for: > jgq,

so that the output a} (-) satisfies

—1 < aj(Tjqmqgs1) < -+ < aj(zjq) < +1, (1)

aj(x;) = —1fori < jq—q, )

aj(x;) = +1fori> jq. (3)
When j is even, by a similar argument:

+1> aj(Tjg_ge1) > -+ > aj(xj4) > —1, 4)

a}(x;) = +1fori < jq—q, (5)

a}(xi) = —1fori > jg. (6)

B.3 Layer 1 to 2: place at desired positions

At each node of layer 2, we will show how to place p points at the right position, and the rest of
points in the clipping region. After that, we will see that adding up all node outputs of layer 2 gives
y; + 1 for all 4.
For k-th hidden node in layer 2 (k € [q]), define a set

Tp :={k,2¢q+1—k,2q+ k,d4g+1—k,...,pg+1—k}.
Note that |Z),| = p. Also, let us denote the elements of Zj, as iy, 1, . . . , ik, in increasing order. For
example, i 1 = k, ir,2 = 2¢ + 1 — k, and so on. We can see that ix, ; € [jg — ¢+ 1: jq.

For each k, our goal is to construct W% and bi so that the input to the k-th node of layer 2 places

data points indexed with ¢ € Zj, to the desired position y; € [—1, 1], and the rest of data points i ¢ Zj,
outside [—1, 1].
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Case 1: odd k. We first describe how to construct Wi and b} for odd k’s. First of all, consider
data points x;, ,’s in Zx. We want to choose parameters so that the input to the k-th node is equal to

Sq.
yik,j S:
2(z; —pVV21A)b2—'
2w, ;) = 1y 7Y k1% (i ;) + bk = Yir 5

for all j € [p]. This is a system of p linear equations with p 4 1 variables, which can be represented
in a matrix-vector product form:

Yig 1
w2 T ’
A@F gj}: e (7)
k Yi
1]‘,,1,

where the (j,1)-th entry of matrix M € RP*(P+1) is defined by aj (z;, ,) for j € [p] and I € [p],
and (j, p 4+ 1)-th entries are all equal to 1.

With the matrix M}, defined from the above equation, we state the lemma whose simple proof is
deferred to Appendix H for better readability:

Lemma B.1. For any k € [q], the matrix My, € RP *(p+1) satisfies the following properties:
1. My, has full column rank.

2. There exists a vector v € null(My) such that the first p components of v are all strictly
positive.

Lemma B.1 implies that for any y;, ., ..., ¥, ,, there exist infinitely many solutions (Wim b;) for
(7) of the form p 4+ av, where p is any particular solution satisfying the linear system and « is any
scalar. This means that by scaling «, and we can make Wﬁ as large as we want, without hurting
23 (i) = y; fori € Iy,

It is now left to make sure that any other data points i ¢ Zj, have z7(z;) € [—1,1]°. As we will show,
this can be done by making o > 0 sufficiently large.

Now fix any odd j € [p], and consider i) ; € Zj, and recall i;, ; € [jg — g + 1 : jq]. Fix any other
i€ jg—q+1:i,,; —1]. By Eqs (2), (3), (5) and (6), the output of {-th node in layer 1 (I # j) is
the same for i and iy j: af (x;) = a] (23, , ).

In contrast, for a}(-), we have a}(x;) < aj(x;, ;) (1). Since 23(z;, ) = >, W%ﬁla}(xiw) + b7 =
Yiy ;- large enough Wﬁ7 > 0 will make 27 (x;) < —1, resulting in a}(z;) = —1; the output for
x; is clipped. A similar argument can be repeated for ¢ € [ix ; + 1 : jg|, so that for large enough
Wi, >0,
ai(r;) =—1, Vi€ [jg—q+1:ip;—1]
aj(r:) = +1, Vi € [ix; + 1 jq.
Similarly, for even j € [p], large Wi,j > 0 will make

ap(z;) =+1, Vi€ [jg—q+1:id,,; — 1]

k(@i
ap(x;) = —1, Vi € [i,; + 1 : jql.

