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1 Feynman-Kac Formula Representation of the Convection-Diffusion
Equation’s Solution

In this section, we will give a detailed discussion of using the Feynman-Kac formula to present the
solution of the convection-diffusion equation.
Lemma 1 (Feynman-Kac formula). ([1]) Consider the partial differential equation
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(x, t)− V (x, t)u(x, t) + f(x, t) = 0,

defined for all x ∈ Rd and t ∈ [0, T ], subject to the terminal condition
u(x, T ) = ψ(x),

where µ, σ, ψ, V, f are known functions, T is a parameter and u : Rd × [0, T ]→ R is the unknown.
Then the Feynman-Kac formula tells us that the solution can be written as a conditional expectation
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where X(t) is an Itô process,
dX = µ(X, t)dt+ σ(X, t)dBt,

with Bt is a Wiener process, or Brownian motion.

Now, we consider using the Feynman-Kac formula to represent the solution of the following
convection-diffusion equation which is used to model the ResNet{

∂u
∂t (x, t) + F (x,w(t)) · ∇u(x, t) + 1

2σ
2∆u(x, t) = 0, x ∈ Rd, t ∈ [0, 1),

u(x, 1) = f(x).
(2)

Let t = 0, V (x, t) = 0, f(x, t) = 0, and ψ(x) = f(x), we get the solution of Eq. (2) at t = 0,
represented by the Feynman-Kac formula, as

u(x̂, 0) = E [f(x(1))|x(0) = x̂] , (3)
where x(t) is an Itô process,

dx(t) = F (x(t),w(t))dt+ σdBt,

and u(x̂, 0) is the conditional expectation of f(x(1)).
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