Summarizing, for large enough Wi > 0 (achieved by making o > 0 large), the output of the k-th
node of layer 2 satisfies a2 (z;) = y;, Vi € Z, and

ap(z;) = —1, Vi e Uje[O:p] ik + 1tk 41 — 1], ®)
j even

aj(z:) = +1, Vi € | jepling + 1 ix g1 — 1], 9)
7 odd

where i o := 0 and i p1q := N + 1forall k € [¢].
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Case 2: even k. For even k’s, we can repeat the same process, except that we push o < 0 to
large negative number, so that Wi < 0 is sufficiently large negative. By following a very similar
argument, we can make the output of the k-th node of layer 2 satisfy a? (z;) = v;, Vi € Zy, and

a?(xz;) = +1, Vi e Uj_e[ozp] ik + 1ig 1 — 1], (10)
J even

aj(z;) = =1, Vi €| jepling + 1 ixjer — 1] (11)
7 odd

B.4 Layer 2 to output: add them all

Quite surprisingly, adding up a3 (z;) for all k € [g] gives y; + 1 for all i € [N]. To prove this, first
observe that the index sets Z1,Zs, . . ., Z, form a partition of [N]. So, proving >}, a(x;, ;) =
Yi,;, + 1forall j € [p] and k € [g] suffices.

By the definition of iy, 1 = k,ix o =2¢+1—k,igs=2q+k, ... ikp-1=pP—2)g+k,ipp=
pq + 1 — k, we can see the following chains of inequalities:

Ja—q+1=ri; <ip; <---<iq; = jq forjodd,
Jg—q+1=ig; < <iy; <iy;=jq forjeven.
Fix any k € [g], and any odd j € [p]. From the above chains of inequalities, we can observe that
ik € [y + 1 i 0 — 1] i1 <K,
i € linj1 4+ 14— 1] ifl > k.

Now, for z;, , we will sum up a? (z;, ;) for I € [g]. First, for 1 <1 < k, we have iy, ; € [i; +1:
47,541 — 1]. Since j is odd, from Eqs (9) and (11),

e ) = +1 forodd! < k,
PN/ ™ Y 1 forevenl < k.

Similarly, for k < I < w, we have iy, j € [i; ;1 + 1 : 4;; — 1]. Since j is odd, from Eqs (8) and (10),

a2(m‘ ) = —1 forodd! > k,
Wi 7 7 41 forevenl > k.

Then, the sum over [ # k always results in +1, so

q
Zl=1 a%(x%‘) = Yir,; T Zl;ﬁk alg(xikvj) = Yi.; + 1.

For any fixed even j € [p], we can similarly prove the same thing. We have
g, € [il)j,1 + 14— 1] ifl <k,
Z']fJ' S [il,j +1: ’L'l7j+1 — 1] ifl >k,
for even j. From this point, the remaining steps are exactly identical to the odd case.
Now that we know Y7 a?(z;) = y; + 1, we can choose W? = 17 and b = —1 so that
fo(z;) = y;. This finishes the proof of Theorem 3.1 for d,, = 1.
B.5 Proof for d, > 1

The proof for d, > 1 is almost the same. Assume that p := d; is a multiple of 2, ¢ := dy is a
multiple of 2d,, and pg = Nd,. Now partition the nodes in the 2nd layer into d, groups of size
q/d,. For each of the d, groups, we can do the exact same construction as done in d,, = 1 case, to
fit each coordinate of y; perfectly. This is possible because we can share a'(z;) for fitting different
components of y;.
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C Proof of Proposition 3.2

For the proof, we will abuse the notation slightly and let y; € [d,,] denote the class that x; belongs to.
The idea is simple: assign distinct real numbers py, . .., pq, to each of the d, classes, define a new
1-dimensional regression dataset {(z;, py,)}2¥.;, and do the construction in Theorem 3.1 up to layer 2
for the new dataset. Then, we have Zfil a?(z;) = py, + 1, as seen in the proof of Theorem 3.1.

Now, at layer 3, consider the following “gate” activation function o, which allows values in (—1, +1)
to “pass,” while blocking others. This can be implemented with two oy;’s or four oR’s:

t+1  —-1<t<0,
oa(t):=X —t+1 0<t<1, =Z(ou(2t+1)+ou(—2t+1)).
0 otherwise.

For each class j € [d,], we can choose appropriate parameters to implement a gate that allows p; to
“pass” the gate, while blocking any other p;/, j° # j. The output of the gate is then connected to the
j-th output node of the network. This way, we can perfectly recover the one-hot representation for
each data point.

D Proof of Theorem 3.3

Our proof is based on the idea of counting the number of pieces of piecewise linear functions by
Telgarsky [44]. Consider any vector u € R%, and define the following dataset: z; = iu, y; = (—1)°,
forall i € [N].

With piecewise linear activation functions, the network output fg(z) is also a piecewise affine function
of z. If we define fo(t) := fo(tu), fo(t) must have at least N — 1 linear pieces to be able to fit the
given dataset {(z;,y;)}¥.,. We will prove the theorem by counting the maximum number of linear
pieces in fg(t).

We will use the following lemma, which is a slightly improved version of Telgarsky [44, Lemma 2.3]:

Lemma D.1. Ifg : R — Rand h : R — R are piecewise linear with k and [ linear pieces,
respectively, then g + h is piecewise linear with at most k + 1 — 1 pieces, and g o h is piecewise linear
with at most kl pieces.

For proof of the lemma, please refer to Telgarsky [44].

Consider the output of layer 1 a'(t) := a'(tu), restricted for # = tu. For each j € [d1], a;(-) has
at most p pieces. The input to layer 2 is a weighted sum of @}(-)’s, so each z(t) := z}(tu) has
(p — 1)d1 + 1 pieces, resulting in maximum p(p — 1)d; + p pieces in the corresponding output
a:(t). Again, the weighted sum of d such a3 (-)’s have at most (p(p — 1)d; +p — 1)ds + 1 =
p(p — 1)dids + (p — 1)da + 1 pieces.

From this calculation, we can see that the output of a 2-layer network has at most (p — 1)d; + 1
pieces, and a 3-layer network has p(p — 1)d1ds + (p — 1)da + 1. If these number of pieces are strictly
smaller than N — 1, the network can never perfectly fit the given dataset.

E Proof of Proposition 3.4

For Proposition 3.4, we will use the network from Theorem 3.1 as a building block to construct the
desired parameters. The parameters we construct will result in a network illustrated in Figure 2.
Please note that the arrows are drawn for nonzero parameters only, and all the missing arrows just
mean that the parameters are zero. We are not using a special architecture; we are still in the full
connected network regime.

In the proof of Theorem 3.1, we down-projected z;’s to uTx; =: ¢;, and fitted C1,...,CN tO
corresponding ¥1,...,yy. Then, what happens outside the range of the dataset? Recall from
Section B.2 that we defined ¢y := ¢; — 6 and cy41 := ¢y + 6 for § > 0 and constructed W'
and b' using them. If we go back to the proof of Theorem 3.1, we can check that if u”z < ¢ or
uPz > ey, ai(z) = —1 for odd k’s and +1 for even k’s, resulting in > 7_, a?(z) = 0 for all
such z’s. For a quick check, consider imaginary indices O and 17 in Figure 1 and see which sides
(left or right) of the 2nd-layer hidden nodes they will be written.
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Input lh L1+1 Iy lh+1 I3 I3+1 Output

Figure 2. Illustration of network parameter construction in Proposition 3.4. The circle/diamond nodes
represent those carrying input/output information, respectively. The rectangular blocks are groups of
nodes across two layers whose parameters are constructed from Theorem 3.1 to fit data points.

Now consider partitioning N data points into m subsets of cardinalities N1, ..., IN,, in the following

way. We first down-project the data to get u” x;’s, and re-index data points in increasing order of

uTx;’s. The first Ny points go into the first subset, the next Ny to the second, and so on. Then,

consider constructing m separate networks (by Theorem 3.1) such that each network fits each subset,
except that we let b> = 0. As seen above, the sum of the outputs of all these m networks will be
y; + 1, for all ¢ € [N]. Thus, by fitting subsets of dataset separately and summing together, we can
still memorize N data points.

The rest of the proof can be explained using Figure 2. For simplicity, we assume that
e Forall j € [m], d;; — r; is a multiple of 2, and d;, 11 — r; is a multiple of 2d,,
Soii(diy = 75)(diy 41 —1j) = Ndy,
di =1forall k € [I; — 1],
dp = dy + 1forallk € U e, qllj +2: i — 1],
o dp=dyforallk e [l,, +2:L—1].
Also, let N; := (dy, — r;j)(di;41 —rj)/d, for j € [m].

From the input layer to layer 1, we down-project z;’s using a random vector u, and scale W' := 7

and choose b’ appropriately so that W'z, + b' e (=1,41) for all i € [N]. As seen in the circle
nodes in Figure 2, this “input information” will be propagated up to layer [,,, — 1 to provide input
data needed for fitting.

At layer [; — 1, the weights and bias into the rectangular block across layers [;,—(1; + 1) is selected
in the same way as Section B.2. Inside each block, the subset of V; data points are fitted using the
construction of Theorem 3.1, but this time we fit to % instead of y;, in order to make sure that
output information is not clipped by hard-tanh. The output of (I; + 1)-th layer nodes in the block are
added up and connected to diamond nodes in layer I; 4 2. For the N; data points in the subset, the
input to the diamond nodes will be yTH (instead of y; + 1), and O for any other data points. As seen
in Figure 2, this output information is propagated up to the output layer.

After fitting all m subsets, the output value of diamond nodes at layer L — 1 is %il, for all 7. We
can scale and shift this value at the output layer and get y; = fo(z;).

F Proofs of Theorem 4.1 and Corollary 4.2

F.1 Proof of Theorem 4.1

The key observation used in the proof is that due to the general position assumption, if we pick any
d, data points in the same class, then there always exists an affine hyperplane that contains exactly
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these d, points. This way, we can pick d, data points per hidden node and “push” them far enough to
specific directions (depending on the classes), so that the last hidden layer can distinguish the classes
based on the location of data points.

We use Nj; to denote the number of data points in class k € [d,]. Also, for k € [d,], let 2737 be the
maximum value of the k-th component of x; over all ¢ € [N]. Also, let e, be the k-th standard unit
vector in R%

Now, consider the gate activation function o, which was also used in the proof of Proposition 3.2
(Appendix C). This activation allows values in (—1,+1) to “pass,” while blocking others. This can
be implemented with two hard-tanh (oy1) functions or four ReLU-like (or) functions:

t+1 -1<t <0,
oa(t):=% —t+1 0<t<1, =3(ou(2t+1)+ou(-2t+1)).
0 otherwise.

Up to layer L — 1, for now we will assume that the activation at the hidden nodes is . We will later
count the actual number of hard-tanh or ReLLU-like nodes required.

For class k € [d, ], we use [%] gate hidden nodes for class k. Each hidden node picks and pushes d,
data points in class k far enough to the direction of ej,. Each data point is chosen only once. Suppose
that the hidden node is the j-th hidden node in {-th layer (I € [L — 1], € [d;]). Pick d,, data points
in class & that are not yet “chosen,” then there is an affine hyperplane " 2 + ¢ = 0 that contains only
these points.

Using the activation og, we can make the hidden node have output 1 for the chosen d,, data points
and O for all remaining data points. This can be done by setting the incoming parameters

Ué-’: =au’, bé— = ac,

where @ > 0 is a big enough positive constant so that | (u”'z; +¢)| > 1 and thus o (a(u?z;+¢)) =
0 for all unpicked data points x;. Then, choose the outgoing parameters
V!, =pBer c=0
where 5 > 0 will be specified shortly. Notice that since each data point is chosen only once, the d,
data points were never chosen previously. Therefore, for these d,. data points, we have
B (2;) = s, forj € [l — 1], and
W (x;) = x; + Bey, forj € [l : L — 1],

because they will never be chosen again by other hidden nodes. We choose big enough S to make
sure that the k-th component of h(z;) (i.e., h} (z;)) is bigger than z(y* + 1. We also determine /3

carefully so that adding Sej, does not break the general position assumption. The values of 3 that
breaks the general position lie in a set of measure zero, so we can sample 3 from some suitable
continuous random distribution to avoid this.

After doing this to all data points, h”~1(x;) satisfies the following property: For x;’s that are in class
k, iyt ay) > 2" + 1, and for 2;’s that are not in class k, heY(a;) < TN

At layer L, by assumption we have d;, > d, in case of hard-tanh ResNet. We assume dy, = d,, for
simplicity, and choose

_2$E?E)LX _ 1
L L —2z(5)" — 1
U~ = [Q-Idyxdy Odyx(dm—dy)] , b" = ) ,
gy -1

then by clipping of hard-tanh, for x; in class k, the k-th component of o(UZhE~1(z;) + b") is +1
and all the other components are —1. Now, by choosing
% L ct = 1

=1, xd, 5

1
2 dy>
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we can recover the one-hot representation: gg(x;) = y;, for all ¢ € [N]. For ReLU-like ResNets, we
can do the same job by using d;, = 2d,,.

Finally, let us count the number of hidden nodes used, for layers up to . — 1. Recall that we use
[%] gate activation nodes for class k. Note that the total number of gate activations used is bounded

above by
d,
“ [Ny Ny, N
,;[dw—‘gl;<dm+l> dz+dy,
and each gate activation can be constructed with two hard-tanh nodes or four ReLU-like nodes.
Therefore, Zf;ll d; > 2N + 2d, and dy, > d,, is the sufficient condition for a hard-tanh ResNet to
realize the above constructlon and ReLU-like ResNets require twice as many hidden nodes.

F.2 Proof of Corollary 4.2

The main idea of the proof is exactly the same. We use [N ’“] gate activation nodes for class k, and

choose d, data points in the same class per each hidden node. When the hidden node is the j-th node
in the hidden layer and the chosen points are from class k, we choose

W2, =e, b =0.

This way, one can easily recover the one-hot representation and achieve fgo(x;) = y;.

G Proof of Theorem 5.1

The outline of the proof is as follows. Recall that we write 0" as 6% + I3 ®, By the chain rule, we
have
1

N
VoR(6" +¢Y) = Zf/ for e (%:);9i) Vo for e (i)
i=1

If £(t is small enough, the terms ¢/ (f9*+£<t) (2;);y;) and Vo foriew (2;) can be expressed in terms

of perturbation on ¢'( fg- (;); y;) and Vg fg« (x;), respectively (Lemma G.1). We then use the lemma
and prove each statement of the theorem.

We first begin by introducing more definitions and symbols required for the proof. As mentioned
in the main text, we’ll abuse the notation 6@ to mean the concatenation of vectorizations of all the
parameters (W', b )X . To simplify the notation, we define ¢;(8) := ¢(fo(x;); ;). Same thing
applies for derivatives of ¢: £,(0) := ¢'(fe(x;); y:), and so on.

Now, for each data point ¢ € [N] and each layer | € [L — 1], define the following diagonal matrix:

Jé( ).—dlag([ (2 (x)) - U/(z(lil('ri))])ERdLXdl,

where o’ is the derivative of the activation function o, wherever it exists.

Now consider a memorizing global minimum 6*. As done in the main text, we will express any
other point 8 as @ = 0 + &, where £ is the vectorized version of perturbations. By assumption, 9R(+)
is differentiable at 8*; this means that J}. (z;) are well-defined at 8" for all data points and layers
[ € [L — 1]. Moreover, since o is piecewise linear, there exists a small enough positive constant
pe such that for any £ satisfying ||€|| < pe, the slopes of activation functions stay constant, i.e.,
Jé*+€(mi) = Jb.(x;) foralli € [N]and [ € [L — 1].

Now, as in the main text, define vectors v; := Vg fg-(x;) for all i € [N]. We can then express
€ as the sum of two orthogonal components §; and &, where §| € span({v;}¥.,) and £, €

bpalﬂ({l/z 1)t

£ =

Using the fact that perturbations are small, we can calculate the deviation of network output fg« ¢ (z;)
from fg-(x;), and use Taylor expansion of £ and ¢’ to show the following lemma, whose proof is
deferred to Appendix 1.

. We also define P, to be the projection matrix onto span({v;}¥); note that
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Lemma G.1. For any given memorizing global minimum 0™ of R(+), there exist positive constants
ps (< pe), C1, Co, Cs, Cy, and Cs such that, if ||€|| < ps, the following holds for all i € [N]:

607 + &) — 1:(07) < Ci(Call§ |l + Csl€11%)?,
00" + &) = £ (0" W] € + Ri(€),
Vo forre(xi) = vi + pi(§),

where the remainder/perturbation terms satisfy
[Ri(€)] < Call€?, and |mi(€)]| < Cs|€]l.

Besides the constants defined in Lemma G.1, define
Cs := max 07 (0%)||v;]].
b 2= max £(0°) |

Also, it will be shown in the proof of Lemma G.1 that Cy := max;¢n] [|v;|. Given Lemma G.1, we
are now ready to prove Theorem 5.1.
Let us first consider the case where all v;’s are zero vectors, so span({v;}2;) = {0}. For such a
pathological case, & ﬁo) = 0, so the condition ||& |(|t) | > 7/|€®||2 is violated at t* = 0 for any positive
7. By Lemma G.1,

(0" +€9) — 6:(07) < L CF[1€))"
as desired; for this case, Theorem 5.1 is proved with p := p,, C' := C} C??.

For the remaining case where span({v;}¥.,) # {0}, let H := Z 00" vv], and define Amin
and A ax to be the smallest and largest strictly positive eigenvalues of H, respectlvely We will show
that Theorem 5.1 holds with the following constant values:

_16C504N

)
AInin

L 1 min AminC'Q
P=35 P52 16C5CoCoN + AuinCs |

. [8Blog2 )\mmB
7 := min o 202 )

max

)\min
4B’
C .= 1601(02T+ 03)2.

A=

Firstly, as we saw in the previous case, if ||£\(It) | > 7)1€®|2 is violated at £* = 0, we immediately

have
6007 +€©) — £,(07) < C1(Cor + C3)2 €| < €)%

Now suppose ||£(t) | > 7]|€||? is satisfied up to some iterations, so t* > 0. We will first prove that as
long as (k + )E < t*, we have
kE+E kE
€ =20 < (=m0 €)1

To simplify the notation, we will prove this for £ = 0; as long as (k + 1) E < t*, the proof extends to
other values of k.

Using Lemma G.1, we can write the gradient estimate g(*) at oY =6* + 13 )

1 *
g = B > 0" +E€D)Vafo e (@)

i€B®)
4 Z (6” (6%) Té(t) (E(t))) (Vi+ﬂi(€(t)))
16B(t>
(; PINACHY ) 60+ 5 3 (O W e (€ + RE) 0+ i)
i€B(®) i€B(®)

—.¢®
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After the SGD update 8+ + ) — 5g(®),
(t+1) | #(t+1) SO NP O N0y
+& T+ E =0"+&"+&,

_ n * (t) (t) (t)
-0 +<I—B DORACHAYZ >g + &7 —n¢™.

i€B()
Sincen < v < ,\fa = E Y cpo U0 )il is a positive semi-definite matrix with spectral
norm at most 1. Using the projection matrix P,, we can write
5(t+1) 7 Z (0" T E(t) _nP C(t) (12)
B i Vi I nry y
ieB(t)
(0 =D —n(r - p)¢". (13)

Now, by Lemma G.1,
1 )
1K1 < 30 (16O mil€ )l + IRl + | Ri(e ) €)]))
icB(t)
<C5Csll€D11€[7 | + CoCall €V |2 + CuC5 €Y.

Under the condition that Hé‘(lt)H > 7€M |2, where 7 := 16€2CaN “anq also that |¢P| < p <

A[nll)
AminC2
16C2C5C6 N +AminCs’

C2 Cy

lc@1 < =2 11gl 1 + (0506 + @ e

)\min mlnc m1n
< ( (0506 i ) ||s<f>||) 0] < dmin ey

0405)

16N 16Co N 8N

From this, we can see that

el < 1P+l < (14 T ) el

. 8Blog 2
Noting that n < v < ==,

min

soforl <t<F,

m1n m1n 1Og2 (0 min (0
I < A0 < i (1.4 1982 o o

Now, repeating the update rule (12) from¢t = 0 to E — 1, we get

€= 1] (If”Hk)éO’fnZ I (1-Fm)Pc, (14)

k=E—-1 t=0 k=E—1

where Hy := >, g U] '(0*)v;v}. We are going to bound the norm of each term. For the second
term, we have

E-1 t+1

> I (1-4m)rct| <

t=0 k=E—-1

i AmmE‘ mln
Z Ic@) < =2 gl = IIE Il as)
t=0

The first term is a bit tricker. Note first that

0
11 (I—%Hk)—f——ZHk—kﬁ S HH, - N HHH + -

k=E—1 j,k€[0,E—1] i,5,k€[0,E—1]
j<k: i<j<k
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Recall the definition H = Z NGRS Z o0 L H,., and that A, and \pay are the minimum
and maximum eigenvalues of H Slnce Hj.’s are positive semi-definite and f is the sum of H}’s, the

maximum eigenvalue of Hy, is at most Ay ax. Using this,
0 E
n (0) . n)\min <77)\max> (0)
[I (1-Lm)e?| < (1 min +z(k) Gl
k=E—1 k=2
First note that for k € [2, E — 1], (kfl)% < (f), because

F+1 e+ D(E—k—1) (D)
E-k  KE-®(F)

2
— <
E~

Since n < v < "axE < s, fork € [2, F — 1] we have

Qi)(“?)“ <( ) s(M) <5

which implies that

E
E 77)\ma,x k E n)\max 2 2E2A12—nd nAmin
e <2 < X < .
(o) (B=) <o) (B < i < 15
Therefore, we have
min (0
< (122 ) 1€

Together with the bound on the second term (15), this shows that

)\mln
||£<E>||<( 1 )||s<°>||=< =) [1€P],

I (- 2m)e

k=E—1

which we wanted to prove.

We now have to prove that
I < 11O +nAllg].

Now, repeating the update rule (13) from¢t = 0 to £ — 1, we get
E—-1

=P > (- P, (16)

t=0
Thus, by combining equations (14) and (16),
E E
€] = ligy™ + &)

E-1
IT (1 fo)e” e ey
k=E-1 t=0

E-1
m1n 0
<UEO -+ 3 1CO < 1€+ ) = I + nA ]
t=0

t+1
[ (1-2m)PcY +1-P)"
k=E—1

It now remains to prove that [|€®7)]| < 2||¢® || < 2p at the first iteration t* that HE\(It) | > 7)|e®)2
is violated. Let k* be the maximum k such that kE < ¢*.

From what we have shown so far,
k*—1

€™ 2 < 1€ + A Z (S
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Also, for ¢ in k*E < t < t* the condition ||£ﬁt) | > 7)|€® |2 is satisfied, so by the same argument
we have [|¢?| < Anin £|(‘k*E) || for ¢t € [k*E,¢* — 1]. Finally, by modifying equations (14) and (16)
a bit, we get

I = 1gf’” + €07

k*E t*—1 t+1
-n (k*E) (k*E) _n (t) . (t)
<|| TI (1- 5 )&+t 4n 3 | TI (1- FH)PCY + (= R)¢
k=t*—1 t=k*E ||k=t*—1
. ‘— . Ami k*E R
<IE® =+ D7 16N < 1™ PN+ 0T el 1 < 1N+ ax D Il
t=k*FE k=0
Finally, from [|£[*" || < (1 = n) (€[]
"
* 0 0
€T < 1€ +nA S = a0 llef” N < 1EN + 1gf”1 < 2016,
k=0

H Proof of Lemma B.1

Recall that iy, ; € [jg — ¢+ 1, jq]. Consider any [ < j. Then, iy ; > lg, so by (3) and (6), we have
aj (zi, ;) = (—=1)71. Similarly, if we consider I > j, then i;, ; < lg — ¢, so it follows from (2) and
(5) that a} (w4, ,) = (—1)!. This means that the entries (indexed by (4,1)) of M}, below the diagonal

are filled with (—1)~!, and entries above the diagonal are filled with (—1)!. Thus, the matrix M},
has the form

_a%('rik,l) 1 —1 oo _1 1 1-
1 a%(mz“) —1 -1 1 1
1 -1 aé(zik&) -1 1 1
My, = ) . ' _ '
1 —1 1 aéfl(xik,pfl) 1 1
L 1 —1 1 oo 1 a';,l;(l‘ik,p) 1_

To prove the first statement of Lemma B.1, consider adding the last column to every even [-th column
and subtracting it from every odd [-th column. Then, this results in a matrix

[af(z;, ) — 1 2 -2 -2 2 1]
aj(i, ) + 1 -2 -2 2 1

0 0 ad(@i, ) —1 - -2 2 1

0 0 0 ceap (@, ) — 1 2 1

i 0 0 0 0 ap(wi, ) +1 1}

whose columns space is the same as Mj,. It follows from a}(mik‘j) € (—1,+1) that M}, has full
column rank. This also implies that dim(null(My)) = 1.

For the second statement, consider subtracting (j + 1)-th row from j-th row, for j € [p — 1]. This
results in

_a%(xik,l) -1 1- a’%(xik,z) 0 e 0 0
0 a%(xlk2) +1 _a'}%(xik,s) -1 - 0 0
. 0 0 aj(w;, ) —1 - 0 0
My, = ) . . . . .
0 0 0 a/p71<xik,p—l) I 1- a;?(xikm)
1 -1 1 1 ay (i,
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which has the same null space as M. Consider a nonzero vector v € null(]\ka), ie., ]\kal/ = 0. Let
v; denote the I-th component of v. One can see that vq, . . ., v, are not all zero, because if v/, is the

only nonzero component, My = (0,0, ...,0,v,.1)T # 0.

Assume without loss of generality that vy is strictly positive. Note that aj (x;, ,) — 1 and 1 —a3(z;, ,)
are both nonzero and the signs of af(x;, ,) — 1 and 1 — aj(x;, ,) are opposite. Then if follows from
(a}(ziy,) — Vg + (1 — ad(z4, ,))v2 = 0 that vy is also strictly positive. Similarly, a3(z;, ,) + 1
and —aé(miw) — 1 are both nonzero and have opposite signs, so v3 > 0. Proceeding this Way up to
vp, we can see that all v, [ € [p], are strictly positive.

I Proof of Lemma G.1

We begin by introducing more definitions. For a matrix A € R™*", let vec(4) € R™" be its
vectorization, i.e., columns of A concatenated as a long vector. Given matrices A and B, let A® B
denote their Kronecker product. Throughout the proof, we use 8 and £ to denote the concatenation of

vectorizations of all the parameters (W', bl)lL:1 and perturbations (A, 6l)lL:1:
[ vec(WT) T [ vec(AF) ]
b" 5"
vec(WE™h) vec(AF™h)
o= | b1 | e=| o | (17)
vec(W1) vec(Al)
b '

In Section 2, we defined a'(x;) to denote output of the [-th hidden layer when the network input is z;.
In order to make the dependence of parameters more explicit, we will instead write aly(z;) in this
section. Also, for [ € [L — 1], define

Dy(x;) == WhIg Ha)Wh= e W g (2;) € R (18)
and for convenience in notation, let D} (x;) := 1. It can be seen from standard matrix calculus that
[Vwifo(zi) Ve fo(xi)] = Dp(xi)" [ay '(2z)T 1], (19)
for all [ € [L]. Vectorizing and concatenating these partial derivatives results in
ag ™" (xs)

[%32(%‘)] © DL (a0)T

Vo fo(r;) = (20)

HEREE
In order to prove the lemma, we first have to quantify how perturbations on the global minimum
affect outputs of the hidden layers and the network. Let 8% := (Wi, bl*)lL:1 be the memorizing
global minimum, and let (Al, él)le be perturbations on parameters, whose vectorization & satisfies
]| < pe. Then, for all I € [L — 1], define al- +¢(*) to denote the amount of perturbation in the I-th
hidden layer output:

ale*_,’_&(zi) = afg*+€(x7;) — ab ().

It is easy to check that

ag ye(wi) = Joe () (Al i + 81),
dé,*ﬁ(x,») = Jhe(x3) (Alale_*l(xi) +0'+ (WL + Al)dé_*is(xq;)) )
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Similarly, let f9*+5 (+) denote the amount of perturbation in the network output. It can be checked
that

forre(@) = forre(wi) — for (w:) = Alag=! () + 8% + (Wi + AM)agr e (w:).
One can see that d. te (x;) only contains perturbation terms that are first-order in &: Jg. (x;)( Alz,+
o 1). However, the order of perturbation accumulates over layers. For example,
g ye(2:) = Jg- (2:) (A%age (2;) + 8% + (W3 + A?) . (2:) (Alz; +81))
= Ja.(x)) (AQGé* (z;) + 6% + W2Jg (z:)(Ala; + 51)) + IR (x) AT () (Al + 81,

first-order perturbation second-order perturbation

SO @3- ¢ (i) contains 1st-2nd order perturbations. Similarly, ab. 1¢(2;) has terms that are 1st-{-th

order in &, and fg*+§(') perturbation terms from 1st order to L-th order.

Using the definition of Dé (z;) from Eq (18), the collection of first order perturbation terms in
fo++¢(-) can be written as

forpe(@i) = ALae* (z:) + 6" + WEIL @) (AP rab 2 () + 6571 +
a) b
—ZDG* )(Alah:t +6") € Vo fo- (1) 2 1TE,

where (a) is an application of Taylor expansion of fg(x;) at *, which can also be directly checked
from explicit forms of £ (17) and Vg fe- (x;) (20). Equality (b) comes from the definition of £ | that
&, 1 v;. We also define the collection of higher order perturbation terms:

fotie(@i) = forse(wi) — fore(mi)-

Now, from the definition of memorizing global minima, ¢;(6*) = 0 for all i € [N]. Since ¢; is three
times differentiable, Taylor expansion of £;(-) at 8 gives

(8" +€) — 1:(67) = 306 o4 (w0))” + goulorse(wn))

where a; = 0" (fo- (2;) + Bifg*JrE(lCi); y;) for some 3; € [0, 1]. For small enough p, fg*+£(1’i) is
small enough and bounded, so there exists a constant C; such that

(0" + &) — :(6") < Cr(for1e(w:))?
for all i € [N]. There also are constants Cy := max;e(n] [|¥;] and Cs3 such that
| o se(mi)| < Co[[€ll, and | fotielas)| < Csl€)?
for all ¢ € [N], therefore
((fore(x:);yi) — L(fo (i); i) < C1(Call€yll + Cs€]%)?
holds for all ¢ € [N], as desired.

Now, consider the Taylor expansion of ; at fg- (x;). Because ¢ is twice differentiable and £;(0™) =
0’

(0" +€) ='(0") o re(a) + 1o se(2)?
=0"(fo~(x;); yi)f(;“r&(xi) + 0" ( fo (%)%%)féﬂg(%) + %di(fews(a?i)f
=:Ri(€)
=l"(fo(xi); yi)v; € + Ri(€), 2N

Wher(? &; = %E”'(fg* (9:1) + B¢f9*+5(17,;); y;) for some 37 € [0,1]. ’I‘he remainder term R; (&)
contains all the perturbation terms that are 2nd-order or higher, so there is a constant C; such that

[Ri(8)] < Cull€]
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holds for all i € [N].

In a similar way, we can see from Eq (20) that we can express Vg fg=1¢(x;) as the sum of v; :=
Vo fo-(x;) plus the perturbation p;(£):

Vo forve(wi) = vi + i(§),

where 11;(€) contains all the perturbation terms that are 1st-order or higher. So, there exists a constant

C’ such that
[k ()1 < CslI€]|
holds for all 7 € [N].
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